
Relational Observables in
2-D Quantum Gravity

Based on hep-th/0612191 M.G. and S.B.
Giddings

Michal Gary

Dept. of Physics, UCSB

mgary@physics.ucsb.edu

M. Gary, UC Santa Barbara Santa Barbara Gravity 2007 – p.1/11



Summary
Want to see locality in a complete theory of
Quantum Gravity.

Work in 2d where we understand the theory
well.

Use Z-model from hep-th/0512200 by S.B.
Giddings, D. Marolf, and J. Hartle.
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The Z-Model
Consider a QFT with operator O(xµ).

Introduce fields Z i and state |Ψ〉 such that

〈Ψ|Z i |Ψ〉 = λδi
µx

µ

in some region of spacetime.

Localize operator with respect to 〈Ψ|Z i |Ψ〉.

Oξ =

∫

M

√
g′′δ(Z i − ξi)′′O(x)

Since
〈

Z i
〉

∼ xµ, this localizes O near position
ξµ, up to quantum fluctuations.
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2-D Liouville Gravity
Consider 2-D Liouville Gravity with metric g and
conformally coupled matter m with anomaly c

Z =

∫

DgDm

Vol(diff)
eiS[m,g].

Gauge fix to metric ĝ = eφηabdxadxb, giving

SL [φ, ĝ] =

∫

Σ

√

ĝ

(

ĝab

2
∂aφ∂bφ + R̂φ

)

Z =

∫

DĝφDĝm |detĝP | ei c−25

48π
SL[φ,ĝ]+iS[m,ĝ].

For c = 25, SL reduces to a free scalar action.
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2-D Relational
Observables

For simplicity, assume matter is 2 free scalar
fields X0, X1 and m′ with conformal anomaly
c′ = 23.

c = 2 + c′ = 25, so let X̂ =
√

α′ 25−c
24 φ.

Spacetime Σ = S1 × R with coordinates
−∞ < t < ∞ and 0 ≤ θ < 2π with Lorentzian
signature. (Euclidean version conformally
equivalent to a sphere with 2 punctures).

Localize with respect to fields X0, X1.
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Background State

Want background |Ψ〉 so that

〈Ψ|X0 |Ψ〉 = p0t

〈Ψ|X1 |Ψ〉 = Rθ with X1 ' X1 + 2πR.

Such states exist. This is a winding state of the
bosonic string if we take m′ to be 23 free scalars.

Wheeler-deWitt equation (=Virasoro
constraints) (p0)2 = R2

4 − 2.
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Semi-Local
Observables

Let O [m′] have weight ∆ � 1.

Ô(ka) =
∫

d2x
√

ĝOeik0X
0+ik1X

1+ik̂X̂ has weight 1

(⇔ Diff invt.) if k̂ = ±2
√

1−∆
2 − kaka

4 .

Fourier transform w.r.t. k0, k1 against a
gaussian of width σ ≥ 1.

Ô(t̂, θ̂) =

∫

d2ke−σ2k2

ae2ik0p0t̂−ik1Rθ̂
Ô(k0, k1)

Ô(t̂, θ̂) is approximately O times a spatial
gaussian centered at (t̂, θ̂).
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The Amplitude

Want to calculate A = 〈Ψ|∏i Ôi |Ψ〉.
Conformal symmetry → fix position of one
operator (no extra work to localize).

Diff. invariance → integrate over positions of
remaining operators.

⇒ gaussians fix positions of operators on Σ.
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Localization
A ≈

1
(4πσ2)N

∫

(

∏N
i=1 d2xie

2itie−(
p0

σ
)2(ti−t̂i)

2−( R
2σ

)2(θi−θ̂i)
2

)

×

f(xi)
〈

∏N
i=0 Oi(xi)

〉

Localized with resolution ∆t ∼ σ/p0, ∆θ ∼ σ/R.

Increasing p0, R increases resolution.

As p0, R are increased with `s held
fixed, a string-scale area on the
worldsheet becomes smaller rela-
tive to the worldsheet area.
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Approximations

For |ka
i | � 1, ki · kj = 2 + O((ka

i )
2),

f(ki, xi) ≈ f(xi).

For σ � 1, k-space gaussians sharply peaked,
⇒ |ka

i | � 1, so integrand is rapidly oscilating
away from region of interest and integrals
converge.

p0, R � 1 so that sum over momentum modes
(n/R) can be approximated as an integral.

Subleading terms in 1/R, 1/p0 expansions also
dropped.
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Limitations
Resolution limited by value of p0, R, which can
be taken arbitrarily large, giving arbitrary
resolution.

Note difference from higher dimensions
because no bakcreaction, no UV cutoffs.

Operators only localize for σ � 1.

Operators well defined independent of
background, only localize in background |Ψ〉.
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