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Topological 
Everything

craziness*

QHE
Z2 TIs

Topological SCs

Topological semimetals
Majoranas

Topological quantum computing
Bosonic SPTs

intrinsic topological order

topological Mott insulator

* idea stolen from Brian Swingle
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Topological Insulators

• Featureless
• No 
excitations 
below gap
• No bulk 
conduction



Topological Insulators

Surface is always 
gapless, 

conducting
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Uber die Quantenmechanik  der Elek~ronen 
in Kristallgittern. 

Von Felix Bloeh in Leipzig. 

5lit 2 Abbildungen. (Eingegangen am 10. August 1928.) 

Die Bewegung eines Elektrons im Gitter wird untersucht, indem wir uns dieses 
durch ein zun~chst streng dreifaeh periodisches Kraftfeld schematisieren. Unter 
Hinzunahme der Fermischen Statistik auf die Elektronen gestattet unser Modell 
Aussagen fiber den von ihnen herrfihrenden AnteiI der spezi[ischen W~rme des 
Kristalls. Ferner wird gezeigt, dal] die Berficksichtigung der thermischen Gitter- 
schwingungen Gr51]enordnung and Temperaturabh~ingigkeit der elektrischen Leit- 
[~ihigkeit yon Metallen in qualitativer Ubereinstimmung mit der Erfahrung ergibt. 

E i n l e i t u n g .  Die Elekfronentheorie  der MetalLe hat  seit einiger 
Zeit  For~schritte zu verzeichnen, die in der Anwendung quantentheo- 
retischer Prinziplen auf das Elektronengas  begriindet sind. Zun~chst hat  
P a u l i *  unter  der Annahme, da~ die Metat lelektronen sieh vSll ig frel im 
Gi t te r  bewegen kOnnen und der F e r m i s c h e n * *  Sta t i s t ik  gehorchen, den 
temperaturunabh~nglgen Paramagnetlsmus der Alkal ien  zu erkl~ren ver- 
moeht. Die elektrischen und thermischen Eigenschaften des Elektronen- 
gases sind dann yon S o m m e r f e l d ,  H o u s t o n  und E c k a r ~ * * *  n~her 
untersucht worden. Die Tatsache freier Leitungse]ektronen wird  yon 
ihnen als gegeben betrachte t  und ihre Wechselwlrkung mi~ dem Git ter  
nur dureh eine zunachst ph~inomenologlsch elngefiihrte, dann yon 
H o u s t  o n**** strenger begrfindete freie Weg]ange mitbe1~ickslchtigt. 
Sehliel]lich hat  H e i s e n b e r g - ~  gezeigt, daL] im anderen Grenzfa]l, wo zu- 
n~chst  die Elekt ronen an die Ionen ]m Git ter  gebunden gedacht  und erst 
in nachster  N~herung die Austauschvorgange unter ihnen berficksichtigt 
werden, das fiir den Ferromagnet ismus entseheidende intermolekulare Feld  
seine Erk lgrung  finder. 

Hier  soll ein Zwisehenstandpunkt zwischen den beiden oben er- 
w~hnten Behandlungsweisen elngenommen werden, insofern, als tier Aus- 
tausch der Elekt ronen unberi icksichtigt  bleibt, sie dagegen nicht  einfach 

* W. PauJi ,  ZS. f. Phys. 41, 81, 1927. 
** E. F e r m i ,  ebenda 36, 902, 1926. 

*** A. Sommerfe ld ,  W. V. Hous ton ,  C. E c k a r t ,  ebenda 47, 1, 1928. 
**** W.V. Hous ton ,  ebenda 48, 449, 1928. 

"i" W. H e i s e n b e r g ,  ebenda 49, 619, 1928. 
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The Structure of Electronic Excitation Levels in Insulating Crystals
GREGORY H. WANNIER

Princeton University, Princeton, ¹mJersey*
(Received May 13, 1937}

In this article, a method is devised to study the energy spectrum for an excited electron con-
figuration in an ideal crystal. The con6guration studied consists of a single excited electron
taken out of a full band of N electrons. The multiplicity of the state is N'. It is shown that
because of the Coulomb attraction between the electron and its hole ¹"states are split off
from the bottom of the excited Bloch band; for these states the electron cannot escape its hole
completely. The analogy of these levels to the spectrum of an atom or molecule is worked out
quantitatively. The bottom of the 8loch band appears as "ionization potential" and the Bloch
band itself as the continuum above this threshold energy.

~OR several years, there have been two com-
peting pictures in use to describe the be-

havior of electrons in crystals. The one adopted
in most theoretical calculations and especially
successful for metals describes each electron by a
running wave, but Frenkel has shown that in
many cases the more elementary atomic picture
may be the better approximation. ' This ap-
parent contradiction has been removed by
Slater and Shockley, ' who showed with a simpli-
fied model that the two types of states actually
coexist in a crystal. I t is the purpose of the
present paper to treat this question in a quantita-
tive way, starting out from the actual Hamil-
tonian of the system.
%e shall restrict ourselves in this article to

insulators containing one electron in the lowest
excited state, and we shall study the energy
spectrum of this single configuration, neglecting
perturbations arising from other configurations.
As to the method we shall proceed in the fol-
lowing way:
(1) We shall construct orthogonal "atomic"

wave functions and express the energy matrix in
this vector system.
(2) The energy matrix contains many terms

having the periodicity of the lattice and a few
which have not; we shall develop a method
which takes them both into account.

(3) We shall derive some general results and
discuss their consequences.

1.BASIC %AVE FUNCTIONS AND ENERGY MATRIX

.It would no doubt be more satisfactory for
insulating crystals, to discuss the Hamiltonian
using atomic functions rather than Bloch func-
tions. But this line of attack has been hampered
by the fact that atomic functions are not
orthogonal. %e can, however, build up or-
thogonal functions having all the advantages of
atomic ones by starting out from a Bloch
approximation. Let us assume then that a Bloch
or Fock method has given us functions b(k, x) of
energy W(k). Then the required functions are

a(x—n) =1/(X)& P exp L—ik„n)b(k„, x),' (1)

where N is the number of cells in the crystal and
the k's are as usual determined by some bound-
ary condition.
Formula (1) applies to any set of Bloch func-

tions, but it might be interesting to get some
insight into the structure of the a' s. For this
purpose let us 6rst make the ad koc assumption
(valid for free electrons) that b is of the form

b(k„x)=exp Cik„x] b(x),

* I want to express my thanks to Princeton University
for the grant of its Swiss-American Exchange Fellowship
for the year 1936—37.' J. Frenkel, Phys. Rev. 1'7, 17 (1931); Physik. Zeits.
Sowjetunion 9, 158 (1936); Physik. Zeits, Sowjetunion 8,
185 (1935).

~ J. C. Slater and W. S. Shockley, Phys. Rev. SG, 705
(1936).

where the periodic factor b(x) is independent of k.
Then we find explicitly:

'The unit of length adopted in this article is the ele-
mentary translation in the direction of each of the crystal
axes. In some deductions the crystal is assumed to be
simple cubic, but this could easily be removed.

E

k x
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~OR several years, there have been two com-
peting pictures in use to describe the be-

havior of electrons in crystals. The one adopted
in most theoretical calculations and especially
successful for metals describes each electron by a
running wave, but Frenkel has shown that in
many cases the more elementary atomic picture
may be the better approximation. ' This ap-
parent contradiction has been removed by
Slater and Shockley, ' who showed with a simpli-
fied model that the two types of states actually
coexist in a crystal. I t is the purpose of the
present paper to treat this question in a quantita-
tive way, starting out from the actual Hamil-
tonian of the system.
%e shall restrict ourselves in this article to

insulators containing one electron in the lowest
excited state, and we shall study the energy
spectrum of this single configuration, neglecting
perturbations arising from other configurations.
As to the method we shall proceed in the fol-
lowing way:
(1) We shall construct orthogonal "atomic"

wave functions and express the energy matrix in
this vector system.
(2) The energy matrix contains many terms

having the periodicity of the lattice and a few
which have not; we shall develop a method
which takes them both into account.

(3) We shall derive some general results and
discuss their consequences.

1.BASIC %AVE FUNCTIONS AND ENERGY MATRIX

.It would no doubt be more satisfactory for
insulating crystals, to discuss the Hamiltonian
using atomic functions rather than Bloch func-
tions. But this line of attack has been hampered
by the fact that atomic functions are not
orthogonal. %e can, however, build up or-
thogonal functions having all the advantages of
atomic ones by starting out from a Bloch
approximation. Let us assume then that a Bloch
or Fock method has given us functions b(k, x) of
energy W(k). Then the required functions are

a(x—n) =1/(X)& P exp L—ik„n)b(k„, x),' (1)

where N is the number of cells in the crystal and
the k's are as usual determined by some bound-
ary condition.
Formula (1) applies to any set of Bloch func-

tions, but it might be interesting to get some
insight into the structure of the a' s. For this
purpose let us 6rst make the ad koc assumption
(valid for free electrons) that b is of the form

b(k„x)=exp Cik„x] b(x),

* I want to express my thanks to Princeton University
for the grant of its Swiss-American Exchange Fellowship
for the year 1936—37.' J. Frenkel, Phys. Rev. 1'7, 17 (1931); Physik. Zeits.
Sowjetunion 9, 158 (1936); Physik. Zeits, Sowjetunion 8,
185 (1935).

~ J. C. Slater and W. S. Shockley, Phys. Rev. SG, 705
(1936).

where the periodic factor b(x) is independent of k.
Then we find explicitly:

'The unit of length adopted in this article is the ele-
mentary translation in the direction of each of the crystal
axes. In some deductions the crystal is assumed to be
simple cubic, but this could easily be removed.

E

k x
Thouless, 1984



IQHE
• The first “topological insulator” 

discovered was the IQHE

chiral edge states cannot backscatter



IQHE
• Edge states are “half” of the low energy 

excitations of a 1DEG

RL

k

E

Halperin, 1982

large distance



IQHE
• Edge states are “half” of the low energy 

excitations of a 1DEG

RL

k

E

Halperin, 1982

large distance

General rule: surface state of  a d-dimensional TI cannot be realized in a d-1 dimensional system



Chern number
• Bloch states

• Berry gauge field 

• Net Berry flux gives Chern number

• Total Chern number of occupied states is 
an integer topological invariant, and gives 
the Hall conductance 

 n(r) = eik·run,k(r)

~An = ihun|~rk|uni

~Bn = ~rk ⇥ ~An

qn =
1

2⇡

Z
d2k Bz

n

G
xy

=
e2

h

X

✏n<✏F

q
n



Z2 Topological 
Insulators

• Even with TR symmetry, a different type 
of TI is possible (with spin-orbit coupling)

• 2d: “QSHE”

3d: L. Fu, C. Kane, E. Mele (2007); J. Moore, LB (2007)
2d: Kane, Mele (2005); Bernevig, Hughes, Zhang (2006)

•  Roughly understood 
as opposite IQHE’s 
for up and down 
electrons



Z2 Topological 
Insulators

• Unlike IQHE, the invariant is not an 
integer, but a Z2 “parity”

3d: J. Moore, LB (2007); L. Fu, C. Kane, E. Mele (2007)
2d: Kane, Mele (2005); Bernevig, Hughes, Zhang (2006)
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Symmetry d

AZ ⇥ ⌅ ⇧ 1 2 3 4 5 6 7 8

A 0 0 0 0 Z 0 Z 0 Z 0 Z
AIII 0 0 1 Z 0 Z 0 Z 0 Z 0

AI 1 0 0 0 0 0 Z 0 Z2 Z2 Z
BDI 1 1 1 Z 0 0 0 Z 0 Z2 Z2

D 0 1 0 Z2 Z 0 0 0 Z 0 Z2

DIII �1 1 1 Z2 Z2 Z 0 0 0 Z 0

AII �1 0 0 0 Z2 Z2 Z 0 0 0 Z
CII �1 �1 1 Z 0 Z2 Z2 Z 0 0 0

C 0 �1 0 0 Z 0 Z2 Z2 Z 0 0

CI 1 �1 1 0 0 Z 0 Z2 Z2 Z 0

TABLE I Periodic table of topological insulators and super-
conductors. The 10 symmetry classes are labeled using the
notation of Altland and Zirnbauer (1997) (AZ) and are spec-
ified by presence or absence of T symmetry ⇥, particle-hole
symmetry ⌅ and chiral symmetry ⇧ = ⌅⇥. ±1 and 0 denotes
the presence and absence of symmetry, with ±1 specifying
the value of ⇥2 and ⌅2. As a function of symmetry and space
dimensionality, d, the topological classifications (Z, Z2 and 0)
show a regular pattern that repeats when d ! d+ 8.

3. Periodic table

Topological insulators and superconductors fit to-
gether into a rich and elegant mathematical structure
that generalizes the notions of topological band theory
described above (Schnyder, et al., 2008; Kitaev, 2009;
Schnyder, et al., 2009; Ryu, et al., 2010). The classes
of equivalent Hamiltonians are determined by specifying
the symmetry class and the dimensionality. The symme-
try class depends on the presence or absence of T sym-
metry (8) with ⇥2 = ±1 and/or particle-hole symmetry
(15) with ⌅2 = ±1. There are 10 distinct classes, which
are closely related to the Altland and Zirnbauer (1997)
classification of random matrices. The topological clas-
sifications, given by Z, Z2 or 0, show a regular pattern
as a function of symmetry class and dimensionality and
can be arranged into the periodic table of topological in-
sulators and superconductors shown in Table I.

The quantum Hall state (Class A, no symmetry; d =
2), the Z2 topological insulators (Class AII, ⇥2 = �1;
d = 2, 3) and the Z2 and Z topological superconductors
(Class D, ⌅2 = 1; d = 1, 2) described above are each
entries in the periodic table. There are also other non
trivial entries describing di↵erent topological supercon-
ducting and superfluid phases. Each non trivial phase is
predicted, via the bulk-boundary correspondence to have
gapless boundary states. One notable example is super-
fluid 3He B (Volovik, 2003; Roy, 2008; Schnyder, et al.,
2008; Nagato, Higashitani and Nagai, 2009; Qi, et al.,
2009; Volovik, 2009), in (Class DIII, ⇥2 = �1, ⌅2 = +1;
d = 3) which has a Z classification, along with gapless 2D
Majorana fermion modes on its surface. A generalization
of the quantum Hall state introduced by Zhang and Hu

E

EF

Conduction Band

Valence Band
Quantum spin 
Hall insulator ν=1

Conventional 
Insulator ν=0

(a) (b)

k0/a−π /a−π

FIG. 5 Edge states in the quantum spin Hall insulator. (a)
shows the interface between a QSHI and an ordinary insula-
tor, and (b) shows the edge state dispersion in the graphene
model, in which up and down spins propagate in opposite
directions.

(2001) corresponds to the d = 4 entry in class A or AII.
There are also other entries in physical dimensions that
have yet to be filled by realistic systems. The search is
on to discover such phases.

III. QUANTUM SPIN HALL INSULATOR

The 2D topological insulator is known as a quantum
spin Hall insulator. This state was originally theorized
to exist in graphene (Kane and Mele, 2005a) and in 2D
semiconductor systems with a uniform strain gradient
(Bernevig and Zhang, 2006). It was subsequently pre-
dicted to exist (Bernevig, Hughes and Zhang, 2006), and
was then observed (König, et al., 2007), in HgCdTe quan-
tum well structures. In section III.A we will introduce
the physics of this state in the model graphene system
and describe its novel edge states. Section III.B will re-
view the experiments, which have also been the subject
of the review article by König, et al. (2008).

A. Model system: graphene

In section II.B.2 we argued that the degeneracy at the
Dirac point in graphene is protected by inversion and
T symmetry. That argument ignored the spin of the
electrons. The spin orbit interaction allows a new mass
term in (3) that respects all of graphene’s symmetries. In
the simplest picture, the intrinsic spin orbit interaction
commutes with the electron spin S

z

, so the Hamiltonian
decouples into two independent Hamiltonians for the up
and down spins. The resulting theory is simply two copies
the Haldane (1988) model with opposite signs of the Hall
conductivity for up and down spins. This does not violate
T symmetry because time reversal flips both the spin and
�
xy

. In an applied electric field, the up and down spins
have Hall currents that flow in opposite directions. The
Hall conductivity is thus zero, but there is a quantized
spin Hall conductivity, defined by J"

x

� J#
x

= �s

xy

E
y

with
�s

xy

= e/2⇡ – a quantum spin Hall e↵ect. Related ideas
were mentioned in earlier work on the planar state of

“trivial” “topological” Full zone for TI



Z2 Topological 
Insulator

• In 3d, there are four Z2 parities

• 3 “weak” parities - describe layered 
2d TIs

• 1 “strong” parity - describes 
intrinsically 3d physics8
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and down spins. The resulting theory is simply two copies
the Haldane (1988) model with opposite signs of the Hall
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odd number 
of Dirac 

cones at any 
surface

J. Moore, LB (2007)
 L. Fu, C. Kane, E. Mele (2007)



Bands with SOC
• Inversion symmetric bulk bands

• Opposite parity states cross at band 
inversion point

e.g. increasing SOC

k

E

P=+1 P=-1



Dirac equation
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Band Inversion
e.g. Zhang et al, 2009

no SOC w/ SOC

Bi2Se3

Z2 =
Y

TRIM

�a �a =
Y

✏n<✏F

Pn(Ka)
Fu-Kane criteria is very 

useful for ab initio 
calculations



Single Dirac cone
• 1/4 Graphene

• 2d Dirac mass breaks TR

• Cannot be found in any 2d model

� = ⇡ � = 0



Single Dirac cone
• 1/4 Graphene

• 2d Dirac mass breaks TR

• Cannot be found in any 2d model

� = ⇡ not allowed

states decay into bulk



Implications
• 2d/3d TIs have gapless Dirac surface states, 

forbidden in any strictly 2d/3d system

• States exhibit “spin-momentum locking”: 
single spin state for each momentum k

• Provided TR symmetry is maintained, the 
surface of both cases remains gapless and 
conducting, with arbitrary perturbations

• Even disorder cannot localize the edge/
surface states



2d TI edge states
Expt:  Konig, Wiedmann, Brune, Roth, Buhmann, Molenkamp, Qi, Zhang  Science 2007

Measured conductance 2e2/h independent of W for short samples (L<Lin) 

d< 6.3 nm
normal band order
conventional insulator

d> 6.3nm
inverted band order
QSH insulator

Experiments on HgCdTe quantum wells

G=2e2/h

↑↓

↑ ↓
V 0I

Landauer Conductance G=2e2/h

• (Hg/Cd)Te quantum wells support TI 
state above critical thickness d

Theory: Bernevig, Hughes, Zhang 2006
Expt: Molenkamp group, 2007



3d TI Dirac surface 
states

• Clearly observed in photoemission

• Challenge to experimentally remove bulk 
conduction and tune surface Fermi level

Y. Xia et al, 2009
Bi2Se3

First 3d TI: Bi1-xSbx
D. Hsieh et al, 2008



Half-QHE
• In a field, or if a gap is opened in the TI 

surface state, it exhibits nominal “half” 
quantized Hall effect
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Half-QHE
• In a field, or if a gap is opened in the TI 

surface state, it exhibits nominal “half” 
quantized Hall effect

�
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=
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Magneto-electric 
effect

• The surface Hall effect is equivalent to 
a magneto-electric polarizability

E

J

M
J = �

xy

E = M

M = ↵E ↵ =
e2

2h



Magneto-electric 
effect

• The surface Hall effect is equivalent to 
a magneto-electric polarizability

• Formally

E

J

M
J = �

xy

E = M

M = ↵E ↵ =
e2

2h

Se↵ =
✓e2

2⇡h

Z
d3rd⌧E ·B

✓ = 2⇡↵ = 0,⇡

can define 3d TI

Qi, Hughes, Zhang, 2008
Essen, Moore, Vanderbilt, 2009



Topological 
Everything

craziness

QHE
Z2 TIs

Topological SCs

Topological quantum computing
Bosonic SPTs

intrinsic topological order

topological Mott insulator

Topological semimetals
Majoranas



Periodic table

14

new topological insulators / superconductors in one, two, and three dimensions

d

d

2 d

2 2

d 2 d 2

2

d

Name T C S=CT d=1 d=2 d=3
A 0 0 0 - -

AIII 0 0 1 -
AI +1 0 0 - - -

BDI +1 +1 1 - -
D 0 +1 0 -

DIII -1 +1 1
AII -1 0 0 -
CII -1 -1 1 -
C 0 -1 0 - -
CI +1 -1 1 - -

IQHE

TRI top. 
singlet SC

QSHE
3D Z2 top. insulator

TRI top. triplet SC (He3 B)

chiral p-wave 

chiral d-wave 

polyacetylen

Complete and exhaustive classification of topological insulators and SCs

Periodic table of topological insulators and superconductors

“Periodic table” of topological insulators / superconductors 

Dimensional hierarchy relates topological phases in different 
symmetry classes and different dimensions

Ryu, Schnyder, Furusaki, Ludwig, arXiv:0912.2157 (to appear in NJP)

• Theorists have classified all quadratic 
fermion Hamiltonians, including BdG’s

A. Schnyder 
et al, 2008

Kitaev, 2009

Taken from 
A. Schnyder



Kitaev Chain
• 1d spinless “p-wave” superconductor

• Topological for |µ|< 2 t

2

implementation of the ideas introduced here would constitute
a critical step towards this ultimate goal.

I. MAJORANA FERMIONS IN ‘SPINLESS’ p-WAVE
SUPERCONDUCTING WIRES

We begin by discussing the physics of a single wire. Valu-
able intuition can be garnered from Kitaev’s toy model for a
spinless, p-wave superconducting N -site chain23:

H = �µ
NX

x=1

c†
x

c
x

�
N�1X

x=1

(tc†
x

c
x+1 + |�|ei�c

x

c
x+1 + h.c.)

(1)
where c

x

is a spinless fermion operator and µ, t > 0, and
|�|ei� respectively denote the chemical potential, tunneling
strength, and pairing potential. The bulk- and end-state struc-
ture becomes particularly transparent in the special case23

µ = 0, t = |�|. Here it is useful to express

c
x

=

1

2

e�i

�

2
(�

B,x

+ i�
A,x

), (2)

with �
↵,x

= �†
↵,x

Majorana fermion operators satisfying
{�

↵,x

, �
↵

0
,x

0} = 2�
↵↵

0�
xx

0 . These expressions expose the
defining characteristics of Majorana fermions—they are their
own antiparticle and constitute ‘half’ of an ordinary fermion.
In this limit the Hamiltonian can be written as

H = �it
N�1X

x=1

�
B,x

�
A,x+1. (3)

Consequently, �
B,x

and �
A,x+1 combine to form an ordi-

nary fermion d
x

= (�
A,x+1 + i�

B,x

)/2 which costs en-
ergy 2t, reflecting the wire’s bulk gap. Conspicuously ab-
sent from H , however, are �

A,1 and �
B,N

, which represent
end-Majorana modes. These can be combined into an ordi-
nary (though highly non-local) zero-energy fermion dend =

(�
A,1 + i�

B,N

)/2. Thus there are two degenerate ground
states |0i and |1i = d†end|0i, where dend|0i = 0, which serve
as topologically protected qubit states. Figure 1(a) illustrates
this physics pictorially.

Away from this special limit the Majorana end states no
longer retain this simple form, but survive provided the bulk
gap remains finite23. This occurs when |µ| < 2t, where a
partially filled band pairs. The bulk gap closes when |µ| = 2t,
and for larger |µ| a topologically trivial superconducting state
without end Majoranas emerges. Here pairing occurs in either
a fully occupied or vacant band.

Realizing Kitaev’s topological superconducting state exper-
imentally requires a system which is effectively spinless—
i.e., exhibits one set of Fermi points—and p-wave pairs at the
Fermi energy. Both criteria can be satisfied in a spin-orbit-
coupled semiconducting wire deposited on an s-wave super-
conductor by applying a magnetic field1,2 [see Fig. 1(b)]. The

FIG. 1: (a) Pictorial representation of the ground state of Eq. (1) in
the limit µ = 0, t = |�|. Each spinless fermion in the chain is
decomposed in terms of two Majorana fermions �

A,x

and �
B,x

. Ma-
joranas �

B,x

and �
A,x+1 combine to form an ordinary, finite energy

fermion, leaving two zero-energy end Majoranas �
A,1 and �

B,N

as
shown23. (b) A spin-orbit-coupled semiconducting wire deposited on
an s-wave superconductor can be driven into a topological supercon-
ducting state exhibiting such end Majorana modes by applying an
external magnetic field1,2. (c) Band structure of the semiconducting
wire when B = 0 (dashed lines) and B 6= 0 (solid lines). When µ
lies in the band gap generated by the field, pairing inherited from the
proximate superconductor drives the wire into the topological state.

simplest Hamiltonian describing such a wire reads

H =

Z
dx


 †
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The operator  
↵x

corresponds to electrons with spin ↵, effec-
tive mass m, and chemical potential µ. (We suppress the spin
indices except in the pairing term.) In the third term, u denotes
the (Dresselhaus31 and/or Rashba32) spin-orbit strength, and
� = (�x,�y,�z

) is a vector of Pauli matrices. This coupling
favors aligning spins along or against the unit vector ê, which
we assume lies in the (x, y) plane. The fourth term represents
the Zeeman coupling due to the magnetic field B

z

< 0. Note
that spin-orbit enhancement can lead to33 g � 2. Finally, the
last term reflects the spin-singlet pairing inherited from the
s-wave superconductor via the proximity effect.

To understand the physics of Eq. (4), consider first B
z

=

� = 0. The dashed lines in Fig. 1(c) illustrate the band
structure here—clearly no ‘spinless’ regime is possible. In-
troducing a magnetic field generates a band gap / |B

z

| at
zero momentum as the solid line in Fig. 1(c) depicts. When
µ lies inside of this gap the system exhibits only a single pair
of Fermi points as desired. Turning on � which is weak com-
pared to the gap then effectively p-wave pairs fermions in the
lower band with momentum k and �k, driving the wire into
Kitaev’s topological phase1,2. [Singlet pairing in Eq. (4) gen-
erates p-wave pairing because spin-orbit coupling favors op-
posite spins for k and �k states in the lower band.] Quan-
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implementation of the ideas introduced here would constitute
a critical step towards this ultimate goal.

I. MAJORANA FERMIONS IN ‘SPINLESS’ p-WAVE
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We begin by discussing the physics of a single wire. Valu-
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is a spinless fermion operator and µ, t > 0, and
|�|ei� respectively denote the chemical potential, tunneling
strength, and pairing potential. The bulk- and end-state struc-
ture becomes particularly transparent in the special case23

µ = 0, t = |�|. Here it is useful to express

c
x

=

1

2

e�i

�

2
(�

B,x

+ i�
A,x

), (2)

with �
↵,x

= �†
↵,x

Majorana fermion operators satisfying
{�

↵,x

, �
↵

0
,x

0} = 2�
↵↵

0�
xx

0 . These expressions expose the
defining characteristics of Majorana fermions—they are their
own antiparticle and constitute ‘half’ of an ordinary fermion.
In this limit the Hamiltonian can be written as
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Consequently, �
B,x

and �
A,x+1 combine to form an ordi-
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x

= (�
A,x+1 + i�

B,x

)/2 which costs en-
ergy 2t, reflecting the wire’s bulk gap. Conspicuously ab-
sent from H , however, are �

A,1 and �
B,N

, which represent
end-Majorana modes. These can be combined into an ordi-
nary (though highly non-local) zero-energy fermion dend =

(�
A,1 + i�

B,N

)/2. Thus there are two degenerate ground
states |0i and |1i = d†end|0i, where dend|0i = 0, which serve
as topologically protected qubit states. Figure 1(a) illustrates
this physics pictorially.

Away from this special limit the Majorana end states no
longer retain this simple form, but survive provided the bulk
gap remains finite23. This occurs when |µ| < 2t, where a
partially filled band pairs. The bulk gap closes when |µ| = 2t,
and for larger |µ| a topologically trivial superconducting state
without end Majoranas emerges. Here pairing occurs in either
a fully occupied or vacant band.

Realizing Kitaev’s topological superconducting state exper-
imentally requires a system which is effectively spinless—
i.e., exhibits one set of Fermi points—and p-wave pairs at the
Fermi energy. Both criteria can be satisfied in a spin-orbit-
coupled semiconducting wire deposited on an s-wave super-
conductor by applying a magnetic field1,2 [see Fig. 1(b)]. The
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FIG. 1: (a) Pictorial representation of the ground state of Eq. (1) in
the limit µ = 0, t = |�|. Each spinless fermion in the chain is
decomposed in terms of two Majorana fermions �

A,x

and �
B,x

. Ma-
joranas �

B,x

and �
A,x+1 combine to form an ordinary, finite energy

fermion, leaving two zero-energy end Majoranas �
A,1 and �

B,N

as
shown23. (b) A spin-orbit-coupled semiconducting wire deposited on
an s-wave superconductor can be driven into a topological supercon-
ducting state exhibiting such end Majorana modes by applying an
external magnetic field1,2. (c) Band structure of the semiconducting
wire when B = 0 (dashed lines) and B 6= 0 (solid lines). When µ
lies in the band gap generated by the field, pairing inherited from the
proximate superconductor drives the wire into the topological state.

simplest Hamiltonian describing such a wire reads

H =

Z
dx
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The operator  
↵x

corresponds to electrons with spin ↵, effec-
tive mass m, and chemical potential µ. (We suppress the spin
indices except in the pairing term.) In the third term, u denotes
the (Dresselhaus31 and/or Rashba32) spin-orbit strength, and
� = (�x,�y,�z

) is a vector of Pauli matrices. This coupling
favors aligning spins along or against the unit vector ê, which
we assume lies in the (x, y) plane. The fourth term represents
the Zeeman coupling due to the magnetic field B

z

< 0. Note
that spin-orbit enhancement can lead to33 g � 2. Finally, the
last term reflects the spin-singlet pairing inherited from the
s-wave superconductor via the proximity effect.

To understand the physics of Eq. (4), consider first B
z

=

� = 0. The dashed lines in Fig. 1(c) illustrate the band
structure here—clearly no ‘spinless’ regime is possible. In-
troducing a magnetic field generates a band gap / |B

z

| at
zero momentum as the solid line in Fig. 1(c) depicts. When
µ lies inside of this gap the system exhibits only a single pair
of Fermi points as desired. Turning on � which is weak com-
pared to the gap then effectively p-wave pairs fermions in the
lower band with momentum k and �k, driving the wire into
Kitaev’s topological phase1,2. [Singlet pairing in Eq. (4) gen-
erates p-wave pairing because spin-orbit coupling favors op-
posite spins for k and �k states in the lower band.] Quan-

together these two “Majorana” 
fermions form one two-level system



Kitaev Chain
• 1d spinless “p-wave” superconductor

• Same topological phase can be 
achieved with more conventional wires

2

implementation of the ideas introduced here would constitute
a critical step towards this ultimate goal.

I. MAJORANA FERMIONS IN ‘SPINLESS’ p-WAVE
SUPERCONDUCTING WIRES

We begin by discussing the physics of a single wire. Valu-
able intuition can be garnered from Kitaev’s toy model for a
spinless, p-wave superconducting N -site chain23:
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is a spinless fermion operator and µ, t > 0, and
|�|ei� respectively denote the chemical potential, tunneling
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defining characteristics of Majorana fermions—they are their
own antiparticle and constitute ‘half’ of an ordinary fermion.
In this limit the Hamiltonian can be written as
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)/2 which costs en-
ergy 2t, reflecting the wire’s bulk gap. Conspicuously ab-
sent from H , however, are �

A,1 and �
B,N

, which represent
end-Majorana modes. These can be combined into an ordi-
nary (though highly non-local) zero-energy fermion dend =

(�
A,1 + i�

B,N

)/2. Thus there are two degenerate ground
states |0i and |1i = d†end|0i, where dend|0i = 0, which serve
as topologically protected qubit states. Figure 1(a) illustrates
this physics pictorially.

Away from this special limit the Majorana end states no
longer retain this simple form, but survive provided the bulk
gap remains finite23. This occurs when |µ| < 2t, where a
partially filled band pairs. The bulk gap closes when |µ| = 2t,
and for larger |µ| a topologically trivial superconducting state
without end Majoranas emerges. Here pairing occurs in either
a fully occupied or vacant band.

Realizing Kitaev’s topological superconducting state exper-
imentally requires a system which is effectively spinless—
i.e., exhibits one set of Fermi points—and p-wave pairs at the
Fermi energy. Both criteria can be satisfied in a spin-orbit-
coupled semiconducting wire deposited on an s-wave super-
conductor by applying a magnetic field1,2 [see Fig. 1(b)]. The

FIG. 1: (a) Pictorial representation of the ground state of Eq. (1) in
the limit µ = 0, t = |�|. Each spinless fermion in the chain is
decomposed in terms of two Majorana fermions �

A,x

and �
B,x

. Ma-
joranas �

B,x

and �
A,x+1 combine to form an ordinary, finite energy

fermion, leaving two zero-energy end Majoranas �
A,1 and �

B,N

as
shown23. (b) A spin-orbit-coupled semiconducting wire deposited on
an s-wave superconductor can be driven into a topological supercon-
ducting state exhibiting such end Majorana modes by applying an
external magnetic field1,2. (c) Band structure of the semiconducting
wire when B = 0 (dashed lines) and B 6= 0 (solid lines). When µ
lies in the band gap generated by the field, pairing inherited from the
proximate superconductor drives the wire into the topological state.
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H =
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The operator  
↵x

corresponds to electrons with spin ↵, effec-
tive mass m, and chemical potential µ. (We suppress the spin
indices except in the pairing term.) In the third term, u denotes
the (Dresselhaus31 and/or Rashba32) spin-orbit strength, and
� = (�x,�y,�z

) is a vector of Pauli matrices. This coupling
favors aligning spins along or against the unit vector ê, which
we assume lies in the (x, y) plane. The fourth term represents
the Zeeman coupling due to the magnetic field B

z

< 0. Note
that spin-orbit enhancement can lead to33 g � 2. Finally, the
last term reflects the spin-singlet pairing inherited from the
s-wave superconductor via the proximity effect.

To understand the physics of Eq. (4), consider first B
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=

� = 0. The dashed lines in Fig. 1(c) illustrate the band
structure here—clearly no ‘spinless’ regime is possible. In-
troducing a magnetic field generates a band gap / |B
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| at
zero momentum as the solid line in Fig. 1(c) depicts. When
µ lies inside of this gap the system exhibits only a single pair
of Fermi points as desired. Turning on � which is weak com-
pared to the gap then effectively p-wave pairs fermions in the
lower band with momentum k and �k, driving the wire into
Kitaev’s topological phase1,2. [Singlet pairing in Eq. (4) gen-
erates p-wave pairing because spin-orbit coupling favors op-
posite spins for k and �k states in the lower band.] Quan-
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Experiments...
• Majoranas may have been seen...

conductance. Above ~400 mT, we observe a pair
of peaks. The color panel in Fig. 2B provides an
overview of states and gaps in the plane of energy
and B field from –0.5 to 1 T. The observed sym-
metry around B = 0 is typical for all of our data

sets, demonstrating reproducibility and the ab-
sence of hysteresis. We indicate the gap edges
with horizontal green dashed lines (highlighted
only for B < 0). A pair of resonances crosses
zero energy at ~0.65 Twith a slope on the order

of EZ (highlighted by orange dotted lines). We
have followed these resonances up to high bias
voltages in (20) and identified them as Andreev
states bound within the gap of the bulk NbTiN
superconducting electrodes (~2 meV). In con-
trast, the ZBP sticks to zero energy over a range
of DB ~ 300mTcentered around ~250mT. Again
at ~400 mT, we observe two peaks located at
symmetric, finite biases.

To identify the origin of these ZBPs, we need
to consider various options including the Kondo
effect, Andreev bound states, weak antilocal-
ization, and reflectionless tunneling versus a
conjecture of Majorana bound states. ZBPs due
to the Kondo effect (24) or Andreev states bound
to s-wave superconductors (25) can occur at
finite B; however, with changing B, these peaks
then split and move to finite energy. A Kondo
resonance moves with 2EZ (24), which is easy to
dismiss as the origin for our ZBP because of the
large g factor in InSb. (Note that even a Kondo
effect from an impurity with g = 2 would be dis-
cernible.) Reflectionless tunneling is an enhance-
ment of Andreev reflection by time-reversed
paths in a diffusive normal region (26). As in
the case of weak antilocalization, the resulting
ZBP is maximal at B = 0 and disappears when
B is increased; see also (20). We thus conclude
that the above options for a ZBP do not provide
natural explanations for our observations. We
are not aware of any mechanism that could ex-
plain our observations, besides the conjecture of
a Majorana.

To further investigate the zero-biasness of
our peak, we measured gate voltage depend-
ences. Figure 3A shows a color panel with volt-
age sweeps on gate 2. The main observation is
the occurrence of two opposite types of behav-
ior. First, we observe peaks in the density of
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Fig. 2. Magnetic field–dependent spectroscopy. (A) dI/dV versus V at 70 mK
taken at different B fields (from 0 to 490 mT in 10-mT steps; traces are offset
for clarity, except for the lowest trace at B = 0). Data are from device 1.
Arrows indicate the induced gap peaks. (B) Color-scale plot of dI/dV versus V

and B. The ZBP is highlighted by a dashed oval; green dashed lines indicate
the gap edges. At ~0.6 T, a non-Majorana state is crossing zero bias with a
slope equal to ~3 meV/T (indicated by sloped yellow dotted lines). Traces in
(A) are extracted from (B).
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Fig. 3.Gate-voltage dependence. (A) A 2D color plot of dI/dV versus V and voltage on gate 2 at 175 mT
and 60 mK. Andreev bound states cross through zero bias, for example, near –5 V (yellow dotted lines).
The ZBP is visible from –10 to ~5 V (although in this color setting, it is not equally visible everywhere).
Split peaks are observed in the range of 7.5 to 10 V (20). In (B) and (C), we compare voltage sweeps on
gate 4 for 0 and 200 mT with the ZBP absent and present, respectively. Temperature is 50 mK. [Note
that in (C) the peak extends all the way to –10 V (19).] (D) Temperature dependence. dI/dV versus V at
150 mT. Traces have an offset for clarity (except for the lowest trace) and are taken at different
temperatures (from bottom to top: 60, 100, 125, 150, 175, 200, 225, 250, and 300 mK). dI/dV outside
the ZBP at V = 100 meV is 0.12 T 0.01·2e2/h for all temperatures. A FWHM of 20 meV is measured
between the arrows. All data in this figure are from device 1.
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Majoranas from TIs
• Majoranas can be produced from 2d or 

3d TI surface states, in combination 
with superconductivity

Z2 TI

s-wave SC proximity effect leads to 
topological superconductor with 
same topological physics as 
chiral p-wave, except:
 - TR invariant
 - s-wave

Fu, Kane 2008



Majoranas from TIs
• Majoranas can be produced from 2d or 

3d TI surface states, in combination 
with superconductivity

Z2 TI

Majorana vortex zero mode

� =
hc

2e



Majoranas from TIs
• Majoranas can be produced from 2d or 

3d TI surface states, in combination 
with superconductivity

Z2 TI

non-chiral 1d gapless 
Majorana mode along a pi 
junction 
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Topological 
Everything

craziness

QHE
Z2 TIs

Topological SCs

Topological quantum computing
Bosonic SPTs

intrinsic topological order

topological Mott insulator

Topological semimetals
Majoranas



Topological 
semimetals

• Gapless (not insulating) phases are 
“close” to TIs, and might be made from 
them

• Proposed to appear in iridium oxides, 
TI heterostructures, HgCr2Se4 
spinel,...

• Interesting Hall effect, non-local 
transport, surface Fermi arcs, and other 
properties

Review:  A.M. Turner,  A. Vishwanath, arXiv:1301.0330



Weyl semimetals
• Gapless (not insulating) phases are 

“close” to TIs, and might be made from 
them

TINI

Weyl

Weyl

m

TR or I breaking

near each Weyl point K

HWeyl ⇠ ±v(~k � ~K) · ~�

•Weyl points are absolutely stable, and 
act as monopoles for Berry flux
•Weyl points come in pairs of opposite flux



Weyl semimetals
• Gapless (not insulating) phases are 

“close” to TIs, and might be made from 
them

TINI

Weyl

Weyl

m

TR or I breaking
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Correlated TIs
• Some topological phases require strong 

correlations

Schematic 
phase diagram 

for correlations + 
SOC

Review: Witzak-
Krempa et al, 

arXiv:1305.2193



Correlated TIs
6

TABLE I. Emergent quantum phases in correlated spin-orbit coupled materials. All phases have U(1)
particle-conservation symmetry – i.e. superconductivity is not included. Abbreviations are as follows:
TME = topological magnetoelectric e↵ect, TRS = time reversal symmetry, P = inversion (parity),
(F)QHE = (fractional) quantum Hall e↵ect, LAB = Luttinger-Abrikosov-Beneslavskii.57 Correlations
are W-I = weak-intermediate, I = intermediate (requiring magnetic order, say, but mean field-like), and S
= strong. [A/B] in a material’s designation signifies a heterostructure with alternating A and B elements.

Phase Symm. Correlation Properties Proposed

materials

Topological Insulator TRS W-I Bulk gap, TME, protected
surface states

many

Axion Insulator P I Magnetic insulator, TME,
no protected surface states

R
2

Ir
2

O
7

,
A

2

Os
2

O
7

WSM TRS or P
(not both)

W-I Dirac-like bulk states, surface
Fermi arcs, anomalous Hall

R
2

Ir
2

O
7

,
HgCr

2

Se
4

,
. . .

LAB Semi-metal cubic +
TRS

W-I Non-Fermi liquid R
2

Ir
2

O
7

Chern Insulator broken
TRS

I Bulk gap, QHE Sr[Ir/Ti]O
3

,
R

2

[B/B0]
2

O
7

Fractional Chern
Insulator

broken
TRS

I-S Bulk gap, FQHE Sr[Ir/Ti]O
3

Fractional Topological
Insulator, Topological
Mott Insulator

TRS I-S Several possible phases. Charge
gap, fractional excitations

R
2

Ir
2

O
7

Quantum spin liquid any S Several possible phases. Charge
gap, fractional excitations

(Na,Li)
2

IrO
3

,
Ba

2

YMoO
6

Multipolar order various S Suppressed or zero magnetic mo-
ments. Exotic order parameters.

A
2

BB0O
6

II. WEAK TO INTERMEDIATE CORRELATIONS

Following the discovery of topological insulators4,5 (TIs), it is now recognized that SOC is

an essential ingredient in forming certain topological phases. The TI is characterized by a Z
2

topological invariant, which may be obtained from the band structure, in the presence of time-

reversal symmetry (TRS). This phase has a bulk excitation gap, but is distinguished from trivial

band insulators by the presence of protected metallic surface states. The non-trivial bands in

the TI must “unwind” upon crossing the interface with a time-reversal preserving vacuum or a

trivial band insulator, leading to the closing of the excitation gap and a conducting state at the
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SPTs
• Recent theory recasts TIs as examples of a 

broader class of “Symmetry Protected 
Topological” phases

• bulk is fully gapped and short-range entangled 
(deformable to a product state if symmetry is 
broken)

• surface is either gapless, breaks symmetry, or 
has intrinsic topological order

• These phases can be studied by group 
cohomology, field theory,...



Summary
• TIs are band insulators with a twist: non-trivial 

topology distinguishes them from ordinary insulators

• TIs support protected surface states, which cannot 
be localized and cannot be created in an isolated 
system of the same dimension as the surface

• TIs are predicted to lead to unconventional Hall 
effects, magnetoelectricity, and a host of 
phenomena when interfaced with magnets and 
superconductors

• Closely related topological superconductors have 
similar properties, and can support unique 
Majorana fermions


