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Topology
Mathematical study of objects that can and cannot 

be smoothly transformed into one another



Topology
In physics, “knotted” states can become new 

phases of matter with robust properties
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Uber die Quantenmechanik  der Elek~ronen 
in Kristallgittern. 

Von Felix Bloeh in Leipzig. 

5lit 2 Abbildungen. (Eingegangen am 10. August 1928.) 

Die Bewegung eines Elektrons im Gitter wird untersucht, indem wir uns dieses 
durch ein zun~chst streng dreifaeh periodisches Kraftfeld schematisieren. Unter 
Hinzunahme der Fermischen Statistik auf die Elektronen gestattet unser Modell 
Aussagen fiber den von ihnen herrfihrenden AnteiI der spezi[ischen W~rme des 
Kristalls. Ferner wird gezeigt, dal] die Berficksichtigung der thermischen Gitter- 
schwingungen Gr51]enordnung and Temperaturabh~ingigkeit der elektrischen Leit- 
[~ihigkeit yon Metallen in qualitativer Ubereinstimmung mit der Erfahrung ergibt. 

E i n l e i t u n g .  Die Elekfronentheorie  der MetalLe hat  seit einiger 
Zeit  For~schritte zu verzeichnen, die in der Anwendung quantentheo- 
retischer Prinziplen auf das Elektronengas  begriindet sind. Zun~chst hat  
P a u l i *  unter  der Annahme, da~ die Metat lelektronen sieh vSll ig frel im 
Gi t te r  bewegen kOnnen und der F e r m i s c h e n * *  Sta t i s t ik  gehorchen, den 
temperaturunabh~nglgen Paramagnetlsmus der Alkal ien  zu erkl~ren ver- 
moeht. Die elektrischen und thermischen Eigenschaften des Elektronen- 
gases sind dann yon S o m m e r f e l d ,  H o u s t o n  und E c k a r ~ * * *  n~her 
untersucht worden. Die Tatsache freier Leitungse]ektronen wird  yon 
ihnen als gegeben betrachte t  und ihre Wechselwlrkung mi~ dem Git ter  
nur dureh eine zunachst ph~inomenologlsch elngefiihrte, dann yon 
H o u s t  o n**** strenger begrfindete freie Weg]ange mitbe1~ickslchtigt. 
Sehliel]lich hat  H e i s e n b e r g - ~  gezeigt, daL] im anderen Grenzfa]l, wo zu- 
n~chst  die Elekt ronen an die Ionen ]m Git ter  gebunden gedacht  und erst 
in nachster  N~herung die Austauschvorgange unter ihnen berficksichtigt 
werden, das fiir den Ferromagnet ismus entseheidende intermolekulare Feld  
seine Erk lgrung  finder. 

Hier  soll ein Zwisehenstandpunkt zwischen den beiden oben er- 
w~hnten Behandlungsweisen elngenommen werden, insofern, als tier Aus- 
tausch der Elekt ronen unberi icksichtigt  bleibt, sie dagegen nicht  einfach 

* W. PauJi ,  ZS. f. Phys. 41, 81, 1927. 
** E. F e r m i ,  ebenda 36, 902, 1926. 

*** A. Sommerfe ld ,  W. V. Hous ton ,  C. E c k a r t ,  ebenda 47, 1, 1928. 
**** W.V. Hous ton ,  ebenda 48, 449, 1928. 

"i" W. H e i s e n b e r g ,  ebenda 49, 619, 1928. 
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The Structure of Electronic Excitation Levels in Insulating Crystals
GREGORY H. WANNIER

Princeton University, Princeton, ¹mJersey*
(Received May 13, 1937}

In this article, a method is devised to study the energy spectrum for an excited electron con-
figuration in an ideal crystal. The con6guration studied consists of a single excited electron
taken out of a full band of N electrons. The multiplicity of the state is N'. It is shown that
because of the Coulomb attraction between the electron and its hole ¹"states are split off
from the bottom of the excited Bloch band; for these states the electron cannot escape its hole
completely. The analogy of these levels to the spectrum of an atom or molecule is worked out
quantitatively. The bottom of the 8loch band appears as "ionization potential" and the Bloch
band itself as the continuum above this threshold energy.

~OR several years, there have been two com-
peting pictures in use to describe the be-

havior of electrons in crystals. The one adopted
in most theoretical calculations and especially
successful for metals describes each electron by a
running wave, but Frenkel has shown that in
many cases the more elementary atomic picture
may be the better approximation. ' This ap-
parent contradiction has been removed by
Slater and Shockley, ' who showed with a simpli-
fied model that the two types of states actually
coexist in a crystal. I t is the purpose of the
present paper to treat this question in a quantita-
tive way, starting out from the actual Hamil-
tonian of the system.
%e shall restrict ourselves in this article to

insulators containing one electron in the lowest
excited state, and we shall study the energy
spectrum of this single configuration, neglecting
perturbations arising from other configurations.
As to the method we shall proceed in the fol-
lowing way:
(1) We shall construct orthogonal "atomic"

wave functions and express the energy matrix in
this vector system.
(2) The energy matrix contains many terms

having the periodicity of the lattice and a few
which have not; we shall develop a method
which takes them both into account.

(3) We shall derive some general results and
discuss their consequences.

1.BASIC %AVE FUNCTIONS AND ENERGY MATRIX

.It would no doubt be more satisfactory for
insulating crystals, to discuss the Hamiltonian
using atomic functions rather than Bloch func-
tions. But this line of attack has been hampered
by the fact that atomic functions are not
orthogonal. %e can, however, build up or-
thogonal functions having all the advantages of
atomic ones by starting out from a Bloch
approximation. Let us assume then that a Bloch
or Fock method has given us functions b(k, x) of
energy W(k). Then the required functions are

a(x—n) =1/(X)& P exp L—ik„n)b(k„, x),' (1)

where N is the number of cells in the crystal and
the k's are as usual determined by some bound-
ary condition.
Formula (1) applies to any set of Bloch func-

tions, but it might be interesting to get some
insight into the structure of the a' s. For this
purpose let us 6rst make the ad koc assumption
(valid for free electrons) that b is of the form

b(k„x)=exp Cik„x] b(x),

* I want to express my thanks to Princeton University
for the grant of its Swiss-American Exchange Fellowship
for the year 1936—37.' J. Frenkel, Phys. Rev. 1'7, 17 (1931); Physik. Zeits.
Sowjetunion 9, 158 (1936); Physik. Zeits, Sowjetunion 8,
185 (1935).

~ J. C. Slater and W. S. Shockley, Phys. Rev. SG, 705
(1936).

where the periodic factor b(x) is independent of k.
Then we find explicitly:

'The unit of length adopted in this article is the ele-
mentary translation in the direction of each of the crystal
axes. In some deductions the crystal is assumed to be
simple cubic, but this could easily be removed.
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where the periodic factor b(x) is independent of k.
Then we find explicitly:

'The unit of length adopted in this article is the ele-
mentary translation in the direction of each of the crystal
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Chern number
• Bloch states

• Berry gauge field 

• Net Berry flux gives Chern number

 n(r) = eik·run,k(r)

~An = ihun|~rk|uni

~Bn = ~rk ⇥ ~An

qn =
1

2⇡

Z
d2k Bz

n 2 Z



Chern number
• A non-zero Chern number implies a 

topological insulator - not equivalent to 
localized states

• Total Chern number of occupied states 
is an integer topological invariant, and 
gives the Hall conductance 

G
xy

=
e2

h

X

✏n<✏F

q
n



Phase transitions
• There is no smooth way to go from one 

topological sector to another



IQHE
• Hall conductance measures Chern number

• Passage from one Chern number to 
another is a quantum phase transition

⇢
xy

=
h

ne2 ⇢
xx

peak signifies gapless 
quantum critical state



IQHE
• The boundary between states with 

different Chern number is gapless

chiral edge states cannot backscatter

q=0 q=1



IQHE
• Edge states are “half” of the low energy 

excitations of a 1DEG

RL

k

E

Halperin, 1982

large distance



IQHE
• Edge states are “half” of the low energy 

excitations of a 1DEG

RL

k

E

Halperin, 1982

large distance

General rule: surface state of  a d-dimensional TI cannot be realized in a d-1 dimensional system



Summary - IQHE
• Winding of the one-electron wavefunction over the 

Brillouin zone

• Quantified by a topological invariant: the Chern number, 
which coincides with Hall conductance

• States with different values of the topological invariant are 
different phases

• Tuning from one to another requires a quantum phase 
transition

• The interface between two different values has gapless 
“protected” edge states, which are “anomalous”: they 
could not exist in an isolated 1-dimensional system



Time-reversal symmetry
• Would be nice to have topological 

quantization in materials in “natural 
conditions”

• The Berry curvature is odd under time-
reversal

• This implies the Chern number vanishes

• For decades it was believed this meant 
electronic states are topologically trivial 
with TRS

B(�k) = �B(k)



Z2 TIs

• Even with TR symmetry, a different type of 
TI is possible (with spin-orbit coupling)

• 2d: “QSHE”

3d: L. Fu, C. Kane, E. Mele (2007); J. Moore, LB (2007)
2d: Kane, Mele (2005); Bernevig, Hughes, Zhang (2006)

• Roughly understood 
as opposite IQHE’s 
for up and down 
electrons



Z2 Invariant

Q = (Parity of permutation+Row+Column) (mod 2)



Z2 Invariant

Q = (Parity of permutation+Row+Column) (mod 2)



Z2 TIs
• Look for some remnant of the Chern 

number?

� A

B C

non-zero flux
in half BZ

cylinder not torus

flux not quantized



Z2 TIs
• Fix it by adding “caps”

• These are arbitrary and so the result “fake” 
Chern number is not fixed.  BUT its parity is 
independent of the caps, and determined 
from the physical band structure

Q = Chern number (mod 2)

 J. Moore, LB (2007)



Z2 TIs

• Q = parity of band crossings between 
TRI momenta at the surface

3d: J. Moore, LB (2007); L. Fu, C. Kane, E. Mele (2007)
2d: Kane, Mele (2005); Bernevig, Hughes, Zhang (2006)
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Symmetry d

AZ ⇥ ⌅ ⇧ 1 2 3 4 5 6 7 8

A 0 0 0 0 Z 0 Z 0 Z 0 Z
AIII 0 0 1 Z 0 Z 0 Z 0 Z 0

AI 1 0 0 0 0 0 Z 0 Z2 Z2 Z
BDI 1 1 1 Z 0 0 0 Z 0 Z2 Z2

D 0 1 0 Z2 Z 0 0 0 Z 0 Z2

DIII �1 1 1 Z2 Z2 Z 0 0 0 Z 0

AII �1 0 0 0 Z2 Z2 Z 0 0 0 Z
CII �1 �1 1 Z 0 Z2 Z2 Z 0 0 0

C 0 �1 0 0 Z 0 Z2 Z2 Z 0 0

CI 1 �1 1 0 0 Z 0 Z2 Z2 Z 0

TABLE I Periodic table of topological insulators and super-
conductors. The 10 symmetry classes are labeled using the
notation of Altland and Zirnbauer (1997) (AZ) and are spec-
ified by presence or absence of T symmetry ⇥, particle-hole
symmetry ⌅ and chiral symmetry ⇧ = ⌅⇥. ±1 and 0 denotes
the presence and absence of symmetry, with ±1 specifying
the value of ⇥2 and ⌅2. As a function of symmetry and space
dimensionality, d, the topological classifications (Z, Z2 and 0)
show a regular pattern that repeats when d ! d+ 8.

3. Periodic table

Topological insulators and superconductors fit to-
gether into a rich and elegant mathematical structure
that generalizes the notions of topological band theory
described above (Schnyder, et al., 2008; Kitaev, 2009;
Schnyder, et al., 2009; Ryu, et al., 2010). The classes
of equivalent Hamiltonians are determined by specifying
the symmetry class and the dimensionality. The symme-
try class depends on the presence or absence of T sym-
metry (8) with ⇥2 = ±1 and/or particle-hole symmetry
(15) with ⌅2 = ±1. There are 10 distinct classes, which
are closely related to the Altland and Zirnbauer (1997)
classification of random matrices. The topological clas-
sifications, given by Z, Z2 or 0, show a regular pattern
as a function of symmetry class and dimensionality and
can be arranged into the periodic table of topological in-
sulators and superconductors shown in Table I.

The quantum Hall state (Class A, no symmetry; d =
2), the Z2 topological insulators (Class AII, ⇥2 = �1;
d = 2, 3) and the Z2 and Z topological superconductors
(Class D, ⌅2 = 1; d = 1, 2) described above are each
entries in the periodic table. There are also other non
trivial entries describing di↵erent topological supercon-
ducting and superfluid phases. Each non trivial phase is
predicted, via the bulk-boundary correspondence to have
gapless boundary states. One notable example is super-
fluid 3He B (Volovik, 2003; Roy, 2008; Schnyder, et al.,
2008; Nagato, Higashitani and Nagai, 2009; Qi, et al.,
2009; Volovik, 2009), in (Class DIII, ⇥2 = �1, ⌅2 = +1;
d = 3) which has a Z classification, along with gapless 2D
Majorana fermion modes on its surface. A generalization
of the quantum Hall state introduced by Zhang and Hu

E

EF

Conduction Band

Valence Band
Quantum spin 
Hall insulator ν=1

Conventional 
Insulator ν=0

(a) (b)

k0/a−π /a−π

FIG. 5 Edge states in the quantum spin Hall insulator. (a)
shows the interface between a QSHI and an ordinary insula-
tor, and (b) shows the edge state dispersion in the graphene
model, in which up and down spins propagate in opposite
directions.

(2001) corresponds to the d = 4 entry in class A or AII.
There are also other entries in physical dimensions that
have yet to be filled by realistic systems. The search is
on to discover such phases.

III. QUANTUM SPIN HALL INSULATOR

The 2D topological insulator is known as a quantum
spin Hall insulator. This state was originally theorized
to exist in graphene (Kane and Mele, 2005a) and in 2D
semiconductor systems with a uniform strain gradient
(Bernevig and Zhang, 2006). It was subsequently pre-
dicted to exist (Bernevig, Hughes and Zhang, 2006), and
was then observed (König, et al., 2007), in HgCdTe quan-
tum well structures. In section III.A we will introduce
the physics of this state in the model graphene system
and describe its novel edge states. Section III.B will re-
view the experiments, which have also been the subject
of the review article by König, et al. (2008).

A. Model system: graphene

In section II.B.2 we argued that the degeneracy at the
Dirac point in graphene is protected by inversion and
T symmetry. That argument ignored the spin of the
electrons. The spin orbit interaction allows a new mass
term in (3) that respects all of graphene’s symmetries. In
the simplest picture, the intrinsic spin orbit interaction
commutes with the electron spin S

z

, so the Hamiltonian
decouples into two independent Hamiltonians for the up
and down spins. The resulting theory is simply two copies
the Haldane (1988) model with opposite signs of the Hall
conductivity for up and down spins. This does not violate
T symmetry because time reversal flips both the spin and
�
xy

. In an applied electric field, the up and down spins
have Hall currents that flow in opposite directions. The
Hall conductivity is thus zero, but there is a quantized
spin Hall conductivity, defined by J"

x

� J#
x

= �s

xy

E
y

with
�s

xy

= e/2⇡ – a quantum spin Hall e↵ect. Related ideas
were mentioned in earlier work on the planar state of

“trivial” “topological”
Full zone for TI



Z2 TIs
• In 3d, there are four Z2 parities

• 3 “weak” parities - describe layered 2d TIs

• 1 “strong” parity - describes intrinsically 
3d physics
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Magneto-electric effect

• The surface Hall effect is equivalent to a 
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• Part I: Two types of “topological phases” 

• Winding of 1-particle wavefunctions: topological 
insulators

• Winding of many-body wavefunction: intrinsic 
topological order

• Part II: Modern directions

• Topological nodal phases 

• Interactions and topological insulators

• Topological phases in the iridates



intrinsic Topological Order

• Wen (1989): some many-body systems exhibit 
an “order” which is sensitive to the topology 
of the spatial manifold

• In general this arises from complex 
entanglement of a many-body ground state

• Does not necessarily give rise to surface states

Topological orders through experiments (1990)

Topological order can be defined “experimentally” through two
unusual topological probes (at least in 2D)

(1) Topology-dependent ground state degeneracy Dg Wen 89

Deg.=D Deg.=D1 2Deg.=1

g=0

g=1

g=2

(2) Non-Abelian geometric’s phases of the degenerate ground
state from deforming the torus: Wen 90

- Shear deformation T : | ↵i ! | 0
↵i = T↵� | �i

- 90� rotation S : | ↵i ! | 00
↵i = S↵� | �i

• T , S , define topological order “experimentally”.

• T , S is a universal probe for any 2D topological orders, just like
X-ray is a universal probe for any crystal orders.

Xiao-Gang Wen, Perimeter/MIT, Oct. 2012 From topological order to long-range entanglement
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Toric code
• Anyons

Dr. Alexei Kitaev, KITP & Microsoft (KITP Colloquium 11-09-05) Anyons in an Exactly Solved Model and Beyond Page 2

Dr. Alexei Kitaev, KITP & Microsoft (KITP Colloquium 11-09-05) Anyons in an Exactly Solved Model and Beyond Page 2

emergent fermions
long-range statistical interactions
non-local encoding of information
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Where is iTO?
• Fractional quantum Hall effect is both 

an iTO state and a TI (Chern insulator)

• Other main candidates are quantum 
spin liquids
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For crystals with an inversion center, contacts
of equivalent manifolds M'(k), 3f'(k) may occur
at all points k of an endless curve, or of a number
of such curves, in k-space. These contact curves
cannot be destroyed or broken by any infini-
tesimal change in the potential U which pre-
serves the inversional symmetry. It is vanishingly
improbable for such curves to lie in planes of
symmetry in the B-Z; however a contact curve
may pass through a symmetry axis at a point
where necessary degeneracy or contact of
inequivalent manifolds occurs.
Suppose that for a crystal with an inversion

center a contact of inequivalent manifolds
3E'(k), M'(k) occurs at a point k on a sym-
metry axis, and suppose that m'(k) and m'(k)
are each one-dimensional. Then if the vector g
(proportional in the Hartree case to (P„', iVPq, &))'
does not vanish, a curve of contact must pass
through k. This curve may be a curve of contact
of equivalent manifolds of the type just described,
or it may be a curve of contact of inequivalent
manifolds in a plane of symmetry. Naturally if
there is no such symmetry plane in the space
group, the former alternative must hold.
For a crystal whose space group consists only

of its translation group plus an inversion, three
types of contact curves may occur, which are
most easily described when energy is considered
as a trebly periodic function of wave vector in
the infinite reciprocal lattice space. The first
type is a simple closed circuit which is distinct
from the circuit obtained from it by the inversion
k~—k. The second type is a simple closed circuit
which either coincides with the inverse circuit
or can be brought into coincidence with it by 2x
times a translation of the reciprocal lattice. The
third type is a curve extending periodically to
infinity. Now consider any energy band i, and
the band j next above it. For each of the eight
distinct points k„(r=1 to 8) of the B-Z whose
G~" contain the inversion let the numbers

X+(k„,i), E (k„ i), of odd and' of even eigen-
functions fs, ' be counted which have energies
E'(k,) ~& E'(k„). Now the quantity

is an integer, and according to whether this
integer is odd or even the number of circuits of
the second type along which contact between the
bands i and j occurs must be odd or even. Since
any crystal with an inversion center can be made
by an infinitesimal change in the form of U into
one whose space group is merely its translation
group plus the inversion, this implies certain
restrictions on the numbers of contact curves
which may occur for crystals of higher sym-
metry. Prediction of the existence of curves of
contact of equivalent manifolds may therefore
be possible from a knowledge merely of the
energies of the different M'(k, ) at the eight
points k„.
For a crystal without an inversion center, the

energy separation 8E(k+x) in the neigborhood
of a point k where contact of equivalent mani-
folds occurs may be expected to be of the order
of ~ as ~—+0, for all directions of x.
For a crystal with an inversion center, the

energy separation 8E(k') at a point k' near a
curve of contact of equivalent manifolds may be
expected to be of the order of the distance of k'
from the curve.
All kinds of contacts of equivalent manifolds

except the ones described above are vanishingly
improbable. In particular, the occurrence of
isolated points of contact of equivalent manifolds
for crystals with an inversion center is vanish-
ingly improbable.

I should like to express my gratitude to Pro-
fessor E.Wigner for his interest in this work, and
to Dr. L. P. Bouckaert and Dr. R. Smoluchowski
for some interesting discussions.
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basis vectors for a real representation of the
space group of the crystal, and that the normal
modes belonging to a representation which is
irreducible in the field of real numbers, even
though reducible in the complex field, must all
have the same frequency. 7 Thus mathematically
the theory of normal modes and their frequencies

~ Cf. E. Wigner, Gott. Nachr. (1930), p. 133.

is just like the theory of electronic wave functions
and their energies: frequency can be plotted as a
function of wave vector, and sticking together of
two or more of these frequency bands will occur
at wave vectors k where G' has multidimensional
representations or where case (b) or case (c), as
defined above, occurs.
It is a pleasure for me to express my thanks to

Professor E.Wigner, who suggested this problem.
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Accidental Degeneracy in the Energy Bands of Crystals
CONYERS HERRING
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The circumstances are investigated under which two wave functions occurring in the Hartree
or I'ock solution for a crystal can have the same reduced wave vector and the same energy, It
is found that coincidence of the energies of wave functions with the same symmetry properties,
as well as those with different symmetries, is often to be expected. Some qualitative features
are derived of the way in which energy varies with wave vector near wave vectors for which
degeneracy occurs. All these results, like those of the preceding paper, should be applicable
also to the frequency spectrum of the normal modes of vibration of a crystal.

"N previous papers, by Bouckaert, Smoluchow-
- - ski, and Wigner, ' and by the author, ' certain
properties of the wave functions and energy
values of an electron moving in the periodic field
of a crystal were derived. These properties were
the properties necessitated by the symmetry of
the crystal and by the reality of the Hamiltonian.
The two questions to be discussed in this paper
are:
(1) In the solution of Hartree's or Fock's

equations for a crystal to what extent may one
expect to encounter accidental coincidences in
energy between two one-electron wave functions
with the same wave vector? By "accidental"
coincidences are to be understood coincidences
not necessitated by the symmetry and reality of
the Hamiltonian.
(2) If the energies of two or more bands

coincide at wave vector k, whether accidentally
or for reasons of symmetry and reality, how may
the energies of these bands be expected to vary
with wave vector in the neighborhood of k?
' Bouckaert, Smoluchowski, and Wigner, Phys. Rev. 50,

58 (1936), hereafter referred to as BSW.' Preceding paper, hereafter referred to as I.

The analysis necessary to answer these ques-
tions is rather tedious. Despite this and the fact
that it may not be of practical significance to
bother about too fine details in an approximate
theory, the discussion to be given below may be
of value in forming pictures of the energy band
structures of metals, especially of multivalent
ones. In particular, it is hoped that the complete
determination of energy as a function of wave
vector by interpolation from the results of cal-
culations of the Wigner-Seitz-Slater type will be
facilitated and made more reliable. The results
of this paper also apply, as did those of I, to the
frequency spectrum of the normal modes of
vibration of a crystal; however numerical cal-
culation of these frequencies has not yet ad-
vanced as far as has the calculation of electronic
bands. 3
The notation to be used is the same as in I.

In addition, the symbol LM', 3P] will be intro-
duced to represent the subspace of Hilbert space
spanned together by any two linear manifolds
of wave functions M' and M'.
' Calculations for a simple cubic lattice have been made

by M. Blackman, Proc. Roy. Soc. A159, 416 (1937).
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of such curves, in k-space. These contact curves
cannot be destroyed or broken by any infini-
tesimal change in the potential U which pre-
serves the inversional symmetry. It is vanishingly
improbable for such curves to lie in planes of
symmetry in the B-Z; however a contact curve
may pass through a symmetry axis at a point
where necessary degeneracy or contact of
inequivalent manifolds occurs.
Suppose that for a crystal with an inversion

center a contact of inequivalent manifolds
3E'(k), M'(k) occurs at a point k on a sym-
metry axis, and suppose that m'(k) and m'(k)
are each one-dimensional. Then if the vector g
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does not vanish, a curve of contact must pass
through k. This curve may be a curve of contact
of equivalent manifolds of the type just described,
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manifolds in a plane of symmetry. Naturally if
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which may occur for crystals of higher sym-
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of ~ as ~—+0, for all directions of x.
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Professor E.Wigner, who suggested this problem.
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or I'ock solution for a crystal can have the same reduced wave vector and the same energy, It
is found that coincidence of the energies of wave functions with the same symmetry properties,
as well as those with different symmetries, is often to be expected. Some qualitative features
are derived of the way in which energy varies with wave vector near wave vectors for which
degeneracy occurs. All these results, like those of the preceding paper, should be applicable
also to the frequency spectrum of the normal modes of vibration of a crystal.

"N previous papers, by Bouckaert, Smoluchow-
- - ski, and Wigner, ' and by the author, ' certain
properties of the wave functions and energy
values of an electron moving in the periodic field
of a crystal were derived. These properties were
the properties necessitated by the symmetry of
the crystal and by the reality of the Hamiltonian.
The two questions to be discussed in this paper
are:
(1) In the solution of Hartree's or Fock's

equations for a crystal to what extent may one
expect to encounter accidental coincidences in
energy between two one-electron wave functions
with the same wave vector? By "accidental"
coincidences are to be understood coincidences
not necessitated by the symmetry and reality of
the Hamiltonian.
(2) If the energies of two or more bands

coincide at wave vector k, whether accidentally
or for reasons of symmetry and reality, how may
the energies of these bands be expected to vary
with wave vector in the neighborhood of k?
' Bouckaert, Smoluchowski, and Wigner, Phys. Rev. 50,

58 (1936), hereafter referred to as BSW.' Preceding paper, hereafter referred to as I.

The analysis necessary to answer these ques-
tions is rather tedious. Despite this and the fact
that it may not be of practical significance to
bother about too fine details in an approximate
theory, the discussion to be given below may be
of value in forming pictures of the energy band
structures of metals, especially of multivalent
ones. In particular, it is hoped that the complete
determination of energy as a function of wave
vector by interpolation from the results of cal-
culations of the Wigner-Seitz-Slater type will be
facilitated and made more reliable. The results
of this paper also apply, as did those of I, to the
frequency spectrum of the normal modes of
vibration of a crystal; however numerical cal-
culation of these frequencies has not yet ad-
vanced as far as has the calculation of electronic
bands. 3
The notation to be used is the same as in I.

In addition, the symbol LM', 3P] will be intro-
duced to represent the subspace of Hilbert space
spanned together by any two linear manifolds
of wave functions M' and M'.
' Calculations for a simple cubic lattice have been made

by M. Blackman, Proc. Roy. Soc. A159, 416 (1937).

Either inversion or time-reversal 
(or both) must be broken



Weyl semimetal

ACCIDENTAL D EGEN ERAC Y 373

For crystals with an inversion center, contacts
of equivalent manifolds M'(k), 3f'(k) may occur
at all points k of an endless curve, or of a number
of such curves, in k-space. These contact curves
cannot be destroyed or broken by any infini-
tesimal change in the potential U which pre-
serves the inversional symmetry. It is vanishingly
improbable for such curves to lie in planes of
symmetry in the B-Z; however a contact curve
may pass through a symmetry axis at a point
where necessary degeneracy or contact of
inequivalent manifolds occurs.
Suppose that for a crystal with an inversion

center a contact of inequivalent manifolds
3E'(k), M'(k) occurs at a point k on a sym-
metry axis, and suppose that m'(k) and m'(k)
are each one-dimensional. Then if the vector g
(proportional in the Hartree case to (P„', iVPq, &))'
does not vanish, a curve of contact must pass
through k. This curve may be a curve of contact
of equivalent manifolds of the type just described,
or it may be a curve of contact of inequivalent
manifolds in a plane of symmetry. Naturally if
there is no such symmetry plane in the space
group, the former alternative must hold.
For a crystal whose space group consists only

of its translation group plus an inversion, three
types of contact curves may occur, which are
most easily described when energy is considered
as a trebly periodic function of wave vector in
the infinite reciprocal lattice space. The first
type is a simple closed circuit which is distinct
from the circuit obtained from it by the inversion
k~—k. The second type is a simple closed circuit
which either coincides with the inverse circuit
or can be brought into coincidence with it by 2x
times a translation of the reciprocal lattice. The
third type is a curve extending periodically to
infinity. Now consider any energy band i, and
the band j next above it. For each of the eight
distinct points k„(r=1 to 8) of the B-Z whose
G~" contain the inversion let the numbers

X+(k„,i), E (k„ i), of odd and' of even eigen-
functions fs, ' be counted which have energies
E'(k,) ~& E'(k„). Now the quantity

is an integer, and according to whether this
integer is odd or even the number of circuits of
the second type along which contact between the
bands i and j occurs must be odd or even. Since
any crystal with an inversion center can be made
by an infinitesimal change in the form of U into
one whose space group is merely its translation
group plus the inversion, this implies certain
restrictions on the numbers of contact curves
which may occur for crystals of higher sym-
metry. Prediction of the existence of curves of
contact of equivalent manifolds may therefore
be possible from a knowledge merely of the
energies of the different M'(k, ) at the eight
points k„.
For a crystal without an inversion center, the

energy separation 8E(k+x) in the neigborhood
of a point k where contact of equivalent mani-
folds occurs may be expected to be of the order
of ~ as ~—+0, for all directions of x.
For a crystal with an inversion center, the

energy separation 8E(k') at a point k' near a
curve of contact of equivalent manifolds may be
expected to be of the order of the distance of k'
from the curve.
All kinds of contacts of equivalent manifolds

except the ones described above are vanishingly
improbable. In particular, the occurrence of
isolated points of contact of equivalent manifolds
for crystals with an inversion center is vanish-
ingly improbable.

I should like to express my gratitude to Pro-
fessor E.Wigner for his interest in this work, and
to Dr. L. P. Bouckaert and Dr. R. Smoluchowski
for some interesting discussions.
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basis vectors for a real representation of the
space group of the crystal, and that the normal
modes belonging to a representation which is
irreducible in the field of real numbers, even
though reducible in the complex field, must all
have the same frequency. 7 Thus mathematically
the theory of normal modes and their frequencies

~ Cf. E. Wigner, Gott. Nachr. (1930), p. 133.

is just like the theory of electronic wave functions
and their energies: frequency can be plotted as a
function of wave vector, and sticking together of
two or more of these frequency bands will occur
at wave vectors k where G' has multidimensional
representations or where case (b) or case (c), as
defined above, occurs.
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the crystal and by the reality of the Hamiltonian.
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are:
(1) In the solution of Hartree's or Fock's
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with the same wave vector? By "accidental"
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not necessitated by the symmetry and reality of
the Hamiltonian.
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the energies of these bands be expected to vary
with wave vector in the neighborhood of k?
' Bouckaert, Smoluchowski, and Wigner, Phys. Rev. 50,
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The analysis necessary to answer these ques-
tions is rather tedious. Despite this and the fact
that it may not be of practical significance to
bother about too fine details in an approximate
theory, the discussion to be given below may be
of value in forming pictures of the energy band
structures of metals, especially of multivalent
ones. In particular, it is hoped that the complete
determination of energy as a function of wave
vector by interpolation from the results of cal-
culations of the Wigner-Seitz-Slater type will be
facilitated and made more reliable. The results
of this paper also apply, as did those of I, to the
frequency spectrum of the normal modes of
vibration of a crystal; however numerical cal-
culation of these frequencies has not yet ad-
vanced as far as has the calculation of electronic
bands. 3
The notation to be used is the same as in I.

In addition, the symbol LM', 3P] will be intro-
duced to represent the subspace of Hilbert space
spanned together by any two linear manifolds
of wave functions M' and M'.
' Calculations for a simple cubic lattice have been made
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at all points k of an endless curve, or of a number
of such curves, in k-space. These contact curves
cannot be destroyed or broken by any infini-
tesimal change in the potential U which pre-
serves the inversional symmetry. It is vanishingly
improbable for such curves to lie in planes of
symmetry in the B-Z; however a contact curve
may pass through a symmetry axis at a point
where necessary degeneracy or contact of
inequivalent manifolds occurs.
Suppose that for a crystal with an inversion

center a contact of inequivalent manifolds
3E'(k), M'(k) occurs at a point k on a sym-
metry axis, and suppose that m'(k) and m'(k)
are each one-dimensional. Then if the vector g
(proportional in the Hartree case to (P„', iVPq, &))'
does not vanish, a curve of contact must pass
through k. This curve may be a curve of contact
of equivalent manifolds of the type just described,
or it may be a curve of contact of inequivalent
manifolds in a plane of symmetry. Naturally if
there is no such symmetry plane in the space
group, the former alternative must hold.
For a crystal whose space group consists only

of its translation group plus an inversion, three
types of contact curves may occur, which are
most easily described when energy is considered
as a trebly periodic function of wave vector in
the infinite reciprocal lattice space. The first
type is a simple closed circuit which is distinct
from the circuit obtained from it by the inversion
k~—k. The second type is a simple closed circuit
which either coincides with the inverse circuit
or can be brought into coincidence with it by 2x
times a translation of the reciprocal lattice. The
third type is a curve extending periodically to
infinity. Now consider any energy band i, and
the band j next above it. For each of the eight
distinct points k„(r=1 to 8) of the B-Z whose
G~" contain the inversion let the numbers

X+(k„,i), E (k„ i), of odd and' of even eigen-
functions fs, ' be counted which have energies
E'(k,) ~& E'(k„). Now the quantity

is an integer, and according to whether this
integer is odd or even the number of circuits of
the second type along which contact between the
bands i and j occurs must be odd or even. Since
any crystal with an inversion center can be made
by an infinitesimal change in the form of U into
one whose space group is merely its translation
group plus the inversion, this implies certain
restrictions on the numbers of contact curves
which may occur for crystals of higher sym-
metry. Prediction of the existence of curves of
contact of equivalent manifolds may therefore
be possible from a knowledge merely of the
energies of the different M'(k, ) at the eight
points k„.
For a crystal without an inversion center, the

energy separation 8E(k+x) in the neigborhood
of a point k where contact of equivalent mani-
folds occurs may be expected to be of the order
of ~ as ~—+0, for all directions of x.
For a crystal with an inversion center, the

energy separation 8E(k') at a point k' near a
curve of contact of equivalent manifolds may be
expected to be of the order of the distance of k'
from the curve.
All kinds of contacts of equivalent manifolds
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for crystals with an inversion center is vanish-
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though reducible in the complex field, must all
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the theory of normal modes and their frequencies
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is just like the theory of electronic wave functions
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of a crystal were derived. These properties were
the properties necessitated by the symmetry of
the crystal and by the reality of the Hamiltonian.
The two questions to be discussed in this paper
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(1) In the solution of Hartree's or Fock's

equations for a crystal to what extent may one
expect to encounter accidental coincidences in
energy between two one-electron wave functions
with the same wave vector? By "accidental"
coincidences are to be understood coincidences
not necessitated by the symmetry and reality of
the Hamiltonian.
(2) If the energies of two or more bands

coincide at wave vector k, whether accidentally
or for reasons of symmetry and reality, how may
the energies of these bands be expected to vary
with wave vector in the neighborhood of k?
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The analysis necessary to answer these ques-
tions is rather tedious. Despite this and the fact
that it may not be of practical significance to
bother about too fine details in an approximate
theory, the discussion to be given below may be
of value in forming pictures of the energy band
structures of metals, especially of multivalent
ones. In particular, it is hoped that the complete
determination of energy as a function of wave
vector by interpolation from the results of cal-
culations of the Wigner-Seitz-Slater type will be
facilitated and made more reliable. The results
of this paper also apply, as did those of I, to the
frequency spectrum of the normal modes of
vibration of a crystal; however numerical cal-
culation of these frequencies has not yet ad-
vanced as far as has the calculation of electronic
bands. 3
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spanned together by any two linear manifolds
of wave functions M' and M'.
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state for this subsystem [see Fig. 5(b)]. Hence, this surface state
crosses zero energy somewhere on the surface Brillouin zone
kλ0 . Such a state can be obtained for every curve enclosing
the Weyl point. Thus, at zero energy, there is a Fermi line in
the surface Brillouin zone, that terminates at the Weyl point
momenta [see Fig. 5(c)]. An arc beginning on a Weyl point
of chirality c has to terminate on a Weyl point of the opposite
chirality. Clearly, the net chirality of the Weyl points within
the (λ, kz) torus was a key input in determining the number of
these states. If Weyl points of opposite chirality line up along
the kz direction, then there is a cancellation and no surface
states are expected.

In the calculations for Y2Ir2O7, at U = 1.5 eV, a Dirac
(or Weyl) node is found to occur at the momentum
(0.52,0.52,0.30)2π/a (in the coordinate system aligned with
the cubic lattice of the crystal) and equivalent points (see
Fig. 4). They can be thought of as occurring on the edges of a
cube, with a pair of Dirac nodes of opposite chirality occupying
each edge, as, for example, the points (0.52,0.52,0.30)2π/a
and (0.52,0.52,−0.30)2π/a. For the case of U = 1.5 eV, the
sides of this cube have the length 0.52(4π/a). Thus, the (111)
and (110) surfaces would have surface states connecting the
projected Weyl points [see Fig. 6 for the (110) surface states
and the theoretical expectation for the (111) surface]. If, on
the other hand, we consider the surface orthogonal to the (001)
direction, Weyl points of opposite chirality are projected to the
same surface momentum along the edges of the cube. Thus,
no protected states are expected for this surface.

To verify these theoretical considerations, we have con-
structed a tight-binding model which has features seen in our
electronic structure calculations for Y2Ir2O7. The calculated
(110) surface band structure for the slab of 128 atoms together
with the sketch of the obtained Fermi arcs is shown in Fig. 6.
This figure shows Fermi arcs from both the front and the back
face of the slab, so there are twice as many arcs coming out of
each Weyl point as predicted for a single surface.

The tight-binding model considers only t2g orbitals of Ir
atoms in the global coordinate system. Since Ir atoms form
a tetrahedral network (see Fig. 2), each pair of nearest-
neighboring atoms forms a corresponding σ -like bond whose
hopping integral is denoted as t and another two π -like
bonds whose hopping integrals are denoted as t ′. To sim-
ulate the appearance of the Weyl point it is essential to
include next-nearest-neighbor interactions between t2g orbitals
which are denoted as t ′′. With the parameters t = 0.2, t ′ =
0.5t , t ′′ = −0.2t , the value of the on-site spin-orbit coupling
equal to 2.5t and the applied on-site “Zeeman” splitting of 0.1t
between states parallel and antiparallel to the local quantization
axis of the all-in/all-out configuration we can roughly model
the bulk Weyl semimetal state; when this model is solved on a
lattice with a boundary, the surface states shown in the figure
appear.

V. DISCUSSION

We now discuss how the present theoretical description
compares with experimental facts. We propose that the low-
temperature state of Y2Ir2O7 (and also possibly of A =
Eu, Sm, and Nd iridates) is a Weyl semimetal, with all-
in/all-out magnetic order. This is broadly consistent with the

FIG. 6. (Color online) Surface states. The calculated surface
energy bands correspond to the (110) surface of the pyrochlore
iridate Y2Ir2O7. A tight-binding approximation has been used to
simulate the bulk band structure with three-dimensional Weyl points
as found by our LSDA + U + SO calculation. The plot corresponds
to diagonalizing 128 atoms slab with two surfaces. The upper inset
shows a sketch of the deduced Fermi arcs connecting projected
bulk Weyl points of opposite chirality. The inset below sketches the
theoretically expected surface states on the (111) surface at the Fermi
energy (surface band structure not shown for this case).

interconnection between insulating behavior and magnetism
observed experimentally.9,10 It is also consistent with being
proximate to a metallic phase on lowering the correlation
strength, such as A = Pr (Ref. 17). In the clean limit, a three-
dimensional Weyl semimetal is an electrical insulator and can
potentially account for the observed electrical resistivity. The
noncollinear magnetic order proposed has Ising symmetry
and could undergo a continuous ordering transition. The
observed “spin-glass”-like magnetic signature could perhaps
arise from defects like magnetic domain walls. A direct probe
of magnetism is currently lacking and would shed light on this
key question. At lower values of U , the system may realize
an “axion insulator” phase with a magnetoelectric response
θ = π , although within our calculations (which are known to
underestimate stability of such gapped phases) a Fermi surface
appears before this happens.

In summary, a theoretical phase diagram for the physical
system is shown in Fig. 1 as a function of U and applied
magnetic field, which leads to a metallic state beyond a critical
field. The precise nature of these phase transformations is not
addressed in the present study.

Note: An experimental paper35 appeared recently in which
it is found that the spins in a related compound (Eu2Ir2O7) form
a regularly ordered state rather than a spin-glass, consistent
with our results. It would be interesting to learn whether this
compound is a Weyl metal or not.

205101-7
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Figure 2: (A). Calculated (001) surface band structure of TaAs. (B). detailed view
of part of the calculated band structure. The segment a5 is clearly a Fermi arc.
(C). Fermi surface determined from ARPES data in the same part of the Brillouin
Zone, showing surface states at the Fermi energy, which can be compared with
panel B. (Adapted from Reference 3)

realizes 4 Weyl nodes (the minimum without time reversal breaking) was
adopted.

The featured References 2, 3 both study the electronic band structure of
TaAs, which crystallizes in a body centered tetragonal structure which lacks
inversion. The calculated band structure is as shown in Figure 1 ([1, 2]).
In the absence of spin orbit interactions, the conduction and valence bands
intersect on 4 closed loops that live on mirror planes. Adding spin orbit leads
to a gapping of these intersections, but the bands now intersect at points,
that are opposite chirality points, slightly displaced from these planes. In
all there are 24 Weyl nodes, 12 of each chirality. Since these nodes are not
all related by symmetry, they are at slightly di↵erent energies, and hence
there are always finite sized Fermi pockets in this semimetal. Angle resolved

(001) Surface

Figure 1: Calculated 3D band structure of TaAs (from [1]) showing the 12 pairs of
Weyl nodes. On right, the (001) surface Brillouin zone, with projections of Weyl
nodes - some Weyl nodes line up to give a net chirality of ±2. These charges
denote the number of Fermi arcs that should emanate from these points.

A key requirement is the presence of non degenerate bands, which implies
that either inversion or time reversal symmetry must be broken (related
‘Dirac semimetals’ where both symmetries are present have also been con-
sidered and are an active topic of research, but di↵er in some significant
ways). Early proposals relied on time reversal breaking, studying magnetic
phases in pyrochlore and spinel materials. However, these remain to be ex-
perimentally confirmed.

A di↵erent and potentially easier approach is to consider non-centrosymmetric
crystals with broken inversion symmetry. This avoids the complication of
working with correlated materials with magnetic ground states, although
the e↵ect of inversion breaking in band structures can be relatively weak.
The featured references utilize inversion breaking to realize Weyl nodes.

Reference 1 reports on a photonic material with lattice constants of or-
der centimeters, where Weyl nodes appear in the photonic band structure.
Interestingly, contrary to the solid state example discussed below, here the
theoretically desired band structure was first determined and the material
machined according to specifications. An inversion breaking strategy that

Su-Yang Xu et al. arXiv:1502.03807.
B. Q. Lv et al. arXiv:1502.04684

TaAs

...
X. Huang et al, arXiv:1503.01304
S.-Y. Xu et al, arXiv:1503.03807

Transport studies 
just beginning in 
these materials 



Plan
• Part I: Two types of “topological phases” 

• Winding of 1-particle wavefunctions: topological 
insulators

• Winding of many-body wavefunction: intrinsic 
topological order

• Part II: Modern directions

• Topological nodal phases 

• Interactions and topological insulators

• Topological phases in the iridates



Interactions and TIs

• Can interactions modify TIs in 
fundamental ways?

• Can they lead to new types of TIs?

• By inducing spontaneous broken 
symmetry?

• By inducing entirely new types of TIs?



Topological Insulators

bulk gap, 
“impervious” to 

interactions gapless surface



Topological Insulators

well, not always
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Half-QHE
• If TRS breaking at surface is 

spontaneous, then there will be 
interesting domain walls
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FIG. 2: (Color) Response of resistivity of the Corbino disc samples to the magnetic field at di↵erent

sweep rates below 1 T at 80 mK. (a) (001) sample (b) (011) sample.

of inductive heating is orders of magnitude smaller. Finally, if a single polar power supply

is used for the superconducting magnet, it can cause a dip in resistivity as it switches the

circuit at zero magnetic field. For this reason, we used a bipolar magnetic power supply

for which the switching event (B 6= 0 T) was identified, and we confirmed that the dips are

independent from this event.

Previously, WAL has been reported28,29 within this magnetic field range. The sweep-rate

dependent dynamic dips that we observe as shown in Figure 1 are not caused by WAL. For

the WAL case, the magnetic field only breaks the phase of the electrons traveling a closed

loop by static impurities, and this phase does not depend on dB/dt. In a further attempt to

observe WAL, that is, a dip in resistivity which is non-dynamical and non-hysteretical, we

measured resistivity at extremely slow magnetic field sweep rates and at lower temperatures

for two samples, each prepared in di↵erent crystalline directions. As a result, the two samples

6

may be very 
natural in 

topological 
Kondo insulators

Y.S. Eo et al, arXiv:1410.7430

SmB6
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surface

Half QHE, 
chiral domain 

walls

interaction driven 
surface QPT

surface 
magnetism

C. Wang et al, 2013
L. Fidkowski  et al, 2013
M.A. Metlitski et al, 2013
P. Bonderson et al, 2013

a very exotic 
state with non-
abelian anyons
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surface
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chiral domain 

walls

interaction driven 
surface QPT

surface 
magnetism

At least two other surface 
states are possible with 

strong interactions

C. Wang et al, 2013
L. Fidkowski  et al, 2013
M.A. Metlitski et al, 2013
P. Bonderson et al, 2013



More possibilities with bulk 
symmetry breaking

Chern 
insulator

Z2 TI

Z2 
Topo. 

SC

chiral 
topo. SC

14

new topological insulators / superconductors in one, two, and three dimensions

d

d

2 d

2 2

d 2 d 2

2

d

Name T C S=CT d=1 d=2 d=3
A 0 0 0 - -

AIII 0 0 1 -
AI +1 0 0 - - -

BDI +1 +1 1 - -
D 0 +1 0 -

DIII -1 +1 1
AII -1 0 0 -
CII -1 -1 1 -
C 0 -1 0 - -
CI +1 -1 1 - -

IQHE

TRI top. 
singlet SC

QSHE
3D Z2 top. insulator

TRI top. triplet SC (He3 B)

chiral p-wave 

chiral d-wave 

polyacetylen

Complete and exhaustive classification of topological insulators and SCs

Periodic table of topological insulators and superconductors

“Periodic table” of topological insulators / superconductors 

Dimensional hierarchy relates topological phases in different 
symmetry classes and different dimensions

Ryu, Schnyder, Furusaki, Ludwig, arXiv:0912.2157 (to appear in NJP)

A. Schnyder 
et al, 2008

Kitaev, 2009

free fermion 
TIs

He3B

Topological superconductors



Kitaev Chain
• 1d spinless “p-wave” superconductor

• Topological for |μ|< 2 t

2

implementation of the ideas introduced here would constitute
a critical step towards this ultimate goal.

I. MAJORANA FERMIONS IN ‘SPINLESS’ p-WAVE
SUPERCONDUCTING WIRES

We begin by discussing the physics of a single wire. Valu-
able intuition can be garnered from Kitaev’s toy model for a
spinless, p-wave superconducting N -site chain23:

H = �µ
NX

x=1

c†
x

c
x

�
N�1X

x=1

(tc†
x

c
x+1 + |�|ei�c

x

c
x+1 + h.c.)

(1)
where c

x

is a spinless fermion operator and µ, t > 0, and
|�|ei� respectively denote the chemical potential, tunneling
strength, and pairing potential. The bulk- and end-state struc-
ture becomes particularly transparent in the special case23

µ = 0, t = |�|. Here it is useful to express

c
x
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1

2

e�i
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+ i�
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), (2)

with �
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Majorana fermion operators satisfying
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↵,x

, �
↵

0
,x

0} = 2�
↵↵

0�
xx

0 . These expressions expose the
defining characteristics of Majorana fermions—they are their
own antiparticle and constitute ‘half’ of an ordinary fermion.
In this limit the Hamiltonian can be written as

H = �it
N�1X

x=1

�
B,x

�
A,x+1. (3)

Consequently, �
B,x

and �
A,x+1 combine to form an ordi-

nary fermion d
x

= (�
A,x+1 + i�

B,x

)/2 which costs en-
ergy 2t, reflecting the wire’s bulk gap. Conspicuously ab-
sent from H , however, are �

A,1 and �
B,N

, which represent
end-Majorana modes. These can be combined into an ordi-
nary (though highly non-local) zero-energy fermion dend =

(�
A,1 + i�

B,N

)/2. Thus there are two degenerate ground
states |0i and |1i = d†end|0i, where dend|0i = 0, which serve
as topologically protected qubit states. Figure 1(a) illustrates
this physics pictorially.

Away from this special limit the Majorana end states no
longer retain this simple form, but survive provided the bulk
gap remains finite23. This occurs when |µ| < 2t, where a
partially filled band pairs. The bulk gap closes when |µ| = 2t,
and for larger |µ| a topologically trivial superconducting state
without end Majoranas emerges. Here pairing occurs in either
a fully occupied or vacant band.

Realizing Kitaev’s topological superconducting state exper-
imentally requires a system which is effectively spinless—
i.e., exhibits one set of Fermi points—and p-wave pairs at the
Fermi energy. Both criteria can be satisfied in a spin-orbit-
coupled semiconducting wire deposited on an s-wave super-
conductor by applying a magnetic field1,2 [see Fig. 1(b)]. The

FIG. 1: (a) Pictorial representation of the ground state of Eq. (1) in
the limit µ = 0, t = |�|. Each spinless fermion in the chain is
decomposed in terms of two Majorana fermions �

A,x

and �
B,x

. Ma-
joranas �

B,x

and �
A,x+1 combine to form an ordinary, finite energy

fermion, leaving two zero-energy end Majoranas �
A,1 and �

B,N

as
shown23. (b) A spin-orbit-coupled semiconducting wire deposited on
an s-wave superconductor can be driven into a topological supercon-
ducting state exhibiting such end Majorana modes by applying an
external magnetic field1,2. (c) Band structure of the semiconducting
wire when B = 0 (dashed lines) and B 6= 0 (solid lines). When µ
lies in the band gap generated by the field, pairing inherited from the
proximate superconductor drives the wire into the topological state.

simplest Hamiltonian describing such a wire reads

H =
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dx
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The operator  
↵x

corresponds to electrons with spin ↵, effec-
tive mass m, and chemical potential µ. (We suppress the spin
indices except in the pairing term.) In the third term, u denotes
the (Dresselhaus31 and/or Rashba32) spin-orbit strength, and
� = (�x,�y,�z

) is a vector of Pauli matrices. This coupling
favors aligning spins along or against the unit vector ê, which
we assume lies in the (x, y) plane. The fourth term represents
the Zeeman coupling due to the magnetic field B

z

< 0. Note
that spin-orbit enhancement can lead to33 g � 2. Finally, the
last term reflects the spin-singlet pairing inherited from the
s-wave superconductor via the proximity effect.

To understand the physics of Eq. (4), consider first B
z

=

� = 0. The dashed lines in Fig. 1(c) illustrate the band
structure here—clearly no ‘spinless’ regime is possible. In-
troducing a magnetic field generates a band gap / |B

z

| at
zero momentum as the solid line in Fig. 1(c) depicts. When
µ lies inside of this gap the system exhibits only a single pair
of Fermi points as desired. Turning on � which is weak com-
pared to the gap then effectively p-wave pairs fermions in the
lower band with momentum k and �k, driving the wire into
Kitaev’s topological phase1,2. [Singlet pairing in Eq. (4) gen-
erates p-wave pairing because spin-orbit coupling favors op-
posite spins for k and �k states in the lower band.] Quan-
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longer retain this simple form, but survive provided the bulk
gap remains finite23. This occurs when |µ| < 2t, where a
partially filled band pairs. The bulk gap closes when |µ| = 2t,
and for larger |µ| a topologically trivial superconducting state
without end Majoranas emerges. Here pairing occurs in either
a fully occupied or vacant band.

Realizing Kitaev’s topological superconducting state exper-
imentally requires a system which is effectively spinless—
i.e., exhibits one set of Fermi points—and p-wave pairs at the
Fermi energy. Both criteria can be satisfied in a spin-orbit-
coupled semiconducting wire deposited on an s-wave super-
conductor by applying a magnetic field1,2 [see Fig. 1(b)]. The

�
A,1 �

B,1 �
B,2�

A,2 �
A,3 �

B,3 �
B,N

�
A,N

FIG. 1: (a) Pictorial representation of the ground state of Eq. (1) in
the limit µ = 0, t = |�|. Each spinless fermion in the chain is
decomposed in terms of two Majorana fermions �

A,x

and �
B,x

. Ma-
joranas �
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and �
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B,N

as
shown23. (b) A spin-orbit-coupled semiconducting wire deposited on
an s-wave superconductor can be driven into a topological supercon-
ducting state exhibiting such end Majorana modes by applying an
external magnetic field1,2. (c) Band structure of the semiconducting
wire when B = 0 (dashed lines) and B 6= 0 (solid lines). When µ
lies in the band gap generated by the field, pairing inherited from the
proximate superconductor drives the wire into the topological state.
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posite spins for k and �k states in the lower band.] Quan-
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fermions form one two-level system



Experiments...
• Majoranas may have been seen...

conductance. Above ~400 mT, we observe a pair
of peaks. The color panel in Fig. 2B provides an
overview of states and gaps in the plane of energy
and B field from –0.5 to 1 T. The observed sym-
metry around B = 0 is typical for all of our data

sets, demonstrating reproducibility and the ab-
sence of hysteresis. We indicate the gap edges
with horizontal green dashed lines (highlighted
only for B < 0). A pair of resonances crosses
zero energy at ~0.65 Twith a slope on the order

of EZ (highlighted by orange dotted lines). We
have followed these resonances up to high bias
voltages in (20) and identified them as Andreev
states bound within the gap of the bulk NbTiN
superconducting electrodes (~2 meV). In con-
trast, the ZBP sticks to zero energy over a range
of DB ~ 300mTcentered around ~250mT. Again
at ~400 mT, we observe two peaks located at
symmetric, finite biases.

To identify the origin of these ZBPs, we need
to consider various options including the Kondo
effect, Andreev bound states, weak antilocal-
ization, and reflectionless tunneling versus a
conjecture of Majorana bound states. ZBPs due
to the Kondo effect (24) or Andreev states bound
to s-wave superconductors (25) can occur at
finite B; however, with changing B, these peaks
then split and move to finite energy. A Kondo
resonance moves with 2EZ (24), which is easy to
dismiss as the origin for our ZBP because of the
large g factor in InSb. (Note that even a Kondo
effect from an impurity with g = 2 would be dis-
cernible.) Reflectionless tunneling is an enhance-
ment of Andreev reflection by time-reversed
paths in a diffusive normal region (26). As in
the case of weak antilocalization, the resulting
ZBP is maximal at B = 0 and disappears when
B is increased; see also (20). We thus conclude
that the above options for a ZBP do not provide
natural explanations for our observations. We
are not aware of any mechanism that could ex-
plain our observations, besides the conjecture of
a Majorana.

To further investigate the zero-biasness of
our peak, we measured gate voltage depend-
ences. Figure 3A shows a color panel with volt-
age sweeps on gate 2. The main observation is
the occurrence of two opposite types of behav-
ior. First, we observe peaks in the density of
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Fig. 2. Magnetic field–dependent spectroscopy. (A) dI/dV versus V at 70 mK
taken at different B fields (from 0 to 490 mT in 10-mT steps; traces are offset
for clarity, except for the lowest trace at B = 0). Data are from device 1.
Arrows indicate the induced gap peaks. (B) Color-scale plot of dI/dV versus V

and B. The ZBP is highlighted by a dashed oval; green dashed lines indicate
the gap edges. At ~0.6 T, a non-Majorana state is crossing zero bias with a
slope equal to ~3 meV/T (indicated by sloped yellow dotted lines). Traces in
(A) are extracted from (B).
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Fig. 3.Gate-voltage dependence. (A) A 2D color plot of dI/dV versus V and voltage on gate 2 at 175 mT
and 60 mK. Andreev bound states cross through zero bias, for example, near –5 V (yellow dotted lines).
The ZBP is visible from –10 to ~5 V (although in this color setting, it is not equally visible everywhere).
Split peaks are observed in the range of 7.5 to 10 V (20). In (B) and (C), we compare voltage sweeps on
gate 4 for 0 and 200 mT with the ZBP absent and present, respectively. Temperature is 50 mK. [Note
that in (C) the peak extends all the way to –10 V (19).] (D) Temperature dependence. dI/dV versus V at
150 mT. Traces have an offset for clarity (except for the lowest trace) and are taken at different
temperatures (from bottom to top: 60, 100, 125, 150, 175, 200, 225, 250, and 300 mK). dI/dV outside
the ZBP at V = 100 meV is 0.12 T 0.01·2e2/h for all temperatures. A FWHM of 20 meV is measured
between the arrows. All data in this figure are from device 1.
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apart from Haldane chain none realized



super broad view

Gapped phases w/ symmetry ! SET and SPT phases

• there are LRE symmetric states ! Symm. Enriched Topo. phases
- 100s symm. spin liquid through the PSG of topo. excit. Wen 02

- 8 trans. symm. enriched Z2 topo. order in 2D, 256 in 3D Kou-Wen 09

- 1000, 000s symm. Z2 spin liquid through [H2(SG ,Z2)]2⇥ Hermele 12

- Classify SET phases through H3[SG ⇥ GG ,U(1)] Ran 12

• there are SRE symmetric states !

one phase

many di↵erent phases

We may call them symmetry protected trivial (SPT) phase

or symmetry protected topological (SPT) phase

2
g

1
g

2
g

SY−SRE 1

SB−SRE 1

SB−LRE 2

SY−LRE 2

SB−LRE 1

SY−LRE 1

g
1

SRE

SB−SRE 2

SY−SRE 2

symmetry breaking
(group theory)

SPT phases

(tensor category

(group cohomology
  theory)

LRE 1 LRE 2

SET orders

  w/ symmetry)
intrinsic topo. order

topological  order
(tensor category)

symmetry
preserve

no symmetry

phase

transition

SPT 1 SPT 2

- Haldane phase of 1D spin-1 chain w/ SO(3) symm. Haldane 83

- 1 topo. ins. w/ U(1)⇥ T symm. in 2D, Kane-Mele 05; Bernevig-Zhang 06

15 in 3D Moore-Balents 07; Fu-Kane-Mele 07

Xiao-Gang Wen, Perimeter/MIT, Oct. 2012 From topological order to long-range entanglement

Gapped phases w/ symmetry ! SET and SPT phases

• there are LRE symmetric states ! Symm. Enriched Topo. phases
- 100s symm. spin liquid through the PSG of topo. excit. Wen 02

- 8 trans. symm. enriched Z2 topo. order in 2D, 256 in 3D Kou-Wen 09

- 1000, 000s symm. Z2 spin liquid through [H2(SG ,Z2)]2⇥ Hermele 12

- Classify SET phases through H3[SG ⇥ GG ,U(1)] Ran 12

• there are SRE symmetric states !

one phase

many di↵erent phases

We may call them symmetry protected trivial (SPT) phase
or symmetry protected topological (SPT) phase

2
g

1
g

2
g

SY−SRE 1

SB−SRE 1

SB−LRE 2

SY−LRE 2

SB−LRE 1

SY−LRE 1

g
1

SRE

SB−SRE 2

SY−SRE 2

symmetry breaking
(group theory)

SPT phases

(tensor category

(group cohomology
  theory)

LRE 1 LRE 2

SET orders

  w/ symmetry)
intrinsic topo. order

topological  order
(tensor category)

symmetry
preserve

no symmetry

phase

transition

SPT 1 SPT 2

- Haldane phase of 1D spin-1 chain w/ SO(3) symm. Haldane 83

- 1 topo. ins. w/ U(1)⇥ T symm. in 2D, Kane-Mele 05; Bernevig-Zhang 06

15 in 3D Moore-Balents 07; Fu-Kane-Mele 07

Xiao-Gang Wen, Perimeter/MIT, Oct. 2012 From topological order to long-range entanglement



Plan
• Part I: Two types of “topological phases” 

• Winding of 1-particle wavefunctions: topological 
insulators
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• Part II: Modern directions

• Topological nodal phases 

• Interactions and topological insulators

• Topological phases in the iridates
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Spin-Orbit Coupling
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Spin-Orbit Coupling
Ir4+=5d5

t2g

octahedral 
coordination

B. J Kim et al, Science (2009)Gang Chen + 
LB, PRB (2008)

G. Jackeli + G. Khaliullin, PRL (2009)

10Dq ~ 2eV

j=1/2

j=3/2
λSO ≈ 0.5eV

Note: only Kramer’s degeneracy remains.  SOC tends to suppress 
Jahn-Teller effects.

eg
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Pyrochlore iridates
• Continuous magnetic/metal-insulator 
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FIG. 3. a) The main panel shows the resistivity, and field cooled (FC) and zero field cooled (ZFC)
susceptibilities for Eu-227, while the insert the spontaneous muon oscillation frequency. Data adapted
from Refs. 80 and 81. b) Phase diagram for the pyrochlore iridates R-227 based on transport and
magnetism measurements. (This is a supplemented and modified version of the diagram found in Ref. 78.)
The R-elements that do not have a local magnetic moment are emphasized in bold magenta. The only
non-lanthanide, R = Y, is denoted by a square.

manifold. Therefore, the SOC � splits the t
2g

spinful manifold into a higher energy J
e↵

= 1/2

doublet and a lower J
e↵

= 3/2 quadruplet. In an ionic picture, since Ir4+ has 5 d-electrons, the

J
e↵

= 1/2 doublet is half-filled, and only this orbital is involved in the low energy electronic

structure. More generally, if trigonal splitting is included, the J
e↵

= 3/2 levels are split and mixed

with the J
e↵

= 1/2 ones. In the general case, there is a highest Kramers doublet, whose character

varies with the ratio of SOC to trigonal splitting, between a J
e↵

= 1/2 doublet and a S = 1/2 one.

A band structure view is complementary to the ionic picture as we now discuss. If only the

highest doublet is involved, we expect 4 two-fold degenerate bands near the Fermi energy, as

there are 4 Ir per unit cell. As discussed by Wan et al.

46 and Yang et al.,51 it is instructive to

consider their structure at the � point. Due to cubic symmetry, the 8 Bloch states at this point

decompose into 2 two-dimensional irreducible representations (irreps) and 1 four-dimensional irrep.

By electron counting, these bands should be half-filled, so that if the order of these irreps, in terms

of degeneracies, is 2-2-4 or 4-2-2, a band insulating state may occur, while if the order is 2-4-2,

the 4-dimensional irrep must be half-filled and hence the system cannot be gapped at the band

structure level (see the lowest panel of Figure 5(b)). The former situation was obtained by Ref. 7

based on a phenomenological but ad-hoc Hubbard model for small U . They found a transition from

a semi-metallic ground state to a TI one with increasing the ratio of SOC to hopping. Subsequently,

by ab initio methods, Wan et al. found46 the latter, 2-4-2, ordering of irreps in Y-227. In this case,

a TI is impossible, but other topological phases can occur with increasing correlations. For those

Yanagashima+Maeno, JPSJ 2001
K. Matsuhira et al, JPSJ 2011

W. Witczak-Krempa et al, ARCMP 2013

As is reported in ref. 15, we were unable to prepare
samples free from impurity phases by a solid-state reaction
in air because of the volatility of IrO2. Furthermore, their
reflection peaks in XRD patterns were much broader. This
result indicates that the samples prepared in air have poorer
crystallinity or deviate from their stoichiometry. Note that
before our study in ref. 15, all polycrystalline samples were
prepared by a solid-state reaction in air.20,22–26)

3. Results and Discussion

3.1 Resistivity
Figure 1 shows the temperature dependence of the

electrical resistivities !ðT Þ of Ln2Ir2O7 for Ln = Pr, Nd,
Sm, Eu, Gd, Tb, Dy, and Ho. When Ln is changed from Pr to
Dy, !ðT Þ at room temperature gradually increases; !ðT Þ for
Ln = Ho at room temperature is lower than that for Dy.27)

The gradient of !ðT Þ at room temperature gradually changes
from a positive value to a negative value. For Ln = Pr and
Nd, Ln2Ir2O7 is metallic. For Ln = Sm, Eu, and Gd,
Ln2Ir2O7 is semimetallic. For Ln = Tb, Dy, and Ho,
Ln2Ir2O7 is semiconducting. We found that, for Ln = Nd,

Sm, Eu, Gd, Tb, Dy, and Ho, Ln2Ir2O7 exhibits MITs at 33,
117, 120, 127, 132, 134, and 141K, respectively, while
Pr2Ir2O7 exhibits no MIT down to 0.3K; it should be noted
that TMI for Ln = Nd is revised to 33K.28,29) Now, although
the conductivity of Ln2Ir2O7 for Ln = Tb, Dy, and Ho is
semiconducting with a small energy gap at room tempera-
ture, we have adopted MIT for convenience because a
common feature in their transition is observed. TMI increases
monotonically as the ionic radius of Ln decreases. The ionic
radius boundary for MITs in Ln2Ir2O7 lies between Ln = Pr
and Nd. For Ln = Gd, Tb, Dy, and Ho, a clear upturn due to
MIT is shown in Fig. 1(b). Discontinuities and thermal
hysteresis were not observed at approximately TMI, indicat-
ing that these MITs are second-order transitions. It should be
noted that !ðT Þ below TMI continues to increase without
saturation on cooling. This implies that MITs in Ln2Ir2O7

are not of accidental origin but of essential one.
We then attempted the order estimation of the energy gap

in the insulating state from the data. For the data just below
TMI, we tried to estimate the energy gap by assuming the
equation !ðT Þ ¼ !0 expðEg=T Þ, where Eg is the energy gap.
The estimated Eg is about 300–600K; Eg for Ln = Nd, Sm,
Eu, Gd, Tb, Dy, and Ho is estimated to be 405, 493, 429,
330, 517, 569, and 463K, respectively. We found that the
energy gap for Ln = Tb, Dy, and Ho increases by about
100–200K below TMI. These values may roughly correspond
to the energy gap, although no systematic change has been
confirmed. The band gap in the insulated state is small in
comparison with that in 3d electron system.30) Below TMI,
!ðT Þ cannot be described by the thermal activation
conduction form !ðT Þ ¼ !0 expðEg=T Þ. In addition, !ðT Þ
below TMI cannot be expressed in terms of the variable range
hopping except for Ln = Eu.31) Further investigation on the
unconventional temperature dependence of resistivity in the
insulating state is required to verify the origin.

3.2 Thermoelectric power
Figure 2 shows the temperature dependences of the

thermoelectric powers SðT Þ of Ln2Ir2O7 for Ln = Pr, Nd,
Sm, Eu, and Gd. When Ln is changed from Pr to Gd, the sign

Fig. 1. (Color online) (a) Electrical resistivities of Ln2Ir2O7 for Ln = Pr,
Nd, Sm, Eu, Gd, Tb, Dy, and Ho. (b) Enlarged view of electrical resistivities
of Ln2Ir2O7 for Ln = Gd, Tb, Dy, and Ho.

Fig. 2. (Color online) Thermoelectric powers of Ln2Ir2O7 for Ln = Pr,
Nd, Sm, Eu, and Gd.

K. MATSUHIRA et al.J. Phys. Soc. Jpn. 80 (2011) 094701 FULL PAPERS
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K. Matsuhira et al, JPSJ 2011
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FIG. 1. (Color online) (a) All-in-all-out magnetic structure where
all four magnetic moments on the vertices of each tetrahedron point
inward or outward. Arrows indicate the Ir4+ magnetic moments.
(b) Coplanar magnetic order where four magnetic moments on a
tetrahedron lie in the (001) plane and are either antiparallel or
orthogonal.

surface with edges about 0.5 mm long [Fig. 2(b)] was attached
to a copper plate with varnish and mounted in a closed-
cycle 4He refrigerator. The [011] of the sample was oriented
perpendicular to the scattering plane [Fig. 2(a)]. A Mo (200)
crystal was used to analyze the polarization of the scattered x
ray. The linearly polarized σ ′ (perpendicular to the scattering
plane) and π ′ (parallel to the scattering plane) components
can be detected by rotating the Mo crystal about the scattered
beam. The 2θ value of the (200) reflection of Mo is 89.564◦ at
11.230 keV, which guarantees a polarization purity of 99.99%.
To investigate the change in crystal structure across the M-I
transition, x-ray oscillation photographs were taken with a
large cylindrical imaging plate installed at BL02B1, SPring-8,
Japan, at a photon energy of 35 keV, which is far from the
absorption edges of the constituent elements.25 A single crystal
sample with a dimension of 0.05 mm was cooled by using a
He-gas spray refrigerator. SHELXL (Ref. 26) was used to refine
the structural parameters. The magnetic susceptibility of three
single crystals (0.49 mg), including the one used for the RXD

[1 1 1]

1 mm

(a)

Incident X-ray

-ray

Sample

Analyzer (Mo)
I

Detector

I

(c)
-3

Ir4+[111]
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FIG. 2. (Color online) (a) Schematic view of the experimental
setup for the resonant magnetic x-ray diffraction measurements.
(b) Photograph of the Eu2Ir2O7 single crystal used for the RXD
experiment. (c) Ir-O network in the pyrochlore structure. Each Ir
is coordinated to six O atoms. The IrO6 octahedra are connected
by shared vertices to form a tetrahedral Ir network. Each IrO6 is
compressed along a trigonal axis.
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FIG. 3. (Color online) (a), (b) Profiles of the (10 0 0) reflec-
tions of Eu2Ir2O7 scanned along (h00) in reciprocal space with a
photon energy of 11.230 keV at several temperatures through the
(a) σ -σ ′ and (b) σ -π ′ channels. (c) Temperature dependence of the
integrated intensities of the (10 0 0) reflection detected though the
σ -σ ′ (solid circles) and σ -π ′ (open circles) channels. (d) Temperature
dependence of the electrical resistivity (solid line) and magnetic
susceptibility (circles). The magnetic susceptibilities were measured
for zero-field-cooling (ZFC; solid circles) and field-cooling (FC; open
circles) processes in a field of 1000 Oe.

measurement (0.3 mg), was measured with a superconducting
quantum interference device magnetometer under an applied
magnetic field of 1000 Oe.

Initially, several line scans were performed along (h00),
(hh0), and (hhh) in the reciprocal space to search for magnetic
reflections with the on-resonance condition. No reflections
at incommensurate positions were observed (not shown).
Forbidden reflections at (4n + 2 0 0) were then investigated.
In pyrochlore systems with an Fd3̄m space group, the (h00)
reflections are allowed only when h= 4n, where n is an integer.
Figures 3(a) and 3(b) show the x-ray diffraction profiles for the
σ -σ ′ and σ -π ′ channels along (h00) around h = 10 at a photon
energy of 11.230 keV and at several temperatures. A clear peak
was observed at (10 0 0) in both the polarization channels.
The integrated intensity of the peak is plotted as a function
of temperature (Fig. 3). The reflection in the σ -π ′ channel
appeared only below TMI = 120 K. The intensity in the σ -π ′

channel (Iσ -π ′) below the TMI increased approximately linearly
to TMI − T , which is consistent with a second-order phase
transition. In contrast, the peak was also visible above TMI
in the σ -σ ′ channel. In the resonance condition, (4n + 2 0 0)
reflections can arise from the anisotropy of the anomalous
scattering factor of Ir4+ ions. The Ir4+ ions occupy trigonally
distorted octahedral sites with a local symmetry of 3̄m, which
causes the uniaxial anisotropy in the anomalous scattering
factor tensor with the spatial axis parallel to the trigonal axis.27

Because the special axes for the four Ir sites in the primitive
cell are not parallel to each other [Fig. 2(c)], the reflection
condition is relaxed near the Ir absorption edges.28 The [011]
axis was set perpendicular to the scattering plane; therefore
the structure factors of the (4n + 2 0 0) reflections in the σ -σ ′

100403-2

Eu2Ir2O7

H. Sagayama 
et al, 2013

Figure 2(b) shows the inelastic scattering intensity
distributions in ðQ;EÞ space measured below TMI. The
horizontally spreading excitation mode is observed at around
1.3meV; it corresponds to the splitting of the Nd3þ ground
doublet. The scattering intensity decreases with increasing
Q, confirming that the excitations are magnetic. However,
the mode appears slightly dispersive. To verify the
dispersion, we compared the constant–E scans measured at
1.2 and 1.4meV in Fig. 2(b); the comparison results are
shown in Fig. 2(c). The Q dependences at these energies
are clearly different, indicating that the excitations are not
completely flat but dispersive, with a bandwidth of $0:1
meV (1K).

4. Analyses

We analyzed the magnetic structure on the basis of the
q0 intensities given in Table I. Crystalline field analysis21)

revealed the magnitude of Nd3þ moments to be about
2.37!B, whereas that of Ir

4þ moments is expected to be 1!B

at most. Therefore, as the first approximation, we assumed
that the q0 intensities consist of only the Nd moments. In
fact, the statistical errors of our data would be too large to
resolve the Nd and Ir moments. Furthermore, later in this
section, the magnitude of moment estimated by the magnetic
structure analysis is confirmed to be in agreement with that
estimated by the crystalline field analysis.

The crystalline field analysis also strongly suggests that
the Nd moments are highly anisotropic along the h111i
directions (in/out-type Ising moments),21) as expected from
available data on other Nd pyrochlore oxides.26) In addition,
the measured magnetic susceptibility shows a small value of
only $10%3!B/formula under a magnetic field of 1 kOe, and
no hysteresis curve is observed at 5K.16,17,21,24) Therefore,
among the various magnetic structure models described by
the in/out-type moments, the 3-in 1-out and the 2-in 2-out
types are most probably ruled out, because these model types
are essentially ferromagnetic. A unique possible solution is
the all-in all-out type of model, as shown in Fig. 3(b). Thus,
we examined the consistency between the all-in all-out
model and the q0 intensities.

The remaining fitting parameter is the absolute value of
magnetic moments of Nd3þ (m). Therefore, we evaluated it
by the least-squares method, by employing the magnetic
form factor of Nd3þ calculated by Freeman and Desclaux.27)

Since the sample was cylindrical in shape, the reflection-
angle dependence of the absorption factor was ignored. The
evaluation results showed that the all-in all-out model had
the best-fit calculated intensities, with mð9KÞ ¼ 1:3'
0:2!B (Table I); these intensities are in agreement with the
experimental ones, as shown in Fig. 3(a).

Further, from Fig. 1(d), the ratio of magnetic scattering
intensity at 0.7 K to that at 9K is estimated to be about 3.2.
Since the magnetic intensity is proportional to the square of
m,28) the value of mð0:7KÞ is estimated to be 2:3' 0:4
½¼

ffiffiffiffiffiffiffi
3:2

p
) mð9KÞ*!B. This value is in good agreement

with the value of 2.37!B estimated by the crystalline field
analysis.21)

To summarize x3 and x4, we found that the antiferro-
magnetic long-range structure with q0 grows with decreasing
temperature below TNd ¼ 15' 5K. The structure can be
approximately described by the all-in all-out type of model
for Nd moments with a magnitude of 2:3' 0:4!B at 0.7K.
No direct signals for Ir moments were obtained in the
present experiments.

5. Discussion

5.1 Magnetic structure below TMI

The ground doublet of Nd3þ splits when the temperature
decreases to below TMI, as shown by the dotted arrows in
Fig. 2(a); however, the Nd magnetic structure grows mainly
below TNd, as shown in Fig. 1(d) and by the solid arrows
in Fig. 2(a). This discrepancy in temperature suggests that
not Nd moments exhibit static magnetic order at TMI. In
isomorphic Nd2Mo2O7, the magnetic moments of d and
f electrons do not order simultaneously, as revealed by
neutron diffraction experiments; the Mo structure grows
below Curie temperature TC ¼ 93K and then the Nd
structure grows mainly below $20K with decreasing
temperature.26) In analogy with Nd2Mo2O7, Ir magnetic
ordering is expected to occur in Nd2Ir2O7 at TMI. The
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Fig. 3. (Color online) Magnetic structure modelling. (a) Comparison between experimental and best-fit calculated magnetic reflection intensities given in
Table I. (b) All-in all-out magnetic structure. The filled circles represent Nd3þ ions, and the arrows represent the Nd moments. (c) Trigonally distorted O2%

ligand around Ir4þ ion. All the Ir–O bonds are of the same length (2.01 !A). (d) Relation between magnetic moments (blue thin arrows) of Ir4þ ions (blue small
balls) and magnetic moments (red thick arrows) of Nd3þ ions (red large balls). Both the Ir and the Nd moments form the all-in all-out structures. Alternative
directions of Nd moments in the case of a ferromagnetic Nd–Ir interaction are depicted: when the moments are antiferromagnetic, the directions of all the red
arrows are reversed, and the all-in all-out type structure is retained.
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FIG. 3. (a) Representative short-time asymmetry data taken from
GPS for Y-227 with curves offset for clarity and solid lines
representing fits to Eq. (1). (b) FFT of the asymmetry data smoothed
to highlight evolution of the peak.

of the data [Fig. 1(c)] showed excellent agreement with
previously reported values; we did not observe any evidence
of long-range order or structural transitions down to T = 3 K.
However, neutron studies of small-moment iridates often
require single-crystal measurements to resolve correlated spin
scattering. Conservatively, this powder measurement places an
upper limit of the Ir4+ ordered moment to be below 0.5 µB
based on the collected statistics and the resolution of the
diffractometer.

µSR provides an excellent means of further probing the
local magnetic order due to the large gyromagnetic ratio of
the muon (γµ/2π = 135.5 MHz/T) which makes it possible to
detect static fields of a few Gauss or less while simultaneously
probing spin dynamics and correlations in the MHz regime.14

Sample asymmetry curves showing the early time behavior
from PSI are shown in Fig. 3(a) for Y-227 and Fig. 4(a) for
Yb-227. The most significant feature is the appearance of
spontaneous muon spin precessions below TLRO = 150 and
130 K for Y-227 and Yb-227, respectively. These data signify
the presence of a static local magnetic field ⟨Bloc⟩ at the muon
site. Furthermore, the oscillations are well defined indicating
commensurate order with a single magnetically unique muon-
stopping site. The resultant asymmetry curves were fit by
the simple depolarization function for a magnetically ordered

FIG. 4. (a) Representative short-time asymmetry data taken from
GPS for Yb-227 with curves offset for clarity, and solid line
representing fits to Eq. (1). (b) FFT of asymmetry data.

polycrystal, as used in Ref. 5 for Eu-227:

A(t) = A1 exp[−(#t)β] cos(ωt + φ) + A2 exp(−λt). (1)

The first component describes the oscillations from the
muon spin precessing about a spontaneous static local
field with frequency ωµ/2π = ⟨Bloc⟩γµ/2π and damping
described by a stretched exponential with characteristic rate
# and β < 1. The second component describes the relatively
slower longitudinal relaxation due to spin-lattice relaxation or
fluctuations of the local moments. Because this component
also reflects muons for which the initial muon polarization is
parallel to the internal field at the stopping site, we expect the
fraction of slow relaxing asymmetry to the total asymmetry
η = A2/(A1 + A2) = 1/3 at temperatures well below the
ordering temperature, and indeed we find that η = 0.30(2)
and 0.35(1) for Y-227 and Yb-227, respectively, when T =
1.8 K. The phase factor φ was found to be rather large for a
system described by a single oscillatory frequency; however,
suitable fits for both samples at all temperatures were obtained
by fixing φ to −20◦, the value obtained at 1.5 K.

For Y-227, the temperature dependence of ωµ as determined
from fitting to Eq. (1) is shown in the top panel of Fig. 5.
The onset of muon spin precession occurs near TLRO and
the precession frequency increases monotonically, reaching

FIG. 5. Temperature dependence of the parameters extracted
from fitting Eq (1) for Y-227. Closed symbols represent data from
GPS, while open symbols are from EMU. TOP: ωµ/2π with η inset;
the solid line is a mean-field fit, as described in the text. MIDDLE:
#, solid lines are guides for the eyes. BOTTOM: λ from both GPS
and EMU.
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FIG. 3. (a) Representative short-time asymmetry data taken from
GPS for Y-227 with curves offset for clarity and solid lines
representing fits to Eq. (1). (b) FFT of the asymmetry data smoothed
to highlight evolution of the peak.

of the data [Fig. 1(c)] showed excellent agreement with
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scattering. Conservatively, this powder measurement places an
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the muon (γµ/2π = 135.5 MHz/T) which makes it possible to
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Sample asymmetry curves showing the early time behavior
from PSI are shown in Fig. 3(a) for Y-227 and Fig. 4(a) for
Yb-227. The most significant feature is the appearance of
spontaneous muon spin precessions below TLRO = 150 and
130 K for Y-227 and Yb-227, respectively. These data signify
the presence of a static local magnetic field ⟨Bloc⟩ at the muon
site. Furthermore, the oscillations are well defined indicating
commensurate order with a single magnetically unique muon-
stopping site. The resultant asymmetry curves were fit by
the simple depolarization function for a magnetically ordered

FIG. 4. (a) Representative short-time asymmetry data taken from
GPS for Yb-227 with curves offset for clarity, and solid line
representing fits to Eq. (1). (b) FFT of asymmetry data.
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muon spin precessing about a spontaneous static local
field with frequency ωµ/2π = ⟨Bloc⟩γµ/2π and damping
described by a stretched exponential with characteristic rate
# and β < 1. The second component describes the relatively
slower longitudinal relaxation due to spin-lattice relaxation or
fluctuations of the local moments. Because this component
also reflects muons for which the initial muon polarization is
parallel to the internal field at the stopping site, we expect the
fraction of slow relaxing asymmetry to the total asymmetry
η = A2/(A1 + A2) = 1/3 at temperatures well below the
ordering temperature, and indeed we find that η = 0.30(2)
and 0.35(1) for Y-227 and Yb-227, respectively, when T =
1.8 K. The phase factor φ was found to be rather large for a
system described by a single oscillatory frequency; however,
suitable fits for both samples at all temperatures were obtained
by fixing φ to −20◦, the value obtained at 1.5 K.

For Y-227, the temperature dependence of ωµ as determined
from fitting to Eq. (1) is shown in the top panel of Fig. 5.
The onset of muon spin precession occurs near TLRO and
the precession frequency increases monotonically, reaching

FIG. 5. Temperature dependence of the parameters extracted
from fitting Eq (1) for Y-227. Closed symbols represent data from
GPS, while open symbols are from EMU. TOP: ωµ/2π with η inset;
the solid line is a mean-field fit, as described in the text. MIDDLE:
#, solid lines are guides for the eyes. BOTTOM: λ from both GPS
and EMU.
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Pyrochlore iridates
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FIG. 3. a) The main panel shows the resistivity, and field cooled (FC) and zero field cooled (ZFC)
susceptibilities for Eu-227, while the insert the spontaneous muon oscillation frequency. Data adapted
from Refs. 80 and 81. b) Phase diagram for the pyrochlore iridates R-227 based on transport and
magnetism measurements. (This is a supplemented and modified version of the diagram found in Ref. 78.)
The R-elements that do not have a local magnetic moment are emphasized in bold magenta. The only
non-lanthanide, R = Y, is denoted by a square.

manifold. Therefore, the SOC � splits the t
2g

spinful manifold into a higher energy J
e↵

= 1/2

doublet and a lower J
e↵

= 3/2 quadruplet. In an ionic picture, since Ir4+ has 5 d-electrons, the

J
e↵

= 1/2 doublet is half-filled, and only this orbital is involved in the low energy electronic

structure. More generally, if trigonal splitting is included, the J
e↵

= 3/2 levels are split and mixed

with the J
e↵

= 1/2 ones. In the general case, there is a highest Kramers doublet, whose character

varies with the ratio of SOC to trigonal splitting, between a J
e↵

= 1/2 doublet and a S = 1/2 one.

A band structure view is complementary to the ionic picture as we now discuss. If only the

highest doublet is involved, we expect 4 two-fold degenerate bands near the Fermi energy, as

there are 4 Ir per unit cell. As discussed by Wan et al.

46 and Yang et al.,51 it is instructive to

consider their structure at the � point. Due to cubic symmetry, the 8 Bloch states at this point

decompose into 2 two-dimensional irreducible representations (irreps) and 1 four-dimensional irrep.

By electron counting, these bands should be half-filled, so that if the order of these irreps, in terms

of degeneracies, is 2-2-4 or 4-2-2, a band insulating state may occur, while if the order is 2-4-2,

the 4-dimensional irrep must be half-filled and hence the system cannot be gapped at the band

structure level (see the lowest panel of Figure 5(b)). The former situation was obtained by Ref. 7

based on a phenomenological but ad-hoc Hubbard model for small U . They found a transition from

a semi-metallic ground state to a TI one with increasing the ratio of SOC to hopping. Subsequently,

by ab initio methods, Wan et al. found46 the latter, 2-4-2, ordering of irreps in Y-227. In this case,

a TI is impossible, but other topological phases can occur with increasing correlations. For those

Yanagashima+Maeno, JPSJ 2001
K. Matsuhira et al, JPSJ 2011

W. Witczak-Krempa et al, ARCMP 2013

what is the “parent” 
paramagnetic 

structure?
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predicts Pr2Ir2O7 is a zero gap 

nodal semimetal!
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[10,12–14], while Pr2Ir2O7 is metallic down to 0.3 K and
shows no long-range magnetic ordering except for the
freezing of Pr-4f or Ir-5d moments at 0.12 K [15].
Despite these experimental investigations on the electronic
or magnetic properties for these systems, the origin of MIT
has been left elusive.

In this study, we have systematically investigated the
evolution of the charge dynamics as well as the transport,
magnetic, and thermal properties in the course of MIT for
the pyrochlore-type Nd2Ir2O7 and its Rh-doped analogs
Nd2ðIr1"xRhxÞ2O7. Rh doping is done to finely tune the
interplay between the SOI and the electron correlation, and
hence to drive the insulator-metal transition at the ground
state. The observed features suggest that the MITs for the
present system can be viewed as the phase changes among
the correlated metal, the Weyl semimetal, and the narrow
gap Mott insulator, as characterized by the strong SOI and
electron correlation.

The high-quality polycrystalline samples of
Nd2ðIr1"xRhxÞ2O7 with x ¼ 0, 0.02, 0.05, and 0.10 were
prepared by a solid-state reaction under high pressure
(3 GPa and 1200 %C). The dense and hard samples with
least grain-boundary effect as prepared by the high-
pressure method are particularly suitable for the optical
reflectance and transport measurements. We have con-
firmed by powder x-ray diffraction that all the samples
imply no detectable impurity phase, and the lattice con-
stant of the Rh-doped compounds satisfies Vegard’s law, as
shown in Fig. 1(f). The resistivity, specific heat, and mag-
netization were measured with the physical property mea-
surement system (Quantum Design). Reflectivity spectra in
the temperature range from 5 to 290 K were measured
between 0.005 and 5 eV by Fourier transform- and grating-
type spectrometers. The spectra above 5 eV were measured
at room temperature with the use of synchrotron radiation
at UV-SOR, Institute for Molecular Science. The optical
conductivity spectra were obtained by Kramers-Kronig
(KK) analysis with suitable extrapolation procedures.
The optical conductivity spectra below 10 meV were ob-
tained by terahertz (THz) time-domain spectroscopy
(TDS) in a transmission configuration [16] without resort-
ing to KK analysis (for details of the experimental setup for
the present THz TDS, see Sec. II Ref. [16]).

The temperature dependence of resistivity for Nd2Ir2O7

(x ¼ 0) is shown in Fig. 1(a), along with those for x¼0:02,
0.05, and 0.10. First, we focus on the MIT in Nd2Ir2O7

(x ¼ 0). With lowering temperature, the resistivity for
x ¼ 0 monotonically decreases down to 50 K and then
shows a divergent behavior below 30 K. In Fig. 1(b), we
show the temperature dependence of magnetization mea-
sured by field-cooling (FC) and zero-field-cooling (ZFC)
processes. The magnetization curve measured in the FC
process shows an upturn at TN, while that measured in the
ZFC process shows no clear anomaly with previous reports
[10]. As shown in Fig. 1(g), the ordering of the Ir-5d

moment manifests itself as a !-type peak at TN in the
specific heat curve for x ¼ 0. A recent neutron scattering
study indicates that the Nd-4f moment starts to order
below 15 K [11]. Since the energy of the crystal field
(CF) splitting between the ground state and the first excited
state is estimated to be 26 meV (& 300 K) [11], a broad
hump-like structure around 10 K may be attributed not to
CF excitation but to the magnetic ordering of Nd-4f mo-
ments. We note that the entropy change except the contri-
bution from phonon below 20 K is larger than R ln2, the
value corresponding to the entropy released by the mag-
netic ordering of Nd-4f moments as observed in spin-ice
systems [17]. The excess entropy change may originate
from the coupled Ir-5d moments, reflecting the exchange
interaction between Nd-4f and Ir-5d moments.
Figure 2(a) displays the optical conductivity spectra for

Nd2Ir2O7 (x ¼ 0) at various temperatures above 50 K as
well as at 10 K. At 290 K, a broad absorption band is
observed around 1 eV, as shown in the inset to Fig. 2(a).
Since the optical conductivity spectra above 1 eV show
minimal temperature dependence, we henceforth focus on
the low energy range below 1 eV. At room temperature, the
spectral shape below 0.5 eV is fairly flat except for the
sharp peaks due to the optical phonons below 0.08 eV,

FIG. 2 (color online). (a) Optical conductivity spectra at vari-
ous temperatures for Nd2Ir2O7. The filled circles denote dc
conductivities. The inset shows the spectra at 290 K and 50 K
up to 2 eV. The triangle indicates the absorption band around
1 eV. (b) Optical conductivity spectra below 50 K. The inset
show the magnified view of the spectra in the far-infrared region
as deduced by time-domain terahertz spectroscopy.

PRL 109, 136402 (2012) P HY S I CA L R EV I EW LE T T E R S
week ending

28 SEPTEMBER 2012

136402-2

K. Ueda et al, 2012

Clear charge 
gap ~ 45meV



Weyl not?

[10,12–14], while Pr2Ir2O7 is metallic down to 0.3 K and
shows no long-range magnetic ordering except for the
freezing of Pr-4f or Ir-5d moments at 0.12 K [15].
Despite these experimental investigations on the electronic
or magnetic properties for these systems, the origin of MIT
has been left elusive.

In this study, we have systematically investigated the
evolution of the charge dynamics as well as the transport,
magnetic, and thermal properties in the course of MIT for
the pyrochlore-type Nd2Ir2O7 and its Rh-doped analogs
Nd2ðIr1"xRhxÞ2O7. Rh doping is done to finely tune the
interplay between the SOI and the electron correlation, and
hence to drive the insulator-metal transition at the ground
state. The observed features suggest that the MITs for the
present system can be viewed as the phase changes among
the correlated metal, the Weyl semimetal, and the narrow
gap Mott insulator, as characterized by the strong SOI and
electron correlation.

The high-quality polycrystalline samples of
Nd2ðIr1"xRhxÞ2O7 with x ¼ 0, 0.02, 0.05, and 0.10 were
prepared by a solid-state reaction under high pressure
(3 GPa and 1200 %C). The dense and hard samples with
least grain-boundary effect as prepared by the high-
pressure method are particularly suitable for the optical
reflectance and transport measurements. We have con-
firmed by powder x-ray diffraction that all the samples
imply no detectable impurity phase, and the lattice con-
stant of the Rh-doped compounds satisfies Vegard’s law, as
shown in Fig. 1(f). The resistivity, specific heat, and mag-
netization were measured with the physical property mea-
surement system (Quantum Design). Reflectivity spectra in
the temperature range from 5 to 290 K were measured
between 0.005 and 5 eV by Fourier transform- and grating-
type spectrometers. The spectra above 5 eV were measured
at room temperature with the use of synchrotron radiation
at UV-SOR, Institute for Molecular Science. The optical
conductivity spectra were obtained by Kramers-Kronig
(KK) analysis with suitable extrapolation procedures.
The optical conductivity spectra below 10 meV were ob-
tained by terahertz (THz) time-domain spectroscopy
(TDS) in a transmission configuration [16] without resort-
ing to KK analysis (for details of the experimental setup for
the present THz TDS, see Sec. II Ref. [16]).

The temperature dependence of resistivity for Nd2Ir2O7

(x ¼ 0) is shown in Fig. 1(a), along with those for x¼0:02,
0.05, and 0.10. First, we focus on the MIT in Nd2Ir2O7

(x ¼ 0). With lowering temperature, the resistivity for
x ¼ 0 monotonically decreases down to 50 K and then
shows a divergent behavior below 30 K. In Fig. 1(b), we
show the temperature dependence of magnetization mea-
sured by field-cooling (FC) and zero-field-cooling (ZFC)
processes. The magnetization curve measured in the FC
process shows an upturn at TN, while that measured in the
ZFC process shows no clear anomaly with previous reports
[10]. As shown in Fig. 1(g), the ordering of the Ir-5d

moment manifests itself as a !-type peak at TN in the
specific heat curve for x ¼ 0. A recent neutron scattering
study indicates that the Nd-4f moment starts to order
below 15 K [11]. Since the energy of the crystal field
(CF) splitting between the ground state and the first excited
state is estimated to be 26 meV (& 300 K) [11], a broad
hump-like structure around 10 K may be attributed not to
CF excitation but to the magnetic ordering of Nd-4f mo-
ments. We note that the entropy change except the contri-
bution from phonon below 20 K is larger than R ln2, the
value corresponding to the entropy released by the mag-
netic ordering of Nd-4f moments as observed in spin-ice
systems [17]. The excess entropy change may originate
from the coupled Ir-5d moments, reflecting the exchange
interaction between Nd-4f and Ir-5d moments.
Figure 2(a) displays the optical conductivity spectra for

Nd2Ir2O7 (x ¼ 0) at various temperatures above 50 K as
well as at 10 K. At 290 K, a broad absorption band is
observed around 1 eV, as shown in the inset to Fig. 2(a).
Since the optical conductivity spectra above 1 eV show
minimal temperature dependence, we henceforth focus on
the low energy range below 1 eV. At room temperature, the
spectral shape below 0.5 eV is fairly flat except for the
sharp peaks due to the optical phonons below 0.08 eV,

FIG. 2 (color online). (a) Optical conductivity spectra at vari-
ous temperatures for Nd2Ir2O7. The filled circles denote dc
conductivities. The inset shows the spectra at 290 K and 50 K
up to 2 eV. The triangle indicates the absorption band around
1 eV. (b) Optical conductivity spectra below 50 K. The inset
show the magnified view of the spectra in the far-infrared region
as deduced by time-domain terahertz spectroscopy.
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[10,12–14], while Pr2Ir2O7 is metallic down to 0.3 K and
shows no long-range magnetic ordering except for the
freezing of Pr-4f or Ir-5d moments at 0.12 K [15].
Despite these experimental investigations on the electronic
or magnetic properties for these systems, the origin of MIT
has been left elusive.

In this study, we have systematically investigated the
evolution of the charge dynamics as well as the transport,
magnetic, and thermal properties in the course of MIT for
the pyrochlore-type Nd2Ir2O7 and its Rh-doped analogs
Nd2ðIr1"xRhxÞ2O7. Rh doping is done to finely tune the
interplay between the SOI and the electron correlation, and
hence to drive the insulator-metal transition at the ground
state. The observed features suggest that the MITs for the
present system can be viewed as the phase changes among
the correlated metal, the Weyl semimetal, and the narrow
gap Mott insulator, as characterized by the strong SOI and
electron correlation.

The high-quality polycrystalline samples of
Nd2ðIr1"xRhxÞ2O7 with x ¼ 0, 0.02, 0.05, and 0.10 were
prepared by a solid-state reaction under high pressure
(3 GPa and 1200 %C). The dense and hard samples with
least grain-boundary effect as prepared by the high-
pressure method are particularly suitable for the optical
reflectance and transport measurements. We have con-
firmed by powder x-ray diffraction that all the samples
imply no detectable impurity phase, and the lattice con-
stant of the Rh-doped compounds satisfies Vegard’s law, as
shown in Fig. 1(f). The resistivity, specific heat, and mag-
netization were measured with the physical property mea-
surement system (Quantum Design). Reflectivity spectra in
the temperature range from 5 to 290 K were measured
between 0.005 and 5 eV by Fourier transform- and grating-
type spectrometers. The spectra above 5 eV were measured
at room temperature with the use of synchrotron radiation
at UV-SOR, Institute for Molecular Science. The optical
conductivity spectra were obtained by Kramers-Kronig
(KK) analysis with suitable extrapolation procedures.
The optical conductivity spectra below 10 meV were ob-
tained by terahertz (THz) time-domain spectroscopy
(TDS) in a transmission configuration [16] without resort-
ing to KK analysis (for details of the experimental setup for
the present THz TDS, see Sec. II Ref. [16]).

The temperature dependence of resistivity for Nd2Ir2O7

(x ¼ 0) is shown in Fig. 1(a), along with those for x¼0:02,
0.05, and 0.10. First, we focus on the MIT in Nd2Ir2O7

(x ¼ 0). With lowering temperature, the resistivity for
x ¼ 0 monotonically decreases down to 50 K and then
shows a divergent behavior below 30 K. In Fig. 1(b), we
show the temperature dependence of magnetization mea-
sured by field-cooling (FC) and zero-field-cooling (ZFC)
processes. The magnetization curve measured in the FC
process shows an upturn at TN, while that measured in the
ZFC process shows no clear anomaly with previous reports
[10]. As shown in Fig. 1(g), the ordering of the Ir-5d

moment manifests itself as a !-type peak at TN in the
specific heat curve for x ¼ 0. A recent neutron scattering
study indicates that the Nd-4f moment starts to order
below 15 K [11]. Since the energy of the crystal field
(CF) splitting between the ground state and the first excited
state is estimated to be 26 meV (& 300 K) [11], a broad
hump-like structure around 10 K may be attributed not to
CF excitation but to the magnetic ordering of Nd-4f mo-
ments. We note that the entropy change except the contri-
bution from phonon below 20 K is larger than R ln2, the
value corresponding to the entropy released by the mag-
netic ordering of Nd-4f moments as observed in spin-ice
systems [17]. The excess entropy change may originate
from the coupled Ir-5d moments, reflecting the exchange
interaction between Nd-4f and Ir-5d moments.
Figure 2(a) displays the optical conductivity spectra for

Nd2Ir2O7 (x ¼ 0) at various temperatures above 50 K as
well as at 10 K. At 290 K, a broad absorption band is
observed around 1 eV, as shown in the inset to Fig. 2(a).
Since the optical conductivity spectra above 1 eV show
minimal temperature dependence, we henceforth focus on
the low energy range below 1 eV. At room temperature, the
spectral shape below 0.5 eV is fairly flat except for the
sharp peaks due to the optical phonons below 0.08 eV,

FIG. 2 (color online). (a) Optical conductivity spectra at vari-
ous temperatures for Nd2Ir2O7. The filled circles denote dc
conductivities. The inset shows the spectra at 290 K and 50 K
up to 2 eV. The triangle indicates the absorption band around
1 eV. (b) Optical conductivity spectra below 50 K. The inset
show the magnified view of the spectra in the far-infrared region
as deduced by time-domain terahertz spectroscopy.
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POSSIBLE EXISTENCE OF SUBSTANCES INTERMEDIATE BETWEEN METALS AND 

DIELECTRICS 
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L. D. Landau Institute of Theoretical Physics 
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Zh. Eksp. Teor. Fiz. 59, 1280-1298 (October, 1970) 

The question of the possible existence of substances having an electron spectrum without any energy 
gap and, at the same time, not possessing a Fermi surface is investigated. First of all the question 
of the possibility of contact of the conduction band and the valence band at a single point is investiga-
ted within the framework of the one-electron problem. It is shown that the symmetry conditions for 
the crystal admit of such a possibility. A complete investigation is carried out for points in recipro-
cal lattice space with a little group which is equivalent to a point group, and an example of a more 
complicated little group is considered. It is shown that in the neighborhood of the point of contact the 
spectrum may be linear as well as quadratic. 

The role of the Coulomb interaction is considered for both types of spectra. In the case of a linear 
dispersion law a slowly varying (logarithmic) factor appears in the spectrum. In the case of a quad-
ratic spectrum the effective interaction becomes strong for small momenta, and the concept of the 
one-particle spectrum turns out to be inapplicable. The behavior of the Green's functions is deter-
mined by similarity laws analogous to those obtained in field theory with strong coupling and in the 
neighborhood of a phase transition point of the second kind (scaling). Hence follow power laws for 
the electronic heat capacity and for the momentum distribution of the electrons. 

1. INTRODUCTION 

0 NE of the basic assumptions of the Landau lll theory 
of a Fermi liquid is the relationship, according to which 
the limiting momentum of the excitations in an isotropic 
Fermi liquid is determined in the same way as in a gas, 
by the density of the atoms in the liquid, i.e., 
Po = (3JT1l) 113 (where n is the density of particles). Ac-
cording to the work of Luttinger and Ward, laJ with a 
certain amount of alteration this theorem is also appli-
cable to the electronic liquid in metals. Namely, it 
turns out that the total volume, bounded by all Fermi 
surfaces, determines the density of the electrons: 

n = 2(2n)-'(pV, + VF), 

where Vo denotes the volume of an elementary cell of 
the reciprocal lattice, p is an integer, and V F denotes 
the total volume inside all of the Fermi surfaces (from 
the side of smaller energies), referred to a single cell 
of the reciprocal lattice. 

It is not difficult to see that the cited relation is ex-
actly the same as for a noninteracting Fermi system in 
a periodic field. In view of the fact that Vo = (2JT) 3/v, 
where v is the volume of an elementary cell of the crys-
tal, the substance can be dielectric only when the num-
ber of electrons per elementary cell of the crystal is 
even. If in this case the substance nevertheless is a 
metal, then the number of holes must necessarily be 
equal to the number of electrons. For metals with an 
odd number of electrons per cell, on the other hand, 
such compensation cannot occur. 

In this connection the question arises whether sub-
stances can exist in nature which are neither genuine 
metals nor dielectrics in the sense that there are no 
free electrons in them, and at the same time no energy 

699 

gap is present. One can represent such a substance as 
the limiting case of a metal with a point Fermi surface. 
In the language of the theory of noninteracting particles 
in a periodic field, this corresponds to the case when a 
completely filled valence band touches a completely 
empty conduction band. Indications of the possible exis-
tence of such substances have recently appeared in the 
literature (gray tinl3l and mercury telluridel4l). 

In the present article the conditions under which a 
point Fermi surface may appear in a model of noninter-
acting electrons will be investigated, and the question of 
the influence of the Coulomb interaction of the electrons 
on the energy spectrum in the neighborhood of the 
Fermi point will be considered. 

In the case of interest to us, the maximum of the 
valence band must coincide with the minimum of the 
conduction band. In general an increased symmetry of 
the appropriate point of the reciprocal lattice favors de-
generacy of the energy levels, but it may also occur at 
accidental points. However, here somewhat more is re-
quired, namely, that this point simultaneously corre-
sponds to extrema of the two bands. The occurrence of 
such a situation at an accidental point is an improbable 
special case. In view of this we shall consider only 
"regular" cases, i.e., points of high symmetry. A com-
plete analysis is given in the case when the little group 
of the corresponding point is equivalent to the point 
group, and an example of a more complicated group is 
considered. It turns out that a "Fermi point" is possi-
ble in a whole series of different cases, where in the 
most typical cases the dispersion law in the vicinity of 
such a point will either be linear or quadratic. 

However, in general a model of noninteracting elec-
trons does not correspond to a real electronic liquid. 
In the case of an isotropic liquid with short-range inter-
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FIG. 3. a) The main panel shows the resistivity, and field cooled (FC) and zero field cooled (ZFC)
susceptibilities for Eu-227, while the insert the spontaneous muon oscillation frequency. Data adapted
from Refs. 80 and 81. b) Phase diagram for the pyrochlore iridates R-227 based on transport and
magnetism measurements. (This is a supplemented and modified version of the diagram found in Ref. 78.)
The R-elements that do not have a local magnetic moment are emphasized in bold magenta. The only
non-lanthanide, R = Y, is denoted by a square.

manifold. Therefore, the SOC � splits the t
2g

spinful manifold into a higher energy J
e↵

= 1/2

doublet and a lower J
e↵

= 3/2 quadruplet. In an ionic picture, since Ir4+ has 5 d-electrons, the

J
e↵

= 1/2 doublet is half-filled, and only this orbital is involved in the low energy electronic

structure. More generally, if trigonal splitting is included, the J
e↵

= 3/2 levels are split and mixed

with the J
e↵

= 1/2 ones. In the general case, there is a highest Kramers doublet, whose character

varies with the ratio of SOC to trigonal splitting, between a J
e↵

= 1/2 doublet and a S = 1/2 one.

A band structure view is complementary to the ionic picture as we now discuss. If only the

highest doublet is involved, we expect 4 two-fold degenerate bands near the Fermi energy, as

there are 4 Ir per unit cell. As discussed by Wan et al.

46 and Yang et al.,51 it is instructive to

consider their structure at the � point. Due to cubic symmetry, the 8 Bloch states at this point

decompose into 2 two-dimensional irreducible representations (irreps) and 1 four-dimensional irrep.

By electron counting, these bands should be half-filled, so that if the order of these irreps, in terms

of degeneracies, is 2-2-4 or 4-2-2, a band insulating state may occur, while if the order is 2-4-2,

the 4-dimensional irrep must be half-filled and hence the system cannot be gapped at the band

structure level (see the lowest panel of Figure 5(b)). The former situation was obtained by Ref. 7

based on a phenomenological but ad-hoc Hubbard model for small U . They found a transition from

a semi-metallic ground state to a TI one with increasing the ratio of SOC to hopping. Subsequently,

by ab initio methods, Wan et al. found46 the latter, 2-4-2, ordering of irreps in Y-227. In this case,

a TI is impossible, but other topological phases can occur with increasing correlations. For those
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FIG. 3. a) The main panel shows the resistivity, and field cooled (FC) and zero field cooled (ZFC)
susceptibilities for Eu-227, while the insert the spontaneous muon oscillation frequency. Data adapted
from Refs. 80 and 81. b) Phase diagram for the pyrochlore iridates R-227 based on transport and
magnetism measurements. (This is a supplemented and modified version of the diagram found in Ref. 78.)
The R-elements that do not have a local magnetic moment are emphasized in bold magenta. The only
non-lanthanide, R = Y, is denoted by a square.

manifold. Therefore, the SOC � splits the t
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spinful manifold into a higher energy J
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= 1/2

doublet and a lower J
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= 3/2 quadruplet. In an ionic picture, since Ir4+ has 5 d-electrons, the
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= 1/2 doublet is half-filled, and only this orbital is involved in the low energy electronic

structure. More generally, if trigonal splitting is included, the J
e↵

= 3/2 levels are split and mixed

with the J
e↵

= 1/2 ones. In the general case, there is a highest Kramers doublet, whose character

varies with the ratio of SOC to trigonal splitting, between a J
e↵

= 1/2 doublet and a S = 1/2 one.

A band structure view is complementary to the ionic picture as we now discuss. If only the

highest doublet is involved, we expect 4 two-fold degenerate bands near the Fermi energy, as

there are 4 Ir per unit cell. As discussed by Wan et al.

46 and Yang et al.,51 it is instructive to

consider their structure at the � point. Due to cubic symmetry, the 8 Bloch states at this point

decompose into 2 two-dimensional irreducible representations (irreps) and 1 four-dimensional irrep.

By electron counting, these bands should be half-filled, so that if the order of these irreps, in terms

of degeneracies, is 2-2-4 or 4-2-2, a band insulating state may occur, while if the order is 2-4-2,

the 4-dimensional irrep must be half-filled and hence the system cannot be gapped at the band

structure level (see the lowest panel of Figure 5(b)). The former situation was obtained by Ref. 7

based on a phenomenological but ad-hoc Hubbard model for small U . They found a transition from

a semi-metallic ground state to a TI one with increasing the ratio of SOC to hopping. Subsequently,

by ab initio methods, Wan et al. found46 the latter, 2-4-2, ordering of irreps in Y-227. In this case,

a TI is impossible, but other topological phases can occur with increasing correlations. For those
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FIG. 1: (color online). (a) Phase diagram of the Kitaev-
Heisenberg model containing 2 spin-liquid and 4 spin-ordered
phases. The transition points (open dots on ϕ-circle) are ob-
tained by an exact diagonalization. The gray lines inside the
circle connect the points related by the exact mapping (see
text). Open/solid circles in the insets indicate up/down spins.
The rectangular box in zigzag pattern (top-left) shows the
magnetic unit cell. (b) Groundstate energy EGS of 24-site
cluster and its second derivative −d2EGS/dϕ2 revealing the
phase transitions.

and J̃ = −J , revealing a hidden SU(2) symmetry of the
model at K = −J (where the Kitaev term K̃ vanishes).
For the angles, the mapping reads as tan ϕ̃ = − tanϕ−1.
Phase diagram.– In its full parameter space, the KH

model accommodates 6 different phases, best visualized
using the phase-angle ϕ as in Fig. 1(a). In addition to
the previously discussed [16, 21, 22] Néel-AF, stripy-AF,
and SL states near ϕ = 0, −π

4 , and −π
2 , respectively, we

observe 3 more states. First one is “AF” (K > 0) Ki-
taev spin-liquid near ϕ = π

2 . Second, FM phase broadly
extending over the third quadrant of the ϕ-circle. The
FM and stripy-AF states are connected [see Fig. 1(a)] by
the 4-sublattice transformation, which implies their iden-
tical dynamics. Finally, near ϕ = 3

4π, the most wanted
phase, zigzag-AF, appears occupying almost a quarter
of the phase space. Thanks to the above mapping, it is

understood that the zigzag and Néel states are isomor-
phic, too. In particular, the ϕ = 3

4π zigzag is identical to
Heisenberg-AF of the fictitious spins.
To obtain the phase boundaries, we have diagonal-

ized the model numerically, using a hexagonal 24-site
cluster with periodic boundary conditions. The clus-
ter is compatible with the above 4-sublattice transfor-
mation and ϕ ↔ ϕ̃ mapping. As seen in Fig. 1(b),
the second derivative of the GS energy EGS with re-
spect to ϕ well detects the phase transitions. Three
pairs of linked transition points are found: (87.7◦, 92.2◦)
and (−76.1◦,−108.2◦) for the spin liquid/order transi-
tions around ±π

2 , and (161.7◦,−33.8◦) for the transitions
between ordered phases.
The transitions from zigzag-AF to FM, and from

stripy-AF to Néel-AF are of first order by symmetry;
see very sharp peaks in Fig. 1(b). The spin liquid/order
transitions near ϕ = −π

2 lead to wider and much less
pronounced peaks, suggesting a second (or weakly first)
order transition [16]. On the contrary, liquid/order tran-
sitions around ϕ = π

2 show up as very narrow peaks; on
the finite cluster studied, they correspond to real level
crossings. Nature of these quantum phase transitions re-
mains to be clarified.
While at J = 0 (i.e. ϕ = ±π

2 ) the sign of K is irrel-
evant [20], the stability of the AF- and FM-type Kitaev
spin-liquids against J-perturbation is very different: the
SL phase near π

2 (−π
2 ) is less (more) robust. This phase

behavior is related to a different nature of the competing
ordered phases: for the π

2 SL, these are highly quan-
tum zigzag and Néel states, while the SL near −π

2 is
sandwiched by more classical (FM and “fluctuation free”
stripy [16]) states which are energetically less favorable
than quantum SL state.
Exchange interactions in Na2IrO3.– Having fixed the

parameter space (K > 0, J < 0) for zigzag phase, we turn
now to the physical processes behind the model (1). In-
teractions between local moments in Mott insulators arise
due to virtual hoppings of electrons. This may happen
in many different ways, depending sensitively on chemi-
cal bonding, intra-ionic electron structure, etc. The case
of present interest (i.e., strong spin-orbit coupling, t52g
configuration, and 90◦-bonding geometry) has been ad-
dressed in several papers [8, 11, 16, 23]. There are fol-
lowing four physical processes that contribute to K and
J couplings.
Process 1: Direct hopping t′ between NN t2g orbitals.

Since no oxygen orbital is involved, 90◦-bonding is irrel-
evant; the resulting Hamiltonian is H1 = I1 Si ·Sj with
I1 ≃ (23 t

′)2/U [16]. Here, U is Coulomb repulsion be-
tween t2g electrons. Typically, one has t′/t < 1, when
compared to the indirect hopping t of t2g orbitals via
oxygen ions.
Process 2: Interorbital NN t2g − eg hopping t̃. This is

the dominant pathway in 90◦-bonding geometry since it
involves strong tpdσ overlap between oxygen-2p and eg or-

for the symmetry of the intersite interactions. Namely, the
very form of the exchange Hamiltonian depends on bond
geometry through a density profile of Kramers states, as we
demonstrate below.

Exchange couplings of neighboring Kramers states.—
We consider the limit of the strong spin-orbit coupling, i.e.,
when ! is larger than exchange interaction between the
isospins. The exchange Hamiltonians for isospins are then
obtained by projecting the corresponding superexchange
spin-orbital models onto the isospin states Eq. (1). First, we
present the results for the case of cubic symmetry (! ¼ 0,
sin" ¼ 1=

ffiffiffi
3

p
), and discuss later the effects of a tetragonal

distortion. We consider two common cases of TM-O-TM
bond geometries: (A) a 180"-bond formed by corner-
shared octahedra as in Fig. 2(a), and (B) a 90"-bond
formed by edge-shared ones, Fig. 2(b).

(A) A 180" bond: For this geometry, the nearest-
neighbor t2g hopping matrix is diagonal in the orbital space
and, on a given bond, only two orbitals are active, e.g., jxyi
and jxzi orbitals along a bond in x-direction [Fig. 2(a)].
The spin-orbital exchange Hamiltonian for such a system
has already been reported: see Eq. (3.11) in Ref. [12]. After
projecting it onto the ground state doublet, we find an
exchange Hamiltonian for isospins in a form of

Heisenberg plus a pseudodipolar interaction,

H ij ¼ J1 ~Si # ~Sj þ J2ð ~Si # ~rijÞð~rij # ~SjÞ; (2)

where ~Si is the S ¼ 1=2 operator for isospins (referred to as
simply spins from now on), ~rij is the unit vector along the
ij bond, and J1ð2Þ ¼ 4

9#1ð2Þ. Hereafter, we use the energy
scale 4t2=U where t is a dd-transfer integral through an
intermediate oxygen, and U stands for the Coulomb re-
pulsion on the same orbitals. The parameters #1ð2Þ control-
ling isotropic (anisotropic) couplings are given by
#1 ¼ ð3r1 þ r2 þ 2r3Þ=6 and #2 ¼ ðr1 ' r2Þ=4, where
the set of rn characterizing the multiplet structure of the
excited states depends solely on the ratio $ ¼ JH=U of
Hund’s coupling and U [24]. At small $, one has #1 ’ 1
and #2 ’ $=2. Thus, we find a predominantly isotropic
Hamiltonian, with a weak dipolarlike anisotropy term.
While the overall form of Eq. (2) could be anticipated
from symmetry arguments, the explicit derivation led us
to an unexpected result: In the limit of strong SO coupling,
the magnetic degrees are governed by a nearly Heisenberg
model just like in the case of small !, and, surprisingly
enough, its anisotropy is entirely due to the Hund’s cou-
pling. This is opposite to a conventional situation: typi-
cally, the anisotropy corrections are obtained in powers of
! while the Hund’s coupling is not essential.
(B) A 90" bond: There are again only two orbitals active

on a given bond, e.g., jxzi and jyzi orbitals along a bond in
the xy-plane. However, the hopping matrix has now only
nondiagonal elements, and there are two possible paths for
a charge transfer [via upper or lower oxygen, see Fig. 2(b)].
This peculiarity of a 90" bond leads to an exchange
Hamiltonian drastically different from that of a 180" ge-
ometry. Two transfer amplitudes via upper and lower oxy-
gen interfere in a destructive manner and the isotropic part
of the Hamiltonian exactly vanishes. The finite, anisotropic
interaction appears, however, due to the JH-multiplet struc-
ture of the excited levels. Most importantly, the very form
of the exchange interaction depends on the spatial orienta-
tion of a given bond. We label a bond ij laying in the %&
plane perpendicular to the 'ð¼ x; y; zÞ axis by a (')-bond.
With this in mind, the Hamiltonian can be written as

H ð'Þ
ij ¼ 'JS'i S

'
j ; (3)

with J ¼ 4
3#2. Remarkably, this Hamiltonian is precisely a

quantum analog of the so-called compass model. The latter,
introduced originally for the orbital degrees of freedom in
Jahn-Teller systems [5], has been the subject of numerous
studies as a prototype model with protected ground state
degeneracy of topological origin (see, e.g., Ref. [25]).
However, to our knowledge, no magnetic realization of
the compass model has been proposed so far.
Implementing the Kitaev model in Mott insulators.—The

Kitaev model is equivalent to a quantum compass model on
a honeycomb lattice [26]. It shows a number of fascinating
properties such as anyonic excitations with exotic frac-

isospin up spin up, lz=0 spin down, lz=1

+=

FIG. 1 (color online). Density profile of a hole in the isospin
up state (without tetragonal distortion). It is a superposition of a
spin up hole density in jxyi-orbital, lz ¼ 0 (middle), and spin
down one in ðjyziþ ijxziÞ state, lz ¼ 1 (right).
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FIG. 2 (color online). Two possible geometries of a TM-O-TM
bond with corresponding orbitals active along these bonds. The
large (small) dots stand for the transition metal (oxygen) ions.
(a) A 180"-bond formed by corner-shared octahedra, and (b) a
90"-bond formed by edge-shared octahedra.
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FIG. 6: (color online) a) Projection of the magnetic struc-
ture on the ac plane showing the sites 1-4 of the primitive
cell. Left curly arrows indicate counter-rotation of moments
between consecutive sites along c. In unit cell 2 light and
dark shaded elliptical envelopes indicate an alternating tilt
of the plane of moments’ rotation away from the ac face. In
unit cell 3 the color of bonds shows the anisotropy axis of
the exchange in a Kitaev model15 (ferromagnetic Ising ex-
change for each bond, but with a di↵erent Ising axis x, y, z
for the blue/green/red bonds). Right-hand labels (b)-(e) in-
dicate where slices through the magnetic structure are taken
at di↵erent heights in the unit cell and projected onto the ab

plane to illustrate the direction of the zig-zag chains and the
alternating tilt of the plane of rotation away from the ac plane
by ±� between adjacent zig-zag chains stacked along c.

FIG. 7: (Color online) Projection of the iridium lattice on the
ac plane showing the ordering of the magnetic moment com-
ponents along the b-axis only. These are shown rotated (for
ease of visualization) from the b to the a-axis and indicated
by horizontal red arrows (length of arrow indicates magni-
tude of M

y

(r) at each site. Note the ferromagnetic alignment
between the two sites of each vertical (c-axis) bond.

non-coplanarity, the counter-rotation on every nearest-
neighbor bond, and the direction and even the magni-
tude of the incommensurate ordering wavevector, are de-
termined by the same type of short-range magnetic in-
teractions in both polytypes, and those features appear
to be robust against changes in the global lattice con-
nectivity (i.e. how zig-zag chains are vertically-linked in
a long-range pattern) which leave the local connectivity
of the zig-zag chains unchanged. In the �-polytype it
was shown20 that the key features of the magnetic order
can be stabilized by a spin Hamiltonian with dominant
Kitaev couplings with some additional interactions; the
observation of similar magnetic structures in the �- and
�-polytypes suggests the same underlying magnetic inter-
actions occur in both cases. The relevant parent Kitaev
model for the �-polytype has been considered in Refs.
15,16 and is illustrated in Fig. 6a) (unit cell 3) where the
color of the bonds indicates the anisotropy axis of the ex-
change, i.e. a ferromagnetic Ising coupling between the
components normal to the Ir-O2-Ir plane of each Ir-Ir
bond, those directions define the cubic axes x, y and z

related to the crystallographic axes by x̂ = (â + ĉ)/
p
2,

ŷ = (â � ĉ)/
p
2 and ẑ = b̂ (where we have assumed

the parent “idealized” lattice with cubic IrO6 octahedra
and a:b:c=1:

p
2:3). We note that the magnetic interac-

tions may also be very similar in magnitude between the
� and �-polytypes, as both materials show very similar
values for the magnetic ordering temperature.

� � Li2IrO3A. Biffin et al
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FIG. 1: (color online). (a) Phase diagram of the Kitaev-
Heisenberg model containing 2 spin-liquid and 4 spin-ordered
phases. The transition points (open dots on ϕ-circle) are ob-
tained by an exact diagonalization. The gray lines inside the
circle connect the points related by the exact mapping (see
text). Open/solid circles in the insets indicate up/down spins.
The rectangular box in zigzag pattern (top-left) shows the
magnetic unit cell. (b) Groundstate energy EGS of 24-site
cluster and its second derivative −d2EGS/dϕ2 revealing the
phase transitions.

and J̃ = −J , revealing a hidden SU(2) symmetry of the
model at K = −J (where the Kitaev term K̃ vanishes).
For the angles, the mapping reads as tan ϕ̃ = − tanϕ−1.
Phase diagram.– In its full parameter space, the KH

model accommodates 6 different phases, best visualized
using the phase-angle ϕ as in Fig. 1(a). In addition to
the previously discussed [16, 21, 22] Néel-AF, stripy-AF,
and SL states near ϕ = 0, −π

4 , and −π
2 , respectively, we

observe 3 more states. First one is “AF” (K > 0) Ki-
taev spin-liquid near ϕ = π

2 . Second, FM phase broadly
extending over the third quadrant of the ϕ-circle. The
FM and stripy-AF states are connected [see Fig. 1(a)] by
the 4-sublattice transformation, which implies their iden-
tical dynamics. Finally, near ϕ = 3

4π, the most wanted
phase, zigzag-AF, appears occupying almost a quarter
of the phase space. Thanks to the above mapping, it is

understood that the zigzag and Néel states are isomor-
phic, too. In particular, the ϕ = 3

4π zigzag is identical to
Heisenberg-AF of the fictitious spins.
To obtain the phase boundaries, we have diagonal-

ized the model numerically, using a hexagonal 24-site
cluster with periodic boundary conditions. The clus-
ter is compatible with the above 4-sublattice transfor-
mation and ϕ ↔ ϕ̃ mapping. As seen in Fig. 1(b),
the second derivative of the GS energy EGS with re-
spect to ϕ well detects the phase transitions. Three
pairs of linked transition points are found: (87.7◦, 92.2◦)
and (−76.1◦,−108.2◦) for the spin liquid/order transi-
tions around ±π

2 , and (161.7◦,−33.8◦) for the transitions
between ordered phases.
The transitions from zigzag-AF to FM, and from

stripy-AF to Néel-AF are of first order by symmetry;
see very sharp peaks in Fig. 1(b). The spin liquid/order
transitions near ϕ = −π

2 lead to wider and much less
pronounced peaks, suggesting a second (or weakly first)
order transition [16]. On the contrary, liquid/order tran-
sitions around ϕ = π

2 show up as very narrow peaks; on
the finite cluster studied, they correspond to real level
crossings. Nature of these quantum phase transitions re-
mains to be clarified.
While at J = 0 (i.e. ϕ = ±π

2 ) the sign of K is irrel-
evant [20], the stability of the AF- and FM-type Kitaev
spin-liquids against J-perturbation is very different: the
SL phase near π

2 (−π
2 ) is less (more) robust. This phase

behavior is related to a different nature of the competing
ordered phases: for the π

2 SL, these are highly quan-
tum zigzag and Néel states, while the SL near −π

2 is
sandwiched by more classical (FM and “fluctuation free”
stripy [16]) states which are energetically less favorable
than quantum SL state.
Exchange interactions in Na2IrO3.– Having fixed the

parameter space (K > 0, J < 0) for zigzag phase, we turn
now to the physical processes behind the model (1). In-
teractions between local moments in Mott insulators arise
due to virtual hoppings of electrons. This may happen
in many different ways, depending sensitively on chemi-
cal bonding, intra-ionic electron structure, etc. The case
of present interest (i.e., strong spin-orbit coupling, t52g
configuration, and 90◦-bonding geometry) has been ad-
dressed in several papers [8, 11, 16, 23]. There are fol-
lowing four physical processes that contribute to K and
J couplings.
Process 1: Direct hopping t′ between NN t2g orbitals.

Since no oxygen orbital is involved, 90◦-bonding is irrel-
evant; the resulting Hamiltonian is H1 = I1 Si ·Sj with
I1 ≃ (23 t

′)2/U [16]. Here, U is Coulomb repulsion be-
tween t2g electrons. Typically, one has t′/t < 1, when
compared to the indirect hopping t of t2g orbitals via
oxygen ions.
Process 2: Interorbital NN t2g − eg hopping t̃. This is

the dominant pathway in 90◦-bonding geometry since it
involves strong tpdσ overlap between oxygen-2p and eg or-

for the symmetry of the intersite interactions. Namely, the
very form of the exchange Hamiltonian depends on bond
geometry through a density profile of Kramers states, as we
demonstrate below.

Exchange couplings of neighboring Kramers states.—
We consider the limit of the strong spin-orbit coupling, i.e.,
when ! is larger than exchange interaction between the
isospins. The exchange Hamiltonians for isospins are then
obtained by projecting the corresponding superexchange
spin-orbital models onto the isospin states Eq. (1). First, we
present the results for the case of cubic symmetry (! ¼ 0,
sin" ¼ 1=

ffiffiffi
3

p
), and discuss later the effects of a tetragonal

distortion. We consider two common cases of TM-O-TM
bond geometries: (A) a 180"-bond formed by corner-
shared octahedra as in Fig. 2(a), and (B) a 90"-bond
formed by edge-shared ones, Fig. 2(b).

(A) A 180" bond: For this geometry, the nearest-
neighbor t2g hopping matrix is diagonal in the orbital space
and, on a given bond, only two orbitals are active, e.g., jxyi
and jxzi orbitals along a bond in x-direction [Fig. 2(a)].
The spin-orbital exchange Hamiltonian for such a system
has already been reported: see Eq. (3.11) in Ref. [12]. After
projecting it onto the ground state doublet, we find an
exchange Hamiltonian for isospins in a form of

Heisenberg plus a pseudodipolar interaction,

H ij ¼ J1 ~Si # ~Sj þ J2ð ~Si # ~rijÞð~rij # ~SjÞ; (2)

where ~Si is the S ¼ 1=2 operator for isospins (referred to as
simply spins from now on), ~rij is the unit vector along the
ij bond, and J1ð2Þ ¼ 4

9#1ð2Þ. Hereafter, we use the energy
scale 4t2=U where t is a dd-transfer integral through an
intermediate oxygen, and U stands for the Coulomb re-
pulsion on the same orbitals. The parameters #1ð2Þ control-
ling isotropic (anisotropic) couplings are given by
#1 ¼ ð3r1 þ r2 þ 2r3Þ=6 and #2 ¼ ðr1 ' r2Þ=4, where
the set of rn characterizing the multiplet structure of the
excited states depends solely on the ratio $ ¼ JH=U of
Hund’s coupling and U [24]. At small $, one has #1 ’ 1
and #2 ’ $=2. Thus, we find a predominantly isotropic
Hamiltonian, with a weak dipolarlike anisotropy term.
While the overall form of Eq. (2) could be anticipated
from symmetry arguments, the explicit derivation led us
to an unexpected result: In the limit of strong SO coupling,
the magnetic degrees are governed by a nearly Heisenberg
model just like in the case of small !, and, surprisingly
enough, its anisotropy is entirely due to the Hund’s cou-
pling. This is opposite to a conventional situation: typi-
cally, the anisotropy corrections are obtained in powers of
! while the Hund’s coupling is not essential.
(B) A 90" bond: There are again only two orbitals active

on a given bond, e.g., jxzi and jyzi orbitals along a bond in
the xy-plane. However, the hopping matrix has now only
nondiagonal elements, and there are two possible paths for
a charge transfer [via upper or lower oxygen, see Fig. 2(b)].
This peculiarity of a 90" bond leads to an exchange
Hamiltonian drastically different from that of a 180" ge-
ometry. Two transfer amplitudes via upper and lower oxy-
gen interfere in a destructive manner and the isotropic part
of the Hamiltonian exactly vanishes. The finite, anisotropic
interaction appears, however, due to the JH-multiplet struc-
ture of the excited levels. Most importantly, the very form
of the exchange interaction depends on the spatial orienta-
tion of a given bond. We label a bond ij laying in the %&
plane perpendicular to the 'ð¼ x; y; zÞ axis by a (')-bond.
With this in mind, the Hamiltonian can be written as

H ð'Þ
ij ¼ 'JS'i S

'
j ; (3)

with J ¼ 4
3#2. Remarkably, this Hamiltonian is precisely a

quantum analog of the so-called compass model. The latter,
introduced originally for the orbital degrees of freedom in
Jahn-Teller systems [5], has been the subject of numerous
studies as a prototype model with protected ground state
degeneracy of topological origin (see, e.g., Ref. [25]).
However, to our knowledge, no magnetic realization of
the compass model has been proposed so far.
Implementing the Kitaev model in Mott insulators.—The

Kitaev model is equivalent to a quantum compass model on
a honeycomb lattice [26]. It shows a number of fascinating
properties such as anyonic excitations with exotic frac-

isospin up spin up, lz=0 spin down, lz=1

+=

FIG. 1 (color online). Density profile of a hole in the isospin
up state (without tetragonal distortion). It is a superposition of a
spin up hole density in jxyi-orbital, lz ¼ 0 (middle), and spin
down one in ðjyziþ ijxziÞ state, lz ¼ 1 (right).
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FIG. 2 (color online). Two possible geometries of a TM-O-TM
bond with corresponding orbitals active along these bonds. The
large (small) dots stand for the transition metal (oxygen) ions.
(a) A 180"-bond formed by corner-shared octahedra, and (b) a
90"-bond formed by edge-shared octahedra.
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Summary
• Two types of topological phases - “SPTs” and 

“iTOs”

• Gapless topological phases 

• Many type of topological phases that can only 
exist with strong electron correlations

• Iridates -  topological insulators, Weyl 
semimetals, quantum phase transitions, and 
spin liquids
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of degeneracies and the consequent generation of multiple narrow bands from relatively mixed

ones. The narrow bands generated by SOC are more susceptible to Mott localization by U , which

implies that the horizontal boundary in Figure 1 shifts downward with increasing �. If we include

correlations first, the U tends to localize electrons, diminishing their kinetic energy. Consequently

the on-site SOC �, which is insensitive to or even reduced by delocalization, is relatively enhanced.

Indeed, in the strong Mott regime U/t � 1, one should compare � with the spin exchange coupling

J / t2/U , rather than t. As a result, the vertical boundary shifts to the left for large U/t. We see

that there is an intermediate regime in which insulating states are obtained only from the combined

influence of SOC and correlations – these may be considered spin-orbit assisted Mott insulators.

Here we are using the term “Mott insulator” to denote any state which is insulating by virtue

of electron-electron interactions. In Sec. IV, we will remark briefly on a somewhat philosophical

debate as to what should “properly” be called a Mott insulator.

Terminology aside, an increasing number of experimental systems have appeared in recent

years in this interesting correlated SOC regime. Most prolific are a collection of iridates, weakly

conducting or insulating oxides containing iridium, primarily in the Ir4+ oxidation state. This in-

cludes a Ruddlesdon-Popper sequence of pseudo-cubic and planar perovskites Sr
n+1

Ir
n

O
3n+1

(n =

1, 2,1),8–15 hexagonal insulators (Na/Li)
2

IrO
3

,16–21 a large family of pyrochlores, R
2

Ir
2

O
7

,22–24 and

some spinel-related structures.25,26 Close to iridates in the periodic table are several osmium oxides

such as NaOsO
3

27 and Cd
2

Os
2

O
7

,28 which experimentally display MITs. Apart from these mate-

FIG. 1. Sketch of a generic phase diagram for electronic materials, in terms of the interaction strength
U/t and SOC �/t. The materials in this review reside on the right half of the figure.

W. Witczak-Krempa et al, ARCMP 2013
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FIG. 4. (Color online) X-ray oscillation photographs of Eu2Ir2O7.
Closeup pictures of two areas at (a), (d) 150 K and (c), (e) 30 K.
Comparisons of the observed (Iobs) and calculated (Ical) intensities of
the reflections at (f) 150 K and (g) 30 K, where x is the coordinate of
the oxygen occupying the 48f site.

and σ -π ′ processes are

Fσσ ′ ∝ 16
3

(f⊥ − f∥) (1)

and

Fσπ ′ = 0, (2)

respectively. Here f⊥ and f∥ are the anomalous anisotropic
scattering factors perpendicular and parallel to the local
trigonal axis, respectively. Thus, the (4n + 2 0 0) reflections
in σ -σ ′ arose from the local anisotropy at the Ir sites. The
gradual change in Iσ -σ ′ with temperature was probably caused
by a change in the population of the 5d electron bands (orbitals)
through the thermal excitation.

Equation (2) implies that the (10 0 0) reflection in the
σ -π ′ channel can be assigned to the magnetic scattering, if
the crystallographic symmetry is unchanged across the M-I
transition. The symmetry above and below TMI was examined
using a high-quality single crystal. Figure 4 shows oscillation
photographs taken at 30 and 150 K. The reflection condition
was unchanged [Figs. 4(a) and 4(c)], and the (48 0 0) reflection
remained as a single peak with no splitting [Figs. 4(d) and 4(e)],
indicting no lattice distortion through the M-I transition.29

The crystal structures at 30 and 150 K were analyzed using the
Fd3̄m space group with an accuracy of R = 2.50% and 2.28%,
respectively. All the parameters, residuals, and goodness of
fit indicators are listed in the Supplemental Material.30 The
crystal structure of a regular pyrochlore compound contains
only one free parameter: the atomic coordinate x of the anion
sites. In our analysis, x = 0.415 56(9) at 30 K and 0.4157(1)
at 150 K, indicating the crystal structure was unchanged.
Therefore the (4n + 2 0 0) reflections in the σ -π ′ process
were assigned to magnetic scattering. A previous Raman
study suggested that the symmetry could be lowered at low
temperatures.31 However, the study also found there was no
splitting of the t2g-mode phonons, indicating that the cubic
symmetry should not be violated.

Figure 5 shows that the σ -σ ′ and σ -π ′ spectrum of the
(10 0 0) reflection. The trigonal distortion of the octahedral
field makes the transition probabilities from the 2p3/2 core

2p3/22p1/2
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FIG. 5. (Color online) Spectra of the intensity of the (10 0 0)
reflection around the Ir L3 edge in the σ -σ ′ and σ -π ′ channels. The
inset shows an energy level scheme of the Ir4+ 5d orbital, which is
raised by the occupied octahedral ligand field. The long arrows show
the electron excitation processes for the L3 absorption edge. “A” and
“B” denote the excitation from 2p3/2 to t2g and that from 2p3/2 to eg ,
respectively.

to the t2g and eg states anisotropic, and thus induces the
resonant enhancement for both. As the magnetism of the
iridate compound is predominated by the partially filled t2g

but not by the empty eg state, magnetic scattering may not be
resonant with the 2p-eg excitation. The absence of a resonant
enhancement around 11.238 keV in the (10 0 0) Iσ -π ′ spectrum
is consistent with its magnetic origin.

It was predicted that the Dzyaloshinskii-Moriya interac-
tion could eliminate the geometrical spin frustration in the
pyrochlore lattice and consequently stabilize the all-in-all-out
or coplanar arrangement of magnetic moments (Fig. 1).32 For
the all-in-all-out arrangement, the intensity of the resonant
magnetic scattering for (10 0 0) through the σ -π ′ channel can
be expressed as

Iσ -π ′ ∝ m2

3
sin2 θ, (3)

where m is the Ir magnetic moment, and θ is the incident
angle. Meanwhile, the (10 0 0) reflection for the coplanar
arrangement, with moments in the (011) and (010) planes,
can also be expressed using Eq. (3), although the magnetic
peak does not appear when the moments lie in the (100) plane.
The magnetic scattering alone cannot determine the magnetic
structure.

Magnetic ordering could cause lattice distortion through
the exchange striction. In ZnCr2O4, where Cr3+ ions form the
pyrochlore lattice, a structural transition occurs. The transition
is driven by commensurate long-range spin ordering, where
spin and lattice degrees of freedom couple through the inverse
effects of the exchange interaction and the Dzyaloshinskii-
Moriya interaction.33 Iridium oxides are expected to show
even larger magnetostriction because of the strong spin-orbit
interaction and the spatial extension of the 5d orbitals.
Hereafter we discuss the magnetic structure in terms of its
irreducible representation.34 For the pyrochlore lattice with
magnetic propagation vector, q = (000), the basis functions
consist of one singlet ($3), one doublet ($5), and three triplets
($7 and two sets of $9). All the magnetic structures should give
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