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Outline

✤ Introduction to quantum magnetism on the anisotropic triangular 
lattice

✤ Cs2CuCl4 and its excitation spectrum

✤ Low temperature phases of anisotropic triangular lattice 
antiferromagnets and of Cs2CuCl4 in particular



Frustration and triangles

✤ Simplest idea: pairwise exchange interactions cannot be 
simultaneously satisfied

✤ But this is a bit simplistic, and overstates the problem

“geometric 
frustration”



Triangular Ising model

✤ Wannier (1950): thermodynamic ground state degeneracy

✤ Classical Ising model does not order at any T>0

✤ but very sensitive, and no known examples of this

1 frustrated 
bond per 
triangle

Ω = eS/kB

S ≈ 0.34NkB



Heisenberg Antiferromagnets

✤ Anderson (1973) proposed Resonating Valence Bond (RVB) state of 
S=1/2 Heisenberg magnets ( J Si ⋅ Sj interactions)

✤ Fazekas + Anderson (1974) made first calculations suggesting this 
for the triangular lattice in particular 

✤ Valence bond = spin singlet

|V B� = 1√
2

(| ↑↓� − | ↓↑�)

Ψ =



Reality: 120° state

✤ Semi-classical ordered state has been verified for S=1/2 spins by exact 
diagonalization and other numerics.

✤ best estimate Ms = 0.205 ±0.015 

✤ compare full moment Ms=0.5, spin wave theory gives Ms=0.24



Spatially anisotropic case

✤ Heavily studied...

J

J’J’
“chains”



Theories (zero field)

✤ Spin wave theory

✤ DMRG

✤ variational QMC

✤ series expansion

✤ coupled cluster method
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Materials

✤ Cs2CuCl4 : J’/J = 0.34

✤ Cs2CuBr4 : J’/J = 0.5-0.7

✤ κ-(ET)2X; X=Cu2(CN)3, Cu[N
(CN)2]Cl : J’/J ≥ 1 

✤ X[Pd(dmit)2]2; X= EtMe3Sb, 
EtMe3P, Me4P... : J’/J?

✤ NaTiO2 ?

✤ 3He on graphite?

✤ spiral AF

✤ spiral AF

✤ AF and spin liquid

✤ AFs, spin liquid, dimerized

✤ little studied

✤ spin liquid at 4/7 coverage
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Organics close to the Mott transition.  
Hamiltonian must include charge 

fluctuations, and is not well understood.
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Materials

✤ Cs2CuCl4 : J’/J = 0.34

✤ Cs2CuBr4 : J’/J = 0.5-0.7

✤ κ-(ET)2X; X=Cu2(CN)3, Cu[N
(CN)2]Cl : J’/J ≥ 1 

✤ X[Pd(dmit)2]2; X= EtMe3Sb, 
EtMe3P, Me4P... : J’/J?

✤ NaTiO2 ?

✤ 3He on graphite?

✤ spiral AF

✤ spiral AF

✤ AF and spin liquid

✤ AFs, spin liquid, dimerized

✤ little studied

✤ spin liquid at 4/7 coverage

Experimental probes are 
limited, and there are 

competing models.  Likely 
significant multi-spin ring 

exchange is important



Cs2CuCl4

✤ Cu2+ spin-1/2 spins

✤ Couplings measured by measuring single-
magnon spectrum in polarizing magnetic 
field (9T)

J=0.37meV
J’=0.34J

D=0.053J
R. Coldea et al, 2002
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FIG. 2. (a) Magnetic dispersion relations in the saturated phase
(B ! 12 Tka, T , 0.2 K) along symmetry directions in the 2D
plane [heavy dashed lines in Fig. 1(c)]. Solid and dashed lines
are fits to Eq. (4) with parameters in Table I. (b) Observed inte-
grated inelastic intensity compared with predictions for the fully
polarized eigenstate (solid line). (c) Excitations line shape ob-
served along a constant-wavevector scan at the minimum gap
k ! !0, 1.447, 0". The solid line is a fit to Eqs. (4) and (5)
convolved with the instrumental resolution (horizontal gray bar
indicates the full width at half maximum of the energy resolu-
tion).(d) Relative intensity of the two magnon modes compared
with Eq. (5) (solid line).

J0 in the 2D planes. Considering these bonds only, and
making the approximation that D6 ! !6Da, 0, 0" # D6

a
we obtain using symmetry

H 6
DM !

1
2

X

R
D6

a ? SR

3 $2SR1d1 2 SR1d2 1 SR1d3 1 SR1d4 % , (3)

where the labels d124 refer to Fig. 1(a) and the 6 has
been introduced because there are two distinct layers
shown in Fig. 1(b) which are inverted versions of each
other with DM vectors pointing in opposite directions.
Like the Heisenberg coupling this DM interaction also
conserves Sz

T and plane-wave solutions remain diagonal;
H 6

DMck ! 6Dkck where Dk ! 2Da sin!pk" cos!pl" as
observed. The DM interaction then explains the observed
sinusoidal components of h̄v6

k and the fact that there are
two modes —one for each type of layer.

The fact that Cs2CuCl4 orders three dimensionally
means that there must be an interaction J00

k between
layers. We introduce operators ay

k and by
k that create the

two types of magnons on the different layers. The full
Hamiltonian with DM and interlayer couplings is

H !
X

k
$ay

k by
k %

3

"

h̄Vk 2 J 00
0 1 Dk J 00

2k
J 00

k h̄Vk 2 J 00
0 2 Dk

# "

ak

bk

#

,

where h̄Vk ! gmBB 2 J0 1 Jk is the magnon dispersion
for Dk ! J 00

k ! 0. Diagonalizing this Hamiltonian gives
the new dispersion relations

h̄v6
k ! h̄Vk 2 J 00

0 6
q

D2
k 1 jJ 00

k j2 , (4)

and for the case of interlayer nearest neighbor coupling
[see Fig. 1(b)] [J 00

k ! J 00 cos!ph"e2i2plz ] the relative in-
tensity of the two modes is

I1
k

I2
k

!
1 1 cos!2plz " sin!2uk"
1 2 cos!2plz " sin!2uk"

, (5)

with uk ! tan21$J 00 cos!ph"&!
q

D2
k 1 jJ 00

k j2 1 Dk"% and
where the total inelastic intensity I1

k 1 I2
k is indepen-

dent of wave vector. Here z ! 0.34 is the relative offset
along c between adjacent layers. Fitting the above model
[Eqs. (4) and (5)] to the data yields the excellent fits shown
in Figs. 2(a)–2(d) with the fitted parameters listed in the
first column of Table I and ga ! 2.19!1". The total in-
elastic intensity shown in Fig. 2(b) is nearly independent
of k as predicted. The relative intensity of the two modes
(where they could be resolved) is shown in Fig. 2(d). We
conclude that all other couplings in Cs2CuCl4 are much
smaller. Dipolar energies and g-tensor anisotropies are
small and neglected here.

Upon decreasing field the magnon energies reduce by
the additive Zeeman term gmBB [see Fig. 3(a)]. At the
critical field BC ! 8.44!1" T the gap closes at the dis-
persion minima t 6 Q, Q ! !0.5 1 e"b!, e ! 0.053!1".
At those wave vectors Bragg peaks appear below BC in-
dicating transverse (off-diagonal) long-range order. This
order is an example of BEC in a dilute gas of magnons in-
duced by changing the “chemical potential” jBC 2 Bj [5].
The measured spin order forms an elliptical cone around
the field direction 'SR( ! 6b̂Sb cosQ ? R 1 ĉSc sinQ ?
R 1 âSa (odd/even 6 layers contrarotate) where Sb . Sc

TABLE I. Hamiltonian parameters !B . BC" (see text) versus
the quantum renormalized parameters obtained by fitting B ! 0
results to classical spin-wave theory (from [1]).

Parameter B . BC B ! 0 Renormalization

J (meV) 0.374(5) 0.62(1) 1.65(5)
J 0 (meV) 0.128(5) 0.117(9) 0.91(9)
J 00 (meV) 0.017(2) · · · · · ·
Da (meV) 0.020(2) · · · · · ·

e (rlu) 0.053(1) 0.030(2) 0.56(2)

137203-3 137203-3

chains

diagonals

J’’=0.045J inter-layer

Dzyaloshinskii-Moriya



Zero field neutron scattering

✤ Coldea et al, 2001/03: a 2d spin liquid?

Very broad spectrum 
similar to 1d (in some 
directions of k space).  
Roughly fits power law.

Fit of “peak” dispersion to 
spin wave theory requires 
adjustment of J,J’ by 40% - 
in opposite directions! 



Dimensional reduction?

✤ Frustration of interchain coupling makes it less “relevant”
✤ First order energy correction vanishes

✤ Leading effects are in fact O[(J’)4/J3]!
✤ in fact, our calculations of this effect supports the collinear 

ground state at small J’/J
✤ but for Cs2CuCl4, DM interaction provides dominant chain 

coupling and stabilizes spiral state (more later)

✤ The “high energy” physics of inelastic neutron scattering is 
independent of these small effects



Dimensional reduction?

✤ Frustration of interchain coupling makes it less “relevant”
✤ First order energy correction vanishes.
✤ Numerics: J’/J < 0.7 is “weak”

Weng et al, 
2006

Very different from 
spin wave theory

Very weak inter-chain 
correlations



Excitations

✤ In a 1d spin chain, the elementary excitations are spinons

✤ Spinon has S=1/2 but no charge



✤ Build 2d excitations from 1d spinons

✤ Exchange:

✤ Expect spinon binding to lower inter-chain kinetic energy

✤ Use 2-spinon Schroedinger equation (and exact spinon matrix 
elements from integrability)

Excitations

J

2
(S+

i S−j + S−i S+
j )



Broad lineshape: “free spinons”

✤ “Power law” fits well to free spinon result
✤ Fit determines normalization

J’(k)=0 here



Bound state

✤ Compare spectra at J’(k)<0 and J’(k)>0:

  Curves: 2-spinon theory w/ experimental resolution  Curves: 4-spinon RPA w/ experimental resolution



Transverse dispersion

Bound state and 
resonance

Solid symbols: experiment
Note peak (blue diamonds) coincides 

with bottom edge only for J’(k)<0



Spectral asymmetry

 Vertical lines: J’(k)=0.



Low energy phases - zoology?
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FIG. 3. (a) Magnon energies vs field in the saturated phase.
Solid lines are fits to a linear behavior as expected for DSz !
21 eigenstates with g factor ga ! 2.18!1". !0, 0.447, 1"6 label
the two magnon modes resolved at the minimum gap in scans
such as in Fig. 2(c). (b) Amplitude of perpendicular ordered
moment Sc in the cone phase vs field. Solid line is a power-law
fit. (c) Incommensuration (e ! Q-0.5) vs field (solid line is a
guide to the eye). Inset: magnetization vs field [8] (T ! 30 mK)
compared with a linear behavior (solid line). (d) Superposition
of contrarotating magnons v2

2Q and v2
1Q [7] of different am-

plitudes (large and small circle) gives the elliptical order in bc
plane shown schematically for odd layers in (e) (arrows are or-
dered spins). Even layers have an opposite sense of rotation.

as illustrated in Fig. 3(e). In fact this order corresponds
exactly to the simultaneous condensation of contrarotating
magnons v2

2Q and v2
1Q [see Fig. 3(d)] with gap closure at

BC; a mean-field calculation [6,7] of this state gives an el-
liptical cone with asymmetry !cosuQ 1 sinuQ"#!cosuQ 2
sinuQ" ! 1.52!6" in agreement with the observed ratio
Sb#Sc ! 1.55!10" just below BC . The asymmetry is a
combined effect of interlayer coupling J 00 and alternation
of D6 between layers and rapidly decreases as the field
is lowered due to increased interparticle interactions and
fluctuations, Sb#Sc ! 1.1!1" below 7 T.

The effect of fluctuations and interactions on the or-
der as field decreases is quantified in Figs. 3(b)–3(c):
Figure 3(b) shows the off-diagonal order parameter Sc.

Close to BC it is described by a power law (solid line)
Sc $ jBC 2 Bjb with b ! 0.33!3", significantly below
the value b ! 0.5 expected for mean-field (3D) BEC [5].
The magnetization Sa obtained from susceptibility mea-
surements [8] is plotted in the inset of Fig. 3(c). It shows
that the boson density is not linear versus jBC 2 Bj but
rather shows a deviation that may be logarithmic [9]; and
finally the wave vector of the condensate Q ! 0.5 1 e!B"
is plotted in Fig. 3(c). Q varies strongly with field indicat-
ing that magnon-magnon interactions are important even at
low density and renormalize the condensate wave vector.
The above features deviate significantly from mean-field
(3D) behavior [10] and could be associated with the 2D
nature of the magnons. In two dimensions interactions can
qualitatively change the scaling behavior such as by in-
troducing nonlinear, log corrections to the magnetization
curve [9].

In summary, we have determined the Hamiltonian of
the quasi-2D quantum magnet Cs2CuCl4 using a new
experimental method and show that it is a 2D anisotropic
triangular system. We also measured transverse (off-
diagonal) order with field below saturation, an example of
Bose-Einstein condensation of magnons. Our methods are
general and could be used to reveal exchanges and quan-
tum renormalizations for systems as diverse as random
magnets, quantum antiferromagnets, and spin glasses.

We would like to thank P. Vorderwisch for technical
support and R. A. Cowley, A. M. Tsvelik, and F. H. L.
Essler for stimulating discussions. ORNL is managed
for the U.S. DOE by UT-Battelle, LLC, under Contract
No. DE-AC05-00OR22725. Financial support was pro-
vided by the EU through the Human Potential Programme
under IHP-ARI Contract No. HPRI-CT-1999-00020.

[1] R. Coldea et al., Phys. Rev. Lett. 86, 1335 (2001).
[2] P. W. Anderson, Mater. Res. Bull. 8, 153 (1973);

V. Kalmeyer and R. B. Laughlin, Phys. Rev. Lett. 59, 2095
(1987); R. Moessner and S. L. Sondhi, Phys. Rev. Lett.
86, 1881 (2001); S. Sachdev, Phys. Rev. B 45, 12 377
(1992); C. H. Chung et al., J. Phys. Condens. Matter 13,
5159 (2001).

[3] S. Bailleul et al., C. R. Acad. Sci. Ser. 2 313, 1149 (1991).
[4] I. Dzyaloshinskii, J. Phys. Chem. Solids 4, 241 (1958);

T. Moriya, Phys. Rev. 120, 91 (1960).
[5] T. Matsubara and H. Matsuda, Prog. Theor. Phys. 16, 569

(1956).
[6] T. Nikuni and H. Shiba, J. Phys. Soc. Jpn. 64, 3471 (1995).
[7] The two magnon wave functions are jv2

2Q% !
2 cosuQcodd

2Q 1 sinuQceven
2Q and jv2

1Q% ! 2 sinuQcodd
Q 1

cosuQceven
Q , where c

odd#even
6Q are plane-wave superpositions

of single spin flip states localized on the odd/even layers.
[8] R. Coldea et al. (to be published).
[9] S. Sachdev et al., Phys. Rev. B 50, 258 (1994).

[10] An example of 3D BEC of magnons was discussed in
T. Nikuni et al., Phys. Rev. Lett. 84, 5868 (2000).

137203-4 137203-4

temperature transition the anomalies of M /B !d!M /B" /dT"
indicated by open arrows in Fig. 9 are steps !peaks" rather
than kinks !steps".

The phase diagrams for the B #b and c axis constructed
using the anomalies discussed above are shown in Fig. 10.
The new data agree with and complement earlier low-field
neutron diffraction results !open triangles".1 Apart from the
phase transition boundaries identified above we have also
marked the cross-over line between the paramagnetic and
antiferromagnetic SRO region, determined by the location of
the peak in the temperature dependence of the magnetization
such as in Fig. 1!a". The peak position Tmax decreases with
the increasing field and disappears above Bc, indicating the
suppression of antiferromagnetic correlations by the mag-
netic field. For the field along the b and c axis the phase
diagrams are much more complicated than that for B #a
which shows only one cone phase up to the saturation
field.4,12 For B #b three new phases appear above the spiral
phase. Two of these phases occupy small areas of the B!T
phase diagram. For B #c four new phases are observed in
addition to the spiral and elliptical phases.

We note that the absence of an observable anomaly in the
temperature dependence of the magnetization upon crossing
the phase transitions near certain fields !6 T along b and 5 T
along c" is consistent with Ehrenfest relation and is related to
the fact that the transition boundary Tc!B" is near flat around
those points. The relation between the shape of the phase
boundary and the anomaly in M!T" was discussed by
Tayama et al.13 and is

!$dM

dT
% = !

dTc

dB
!$C

T
% , !2"

where !!X" is the discontinuity of quantity X, C is the spe-
cific heat, and Tc is the field-dependent critical temperature
of the second order phase transition. This shows that the
discontinuity in dM /dT vanishes when dTc /dB=0, i.e., when
the phase boundary is flat in the field. This is indeed the case
for 6 T #b and at 5 T #c !see Fig. 10", and here only a kink
and no discontinuity is seen in dM /dT.

IV. CONCLUSIONS

We have studied the magnetic phase diagrams of
Cs2CuCl4 by measuring magnetization and specific heat
at low temperatures and high magnetic fields. The low-field
susceptibility in the temperature range from below the broad
maximum to the Curie-Weiss region is well des-
cribed by high-order series expansion calculations for the
partially frustrated triangular lattice with J! /J=1/3 and
J=0.385 meV. The extracted ground state energy in the zero
field obtained directly from integrating the magnetization
curve is nearly a factor of 2 lower compared to the classical
mean-field result. This indicates strong zero-point quantum
fluctuations in the ground state, captured in part by including

FIG. 9. Magnetization normalized by the applied field M /B
!thick solid lines, left axis" and its derivative d!M /B" /dT !thin solid
lines, right axis" as a function of temperature for B #c. Vertical ar-
rows indicate anomalies.

FIG. 10. B!T phase diagrams of Cs2CuCl4 for the B#b and c
axis. Data points of open circles !magnetization", squares !specific
heat", and triangles &neutrons !see Ref. 1"' connected by solid lines
indicate phase boundaries. Solid circles show the positions of the
maximum in the temperature dependence of the magnetization and
indicate a crossover from paramagnetic to SRO. “E” on the phase
diagram for the B #c axis denotes the elliptical phase !see Ref. 1".

TOKIWA et al. PHYSICAL REVIEW B 73, 134414 !2006"
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Strategy

✤ Quantitative understanding of high energy neutron scattering implies 
that a description in terms of weakly correlated spin chains is 
appropriate

✤ Use the low energy field theory of the decoupled spin chains to study 
the low energy physics when they are coupled

✤ This field theory is critical (i.e. the system is gapless), with conformal 
invariance

✤ Use renormalization group methods to study the coupling



Operators

✤ For example, in zero magnetic field:

✤ N: Néel vector

✤ ε: staggered dimerization

N

ε>0

ε<0



Inter-chain exchange

✤ Translates into operator couplings

✤ e.g. rectangular lattice

✤ Triangular lattice

J’ H
� ∼ J

�
�

dxNy · Ny+1

J

J’J’
H

� ∼ J
�
�

dxNy · ∂xNy+1

reflection symmetry



Power counting

✤ Operators “scale” like L-Δ , with scaling dimension Δ

✤ e.g. Δ(N)=1/2.

✤ Dimensionless coupling, measured with respect to v k ~ v/L: 

✤ e.g. rectangular lattice

✤ “relevant” interaction: generates Néel order at kT~v/L~J’

H
� ∼ J

�
�

dxNy · Ny+1

g�(L) ∼ J �L× L−2∆

v/L
∼ J �

v
L2−2∆ ∼ J �

v
L



Power counting

✤ Operators “scale” like L-Δ , with scaling dimension Δ

✤ e.g. Δ(N)=1/2.

✤ Dimensionless coupling, measured with respect to v k ~ v/L: 

✤ triangular lattice

✤ “marginal” interaction: exponentially weak effects?

H
� ∼ J

�
�

dxNy · ∂xNy+1

g�(L) ∼ J �L× L−2∆−1

v/L
∼ J �

v



Fluctuations

✤ Relevant couplings between second neighbor chains are allowed

✤ Interactions of this type are generated by fluctuations

✤ a nasty calculation shows g2 ~ (J’)4/v3

✤ leads to commensurate, collinear AF order with kTc ~ g2

H
�� ∼ g2

�
dxNy · Ny+2



Theories (zero field)

✤ Spin wave theory

✤ DMRG

✤ variational QMC

✤ series expansion

✤ coupled cluster method

J’/J
0 1

? spiral
0.27

0 1
disordered spiral

0.8

0 1
1d SL spiral

0.850.6
2d SL

0 1
spiral

0 1
collinear spiral

0.55 



DM

✤ Cs2CuCl4 has a spiral ground state!

✤ This is due to Dzyaloshinskii-Moriya interactions

✤ This leads to spiral order with 

✤ kT ~ D ~ 0.05J >> (J’)4/v3 ~ (0.3)4J ~ 0.008J

HD = Dẑ · Sx,y ×
�
Sx− 1

2 ,y+1 − Sx+ 1
2 ,y+1

�

HD ∼ D

�
dx ẑ · Ny ×Ny+1



Behavior in a field

✤ The approach is readily generalized to arbitrary magnetic fields

✤ Need to understand the operator content of the Heisenberg chain in a 
field 

✤ Crucial fact: anisotropic correlations

N±

Sz
π±2δ

N =




Nx

Ny

Nz




∆± < 1/2

∆z > 1/2

XY-like correlations transverse to field

incommensurate SDW 
correlations parallel to field

2δ=2πM



Ideal 2d model: J-J’ only

✤ Competition between longitudinal (less frustrated) and transverse 
(less fluctuating) couplings

coneSDWSDW

C
A

F

Hsat H

T

~0.7HsatM = 1
3Msat∼ (J �)4

v3

pl
at

ea
u



Cs2CuBr4

✤ Isostructural to Cs2CuCl4, but with larger J’/J= 0.5-0.8

✤ Shows a well-formed magnetization plateau at Msat/3

2

FIG. 1: (Color online) (a) Evolution of the temperature dif-
ference between the sample and thermal reservoir due to
the magnetocaloric e!ect at 180 mK, with arrows indicating
the field-sweep directions. (b) Derivative of magnetic torque
with respect to H at temperatures near 400 mK. To pro-
duce a torque, the magnetic field was slightly tilted away
from the c axis toward the b axis, by the angle indicated
for each curve. (c) Magnetic phase diagram deduced from
the magnetocaloric-e!ect data taken at various temperatures.
Circles indicate second-order phase boundaries, whereas other
symbols except the open diamonds indicate first-order bound-
aries. Open diamonds are the positions of the large features
near Hs and do not indicate a phase boundary. Lines are
guides to the eye. Data for H ! 18 T are from Ref. [10],
where open circles are from specific heat.

of the temperature di!erence, thereby revealing the
sign and magnitude of (!M/!T )H. Transitions be-
tween phases appear as deviations from a smoothly vary-
ing "T . First-order phase transitions will also reveal
the release/absorption of latent heat as the sample en-
ters/leaves a lower entropy state. At su#ciently low tem-
peratures, there will also be an additional heat release as
a metastable state gives way to the lower energy stable
state for both field-sweep directions through a first-order
transition.
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FIG. 2: (Color online) Collinear states on the triangular lat-
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state, albeit not collinear.

Magnetocaloric-e!ect measurements can be made us-
ing swept fields [14], stepped fields [15], or modulated
fields [16]. The resolution and reproducibility of dc field
magnetocaloric measurements have traditionally been
limited by temperature fluctuations, drift, and slow ther-
mal response, all requiring high sweep rates producing
additional heating. In this experiment, we have overcome
these challenges to swept-field measurements through ac-
tively stabilizing the temperature of the thermal reservoir
(sapphire/silver platform), minimizing the heat capac-
ity of the addenda, and reducing the thermal relaxation
time to less than 1 second. The reservoir temperature
was maintained at a constant true temperature using the
algorithm outlined in Ref. [17] to correct for the magne-
toresistance of the sensor.

Magnetic phase transitions appear as anomalies in the
sample temperature as shown in Fig. 1a. The phase di-
agram deduced from our magnetocaloric-e!ect data is
shown in Fig. 1c, along with phase boundaries for fields
H ! 18T from Ref. [10]. Additional evidence for this
diagram is provided by the magnetic-torque data shown
in Fig. 1b. Even for S = 1

2
spins, theory has long as-

sumed that the field region above the uud phase contains
only one coplanar phase [4], at least for the isotropic
Heisenberg hamiltonian. We find instead a remarkable
cascade of phases in this field region. The boundaries
between these ordered phases are nearly vertical, indi-
cating that the phase diagram is primarily determined
by the zero-temperature energies, not the entropies, of
di!erent states. We are witnessing a cascade of quantum
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ity of the addenda, and reducing the thermal relaxation
time to less than 1 second. The reservoir temperature
was maintained at a constant true temperature using the
algorithm outlined in Ref. [17] to correct for the magne-
toresistance of the sensor.

Magnetic phase transitions appear as anomalies in the
sample temperature as shown in Fig. 1a. The phase di-
agram deduced from our magnetocaloric-e!ect data is
shown in Fig. 1c, along with phase boundaries for fields
H ! 18T from Ref. [10]. Additional evidence for this
diagram is provided by the magnetic-torque data shown
in Fig. 1b. Even for S = 1

2
spins, theory has long as-

sumed that the field region above the uud phase contains
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Heisenberg hamiltonian. We find instead a remarkable
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cating that the phase diagram is primarily determined
by the zero-temperature energies, not the entropies, of
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FIG. 3. (a) Magnon energies vs field in the saturated phase.
Solid lines are fits to a linear behavior as expected for DSz !
21 eigenstates with g factor ga ! 2.18!1". !0, 0.447, 1"6 label
the two magnon modes resolved at the minimum gap in scans
such as in Fig. 2(c). (b) Amplitude of perpendicular ordered
moment Sc in the cone phase vs field. Solid line is a power-law
fit. (c) Incommensuration (e ! Q-0.5) vs field (solid line is a
guide to the eye). Inset: magnetization vs field [8] (T ! 30 mK)
compared with a linear behavior (solid line). (d) Superposition
of contrarotating magnons v2

2Q and v2
1Q [7] of different am-

plitudes (large and small circle) gives the elliptical order in bc
plane shown schematically for odd layers in (e) (arrows are or-
dered spins). Even layers have an opposite sense of rotation.

as illustrated in Fig. 3(e). In fact this order corresponds
exactly to the simultaneous condensation of contrarotating
magnons v2

2Q and v2
1Q [see Fig. 3(d)] with gap closure at

BC; a mean-field calculation [6,7] of this state gives an el-
liptical cone with asymmetry !cosuQ 1 sinuQ"#!cosuQ 2
sinuQ" ! 1.52!6" in agreement with the observed ratio
Sb#Sc ! 1.55!10" just below BC . The asymmetry is a
combined effect of interlayer coupling J 00 and alternation
of D6 between layers and rapidly decreases as the field
is lowered due to increased interparticle interactions and
fluctuations, Sb#Sc ! 1.1!1" below 7 T.

The effect of fluctuations and interactions on the or-
der as field decreases is quantified in Figs. 3(b)–3(c):
Figure 3(b) shows the off-diagonal order parameter Sc.

Close to BC it is described by a power law (solid line)
Sc $ jBC 2 Bjb with b ! 0.33!3", significantly below
the value b ! 0.5 expected for mean-field (3D) BEC [5].
The magnetization Sa obtained from susceptibility mea-
surements [8] is plotted in the inset of Fig. 3(c). It shows
that the boson density is not linear versus jBC 2 Bj but
rather shows a deviation that may be logarithmic [9]; and
finally the wave vector of the condensate Q ! 0.5 1 e!B"
is plotted in Fig. 3(c). Q varies strongly with field indicat-
ing that magnon-magnon interactions are important even at
low density and renormalize the condensate wave vector.
The above features deviate significantly from mean-field
(3D) behavior [10] and could be associated with the 2D
nature of the magnons. In two dimensions interactions can
qualitatively change the scaling behavior such as by in-
troducing nonlinear, log corrections to the magnetization
curve [9].

In summary, we have determined the Hamiltonian of
the quasi-2D quantum magnet Cs2CuCl4 using a new
experimental method and show that it is a 2D anisotropic
triangular system. We also measured transverse (off-
diagonal) order with field below saturation, an example of
Bose-Einstein condensation of magnons. Our methods are
general and could be used to reveal exchanges and quan-
tum renormalizations for systems as diverse as random
magnets, quantum antiferromagnets, and spin glasses.
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temperature transition the anomalies of M /B !d!M /B" /dT"
indicated by open arrows in Fig. 9 are steps !peaks" rather
than kinks !steps".

The phase diagrams for the B #b and c axis constructed
using the anomalies discussed above are shown in Fig. 10.
The new data agree with and complement earlier low-field
neutron diffraction results !open triangles".1 Apart from the
phase transition boundaries identified above we have also
marked the cross-over line between the paramagnetic and
antiferromagnetic SRO region, determined by the location of
the peak in the temperature dependence of the magnetization
such as in Fig. 1!a". The peak position Tmax decreases with
the increasing field and disappears above Bc, indicating the
suppression of antiferromagnetic correlations by the mag-
netic field. For the field along the b and c axis the phase
diagrams are much more complicated than that for B #a
which shows only one cone phase up to the saturation
field.4,12 For B #b three new phases appear above the spiral
phase. Two of these phases occupy small areas of the B!T
phase diagram. For B #c four new phases are observed in
addition to the spiral and elliptical phases.

We note that the absence of an observable anomaly in the
temperature dependence of the magnetization upon crossing
the phase transitions near certain fields !6 T along b and 5 T
along c" is consistent with Ehrenfest relation and is related to
the fact that the transition boundary Tc!B" is near flat around
those points. The relation between the shape of the phase
boundary and the anomaly in M!T" was discussed by
Tayama et al.13 and is

!$dM

dT
% = !

dTc

dB
!$C

T
% , !2"

where !!X" is the discontinuity of quantity X, C is the spe-
cific heat, and Tc is the field-dependent critical temperature
of the second order phase transition. This shows that the
discontinuity in dM /dT vanishes when dTc /dB=0, i.e., when
the phase boundary is flat in the field. This is indeed the case
for 6 T #b and at 5 T #c !see Fig. 10", and here only a kink
and no discontinuity is seen in dM /dT.

IV. CONCLUSIONS

We have studied the magnetic phase diagrams of
Cs2CuCl4 by measuring magnetization and specific heat
at low temperatures and high magnetic fields. The low-field
susceptibility in the temperature range from below the broad
maximum to the Curie-Weiss region is well des-
cribed by high-order series expansion calculations for the
partially frustrated triangular lattice with J! /J=1/3 and
J=0.385 meV. The extracted ground state energy in the zero
field obtained directly from integrating the magnetization
curve is nearly a factor of 2 lower compared to the classical
mean-field result. This indicates strong zero-point quantum
fluctuations in the ground state, captured in part by including

FIG. 9. Magnetization normalized by the applied field M /B
!thick solid lines, left axis" and its derivative d!M /B" /dT !thin solid
lines, right axis" as a function of temperature for B #c. Vertical ar-
rows indicate anomalies.

FIG. 10. B!T phase diagrams of Cs2CuCl4 for the B#b and c
axis. Data points of open circles !magnetization", squares !specific
heat", and triangles &neutrons !see Ref. 1"' connected by solid lines
indicate phase boundaries. Solid circles show the positions of the
maximum in the temperature dependence of the magnetization and
indicate a crossover from paramagnetic to SRO. “E” on the phase
diagram for the B #c axis denotes the elliptical phase !see Ref. 1".
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FIG. 3. (a) Magnon energies vs field in the saturated phase.
Solid lines are fits to a linear behavior as expected for DSz !
21 eigenstates with g factor ga ! 2.18!1". !0, 0.447, 1"6 label
the two magnon modes resolved at the minimum gap in scans
such as in Fig. 2(c). (b) Amplitude of perpendicular ordered
moment Sc in the cone phase vs field. Solid line is a power-law
fit. (c) Incommensuration (e ! Q-0.5) vs field (solid line is a
guide to the eye). Inset: magnetization vs field [8] (T ! 30 mK)
compared with a linear behavior (solid line). (d) Superposition
of contrarotating magnons v2

2Q and v2
1Q [7] of different am-

plitudes (large and small circle) gives the elliptical order in bc
plane shown schematically for odd layers in (e) (arrows are or-
dered spins). Even layers have an opposite sense of rotation.

as illustrated in Fig. 3(e). In fact this order corresponds
exactly to the simultaneous condensation of contrarotating
magnons v2

2Q and v2
1Q [see Fig. 3(d)] with gap closure at

BC; a mean-field calculation [6,7] of this state gives an el-
liptical cone with asymmetry !cosuQ 1 sinuQ"#!cosuQ 2
sinuQ" ! 1.52!6" in agreement with the observed ratio
Sb#Sc ! 1.55!10" just below BC . The asymmetry is a
combined effect of interlayer coupling J 00 and alternation
of D6 between layers and rapidly decreases as the field
is lowered due to increased interparticle interactions and
fluctuations, Sb#Sc ! 1.1!1" below 7 T.

The effect of fluctuations and interactions on the or-
der as field decreases is quantified in Figs. 3(b)–3(c):
Figure 3(b) shows the off-diagonal order parameter Sc.

Close to BC it is described by a power law (solid line)
Sc $ jBC 2 Bjb with b ! 0.33!3", significantly below
the value b ! 0.5 expected for mean-field (3D) BEC [5].
The magnetization Sa obtained from susceptibility mea-
surements [8] is plotted in the inset of Fig. 3(c). It shows
that the boson density is not linear versus jBC 2 Bj but
rather shows a deviation that may be logarithmic [9]; and
finally the wave vector of the condensate Q ! 0.5 1 e!B"
is plotted in Fig. 3(c). Q varies strongly with field indicat-
ing that magnon-magnon interactions are important even at
low density and renormalize the condensate wave vector.
The above features deviate significantly from mean-field
(3D) behavior [10] and could be associated with the 2D
nature of the magnons. In two dimensions interactions can
qualitatively change the scaling behavior such as by in-
troducing nonlinear, log corrections to the magnetization
curve [9].

In summary, we have determined the Hamiltonian of
the quasi-2D quantum magnet Cs2CuCl4 using a new
experimental method and show that it is a 2D anisotropic
triangular system. We also measured transverse (off-
diagonal) order with field below saturation, an example of
Bose-Einstein condensation of magnons. Our methods are
general and could be used to reveal exchanges and quan-
tum renormalizations for systems as diverse as random
magnets, quantum antiferromagnets, and spin glasses.
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In-plane field
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No!

temperature transition the anomalies of M /B !d!M /B" /dT"
indicated by open arrows in Fig. 9 are steps !peaks" rather
than kinks !steps".

The phase diagrams for the B #b and c axis constructed
using the anomalies discussed above are shown in Fig. 10.
The new data agree with and complement earlier low-field
neutron diffraction results !open triangles".1 Apart from the
phase transition boundaries identified above we have also
marked the cross-over line between the paramagnetic and
antiferromagnetic SRO region, determined by the location of
the peak in the temperature dependence of the magnetization
such as in Fig. 1!a". The peak position Tmax decreases with
the increasing field and disappears above Bc, indicating the
suppression of antiferromagnetic correlations by the mag-
netic field. For the field along the b and c axis the phase
diagrams are much more complicated than that for B #a
which shows only one cone phase up to the saturation
field.4,12 For B #b three new phases appear above the spiral
phase. Two of these phases occupy small areas of the B!T
phase diagram. For B #c four new phases are observed in
addition to the spiral and elliptical phases.

We note that the absence of an observable anomaly in the
temperature dependence of the magnetization upon crossing
the phase transitions near certain fields !6 T along b and 5 T
along c" is consistent with Ehrenfest relation and is related to
the fact that the transition boundary Tc!B" is near flat around
those points. The relation between the shape of the phase
boundary and the anomaly in M!T" was discussed by
Tayama et al.13 and is

!$dM

dT
% = !

dTc

dB
!$C

T
% , !2"

where !!X" is the discontinuity of quantity X, C is the spe-
cific heat, and Tc is the field-dependent critical temperature
of the second order phase transition. This shows that the
discontinuity in dM /dT vanishes when dTc /dB=0, i.e., when
the phase boundary is flat in the field. This is indeed the case
for 6 T #b and at 5 T #c !see Fig. 10", and here only a kink
and no discontinuity is seen in dM /dT.

IV. CONCLUSIONS

We have studied the magnetic phase diagrams of
Cs2CuCl4 by measuring magnetization and specific heat
at low temperatures and high magnetic fields. The low-field
susceptibility in the temperature range from below the broad
maximum to the Curie-Weiss region is well des-
cribed by high-order series expansion calculations for the
partially frustrated triangular lattice with J! /J=1/3 and
J=0.385 meV. The extracted ground state energy in the zero
field obtained directly from integrating the magnetization
curve is nearly a factor of 2 lower compared to the classical
mean-field result. This indicates strong zero-point quantum
fluctuations in the ground state, captured in part by including

FIG. 9. Magnetization normalized by the applied field M /B
!thick solid lines, left axis" and its derivative d!M /B" /dT !thin solid
lines, right axis" as a function of temperature for B #c. Vertical ar-
rows indicate anomalies.

FIG. 10. B!T phase diagrams of Cs2CuCl4 for the B#b and c
axis. Data points of open circles !magnetization", squares !specific
heat", and triangles &neutrons !see Ref. 1"' connected by solid lines
indicate phase boundaries. Solid circles show the positions of the
maximum in the temperature dependence of the magnetization and
indicate a crossover from paramagnetic to SRO. “E” on the phase
diagram for the B #c axis denotes the elliptical phase !see Ref. 1".
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✤ Reason: 

✤ J’’ exchange between triangular 
planes is unfrustrated and not 
suppressed by the field

✤ another strongly relevant 
perturbation

✤ It is only slightly weaker than 
D, and takes over when D is 
washed out by the field



Correlated planes?

✤ Due to small J’’ << J, J’, it is natural to view Cs2CuCl4 in terms of 
correlated b-c planes of spins

b

c
a



Correlated planes?

✤ But actually, when the magnetic field is in the b-c plane, the spins are 
more correlated in a-b planes perpendicular to the triangular layers!

b

c
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Extreme sensitivity

✤ Order in the a-b planes further amplifies the effects of very weak but 
unfrustrated interactions (of 1% of J or so)

✤ Second neighbor exchange J2 

✤ Fluctuation-generated 4-spin interactions

✤ Dzyaloshinskii-Moriya coupling Dc on the chain bonds



Results vs. Experiment

temperature transition the anomalies of M /B !d!M /B" /dT"
indicated by open arrows in Fig. 9 are steps !peaks" rather
than kinks !steps".

The phase diagrams for the B #b and c axis constructed
using the anomalies discussed above are shown in Fig. 10.
The new data agree with and complement earlier low-field
neutron diffraction results !open triangles".1 Apart from the
phase transition boundaries identified above we have also
marked the cross-over line between the paramagnetic and
antiferromagnetic SRO region, determined by the location of
the peak in the temperature dependence of the magnetization
such as in Fig. 1!a". The peak position Tmax decreases with
the increasing field and disappears above Bc, indicating the
suppression of antiferromagnetic correlations by the mag-
netic field. For the field along the b and c axis the phase
diagrams are much more complicated than that for B #a
which shows only one cone phase up to the saturation
field.4,12 For B #b three new phases appear above the spiral
phase. Two of these phases occupy small areas of the B!T
phase diagram. For B #c four new phases are observed in
addition to the spiral and elliptical phases.

We note that the absence of an observable anomaly in the
temperature dependence of the magnetization upon crossing
the phase transitions near certain fields !6 T along b and 5 T
along c" is consistent with Ehrenfest relation and is related to
the fact that the transition boundary Tc!B" is near flat around
those points. The relation between the shape of the phase
boundary and the anomaly in M!T" was discussed by
Tayama et al.13 and is

!$dM

dT
% = !

dTc

dB
!$C

T
% , !2"

where !!X" is the discontinuity of quantity X, C is the spe-
cific heat, and Tc is the field-dependent critical temperature
of the second order phase transition. This shows that the
discontinuity in dM /dT vanishes when dTc /dB=0, i.e., when
the phase boundary is flat in the field. This is indeed the case
for 6 T #b and at 5 T #c !see Fig. 10", and here only a kink
and no discontinuity is seen in dM /dT.

IV. CONCLUSIONS

We have studied the magnetic phase diagrams of
Cs2CuCl4 by measuring magnetization and specific heat
at low temperatures and high magnetic fields. The low-field
susceptibility in the temperature range from below the broad
maximum to the Curie-Weiss region is well des-
cribed by high-order series expansion calculations for the
partially frustrated triangular lattice with J! /J=1/3 and
J=0.385 meV. The extracted ground state energy in the zero
field obtained directly from integrating the magnetization
curve is nearly a factor of 2 lower compared to the classical
mean-field result. This indicates strong zero-point quantum
fluctuations in the ground state, captured in part by including

FIG. 9. Magnetization normalized by the applied field M /B
!thick solid lines, left axis" and its derivative d!M /B" /dT !thin solid
lines, right axis" as a function of temperature for B #c. Vertical ar-
rows indicate anomalies.

FIG. 10. B!T phase diagrams of Cs2CuCl4 for the B#b and c
axis. Data points of open circles !magnetization", squares !specific
heat", and triangles &neutrons !see Ref. 1"' connected by solid lines
indicate phase boundaries. Solid circles show the positions of the
maximum in the temperature dependence of the magnetization and
indicate a crossover from paramagnetic to SRO. “E” on the phase
diagram for the B #c axis denotes the elliptical phase !see Ref. 1".
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inelastic neutron scattering data on Cs2CuCl4 can be cal-
culated starting from known exact results for 1d Heisen-
berg chains. Indeed, numerical approaches in Refs.19–25
showed that, due to frustration, the diagonal interaction
may be as large as J

�
/J < 0.7 while still retaining ap-

proximate quasi-one-dimensionality.
While this approach has been quite successful for

Cs2CuCl4, most notably in directly confronting data
without any adjustable parameters, there remain some
puzzling features in the experiments. One of the most
striking ones is the drastic difference in the low tempera-
ture phase diagrams of the material in magnetic fields
aligned along the three different principle axes of the
crystal. Though some aspects of these differences were
explained in Ref. 14, based upon the “standard” model
in Eq. (1), other glaring discrepancies remain. In this
paper, we resolve these outstanding differences between
theory and experiment by correcting the standard model
of Cs2CuCl4.

It is important to emphasize that the corrections to
Eq. (1) must be small, because the standard model does
an excellent job in explaining a large volume of experi-
mental data. The parameters in Eq. (1) were determined
by high field measurements of single-magnon spectra,16
which leave little room for doubt of their correctness with
relatively small error bars. Moreover, the same model,
used at zero and intermediate fields, is quite success-
ful in reproducing the full inelastic neutron spectrum,
containing both continuum and magnon/triplon (sharp)
contributions.13,15 Nevertheless, in some field orienta-
tions, entirely different low temperature phases are ob-
served in experiment than are predicted by the standard
model. Thus, we must somehow explain major qualita-
tive differences in the ground states of Cs2CuCl4 in a
field by very small corrections to H, of no more than a
few percent!

A key message of this paper is that, indeed, the frus-
tration and quasi-one-dimensionality of this problem can
and do amplify tiny terms in the Hamiltonian to the
point where they actually control the ground state. Sen-
sitivity to small perturbations is of course an often-cited
characteristic of frustrated systems. However, the ex-
tent to which this sensitivity can be fully character-
ized in the problem under consideration here is, to our
mind, unprecedented. Using the methods of bosoniza-
tion, the renormalization group, and chain mean-field
theory (CMFT), we are able to distinctly identify the
hierarchy of emergent low energy scales that control the
very complex ordering behavior of the anisotropic tri-
angular antiferromagnet, in a magnetic field and with a
variety of very weak symmetry-breaking terms.

This paper contains many results, and a thorough pre-
sentation of the methods required to obtain them. To
briefly summarize, we have determined the ground state
phase diagrams for the ideal two-dimensional anisotropic
triangular antiferromagnetic Heisenberg model, and for
the model appropriate to Cs2CuCl4, in all three distinct
field orientations, over most of the range of applied mag-

netic fields. In the former, we find spin density wave
(SDW) and cone states, and in the SDW, a family of
quantized magnetization plateaux. In the latter, we find
several phases, including an incommensurate cone state,
an commensurate coplanar antiferromagnetic state, and
a second incommensurate phase, descended from the an-
tiferromagnetic one. The occurence of these phases de-
pends crucially on the field orientation, and matches well
with experiments on Cs2CuCl4. The associated phase
diagrams in the temperature-magnetic field plane are
shown schematically in Fig. 2. Details of each phase and
its properties can be found in the appropriate section of
the main text.
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FIG. 2: Schematic phase diagrams in the temperature-

magnetic field plane for fields along (a) the a axis, (b) the

b axis, and (c) the c axis. (d) Schematic phase diagram for

the ideal 2d (J-J �
) model. Here we use the abbreviations:

FP = fully polarized state; AF = commensurate antiferro-

magnetic state; IC = incommensurate state; CAF = collinear

antiferromagnetic state; and SDW = spin density wave state.

The shaded areas denote the regions in which Dzyaloshinskii-

Moriya and exchange non-trivially compete. For these re-

gions, we do not have reliable theoretical predictions at this

point.

One noteworthy highlight is that, remarkably, when
the magnetic field is in the b-c plane, the spin correla-
tions impugn the popular interpretation of Cs2CuCl4 as a
two-dimensional “anisotropic triangular lattice” antifer-
romagnet. In fact, in this very wide regime, in the ground
state, the spins are more correlated in the a-c planes, per-
pendicular to the triangular layers, than they are within
those layers! Taking into account these correlations is
crucial to obtaining the proper low temperature phase
diagram. They lead to an enhanced sensitivity to some
very weak second neighbor and effective “biquadratic”
interactions, which are needed to stabilize the antiferro-
magnetic and incommensurate states mentioned above.

The remainder of the paper is organized as follows. In
Sec. II, we present some necessary background, includ-
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inelastic neutron scattering data on Cs2CuCl4 can be cal-
culated starting from known exact results for 1d Heisen-
berg chains. Indeed, numerical approaches in Refs.19–25
showed that, due to frustration, the diagonal interaction
may be as large as J

�
/J < 0.7 while still retaining ap-

proximate quasi-one-dimensionality.
While this approach has been quite successful for

Cs2CuCl4, most notably in directly confronting data
without any adjustable parameters, there remain some
puzzling features in the experiments. One of the most
striking ones is the drastic difference in the low tempera-
ture phase diagrams of the material in magnetic fields
aligned along the three different principle axes of the
crystal. Though some aspects of these differences were
explained in Ref. 14, based upon the “standard” model
in Eq. (1), other glaring discrepancies remain. In this
paper, we resolve these outstanding differences between
theory and experiment by correcting the standard model
of Cs2CuCl4.

It is important to emphasize that the corrections to
Eq. (1) must be small, because the standard model does
an excellent job in explaining a large volume of experi-
mental data. The parameters in Eq. (1) were determined
by high field measurements of single-magnon spectra,16
which leave little room for doubt of their correctness with
relatively small error bars. Moreover, the same model,
used at zero and intermediate fields, is quite success-
ful in reproducing the full inelastic neutron spectrum,
containing both continuum and magnon/triplon (sharp)
contributions.13,15 Nevertheless, in some field orienta-
tions, entirely different low temperature phases are ob-
served in experiment than are predicted by the standard
model. Thus, we must somehow explain major qualita-
tive differences in the ground states of Cs2CuCl4 in a
field by very small corrections to H, of no more than a
few percent!

A key message of this paper is that, indeed, the frus-
tration and quasi-one-dimensionality of this problem can
and do amplify tiny terms in the Hamiltonian to the
point where they actually control the ground state. Sen-
sitivity to small perturbations is of course an often-cited
characteristic of frustrated systems. However, the ex-
tent to which this sensitivity can be fully character-
ized in the problem under consideration here is, to our
mind, unprecedented. Using the methods of bosoniza-
tion, the renormalization group, and chain mean-field
theory (CMFT), we are able to distinctly identify the
hierarchy of emergent low energy scales that control the
very complex ordering behavior of the anisotropic tri-
angular antiferromagnet, in a magnetic field and with a
variety of very weak symmetry-breaking terms.

This paper contains many results, and a thorough pre-
sentation of the methods required to obtain them. To
briefly summarize, we have determined the ground state
phase diagrams for the ideal two-dimensional anisotropic
triangular antiferromagnetic Heisenberg model, and for
the model appropriate to Cs2CuCl4, in all three distinct
field orientations, over most of the range of applied mag-

netic fields. In the former, we find spin density wave
(SDW) and cone states, and in the SDW, a family of
quantized magnetization plateaux. In the latter, we find
several phases, including an incommensurate cone state,
an commensurate coplanar antiferromagnetic state, and
a second incommensurate phase, descended from the an-
tiferromagnetic one. The occurence of these phases de-
pends crucially on the field orientation, and matches well
with experiments on Cs2CuCl4. The associated phase
diagrams in the temperature-magnetic field plane are
shown schematically in Fig. 2. Details of each phase and
its properties can be found in the appropriate section of
the main text.
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FIG. 2: Schematic phase diagrams in the temperature-

magnetic field plane for fields along (a) the a axis, (b) the

b axis, and (c) the c axis. (d) Schematic phase diagram for

the ideal 2d (J-J �
) model. Here we use the abbreviations:

FP = fully polarized state; AF = commensurate antiferro-

magnetic state; IC = incommensurate state; CAF = collinear

antiferromagnetic state; and SDW = spin density wave state.

The shaded areas denote the regions in which Dzyaloshinskii-

Moriya and exchange non-trivially compete. For these re-

gions, we do not have reliable theoretical predictions at this

point.

One noteworthy highlight is that, remarkably, when
the magnetic field is in the b-c plane, the spin correla-
tions impugn the popular interpretation of Cs2CuCl4 as a
two-dimensional “anisotropic triangular lattice” antifer-
romagnet. In fact, in this very wide regime, in the ground
state, the spins are more correlated in the a-c planes, per-
pendicular to the triangular layers, than they are within
those layers! Taking into account these correlations is
crucial to obtaining the proper low temperature phase
diagram. They lead to an enhanced sensitivity to some
very weak second neighbor and effective “biquadratic”
interactions, which are needed to stabilize the antiferro-
magnetic and incommensurate states mentioned above.

The remainder of the paper is organized as follows. In
Sec. II, we present some necessary background, includ-



Results vs. Experiment

temperature transition the anomalies of M /B !d!M /B" /dT"
indicated by open arrows in Fig. 9 are steps !peaks" rather
than kinks !steps".

The phase diagrams for the B #b and c axis constructed
using the anomalies discussed above are shown in Fig. 10.
The new data agree with and complement earlier low-field
neutron diffraction results !open triangles".1 Apart from the
phase transition boundaries identified above we have also
marked the cross-over line between the paramagnetic and
antiferromagnetic SRO region, determined by the location of
the peak in the temperature dependence of the magnetization
such as in Fig. 1!a". The peak position Tmax decreases with
the increasing field and disappears above Bc, indicating the
suppression of antiferromagnetic correlations by the mag-
netic field. For the field along the b and c axis the phase
diagrams are much more complicated than that for B #a
which shows only one cone phase up to the saturation
field.4,12 For B #b three new phases appear above the spiral
phase. Two of these phases occupy small areas of the B!T
phase diagram. For B #c four new phases are observed in
addition to the spiral and elliptical phases.

We note that the absence of an observable anomaly in the
temperature dependence of the magnetization upon crossing
the phase transitions near certain fields !6 T along b and 5 T
along c" is consistent with Ehrenfest relation and is related to
the fact that the transition boundary Tc!B" is near flat around
those points. The relation between the shape of the phase
boundary and the anomaly in M!T" was discussed by
Tayama et al.13 and is

!$dM

dT
% = !

dTc

dB
!$C

T
% , !2"

where !!X" is the discontinuity of quantity X, C is the spe-
cific heat, and Tc is the field-dependent critical temperature
of the second order phase transition. This shows that the
discontinuity in dM /dT vanishes when dTc /dB=0, i.e., when
the phase boundary is flat in the field. This is indeed the case
for 6 T #b and at 5 T #c !see Fig. 10", and here only a kink
and no discontinuity is seen in dM /dT.

IV. CONCLUSIONS

We have studied the magnetic phase diagrams of
Cs2CuCl4 by measuring magnetization and specific heat
at low temperatures and high magnetic fields. The low-field
susceptibility in the temperature range from below the broad
maximum to the Curie-Weiss region is well des-
cribed by high-order series expansion calculations for the
partially frustrated triangular lattice with J! /J=1/3 and
J=0.385 meV. The extracted ground state energy in the zero
field obtained directly from integrating the magnetization
curve is nearly a factor of 2 lower compared to the classical
mean-field result. This indicates strong zero-point quantum
fluctuations in the ground state, captured in part by including

FIG. 9. Magnetization normalized by the applied field M /B
!thick solid lines, left axis" and its derivative d!M /B" /dT !thin solid
lines, right axis" as a function of temperature for B #c. Vertical ar-
rows indicate anomalies.

FIG. 10. B!T phase diagrams of Cs2CuCl4 for the B#b and c
axis. Data points of open circles !magnetization", squares !specific
heat", and triangles &neutrons !see Ref. 1"' connected by solid lines
indicate phase boundaries. Solid circles show the positions of the
maximum in the temperature dependence of the magnetization and
indicate a crossover from paramagnetic to SRO. “E” on the phase
diagram for the B #c axis denotes the elliptical phase !see Ref. 1".
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inelastic neutron scattering data on Cs2CuCl4 can be cal-
culated starting from known exact results for 1d Heisen-
berg chains. Indeed, numerical approaches in Refs.19–25
showed that, due to frustration, the diagonal interaction
may be as large as J

�
/J < 0.7 while still retaining ap-

proximate quasi-one-dimensionality.
While this approach has been quite successful for

Cs2CuCl4, most notably in directly confronting data
without any adjustable parameters, there remain some
puzzling features in the experiments. One of the most
striking ones is the drastic difference in the low tempera-
ture phase diagrams of the material in magnetic fields
aligned along the three different principle axes of the
crystal. Though some aspects of these differences were
explained in Ref. 14, based upon the “standard” model
in Eq. (1), other glaring discrepancies remain. In this
paper, we resolve these outstanding differences between
theory and experiment by correcting the standard model
of Cs2CuCl4.

It is important to emphasize that the corrections to
Eq. (1) must be small, because the standard model does
an excellent job in explaining a large volume of experi-
mental data. The parameters in Eq. (1) were determined
by high field measurements of single-magnon spectra,16
which leave little room for doubt of their correctness with
relatively small error bars. Moreover, the same model,
used at zero and intermediate fields, is quite success-
ful in reproducing the full inelastic neutron spectrum,
containing both continuum and magnon/triplon (sharp)
contributions.13,15 Nevertheless, in some field orienta-
tions, entirely different low temperature phases are ob-
served in experiment than are predicted by the standard
model. Thus, we must somehow explain major qualita-
tive differences in the ground states of Cs2CuCl4 in a
field by very small corrections to H, of no more than a
few percent!

A key message of this paper is that, indeed, the frus-
tration and quasi-one-dimensionality of this problem can
and do amplify tiny terms in the Hamiltonian to the
point where they actually control the ground state. Sen-
sitivity to small perturbations is of course an often-cited
characteristic of frustrated systems. However, the ex-
tent to which this sensitivity can be fully character-
ized in the problem under consideration here is, to our
mind, unprecedented. Using the methods of bosoniza-
tion, the renormalization group, and chain mean-field
theory (CMFT), we are able to distinctly identify the
hierarchy of emergent low energy scales that control the
very complex ordering behavior of the anisotropic tri-
angular antiferromagnet, in a magnetic field and with a
variety of very weak symmetry-breaking terms.

This paper contains many results, and a thorough pre-
sentation of the methods required to obtain them. To
briefly summarize, we have determined the ground state
phase diagrams for the ideal two-dimensional anisotropic
triangular antiferromagnetic Heisenberg model, and for
the model appropriate to Cs2CuCl4, in all three distinct
field orientations, over most of the range of applied mag-

netic fields. In the former, we find spin density wave
(SDW) and cone states, and in the SDW, a family of
quantized magnetization plateaux. In the latter, we find
several phases, including an incommensurate cone state,
an commensurate coplanar antiferromagnetic state, and
a second incommensurate phase, descended from the an-
tiferromagnetic one. The occurence of these phases de-
pends crucially on the field orientation, and matches well
with experiments on Cs2CuCl4. The associated phase
diagrams in the temperature-magnetic field plane are
shown schematically in Fig. 2. Details of each phase and
its properties can be found in the appropriate section of
the main text.
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FIG. 2: Schematic phase diagrams in the temperature-

magnetic field plane for fields along (a) the a axis, (b) the

b axis, and (c) the c axis. (d) Schematic phase diagram for

the ideal 2d (J-J �
) model. Here we use the abbreviations:

FP = fully polarized state; AF = commensurate antiferro-

magnetic state; IC = incommensurate state; CAF = collinear

antiferromagnetic state; and SDW = spin density wave state.

The shaded areas denote the regions in which Dzyaloshinskii-

Moriya and exchange non-trivially compete. For these re-

gions, we do not have reliable theoretical predictions at this

point.

One noteworthy highlight is that, remarkably, when
the magnetic field is in the b-c plane, the spin correla-
tions impugn the popular interpretation of Cs2CuCl4 as a
two-dimensional “anisotropic triangular lattice” antifer-
romagnet. In fact, in this very wide regime, in the ground
state, the spins are more correlated in the a-c planes, per-
pendicular to the triangular layers, than they are within
those layers! Taking into account these correlations is
crucial to obtaining the proper low temperature phase
diagram. They lead to an enhanced sensitivity to some
very weak second neighbor and effective “biquadratic”
interactions, which are needed to stabilize the antiferro-
magnetic and incommensurate states mentioned above.

The remainder of the paper is organized as follows. In
Sec. II, we present some necessary background, includ-
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inelastic neutron scattering data on Cs2CuCl4 can be cal-
culated starting from known exact results for 1d Heisen-
berg chains. Indeed, numerical approaches in Refs.19–25
showed that, due to frustration, the diagonal interaction
may be as large as J
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/J < 0.7 while still retaining ap-

proximate quasi-one-dimensionality.
While this approach has been quite successful for

Cs2CuCl4, most notably in directly confronting data
without any adjustable parameters, there remain some
puzzling features in the experiments. One of the most
striking ones is the drastic difference in the low tempera-
ture phase diagrams of the material in magnetic fields
aligned along the three different principle axes of the
crystal. Though some aspects of these differences were
explained in Ref. 14, based upon the “standard” model
in Eq. (1), other glaring discrepancies remain. In this
paper, we resolve these outstanding differences between
theory and experiment by correcting the standard model
of Cs2CuCl4.

It is important to emphasize that the corrections to
Eq. (1) must be small, because the standard model does
an excellent job in explaining a large volume of experi-
mental data. The parameters in Eq. (1) were determined
by high field measurements of single-magnon spectra,16
which leave little room for doubt of their correctness with
relatively small error bars. Moreover, the same model,
used at zero and intermediate fields, is quite success-
ful in reproducing the full inelastic neutron spectrum,
containing both continuum and magnon/triplon (sharp)
contributions.13,15 Nevertheless, in some field orienta-
tions, entirely different low temperature phases are ob-
served in experiment than are predicted by the standard
model. Thus, we must somehow explain major qualita-
tive differences in the ground states of Cs2CuCl4 in a
field by very small corrections to H, of no more than a
few percent!

A key message of this paper is that, indeed, the frus-
tration and quasi-one-dimensionality of this problem can
and do amplify tiny terms in the Hamiltonian to the
point where they actually control the ground state. Sen-
sitivity to small perturbations is of course an often-cited
characteristic of frustrated systems. However, the ex-
tent to which this sensitivity can be fully character-
ized in the problem under consideration here is, to our
mind, unprecedented. Using the methods of bosoniza-
tion, the renormalization group, and chain mean-field
theory (CMFT), we are able to distinctly identify the
hierarchy of emergent low energy scales that control the
very complex ordering behavior of the anisotropic tri-
angular antiferromagnet, in a magnetic field and with a
variety of very weak symmetry-breaking terms.

This paper contains many results, and a thorough pre-
sentation of the methods required to obtain them. To
briefly summarize, we have determined the ground state
phase diagrams for the ideal two-dimensional anisotropic
triangular antiferromagnetic Heisenberg model, and for
the model appropriate to Cs2CuCl4, in all three distinct
field orientations, over most of the range of applied mag-

netic fields. In the former, we find spin density wave
(SDW) and cone states, and in the SDW, a family of
quantized magnetization plateaux. In the latter, we find
several phases, including an incommensurate cone state,
an commensurate coplanar antiferromagnetic state, and
a second incommensurate phase, descended from the an-
tiferromagnetic one. The occurence of these phases de-
pends crucially on the field orientation, and matches well
with experiments on Cs2CuCl4. The associated phase
diagrams in the temperature-magnetic field plane are
shown schematically in Fig. 2. Details of each phase and
its properties can be found in the appropriate section of
the main text.
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FIG. 2: Schematic phase diagrams in the temperature-

magnetic field plane for fields along (a) the a axis, (b) the

b axis, and (c) the c axis. (d) Schematic phase diagram for

the ideal 2d (J-J �
) model. Here we use the abbreviations:

FP = fully polarized state; AF = commensurate antiferro-

magnetic state; IC = incommensurate state; CAF = collinear

antiferromagnetic state; and SDW = spin density wave state.

The shaded areas denote the regions in which Dzyaloshinskii-

Moriya and exchange non-trivially compete. For these re-

gions, we do not have reliable theoretical predictions at this

point.

One noteworthy highlight is that, remarkably, when
the magnetic field is in the b-c plane, the spin correla-
tions impugn the popular interpretation of Cs2CuCl4 as a
two-dimensional “anisotropic triangular lattice” antifer-
romagnet. In fact, in this very wide regime, in the ground
state, the spins are more correlated in the a-c planes, per-
pendicular to the triangular layers, than they are within
those layers! Taking into account these correlations is
crucial to obtaining the proper low temperature phase
diagram. They lead to an enhanced sensitivity to some
very weak second neighbor and effective “biquadratic”
interactions, which are needed to stabilize the antiferro-
magnetic and incommensurate states mentioned above.

The remainder of the paper is organized as follows. In
Sec. II, we present some necessary background, includ-

a commensurate state stabilized by 
very weak (fluctuation-generated) 4-
spin interactions (and possibly J2)

AF

AF



AF state

✤ The AF state has a period of 4 chains in the triangular plane

✤ consistent with neutron scattering for B ∥ c which observed a 
commensurate state with this periodicity (R. Coldea)

✤ Commensurate state also observed by NMR in this field range (M. 
Takigawa)



Results vs. Experiment

temperature transition the anomalies of M /B !d!M /B" /dT"
indicated by open arrows in Fig. 9 are steps !peaks" rather
than kinks !steps".

The phase diagrams for the B #b and c axis constructed
using the anomalies discussed above are shown in Fig. 10.
The new data agree with and complement earlier low-field
neutron diffraction results !open triangles".1 Apart from the
phase transition boundaries identified above we have also
marked the cross-over line between the paramagnetic and
antiferromagnetic SRO region, determined by the location of
the peak in the temperature dependence of the magnetization
such as in Fig. 1!a". The peak position Tmax decreases with
the increasing field and disappears above Bc, indicating the
suppression of antiferromagnetic correlations by the mag-
netic field. For the field along the b and c axis the phase
diagrams are much more complicated than that for B #a
which shows only one cone phase up to the saturation
field.4,12 For B #b three new phases appear above the spiral
phase. Two of these phases occupy small areas of the B!T
phase diagram. For B #c four new phases are observed in
addition to the spiral and elliptical phases.

We note that the absence of an observable anomaly in the
temperature dependence of the magnetization upon crossing
the phase transitions near certain fields !6 T along b and 5 T
along c" is consistent with Ehrenfest relation and is related to
the fact that the transition boundary Tc!B" is near flat around
those points. The relation between the shape of the phase
boundary and the anomaly in M!T" was discussed by
Tayama et al.13 and is

!$dM

dT
% = !

dTc

dB
!$C

T
% , !2"

where !!X" is the discontinuity of quantity X, C is the spe-
cific heat, and Tc is the field-dependent critical temperature
of the second order phase transition. This shows that the
discontinuity in dM /dT vanishes when dTc /dB=0, i.e., when
the phase boundary is flat in the field. This is indeed the case
for 6 T #b and at 5 T #c !see Fig. 10", and here only a kink
and no discontinuity is seen in dM /dT.

IV. CONCLUSIONS

We have studied the magnetic phase diagrams of
Cs2CuCl4 by measuring magnetization and specific heat
at low temperatures and high magnetic fields. The low-field
susceptibility in the temperature range from below the broad
maximum to the Curie-Weiss region is well des-
cribed by high-order series expansion calculations for the
partially frustrated triangular lattice with J! /J=1/3 and
J=0.385 meV. The extracted ground state energy in the zero
field obtained directly from integrating the magnetization
curve is nearly a factor of 2 lower compared to the classical
mean-field result. This indicates strong zero-point quantum
fluctuations in the ground state, captured in part by including

FIG. 9. Magnetization normalized by the applied field M /B
!thick solid lines, left axis" and its derivative d!M /B" /dT !thin solid
lines, right axis" as a function of temperature for B #c. Vertical ar-
rows indicate anomalies.

FIG. 10. B!T phase diagrams of Cs2CuCl4 for the B#b and c
axis. Data points of open circles !magnetization", squares !specific
heat", and triangles &neutrons !see Ref. 1"' connected by solid lines
indicate phase boundaries. Solid circles show the positions of the
maximum in the temperature dependence of the magnetization and
indicate a crossover from paramagnetic to SRO. “E” on the phase
diagram for the B #c axis denotes the elliptical phase !see Ref. 1".
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inelastic neutron scattering data on Cs2CuCl4 can be cal-
culated starting from known exact results for 1d Heisen-
berg chains. Indeed, numerical approaches in Refs.19–25
showed that, due to frustration, the diagonal interaction
may be as large as J

�
/J < 0.7 while still retaining ap-

proximate quasi-one-dimensionality.
While this approach has been quite successful for

Cs2CuCl4, most notably in directly confronting data
without any adjustable parameters, there remain some
puzzling features in the experiments. One of the most
striking ones is the drastic difference in the low tempera-
ture phase diagrams of the material in magnetic fields
aligned along the three different principle axes of the
crystal. Though some aspects of these differences were
explained in Ref. 14, based upon the “standard” model
in Eq. (1), other glaring discrepancies remain. In this
paper, we resolve these outstanding differences between
theory and experiment by correcting the standard model
of Cs2CuCl4.

It is important to emphasize that the corrections to
Eq. (1) must be small, because the standard model does
an excellent job in explaining a large volume of experi-
mental data. The parameters in Eq. (1) were determined
by high field measurements of single-magnon spectra,16
which leave little room for doubt of their correctness with
relatively small error bars. Moreover, the same model,
used at zero and intermediate fields, is quite success-
ful in reproducing the full inelastic neutron spectrum,
containing both continuum and magnon/triplon (sharp)
contributions.13,15 Nevertheless, in some field orienta-
tions, entirely different low temperature phases are ob-
served in experiment than are predicted by the standard
model. Thus, we must somehow explain major qualita-
tive differences in the ground states of Cs2CuCl4 in a
field by very small corrections to H, of no more than a
few percent!

A key message of this paper is that, indeed, the frus-
tration and quasi-one-dimensionality of this problem can
and do amplify tiny terms in the Hamiltonian to the
point where they actually control the ground state. Sen-
sitivity to small perturbations is of course an often-cited
characteristic of frustrated systems. However, the ex-
tent to which this sensitivity can be fully character-
ized in the problem under consideration here is, to our
mind, unprecedented. Using the methods of bosoniza-
tion, the renormalization group, and chain mean-field
theory (CMFT), we are able to distinctly identify the
hierarchy of emergent low energy scales that control the
very complex ordering behavior of the anisotropic tri-
angular antiferromagnet, in a magnetic field and with a
variety of very weak symmetry-breaking terms.

This paper contains many results, and a thorough pre-
sentation of the methods required to obtain them. To
briefly summarize, we have determined the ground state
phase diagrams for the ideal two-dimensional anisotropic
triangular antiferromagnetic Heisenberg model, and for
the model appropriate to Cs2CuCl4, in all three distinct
field orientations, over most of the range of applied mag-

netic fields. In the former, we find spin density wave
(SDW) and cone states, and in the SDW, a family of
quantized magnetization plateaux. In the latter, we find
several phases, including an incommensurate cone state,
an commensurate coplanar antiferromagnetic state, and
a second incommensurate phase, descended from the an-
tiferromagnetic one. The occurence of these phases de-
pends crucially on the field orientation, and matches well
with experiments on Cs2CuCl4. The associated phase
diagrams in the temperature-magnetic field plane are
shown schematically in Fig. 2. Details of each phase and
its properties can be found in the appropriate section of
the main text.
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FIG. 2: Schematic phase diagrams in the temperature-

magnetic field plane for fields along (a) the a axis, (b) the

b axis, and (c) the c axis. (d) Schematic phase diagram for

the ideal 2d (J-J �
) model. Here we use the abbreviations:

FP = fully polarized state; AF = commensurate antiferro-

magnetic state; IC = incommensurate state; CAF = collinear

antiferromagnetic state; and SDW = spin density wave state.

The shaded areas denote the regions in which Dzyaloshinskii-

Moriya and exchange non-trivially compete. For these re-

gions, we do not have reliable theoretical predictions at this

point.

One noteworthy highlight is that, remarkably, when
the magnetic field is in the b-c plane, the spin correla-
tions impugn the popular interpretation of Cs2CuCl4 as a
two-dimensional “anisotropic triangular lattice” antifer-
romagnet. In fact, in this very wide regime, in the ground
state, the spins are more correlated in the a-c planes, per-
pendicular to the triangular layers, than they are within
those layers! Taking into account these correlations is
crucial to obtaining the proper low temperature phase
diagram. They lead to an enhanced sensitivity to some
very weak second neighbor and effective “biquadratic”
interactions, which are needed to stabilize the antiferro-
magnetic and incommensurate states mentioned above.

The remainder of the paper is organized as follows. In
Sec. II, we present some necessary background, includ-
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by high field measurements of single-magnon spectra,16
which leave little room for doubt of their correctness with
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used at zero and intermediate fields, is quite success-
ful in reproducing the full inelastic neutron spectrum,
containing both continuum and magnon/triplon (sharp)
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tions, entirely different low temperature phases are ob-
served in experiment than are predicted by the standard
model. Thus, we must somehow explain major qualita-
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point where they actually control the ground state. Sen-
sitivity to small perturbations is of course an often-cited
characteristic of frustrated systems. However, the ex-
tent to which this sensitivity can be fully character-
ized in the problem under consideration here is, to our
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tion, the renormalization group, and chain mean-field
theory (CMFT), we are able to distinctly identify the
hierarchy of emergent low energy scales that control the
very complex ordering behavior of the anisotropic tri-
angular antiferromagnet, in a magnetic field and with a
variety of very weak symmetry-breaking terms.

This paper contains many results, and a thorough pre-
sentation of the methods required to obtain them. To
briefly summarize, we have determined the ground state
phase diagrams for the ideal two-dimensional anisotropic
triangular antiferromagnetic Heisenberg model, and for
the model appropriate to Cs2CuCl4, in all three distinct
field orientations, over most of the range of applied mag-
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(SDW) and cone states, and in the SDW, a family of
quantized magnetization plateaux. In the latter, we find
several phases, including an incommensurate cone state,
an commensurate coplanar antiferromagnetic state, and
a second incommensurate phase, descended from the an-
tiferromagnetic one. The occurence of these phases de-
pends crucially on the field orientation, and matches well
with experiments on Cs2CuCl4. The associated phase
diagrams in the temperature-magnetic field plane are
shown schematically in Fig. 2. Details of each phase and
its properties can be found in the appropriate section of
the main text.
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Moriya and exchange non-trivially compete. For these re-

gions, we do not have reliable theoretical predictions at this

point.

One noteworthy highlight is that, remarkably, when
the magnetic field is in the b-c plane, the spin correla-
tions impugn the popular interpretation of Cs2CuCl4 as a
two-dimensional “anisotropic triangular lattice” antifer-
romagnet. In fact, in this very wide regime, in the ground
state, the spins are more correlated in the a-c planes, per-
pendicular to the triangular layers, than they are within
those layers! Taking into account these correlations is
crucial to obtaining the proper low temperature phase
diagram. They lead to an enhanced sensitivity to some
very weak second neighbor and effective “biquadratic”
interactions, which are needed to stabilize the antiferro-
magnetic and incommensurate states mentioned above.

The remainder of the paper is organized as follows. In
Sec. II, we present some necessary background, includ-
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in which the AF order is 

deformed by Dc
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IC State

✤ Incommensurate state deformed from AF one by spiraling spins in 
opposite directions on even and odd chains

✤ Evidence for incommensurate state seen in NMR (Takigawa)

✤ Neutron data looks very similar to AF state.  However, wavevector of 
incommensurability is expected to be very small (<2%), which may be 
too small to resolve.



Summary

✤ Frustration has strong effects on S=1/2 spatially anisotropic 
triangular antiferromagnets

✤ It greatly enhances the regime of quasi-one-dimensionality

✤ It leads to tremendous sensitivity to weak perturbations, producing 
a very complex phase diagram

✤ Because of the enhanced quasi-1d nature, it is possible to analyze the 
low energy physics very carefully using the techniques of 1d systems, 
even with this sensitivity
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theory (CMFT), we are able to distinctly identify the
hierarchy of emergent low energy scales that control the
very complex ordering behavior of the anisotropic tri-
angular antiferromagnet, in a magnetic field and with a
variety of very weak symmetry-breaking terms.
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sentation of the methods required to obtain them. To
briefly summarize, we have determined the ground state
phase diagrams for the ideal two-dimensional anisotropic
triangular antiferromagnetic Heisenberg model, and for
the model appropriate to Cs2CuCl4, in all three distinct
field orientations, over most of the range of applied mag-
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several phases, including an incommensurate cone state,
an commensurate coplanar antiferromagnetic state, and
a second incommensurate phase, descended from the an-
tiferromagnetic one. The occurence of these phases de-
pends crucially on the field orientation, and matches well
with experiments on Cs2CuCl4. The associated phase
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its properties can be found in the appropriate section of
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tions impugn the popular interpretation of Cs2CuCl4 as a
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romagnet. In fact, in this very wide regime, in the ground
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pendicular to the triangular layers, than they are within
those layers! Taking into account these correlations is
crucial to obtaining the proper low temperature phase
diagram. They lead to an enhanced sensitivity to some
very weak second neighbor and effective “biquadratic”
interactions, which are needed to stabilize the antiferro-
magnetic and incommensurate states mentioned above.
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