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Why liquids?

• Aren’t solids infinitely more interesting?



Solids

• Detailed structure description 
is possible - nature is very rich!

• Can classify state by symmetry 
and order parameters - e.g. 230 
space groups

Introduction
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Liquids are more subtle

• Liquids, e.g. water (especially water) contain 
strong dynamical correlations at short 
distances, which are not captured by any 
broken symmetry or static picture

a possible problem, depending on how far our basis func-
tions continue in real-space. Fortunately, this only affects the
low-Q region of the predicted scattering curve, and this does
not affect the quality of our fit since our experimental data is
truncated at a relatively high value of Q!0.4 Å"1. The be-
havior of the pure water scattering curve at smaller angle is
mostly uninteresting and simply describes the lack of signifi-
cant long-wavelength correlations in liquid water. The Q

!0 value of the scattering curve gives the isothermal com-
pressibility of water and enforces a constraint on the total
integral of the RDFs. However this constraint should be en-
forced only strictly at the r!! limit of the RDFs,
and can only be used as an approximate constraint at finite
values of r.

The basis set of RDFs used in the present procedure
contained values up to r!12.4 Å, corresponding to simula-
tions of a box of 512 waters; this provides values of pre-
dicted scattering up to Q!0.25 Å"1, sufficient for our
present experimental data. With accurate data extending to
lower Q, we would need to repeat our procedure with longer
RDFs.

RESULTS

To apply the fitting procedure discussed above, we se-
lected various trial functions for gOH(r), and extracted the
gOO(r) which best fit the experimental curve with this as-
sumed oxygen–hydrogen correlation. In principle, our fitting
procedure could be used to simultaneously fit gOO(r) and
gOH(r) to the curve. However, preliminary investigations in-
dicated that the total scattering curve is too insensitive to the
form of gOH(r), and a relatively wide range of choices for
gOH(r) were consistent within experimental uncertainty and
the quality of our fits.

The gOO(r) resulting from this procedure is shown in
Fig. 3, assuming the experimental gOH(r) determined by
Soper et al. from neutron scattering.5 Also shown in the fig-

ure are previous experimental determinations of gOO(r) from
Narten’s x-ray scattering experiments,3 the neutron scattering
experiment by Soper and Phillips,4 and recent neutron scat-
tering work by Soper, Bruni, and Ricci.5 Our fit was obtained
using values of "!1.333, which corresponds to a liquid-
phase dipole moment of 2.8 D, and #!2.2 Å"1, as derived
above. The predicted x-ray scattering for this fit is shown in
Fig. 4, in comparison to the present experimental scattering
curve.

As seen in Fig. 3, the differences between the current fit
and earlier determinations of gOO(r) are in the height and
sharpness of the first peak, as well as a systematic shift in all
peak positions to smaller values of r. What are the meaning
of these differences if any? There has been considerable con-
fusion in the simulation community as to what aspects of the
radial distribution functions derived from scattering experi-
ments can be quantitatively compared against simulation.
The neutron scattering experiments have undergone revision
in recent years away from the earlier analysis first presented
with the data.4,5,45 There has also been criticism that the re-
ported experiments by Narten and Levy could not be repro-
duced based on the information given in Ref. 3.30 In the
development of the TIP4P-FQ model, a comparison of simu-
lated results to those of experiment was considered to the
unhelpful,6 while recent ab initio simulations give credence
to peak positions of gOO(r) only.

8 In what follows we pro-
vide guidance as to what experiment can actually say in re-
gard to this particular measure of ambient water structure.

We first mention that the magnitude of peak and trough
heights for the second and third peaks is highly consistent
between the very different scattering experiments: recent
time of flight neutron scattering data,5 x-ray diffraction using
a reflection geometry setup,3 and our recently reported ALS
data.18 It is even reasonably consistent between our ALS data
and older neutron studies by Soper and Phillips.4 We would
conclude that magnitudes of the second and third peaks are
worth reproducing by simulation, and we compare how vari-
ous water models perform in this regard in the next section.

FIG. 3. Comparison of current experimental gOO(r) with previous work.
The fit was obtained with "!1.333 and #!2.2 Å"1 for the ALS data, x-ray
$black line%; Narten and Levy, x-ray $Ref. 3% $dashed line%; Soper and Phil-
ips $Ref. 4% $dot-dashed line%. Soper, Bruni, and Ricci, neutron $Ref. 5%
$gray line%.

FIG. 4. Predicted x-ray scattering for the gOO(r) in Fig. 3 compared with
experiment. Legend: Hura et al., x-ray $black line%; best fit $gray line%.

9153J. Chem. Phys., Vol. 113, No. 20, 22 November 2000 Radial distributions of water

radial distribution 
function of O in water



Liquid = Gas?

• Classical liquids are continuously connected 
to gases - not a distinct phase of matter

• but still interesting



Quantum Liquids

• Quantum liquids can be distinct phases of 
matter

FQHE
Superfluid helium

(a more subtle broken symmetry)



Spins

• These phases (and more!) have analogies in 
magnetic materials



Spin Analogy

• Molecule ⇒ spin



Spin Analogy

• Gas ⇒ paramagnet

independent molecules independent spins



Spin Analogy

• Solid ⇒ (anti)-ferromagnet
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Spin liquids

• Liquid ⇒ “spin liquid” = “cooperative 

paramagnet”

?
Usually call this a QSL 
if no static moments 

even for T=0 



Outline

• Some history

• Modern theoretical view of QSLs

• Challenges and hopes



A brief history of 
magnetism
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e sinan, ~200BC

Ferromagnetism 
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Greece, India, used in 
China 

~500BC:

1949AD:Antiferromagnetism 
proven experimentally



A brief history of 
magnetism

tim
e sinan, ~200BC

Ferromagnetism 
documented in 
Greece, India, used in 
China 

~500BC:

1949AD:Antiferromagnetism 
proven experimentally

Why so long???



A debate

Néel Landau

H = |J |
�

�ij�

Si · Sj

antiferromagnet

+= 1√
2 ( )

singlets



The right tool...



The right tool...
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must be positive. This last condition is required in order that spin
states of high multiplicity, which favor ferromagnetism, have the
lowest energy. It seems certain that for many of the non-ferro-
magnetic substances containing a high concentration of magnetic
atoms the exchange integrals are negative. In such cases the lowest
energy state is the one in which the maximum number of anti-
parallel pairs occur. An. approximate theory of such substances
has been developed by Neel, I Bitter, and Van Vleck3 for one
specific case and the results are briefly described below.
Consider a crystalline structure which can be divided into two

interpenetrating lattices such that atoms on one lattice have
nearest neighbors only on the other lattice. Examples are simple
cubic and body-centered cubic structures. Let the exchange
integral for nearest neighbors be negative and consider only
nearest neighbor interactions. Theory then predicts that the
structure will exhibit a Curie temperature. Below the Curie tem-
perature the spontaneous magnetization vs. temperature curve
for one of the sub-lattices is that for an ordinary ferromagnetic
material. However, the magnetization directions for the two
lattices are antiparallel so that no net spontaneous magnetization
exists. At absolute zero all of the atoms on one lattice have their
electronic magnetic moments aligned in the same direction and
all of the atoms on the other lattice have their moments anti-
parallel to the first. Above the Curie temperature the thermal
energy is sufficient to overcome the tendency of the atoms to
lock antiparallel and the behavior is that of a normal paramagnetic
substance.
Materials exhibiting the characteristics described above have

been designated "antiferromagnetic. "Up to the present time the
only methods of detecting antiferromagnetism experimentally
have been indirect, e.g. , determination of Curie points by suscep-
tibility and specific heat anomalies. It has occurred to one of us
(J.S.S.) that neutron diKraction experiments might provide a
direct means of detecting antiferromagnetism. In an antiferro-
magnetic material below the Curie temperature a rigid lattice of
magnetic ions is formed and the interaction of the neutron mag-
netic moment with this lattice should result in measurable co-
herent scattering. Halpern and Johnson' have shown that the
magnetic and nuclear scattering amplitudes of a paramagnetic
atom should be of the same order of magnitude and this result.
has been qualitatively verified by experimental investigators. s At
the time of the above suggestion, an experimental program on the
determination of the magnetic scattering patterns for various
paramagnetic substances (MnO, MnF2, MnSO4 and Fe203) was
underway at Oak Ridge National Laboratory and room ternpera-
ture examination had shown {1)a form factor type of diffusion
magnetic scattering {no coupling of the atomic moments) to exist
for MnF2 and MnSO4, (2) a liquid type of magnetic scattering
(short-range order coupling of oppositely directed magnetic
moments) to exist for MnO and (3) the presence of strong coherent
magnetic diffraction peaks at forbidden re6ection positions for
the n-Fe203 lattice. The latter two observations are in complete
accord with the antiferromagnetic notion since the Curie points
for MnO and o.-Fe203 are respectively' 122'K and 950'K.
Figure 1 shows the neutron diffraction patterns obtained for

powdered MnO at room temperature and at 80'K. The room
temperature pattern shows coherent nuclear diGraction peaks at
the regular face-centered cubic re6ection positions and the liquid
type of diffuse magnetic scattering in the background. It should
be pointed out that the coherent nuclear scattering amplitudes for
Mn and 0 are of opposite sign so that the diGraction pattern is a
reversed NaCl type of pattern. The low temperature pattern also
shows the same nuclear diffraction peaks, since there is no crystal-
lographic transition in this temperature region, T and in addition
shows the presence of strong magnetic reflections at positions not
allowed on the basis of the chemical unit cell. The magnetic re-
jections can be indexed, however, making use of a magnetic unit
cell twice as large as the chemical unit cell. A complete description
of the magnetic structure will be given at a later date.
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Fi( . 1. Neutron diffraction patterns for MnO at room
temperature and at 80~K.

Imprisonment of Resonance Radiation in
Mercury Vapor

D. ALPERT, A. O. McCoUBRFY, AND T. HQLsTEIN
Westinghouse Research Laboratories, East Pittsburgh, Pennsylvania

August 29, 1949

'HE term "imprisonment of resonance radiation" describes
the situation ~herein resonance radiation emitted in the

interior of a gas-filled enclosure is strongly absorbed by normal
gas atoms before it can get out; the eventual escape of a quantum
of radiation then takes place only after a number of successive
atomic absorptions and emissions. The phenomenon was first
observed by Zemansky' who measured the time of decay, T, of
diffuse resonance radiation from an enclosure of optically excited
mercury vapor, after the exciting beam of 2537A light was cut off.
T was found to depend upon gas density and enclosure geometry;
at densities around 10'5/cc, T attained values of the order of 10 4

sec., a thousand times greater than the natural lifetime of an
excited 6'PI atom.
On the theoretical side, a number of treatments' ' have been

presented. The early work' ' is reviewed in reference 6. In the
latter paper (as well as in that of Biebermans), the transport of
resonance quanta is described by a Boltzmann-type integro-
diEerential equation for the density of excited 6'PI atoms; the
solution of this equation by the Ritz variational method gives
accurate values for the decay time, T. It was found that T depends
not only on vapor density and enclosure geometry, but also on
the spectral line shape of the resonance radiation, as pointed out
earlier by Kenty explicit results were obtained for the case of
Doppler broadening and plane-parallel enclosure geometry. Most
recently, unpublished calculations have extended the analysis to
enclosures of the form of infinite circular cylinders and to a variety
of line shapes.

In conclusion it appears that neutron diffraction studies of anti-
ferromagnetic materials should provide a new and important
method of investigating the exchange coupling of magnetic ions.
*This work was supported in part by the ONR.
~ L. Noel, Ann. de physique l7, 5 (1932).
~ F. Bitter, Phys. Rev. 54, ?9 (1938).' J. H. Van Vleck, J. Chem. Phys. 9, 85 (1941).
4 O. Halpern and M. H. Johnson, Phys. Rev. 55, 898 (1939).' Whittaker, Beyer, and Dunning, Phys. Rev. 54, 771 (1938); Ruderman,

Havens, Taylor, and Rainwater, Phys. Rev. 75, 895 (1949); and also
unpublished work at Oak Ridge National Laboratory.

II Bizette, Squire, and Tsai, Comptes Rendus 207, 449 (1938).' B. Ruhemann, Physik. Zeits. Sowjetunion 7, 590 (1935).

• Neutron scattering

• Now we know antiferromagnetism is 
commonplace

Shull and Smart, 1949



Singlets again

• Anderson (73): revived the idea of singlets 
in the “Resonating Valence Bond” state

• prototype of the modern QSL

+ + … 
Ψ =



• Local moments: Curie-Weiss law at high T

• Frustration parameter:  f = |ΘCW|/TN

• The empirical search for spin liquids is often 
just for materials with f >> 1

χ ∼ A

T −ΘCW

TTN

Spin liquid

χ−1

ΘCW |ΘCW |

Spin gas (paramagnet)
Spin solid (ordered)

Frustration Parameter



Quantum Paramagnet
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Chakravarty, Halperin, Nelson, 1989
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• Quantum spin liquid = no magnetic order?

�S� �= 0

�S� = 0



Quantum Paramagnet

T

1/S, f, ...
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paramagnet

QSL?0

TN

Chakravarty, Halperin, Nelson, 1989
 Read, Sachdev...

• Quantum spin liquid = no magnetic order?

BORING?
�S� �= 0

�S� = 0



What is a QSL?

• Calling a QSL a quantum paramagnet

• defines what it isn’t!

• is in itself not interesting!

• misses the important physics!

• We need a positive definition



A Modern View

• Let’s call a QSL a ground state of a spin system 
with long range entanglement 

• This means a state which cannot be regarded 
or even approximated as a product state over 
any finite blocks

!"#
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A Modern View

• Let’s call a QSL a ground state of a spin system 
with long range entanglement 

• This means a state which cannot be regarded 
or even approximated as a product state over 
any finite blocks

+ + … 
Ψ =



How to describe a 
QSL?

• A long-range entangled wavefunction is a 
complicated thing!

• Very hard to work directly with all these 
coefficients - is there another way?

+ + … Ψ = c2c1



Free Fermions

• One useful construction uses a Fermi gas: a 
product in momentum space rather than 
real space

c1 +c2 +c3 + · · ·

Ψ =
�

k<kF

c†k|0�

=



Gutzwiller 
Construction

• Construct QSL state from free fermi gas 
with spin, with 1 fermion per site (S=0)

c1 +c2 +c3 + · · ·Ψ0 =



Gutzwiller 
Construction

• Construct QSL state from free fermi gas 
with spin, with 1 fermion per site

• Projection removes empty and doubly 
occupied sites

Ψ = c1 +c2 +c3 + · · ·

Ψ = PGΨ0



Gutzwiller 
Construction

• Construct QSL state from free fermi gas 
with spin, with 1 fermion per site

• Belief: low energy physics is described by a 
gauge theory, with fermion → spinon

Ψ = c1 +c2 +c3 + · · ·



Classes of QSLs

• Topological QSLs

• full gap

• U(1) QSL

• gapless emergent “photon”

• Algebraic QSLs

• Relativistic CFT (power-laws)

• Spinon Fermi surface QSL
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Classes of QSLs

• Topological QSLs

• full gap

• U(1) QSL

• gapless emergent “photon”

• Algebraic QSLs

• Relativistic CFT (power-laws)

• Spinon Fermi surface QSL

!"#

!$# %

%&'''

%'''!(#

TQFT

compact 
U(1) 
gauge 
theory

QED3

QED3 
w/ μ>0



Why bother?

• QSLs are minimal examples of states with 
quantum order, an entirely new class of 
phases of matter

• With robust QSLs, qualitatively different 
quasiparticles would be at our disposal 

• Some would be very useful for quantum 
computing and other applications



Symmetry
Long Range 

Entanglement

• Phases characterized by 
measurable order 
parameters
• Phases can “collapse” if 
symmetry is explicitly 
broken 

• Phases are distinct even in 
absence of any symmetry
• LRE can be measured 
directly non-locally, e.g. by 
entanglement entropy
• Supports excitations with 
exotic quantum numbers and 
statistics
• Describable by emergent 
gauge structure



Challenges: theory

• Numerical solution of physically relevant 
models is very challenging, and it is also 
hard to extract QSL behavior from finite 
systems

• Many QSLs are described by strongly 
coupled gauge theories

• The hardest part is connecting to real 
materials!



Challenges: theory

• Numerical solution of physically relevant 
models is very challenging, and it is also 
hard to extract QSL behavior from finite 
systems

• Many QSLs are described by strongly 
coupled gauge theories

• The hardest part is connecting to real 
materials!

Density Matrix Renormalization Group 
(DMRG) is now able to accurately solve 

realistic 2d quantum spin models



S=1/2 kagomé AF

• e.g. “Herbertsmithite”
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site of !0.43237(4). This agrees fairly well with the se-
ries expansion energy for this cylinder and !, !0.431(1).
This supports the idea that the series expansion gives
a reasonable estimate of the energy of the HVBC phase
at ! = 1 in two dimensions: !0.433(1),16 as does the
MERA HVBC energy, !0.4322,17 which is a rigorous
upper bound. MERA produces a rigorous upper bound
because it generates a wavefunction for the infinite 2D
system and evaluates its energy exactly (up to floating
point round-o! errors).17

IV. GROUND STATE ENERGIES

It is possible to generate rigorous upper bounds on the
ground state energy of the infinite 2D system from our
results for finite open systems. Consider an open cluster
C which can be “tiled” to fill all of 2D, with no sites left
out, and having an even number of sites NC . We take
as a 2D variational ansatz a product wavefunction, the
product being over all the tiles, where we use our best
variational wavefunction for C (call it |C", with energy
EC) as the ansatz for each tile. The energy of any of
the missing bonds connecting di!erent tiles is zero, since
#C|"Si|C" = 0 for any spin i. Therefore the energy per
site of this simple product wavefunction is EC/NC .
This approach is crude and converges slowly with the

cluster size, with an error proportional to one over the
width. Nevertheless, the SL energy is su"ciently low
that we have been able to obtain a new rigorous upper

bound on the 2D energy: E(2D)
0 < !0.4332. This was

obtained with a width-12 open strip (which looks like
XC12 unrolled) withNC = 576, keepingm = 5000 states.
The interior of this cluster had the uniform valence bond
pattern expected for a spin liquid.

TABLE I: Ground state energies and gaps for infinitely long
cylinders of various circumferences, c. The third column
indicates whether the diamond pattern fits perfectly on the
cylinder.

(c/2)2 Cylinder DF E/N Singlet Gap Triplet Gap

3 XC4 no !0.4445

4 YC4 yes !0.4467

7 YC5-2 no !0.43791 0.0108(1) 0.083(1)

9 YC6 no !0.43914 0.0345(5) 0.142(1)

12 XC8 yes !0.43824(2) 0.050(1) 0.1540(6)

13 YC7-2 no !0.43760(2) 0.020(1) 0.055(4)

16 YC8 yes !0.43836(2) 0.0497(6) 0.156(2)

19 XC10-1 no -0.4378(2)

21 YC9-2 no !0.4377(2) 0.032(3) 0.065(5)

25 YC10 no !0.4378(2) 0.041(3) 0.070(15)

28 XC12-2 yes !0.4380(3) 0.054(9) 0.125(9)

36 YC12 yes !0.4379(3)

0 0.05 0.1 0.15 0.2
1/c

-0.44

-0.435

-0.43
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sit
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Upper Bound
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Series (HVBC)
DMRG, Cyl, Odd
DMRG, Cyl, Even
DMRG, Torus (Jiang...)
Lanczos, Torus

FIG. 4: Comparison of energies per site for various lattices
and methods. For cylinders, the horizontal axis in this plot
is the inverse circumference in units of inverse lattice spac-
ings. For tori,18,25–27 the smallest circumference was used.
In one case we show Lanczos energies for two di!erent sized
(36 and 42 sites) tori that have the same circumference.26,27

The MERA17 and our DMRG upper bound results apply di-
rectly to an infinite two dimensional system, as does the series
HVBC result16 that is plotted on the axis. The torus DMRG
energies18 are also upper bounds on the true ground state
energies for those tori.

Our DMRG results are presented in Table I. The
ground state energies are also plotted and compared to
other calculations in Fig. 4. The DMRG energies are
consistent with the Lanczos results25–27 and well below
the energies of MERA17 and the series expansions for the
HVBC.16 We note that the previous DMRG result18 is
close to the true ground state26 for the circumference 6
torus. The entanglement across a cut that separates a
circumference 6 torus into two parts should be roughly
the same as across a cut that separates a circumference 12
cylinder. We find that circumference 12 is presently our
limit for obtaining good ground state energy estimates
on cylinders. Thus it is perhaps not surprising that the
DMRG results for tori18 give substantial overestimates of
the ground state energies for circumferences larger than
6. But these estimates may alternatively be viewed as
variational upper bounds obtained with DMRG.
The XC8 cylinder (1/c $ 0.14) allows a direct com-

parison of the energies between the HVBC series and our
DMRG: the DMRG energy is lower by 0.004(1), and the
series result for XC8 is near the 2D result. The corre-
sponding torus shows much larger finite size e!ects in the
HVBC series,16 but the true finite size e!ects between
the tori and cylinders are quite small, as seen by the
nearly identical results from Lanczos on tori and DMRG
on cylinders when we use the largest available torus at
each circumference.25–27 This is consistent with the small
correlation length apparent in Fig. 1. We conclude that
our widest cylinders would have minimal finite size ef-
fects even if the system were in the HVBC phase; in the
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• Organic 
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We study a spin-1/2 system with Heisenberg plus ring exchanges on a four-leg triangular ladder using the den-
sity matrix renormalization group and Gutzwiller variational wave functions. Near an isotropic lattice regime,
for moderate to large ring exchanges we find a spin Bose-metal phase with a spinon Fermi sea consisting of three
partially filled bands. Going away from the triangular towards the square lattice regime, we find a staggered
dimer phase with dimers in the transverse direction, while for small ring exchanges the system is in a featureless
rung phase. We also discuss parent states and a possible phase diagram in two dimensions.

In a wide class of crystalline organic Mott insulators it is
possible to tune from the strongly correlated insulating state
into a metallic state. At ambient pressure such “weak Mott in-
sulators” are perched in close proximity to the metal-insulator
transition. The residual electronic spin degrees of freedom
constitute a novel quantum system and can exhibit a myr-
iad of behaviors such as antiferromagnetic (AF) ordering or
a valence bond solid (VBS). Particularly exciting is the pos-
sibility that the significant charge fluctuations in a weak Mott
insulator frustrate the magnetic or other ordering tendencies,
resulting in a quantum spin liquid. This appears to be re-
alized in two organic materials [1–7] κ-(ET)2Cu2(CN)3 and
EtMe3Sb[Pd(dmit)2]2, both quasi-two-dimensional (2D) and
consisting of stacked triangular lattices. Thermodynamic,
transport, and spectroscopic experiments point towards the
presence of many gapless excitations in the spin-liquid phase
of these materials.

The triangular lattice Hubbard model [1, 8–10] is com-
monly used to describe these materials. At half filling the
Mott metal-insulator transition can be tuned by varying the
single dimensionless parameter, the ratio of the on-site Hub-
bard U to the hopping strength t. On the insulator side at
intermediate U/t, the Heisenberg spin model should be aug-
mented by multispin interactions [11–16], such as four-site
ring exchanges (see Fig. 1), which mimic the virtual charge
fluctuations. Accessing a putative gapless spin liquid in 2D in
such models poses a theoretical challenge.

Slave particle approaches provide one construction of gap-
less spin liquids and predict spin correlations that decay as
power laws in space, oscillating at particular wave vectors. In
the so-called “algebraic spin liquids” [17–20] these wave vec-
tors are limited to a finite discrete set, often at high symmetry
points in the Brillouin zone. However, the singularities can
also occur along surfaces in momentum space, as they do in a
“spinon Fermi sea” spin liquid speculated for the organic ma-
terials [12–14]. We will call such a phase a “spin Bose-metal”
(SBM) state [21, 22] to emphasize that it has metal-like prop-
erties for spin and energy transport while the spin model is
bosonic in character.

It should be possible to access an SBM phase by system-

FIG. 1: (color online). Picture of the Heisenberg plus ring Hamilto-
nian on the four-leg ladder showing different two-spin and four-spin
couplings. The isotropic model is defined by Jx̂ = Jŷ = Jx̂+ŷ = J ,
Kx̂,ŷ = Kx̂,x̂+ŷ = Kŷ,x̂+ŷ = K. We also study a broader
phase diagram interpolating between the triangular and square limits
by decreasing Jx̂+ŷ [with appropriate scaling of the ring couplings
Kx̂,x̂+ŷ = Kŷ,x̂+ŷ = (Jx̂+ŷ/Jx̂)Kx̂,ŷ]. The ladder has periodic
boundary conditions in both directions.

atically approaching 2D from a sequence of quasi-1D ladder
models [21–23]. On a ladder the quantized transverse mo-
menta cut through the 2D surface, leading to a quasi-1D de-
scendant state with a set of low-energy modes whose number
grows with the number of legs. These quasi-1D descendant
states can be analyzed in a controlled fashion using numerical
and analytical approaches.

Heisenberg plus ring on a four-leg triangular ladder.—
Pursuing this idea, we consider a spin-1/2 system with Heisen-
berg and four-site ring exchanges,

Ĥ =

�

�ij�

2Jij
�Si · �Sj +

�

rhombi

KP (P1234 +H.c.) . (1)

An earlier exact diagonalization (ED) work [24] on the
isotropic 2D triangular lattice found that K > 0.1J destroys
the 120◦ AF order. A subsequent variational study [12] sug-
gested the spin Bose-metal phase for moderate to large K.
A recent work pursued this model on a two-leg zigzag lad-
der [22, 25] combining density matrix renormalization group
(DMRG), variational Monte Carlo (VMC), and Bosonization
approaches, and argued that it realizes a quasi-1D descendant
of the SBM phase: a remarkable 1D quantum phase with three
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FIG. 2: (color online). Phase diagram of the Heisenberg plus ring

model on the four-leg ladder interpolating between the triangular

Jx̂ = Jŷ = Jx̂+ŷ = 1 and square Jx̂ = Jŷ = 1, Jx̂+ŷ = 0 limits.

The horizontal axis is the ring coupling Kx̂,ŷ while the vertical axis

is the diagonal coupling Jx̂+ŷ , cf. Fig. 1; the other ring couplings are

obtained according to Eq. (2).

gapless modes and power law spin correlations at incommen-

surate wave vectors that are the fingerprints of the parent 2D

phase.

The two-leg ladder is still far from 2D. We take a signifi-

cant step and study the model on a four-leg ladder. We first

consider the case where all nearest neighbor bonds have the

same coupling J and all rhombi have the same coupling K;

thus there is a single parameter K/J .

We study the model numerically using DMRG/ED com-

bined with VMC calculations. All calculations use periodic

boundary conditions. The DMRG calculations keep m =
3600-5000 states per block [26–28] to ensure accurate results,

and the density matrix truncation error for our systems is of

the order of 10−5
(typical relative error for the ground-state

energy is 10−3
or smaller). Information about the state is ob-

tained by measuring spin, dimer, and (scalar) chirality struc-

ture factors.

The phase diagram from such a study using 12×4 and 18×4
ladders can be seen in Fig. 2; the isotropic case is the horizon-

tal cut at Jx̂+ŷ/Jx̂ = 1. For small K/J ≤ 0.15 the system

is in a rung phase, whose caricature can be obtained by al-

lowing Jŷ � Jx̂, Jx̂+ŷ where the rungs effectively decouple.

This phase is gapped and has only short-range correlations.

In the model with isotropic couplings the rungs have rather

strong connections: we find that the x̂ and x̂+ ŷ bonds have

more negative Heisenberg energies than the ŷ bonds. Nev-

ertheless, the data suggest that the system is in a featureless

gapped phase. A further test is provided by increasing Jŷ from

the isotropic case, and we indeed observe a smooth evolution

in all measurements towards the strong rung phase.

Near K/J = 0.2-0.25, the DMRG ground state breaks

translational symmetry. The pattern obtained on both the

12 × 4 and 18 × 4 systems is illustrated in Fig. 3(a). This

state has strong ŷ bonds forming columns along the ladder

direction and strong x̂+ ŷ bonds in the connecting arrange-

ment. Note that we also expect a degenerate state depicted in

FIG. 3: (a) Symmetry breaking pattern found in DMRG on the

isotropic system at K/J = 0.2-0.25. (b) State degenerate with (a)

in the presence of x̂ ↔ x̂+ ŷ symmetry. Both (a) and (b) can be

viewed as triangular VBS states with dimers on the ŷ bonds but dif-

ferent column orientations. The staggered patterns on the x̂+ ŷ and

x̂ bonds correspondingly are expected on the triangular lattice and

follow a rule that each triangle contains only one strong bond. Upon

going to the square limit by decreasing Jx̂+ŷ , we find state (b), which

connects to a staggered ŷ-dimer state.

Fig. 3(b), since the x̂ and x̂+ ŷ directions are equivalent on

the isotropic ladder. The states shown in Fig. 3 are a subset of

possible VBS states on the isotropic 2D triangular lattice, and

the selection must be due to the finite transverse size. The se-

lection of (a) in the DMRG must be due to symmetry breaking

terms that exist in the way it is building up the multileg sys-

tem. Such terms are tiny and translationally invariant ground

states are obtained for all other phases without intrinsic de-

generacy (we also verified that the DMRG obtained identical

results to the ED for 8× 4 systems).

SBM phase.—For K/J ≥ 0.3, we do not find any pattern of

bond ordering in real space and no indication of Bragg peaks

in the dimer or chiral structure factors. The correlation func-

tions are also markedly different from the rung phase at small

K. The 12 × 4 and 18 × 4 systems remain in essentially the

same state for a range of control parameters 0.3 ≤ K/J ≤ 1.

Thus, a putative spin-liquid phase is established based on

finite-size analysis of the DMRG results. Spin and dimer cor-

relations are rather extended in real space and show complex

oscillations. The momentum space structure factors allow a

more organized view and show many features that, remark-

ably, can be manifested by simple variational wave functions

for the SBM phase.

To this end, we perform a VMC study using spin-singlet

trial wave functions that can be viewed as Gutzwiller projec-

tions of spinon hopping mean field states. More systemati-

cally, we vary directly the shape of the “spinon Fermi sea”

in the momentum k space. There are four transverse val-

ues ky = 0,±π/2,π, and for each we can allow an arbitrary

“Fermi segment,” i.e., a contiguous region of occupied k or-

bitals. For the 8×4 system, we optimized the trial energy over

all distinct locations of these segments, the only restriction be-

ing the specified total filling, and found that only three bands

are populated in a manner that respects the lattice symmetries.

For the 18 × 4 system, from the outset we restricted the op-

timization to such three-band states with inversion symmetry

and found a state shown in Fig. 4.

Figure 5(a) shows the spin structure factor measured in

DMRG and calculated using the optimal VMC state on the

18 × 4 ladder, while Fig. 5(b) shows the dimer structure fac-

EtMe3Sb[Pd(dmit)2]2

MS Block et al, 2011



Challenges: theory

• Numerical solution of physically relevant 
models is very challenging, and it is also 
hard to extract QSL behavior from finite 
systems

• Many QSLs are described by strongly 
coupled gauge theories

• The hardest part is connecting to real 
materials!

Entanglement entropy gives “smoking gun” 
evidence for some QSLs



Topological 
Entanglement Entropy

A B

ρA = TrB |ψ��ψ|

L

• For gapped QSLs, can define a quantitative 
measure of long-range entanglement

S = −TrA[ρA ln ρA]

S(L) ∼ αL− γ

2006



Topological 
Entanglement Entropy

S(L) ∼ αL− γ

H.C. Jiang, Z. Wang, LB
arXiv:1205.4289

• For gapped QSLs, can define a quantitative 
measure of long-range entanglement

γDMRG=0.698(8)

γth=ln(2)=0.693



Spinon Fermi Surface

• Proposed to be realized in some organics



Spinon Fermi Surface

• Anomalous entanglement S ~ L ln (L) 3

the advantages are detailed in [20]. We benchmarked our
algorithm for three free fermion tight binding problems
on: 1) A one dimensional chain of L = 200 sites with LA

up to 100 sites, 2) An 18!18 square lattice with the linear
size LA up to 7 sites. 3) A honeycomb (graphene) lat-
tice with Dirac dispersion. We find very good agreement
with the exact results [20] that were calculated using the
correlation matrix technique [21].
Gutzwiller Projected Spin Liquid Wavefunctions: Next

we calculate Renyi entropy for the problems of our ac-
tual interest namely projected Fermi liquid wave func-
tions which are considered good ansatz for ground states
of critical spin-liquids. We analyze two di!erent classes
of critical spin-liquids: states that at the slave-particle
mean-field level have a full Fermi surface of spinons and
those with only nodal fermions. For a triangular lat-
tice with uniform hopping trr! = t one obtains a Fermi
surface of spinons at the mean-field level while for a
square-lattice with ! flux through every plaquette (i.e.
"!trr! = "1) one obtains nodal Dirac fermions. We also
study the projected wave function on square lattice with
uniform hopping (and no flux).
The wave-functions for these spin-liquids are con-

structed by starting with a system of spin-1/2 fermionic
spinons fr! hopping on a finite lattice of size L1 ! L2
at half-filling with a mean field Hamiltonian:HMF =
!

rr!

"

"trr!f †
r"fr!" + h.c.

#

. The spin wave-function is
given by |"# = PG|"#MF where |"#MF is the ground
state of HMF and the Gutzwiller projector PG =
$

i (1" ni!ni") ensures exactly one fermion per site. The
sign-structure of the projected wave-function depends
markedly on the underlying lattice. For a bipartite lattice
with trr! non-zero and real only for the opposite sublat-
tices, one can prove that the wave-function satisfies the
Marshall sign rule[20]. Thus, for a bipartite lattice, one
only needs to calculate $SwapA,mod# since $SwapA,sign#
trivially equals unity. The projected wave-function for
the square lattice with and without !-flux (as well as that
for the one-dimensional Haldane-Shastry state) satisfies
the Marshall’s sign rule while that for the triangular lat-
tice doesn’t. We discuss these three cases separately. The
one dimensional case was previously discussed in [22].
Triangular lattice: As mentioned above the mean-field

ansatz describes a spin-liquid with spinons hopping on a
triangular lattice. We consider a lattice with total size
18! 18 on a torus and the region A of square geometry
with linear size LA upto 8 sites. We find a clear signa-
ture of LA logLA scaling in Renyi entropy (Fig. 1). This
is rather striking since the wave-function is a spin wave-
function and therefore could also be written in terms of
hard-core bosons. This result strongly suggests the pres-
ence of an underlying spinon Fermi surface. In fact the
coe#cient of the LA logLA term is rather similar before
and after projection. This observation may be rational-
ized by picturing a two dimensional Fermi surface as a
collection of many independent one dimensional systems

FIG. 1: Renyi entropy data for projected and unprojected
Fermi sea state on the triangular lattice of size 18 ! 18 with
LA = 1 . . . 8. Note, projection barely modifies the slope,
pointing to a Fermi surface surviving in the spin wavefunc-
tion. We also separately plot S2,sign and S2,mod (as defined
in the text) for the projected state, the former dominates at
larger sizes.

in momentum space, each giving rise to a logL contri-
bution. Gutzwiller projection then just removes a single
charge degree of freedom.
It is interesting to compare the contribution to S2

from S2,sign % " log(
%

SwapA,sign

&

) and S2,mod %
" log(

%

SwapA,mod

&

) separately. Numerically, S2,sign ap-
pears to be responsible for the logarithmic violation of
the area law (Fig. 1). This suggests that the sign struc-
ture of the wavefunction is crucial at least in this case.
The area-law violation of the Renyi entropy for

Gutzwiller projected wave-functions substantiates the
theoretical expectation that an underlying Fermi surface
is present in the spin wavefunction.
Square lattice with ! flux : The mean-field ansatz con-

sists of spinons with Dirac dispersion around two nodes,
say, (!/2,!/2) and (!/2,"!/2) (the locations of the
nodes depend on the gauge one uses to enforce the !
flux). The projected wave-function has been proposed in
the past as the ground state of an algebraic spin liquid.
The algebraic spin-liquid is believed to be describable by
a strongly coupled conformal field theory of Dirac spinons
coupled to a non-compact SU(2) gauge field [6, 11]. Be-
cause of this the algebraic spin-liquid has algebraically
decaying spin-spin correlations. We verify this explicitly
for the projected wavefunction using Variational Monte
Carlo on a 36!36 lattice [20]. This state is di!erent from
that in Ref. [23], where Majorana fermions are coupled
to a discrete Z2 gauge field making them e!ectively free
at low energies, in contrast to our critical state.
Square lattice being bipartite, the projected wavefunc-

Ψ = PG

Yi Zhang et al, 2011



Challenges: theory

• Numerical solution of physically relevant 
models is very challenging, and it is also 
hard to extract QSL behavior from finite 
systems

• Many QSLs are described by strongly 
coupled gauge theories

• In most experimentally relevant problems, 
the spin interactions are not very well 
known

Recent progress!  
Controlled expansion for field theory

Models within AdS/CFT?



Challenges: theory

• Numerical solution of physically relevant 
models is very challenging, and it is also 
hard to extract QSL behavior from finite 
systems

• Many QSLs are described by strongly 
coupled gauge theories

• The hardest part is connecting to real 
materials!



The QSL Landscape
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The QSL Landscape

ZnCu3(OH)6Cl2

Cu3V2O7(OH)2·2H2O
BaCu3V2O3(OH)2Ba3CuSb2O9

Na4Ir3O8

Ba2YMoO6

Yb2Ti2O7

Monoclinic, C2/m 

a = 10.607!, b = 5.864!, c = 7.214! 

! = 94.90° 

2.94! 

3.03!  Cu1 – Cu2 

Cu2 – Cu2 

Cu2+ 

V5+ 

O2- 

!Cu2–Cu1–Cu2 = 57.87 

!Cu1–Cu2–Cu2 = 61.06 

•!Good two dimensionality 

•!No disorder between Cu2+ and V5+ ions 

•!Difference between J1 and J2 may be smaller than 20 % 

Ref.) M. A. Lafontaine et al., JSSC85, 220 (1990);  Z. Hiroi et al., JPSJ70, 3377 (2001). 

triangular kagome spin-orbit

κ-(ET)2Cu2(CN)3

EtMe3Sb[Pd(dmit)2]2

now

Pr2Zr2O7

Na2IrO3



Where to look?

• Materials with

• S=1/2 spins 

• Frustration

• Significant charge fluctuations

• Exotic interactions (c.f. Spin-orbit 
coupling) 
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Our Program

“simple” 
materials TIs, SO-semimetals

strong SO Mott 
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spin-orbit coupling

“traditional” 
Mott insulators

U/t
QSLs here?

Na4Ir3O8

Ba2YMoO6
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Pr2Zr2O7

Na2IrO3



Challenges: experiment

• Quantum order of the ground state is 
intrinsically non-local: not visible to local or 
spatially averaged probes

• Signatures of quantum order are mainly in 
the excitations



The QSL Landscape

ZnCu3(OH)6Cl2

Cu3V2O7(OH)2·2H2O
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Cu2+ 
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•!Good two dimensionality 

•!No disorder between Cu2+ and V5+ ions 

•!Difference between J1 and J2 may be smaller than 20 % 

Ref.) M. A. Lafontaine et al., JSSC85, 220 (1990);  Z. Hiroi et al., JPSJ70, 3377 (2001). 

triangular kagome
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Pr2Zr2O7

spin-orbit

Na2IrO3



Organics

• Molecular materials which behave as 
effective triangular lattice S=1/2 
antiferromagnets with J ~ 250K

• significant charge fluctuations

as shown in Figure 3a. The monovalent anion, X!1, has no contribution to electronic conduc-

tion or magnetism. In the conducting layer, the ET molecules form dimers, which are arranged

in a checkerboard-like pattern (Figure 3b). From the band structure point of view, two ET

highest occupied molecular orbitals (HOMOs) in a dimer are energetically split into bonding

and antibonding orbitals, each of which forms a conduction band due to the interdimer transfer

integrals (12). The two bands are well separated so that the relevant band to the hole filling is

the antibonding band, which is half-filled with one hole accommodated by one antibonding
orbital. The dimer arrangement is modeled to an isosceles-triangular lattice characterized by

two interdimer transfer integrals, t and t0 (Figure 3c) of the order of 50 meV, whose anisotropy,

t0/t, depends on the anion X.

2.2. Criticality of Mott Transition in ET Compounds

The competition of kinetic energy and correlation energy, which are characterized by band-

width W and on-site Coulomb energy U, gives rise to Mott transition between wave-like

itinerant electrons and particle-like localized electrons. Because the Mott transition is a metal-

insulator transition without symmetry breaking, the first-order transition expected at low tem-
peratures can have a critical endpoint at a finite temperature, as in the gas-liquid transition

(Figure 1a). This feature of the Mott phase diagram was first deduced by the reduction of

Hubbard Hamiltonian to the so-called Blume-Emery-Griffiths model (13) and then extensively

discussed in terms of dynamical mean field theory (DMFT) (14), which showed that the Mott

transition belongs to the Ising universality class (15). It is well established that the k-(ET)2X
family is situated in the vicinity of Mott transition (9, 16–24). To explore the phase diagram

beyond the conceptual one, and to uncover the critical behavior of Mott transition, experiments

on a single material under precisely controlled pressure and temperature are required.
The compound studied is k-(ET)2Cu[N(CN)2]Cl, which is a Mott insulator (25) with a

sizable anisotropy of triangular lattices; the t0/t value is 0.75 or 0.44, according to the tight-

binding calculation of molecular orbital or first-principles calculation (26), respectively. The

resistivity measurements of k-(ET)2Cu[N(CN)2]Cl under continuously controllable He-gas

pressure unveiled the Mott phase diagram (27–30), where the first-order transition line dividing

the insulating and metallic phases has an endpoint around 40 K (Figure 4). The presence of

the critical endpoint was proved in spin and lattice degrees of freedom as well; namely,

nuclear magnetic resonance (NMR) (31), ultrasonic velocity (32, 33), and expansivity (34).
The bending shape of the phase boundary reflects the entropy difference between the insulating

t

t'

t

a cb
X

ET

S

S

S

S
S

S

S

S

Figure 3

Structure of k-(ET)2X. (a) Side and (b) top view of the layer and (c) modeling the in-plane structure into an isosceles-triangular lattice
with two kinds of transfer integrals.
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κ-(ET)2X β’-Pd(dmit)2

as shown in Figure 3a. The monovalent anion, X!1, has no contribution to electronic conduc-

tion or magnetism. In the conducting layer, the ET molecules form dimers, which are arranged

in a checkerboard-like pattern (Figure 3b). From the band structure point of view, two ET

highest occupied molecular orbitals (HOMOs) in a dimer are energetically split into bonding

and antibonding orbitals, each of which forms a conduction band due to the interdimer transfer

integrals (12). The two bands are well separated so that the relevant band to the hole filling is

the antibonding band, which is half-filled with one hole accommodated by one antibonding
orbital. The dimer arrangement is modeled to an isosceles-triangular lattice characterized by

two interdimer transfer integrals, t and t0 (Figure 3c) of the order of 50 meV, whose anisotropy,

t0/t, depends on the anion X.

2.2. Criticality of Mott Transition in ET Compounds

The competition of kinetic energy and correlation energy, which are characterized by band-

width W and on-site Coulomb energy U, gives rise to Mott transition between wave-like

itinerant electrons and particle-like localized electrons. Because the Mott transition is a metal-

insulator transition without symmetry breaking, the first-order transition expected at low tem-
peratures can have a critical endpoint at a finite temperature, as in the gas-liquid transition

(Figure 1a). This feature of the Mott phase diagram was first deduced by the reduction of

Hubbard Hamiltonian to the so-called Blume-Emery-Griffiths model (13) and then extensively

discussed in terms of dynamical mean field theory (DMFT) (14), which showed that the Mott

transition belongs to the Ising universality class (15). It is well established that the k-(ET)2X
family is situated in the vicinity of Mott transition (9, 16–24). To explore the phase diagram

beyond the conceptual one, and to uncover the critical behavior of Mott transition, experiments

on a single material under precisely controlled pressure and temperature are required.
The compound studied is k-(ET)2Cu[N(CN)2]Cl, which is a Mott insulator (25) with a

sizable anisotropy of triangular lattices; the t0/t value is 0.75 or 0.44, according to the tight-

binding calculation of molecular orbital or first-principles calculation (26), respectively. The

resistivity measurements of k-(ET)2Cu[N(CN)2]Cl under continuously controllable He-gas

pressure unveiled the Mott phase diagram (27–30), where the first-order transition line dividing

the insulating and metallic phases has an endpoint around 40 K (Figure 4). The presence of

the critical endpoint was proved in spin and lattice degrees of freedom as well; namely,

nuclear magnetic resonance (NMR) (31), ultrasonic velocity (32, 33), and expansivity (34).
The bending shape of the phase boundary reflects the entropy difference between the insulating
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Figure 3

Structure of k-(ET)2X. (a) Side and (b) top view of the layer and (c) modeling the in-plane structure into an isosceles-triangular lattice
with two kinds of transfer integrals.

170 Kanoda " Kato

A
nn

u.
 R

ev
. C

on
de

ns
. M

at
te

r P
hy

s. 
20

11
.2

:1
67

-1
88

. D
ow

nl
oa

de
d 

fr
om

 w
w

w
.a

nn
ua

lre
vi

ew
s.o

rg
by

 U
ni

ve
rs

ity
 o

f C
al

ifo
rn

ia
 - 

Sa
nt

a 
B

ar
ba

ra
 o

n 
09

/0
7/

11
. F

or
 p

er
so

na
l u

se
 o

nl
y.



Organics

The issue of spin frustration has long been a central subject in the study of magnetism. In

particular, the possible spin liquid on triangular lattices has been of keen interest as a novel

quantum phase of matter and has become increasingly attractive with the idea that this state is

possibly behind high-Tc superconductivity (109). However, the triangular-lattice Heisenberg

model was found to have the 120-degree-oriented Néel ground state instead of any quantum-

disordered state (54). In such a situation, however, it is found that spin states without magnetic
ordering, which should be called spin liquid, were found in the two organic Mott insulators,

k-(ET)2Cu2(CN)3 and EtMe3Sb[Pd(dmit)2]2, which reside near the Mott transition. With the

use of chemical/physical pressure and intense theoretical works, the series of experiments

showed that the spin liquid is realized in a range of anisotropy of triangular lattices and in the

intermediately correlated regime on the verge of Mott transition, not in the strongly correlated

regime; namely, the electron itinerancy in the Mott insulator is key to realizing spin liquid on

quasi-triangular lattices. How the spin liquid connects to the metallic and superconducting

phases is a problem to consider in the future.
The nature of spin liquid in the two materials is mysterious. The excitation gap in

k-(ET)2Cu2(CN)3 is controversial; specific heat points to a gapless ground state, whereas

thermal conductivity behaves as though gapped by 0.46 K. The NMR relaxation rate exhibits

a power-law temperature dependence, which is in between the two extreme behaviors. As for

EtMe3Sb[Pd(dmit)2]2, both thermodynamic measurements are consistent with gapless excita-

tions, while the NMR relaxation rate may suggest a nodal gap. The result of thermal conduc-

tivity showing a T-linear term with a long mean-free path of mm will strongly constrain

theoretical models. Appearance of anomalies at finite temperatures can be a signature of some
kind of symmetry breaking. In this sense, the 5–6 K anomaly observed in NMR, specific heat,

and thermal conductivity in k-(ET)2Cu2(CN)3 points to this possibility. Interestingly, 1 K is the

characteristic temperature in the NMR relaxation rate for both materials, whereas it is not so
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Figure 17

Phase diagram for the b0-Pd(dmit)2 salts. Abbreviations: FP, frustrated paramagnetic (state); AFLO, antifer-
romagnetic long-range ordered (state); CO, charge-ordered (state); QSL, quantum spin liquid (state).
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Mott Transition from a Spin Liquid to a Fermi Liquid in the Spin-Frustrated Organic Conductor
!-!ET"2Cu2!CN"3

Y. Kurosaki,1 Y. Shimizu,1,2,* K. Miyagawa,1,3 K. Kanoda,1,3 and G. Saito2

1Department of Applied Physics, University of Tokyo, Bunkyo-ku, Tokyo, 113-8656, Japan
2Division of Chemistry, Kyoto University, Sakyo-ku, Kyoto, 606-8502, Japan

3CREST, Japan Science and Technology Corporation, Kawaguchi 332-0012, Japan
(Received 15 October 2004; revised manuscript received 6 April 2005; published 18 October 2005)

The pressure-temperature phase diagram of the organic Mott insulator !-!ET"2Cu2!CN"3, a model
system of the spin liquid on triangular lattice, has been investigated by 1H NMR and resistivity
measurements. The spin-liquid phase is persistent before the Mott transition to the metal or super-
conducting phase under pressure. At the Mott transition, the spin fluctuations are rapidly suppressed and
the Fermi-liquid features are observed in the temperature dependence of the spin-lattice relaxation rate
and resistivity. The characteristic curvature of the Mott boundary in the phase diagram highlights a crucial
effect of the spin frustration on the Mott transition.

DOI: 10.1103/PhysRevLett.95.177001 PACS numbers: 74.25.Nf, 71.27.+a, 74.70.Kn, 76.60.2k

Magnetic interaction on the verge of the Mott transition
is one of the chief subjects in the physics of strongly
correlated electrons, because striking phenomena such as
unconventional superconductivity emerge from the mother
Mott insulator with antiferromagnetic (AFM) order.
Examples are transition metal oxides such as V2O3 and
La2CuO4, in which localized paramagnetic spins undergo
the AFM transition at low temperatures [1]. The ground
state of the Mott insulator is, however, no more trivial
when the spin frustration works between the localized
spins. Realization of the spin liquid has attracted much
attention since a proposal of the possibility in a triangular-
lattice Heisenberg antiferromagnet [2]. Owing to the ex-
tensive materials research, some examples of the possible
spin liquid have been found in systems with triangular and
kagomé lattices, such as the solid 3He layer [3], Cs2CuCl4
[4], and !-!ET"2Cu2!CN"3 [5]. Mott transitions between
metallic and insulating spin-liquid phases are an interesting
new area of research.

The layered organic conductor !-!ET"2Cu2!CN"3 is the
only spin-liquid system to exhibit the Mott transition, to
the authors’ knowledge [5]. The conduction layer in
!-!ET"2Cu2!CN"3 consists of strongly dimerized ET
[bis(ethlylenedithio)-tetrathiafulvalene] molecules with
one hole per dimer site, so that the on-site Coulomb
repulsion inhibits the hole transfer [6]. In fact, it is a
Mott insulator at ambient pressure and becomes a metal
or superconductor under pressure [7]. Taking the dimer as a
unit, the network of interdimer transfer integrals forms a
nearly isotropic triangular lattice, and therefore the system
can be modeled to a half-filled band system with strong
spin frustration on the triangular lattice. At ambient pres-
sure, the magnetic susceptibility behaved as the triangular-
lattice Heisenberg model with an AFM interaction energy
J# 250 K [5,8]. Moreover, the 1H NMR measurements
provided no indication of long-range magnetic order down
to 32 mK. These results suggested the spin-liquid state at

ambient pressure. Then the Mott transition in
!-!ET"2Cu2!CN"3 under pressure may be the unprece-
dented one without symmetry breaking, if the magnetic
order does not emerge under pressure up to the Mott
boundary.

In this Letter, we report on the NMR and resistance
studies of the Mott transition in !-!ET"2Cu2!CN"3 under
pressure. The result is summarized by the pressure-
temperature (P-T) phase diagram in Fig. 1. The Mott

Superconductor

(Fermi liquid)

Crossover

(Spin liquid) onset TC

R = R0 + AT2

T1T = const.

(dR/dT)max

(1/T1T)max

Mott insulator

Metal

Pressure (10-1GPa)

FIG. 1 (color online). The pressure-temperature phase diagram
of !-!ET"2Cu2!CN"3, constructed on the basis of the resistance
and NMR measurements under hydrostatic pressures. The Mott
transition or crossover lines were identified as the temperature
where 1=T1T and dR=dT show the maximum as described in the
text. The upper limit of the Fermi-liquid region was defined by
the temperatures where 1=T1T and R deviate from the Korringa’s
relation and R0 $ AT2, respectively. The onset superconducting
transition temperature was determined from the in-plane resis-
tance measurements.
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Evidence for lack of static moments: f> 1000!

Y. Shimizu 
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!103 s!1. Thus, this is an inhomogeneous broadening due to
static local fields. The observed local static fields are too
small for this system to be understood as a MLRO or spin-
glass state. The spectral tail is at most within "50 kHz,
which corresponds to a !Pd"dmit#2$2 moment of %0.05#B
judging from the hyperfine coupling constant mentioned be-
fore. Furthermore, the tail is composed of the minor fraction
of the spectrum, while the dominant fraction stays at the
center with little shift. This means that the small local mo-
ment exists only on a minority of the !Pd"dmit#2$2 dimers.
We also measured 13C-NMR spectra of EtMe3P!Pd"dmit#2$2
for comparison as shown in Fig. 4"b#. The gradual inhomo-
geneous broadening at low temperatures is also observed
even in EtMe3P!Pd"dmit#2$2, which enters a nonmagnetic
state below 25 K with a full spin gap. Therefore, the broad-
ening observed in the two salts is not due to bulk magnetism,
but most probably due to the impurity Curie spins caused by
slight crystal imperfections. As a consequence, our analysis
of the spectra also concludes that EtMe3Sb!Pd"dmit#2$2 does
not undergo either spin ordering or freezing at least down to
1.37 K.

The observed broadening is larger in
EtMe3Sb!Pd"dmit#2$2 than in EtMe3P!Pd"dmit#2$2. The mag-
netization nucleated around locally symmetry-broken sites
generally extends for a distance characterized by a spatial
spin correlation length. In the ground state, the correlation
length is roughly estimated to be %J /$, where $ is the spin
gap of the system; if $ is zero, the correlation length di-
verges and, as a result, a power-law decay of the spatial
correlation function is expected. EtMe3P!Pd"dmit#2$2 has a
short correlation length because of the existence of the sig-
nificant spin gap, while EtMe3Sb!Pd"dmit#2$2 has a compara-
tively long correlation length or a power-law decay of the
correlation function because of the absence of an appreciable
spin gap. This is likely the reason why the broadening of
EtMe3Sb!Pd"dmit#2$2 is larger. It was reported that the
13C-NMR spectra of %-"BEDT-TTF#2Cu2"CN#3, which does

not have an appreciable spin gap either, also show a similar
inhomogeneous broadening at low temperatures.32 To take
this and our results into consideration, the significant inho-
mogeneous broadening is considered to be a universal nature
of the spin liquid with no appreciable spin gap because this
state is quite sensitive to slight crystal imperfections due to
the quasi-long-range correlation.

As described above, the spectra and T1
!1 of

EtMe3Sb!Pd"dmit#2$2 do not show any features of the spin
ordering or freezing at least down to 1.37 K, in spite of the
growth of antiferromagnetic correlations from much higher
temperature around 200 K. Since 1.37 K is lower than 1% of
J, thermal fluctuations are so small as to be negligible in this
temperature region. Thus, the absence of spin ordering or
freezing is attributed not to thermal fluctuations but to quan-
tum fluctuations. Considering the absence of an appreciable
spin gap, which is concluded by the fact that T1

!1 retains a
finite value down to 1.37 K, this state is clearly distinct from
the VBS state accompanied by spin dimerization. This state
is, therefore, regarded as the quantum spin-liquid state,
where the RVB scenario can be brought to realization.

A number of theoretical studies have been conducted on
the regular-triangular Heisenberg spin-1 /2 system, and there
is a general consensus that the 120° spiral MLRO state is
realized in the ground state,25,33–35 in contrast to our experi-
mental result.

Several theoretical studies on isosceles-triangular Heisen-
berg systems have suggested that slight deviation from the
regular triangle can destroy the spiral MLRO state and real-
ize the spin-liquid state.12,36–41 Our result may be rational-
ized from such standpoints. It is desired to study whether or
not the deviation from the regular triangle leads to the spin-
liquid state even on a scalene-triangular lattice, because our
system has a scalene structure rather than an isosceles one.

Another possible mechanism of the observed spin liquid
is explained in light of the proximity of the Mott transition.
Although EtMe3Sb!Pd"dmit#2$2 is a Mott insulator, its insu-
lating nature is easily destroyed by a pressure of a few
kilobars.42 This means that its transfer integrals, whose per-
turbing effect yields exchange interactions, are not much
smaller than the electron correlation energy. Therefore, not
only the second-order Heisenberg terms, but also the higher-
order ones are expected to emerge as the ring exchange and
long-range Heisenberg interactions. While the nearest-
neighbor Heisenberg interactions seem to be predominant as
the temperature dependence of the susceptibility shows, it is
possible that such extra higher-order interactions are not neg-
ligible and play a significant role in the realization of the
present spin liquid. In fact, some theories based on the spin
Hamiltonian including the ring exchange,8 and the Hubbard
Hamiltonian with moderate on-site Coulomb repulsion,9,10

successfully predict the gapless quantum spin-liquid state.
In conclusion, we have found a spin-liquid system on a

triangular lattice, EtMe3Sb!Pd"dmit#2$2. We have revealed by
our 13C NMR study that this material has neither spin
ordering/freezing nor an appreciable spin gap down to
1.37 K, which is lower than 1% of J. Inhomogeneous broad-
ening appears at low temperature, similar to the other spin
liquid system %-"BEDT-TTF#2Cu2"CN#3. This is consistent
with the quasi-long-range spin correlation characterizing the
gapless nature.
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FIG. 4. "a# 13C-NMR spectra for randomly oriented samples of
EtMe3Sb!Pd"dmit#2$2. "b# Those of EtMe3P!Pd"dmit#2$2 for
comparison.
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Figure 3 | Stretching exponent obtained from the 13C nuclear spin-lattice
relaxation curves. The main panel shows the temperature dependence of

the exponent. The dark blue circles show values obtained from the present

measurements in a dilution refrigerator. We also show reanalysed values

for previously reported
2
higher-temperature data as light blue circles. The

spin-lattice relaxation curves at three representative temperatures are

presented in the upper three panels, where the red squares indicate

obtained experimental data and the green lines represent fits to

stretched-exponential functions.

shows a steep decrease of T−1
1 on cooling. At sufficiently low

temperatures, the spin-lattice relaxation curves recover to single-
exponential functions as shown in Fig. 3. This is different from
the case of κ-(BEDT-TTF)2Cu2(CN)3 at low temperatures, where
the relaxation curves become further from single exponential
functions with decreasing temperature30, and makes it difficult to
discuss the intrinsic spin dynamics. In the low-temperature region
of EtMe3Sb[Pd(dmit)2]2 where the relaxation curves recover to
single-exponential functions, we can see from Fig. 2 that T−1

1 is
proportional to the square of the temperature. This means that
the imaginary part of the q-integrated dynamic susceptibility (to
be exact, limω→0�qχ

��(q,ω)/ω), which is evaluated from (T1T )−1,
decreases in proportion to the temperature on cooling, as shown in
the inset of Fig. 2 (q: wave vector, ω: frequency). This is in contrast
to the nature of the fully gapless spin liquid with a spinon Fermi
surface, where the imaginary part of the susceptibility remains
constant (Fermi-liquid case) or diverges (non-Fermi-liquid case)
on cooling. Thus, the low-temperature phase is not fully gapless,
and therefore has a spin gap at least in some portion of q-space.

We emphasize that the decrease in the imaginary part of the
susceptibility does not follow an exponential law but a power
law in temperature. This result implies that the spin gap may
be a nodal one, similar to superconducting gaps in anisotropic
superconductors, often realized in correlated quantum fermion
liquids. Although it might also be possible that the system has a full
gap and that T−1

1 at low temperatures reflects extrinsic relaxation,
this is more unlikely. In this case, the relaxation curves would
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Figure 4 | 13C-NMR spectra of EtMe3Sb[Pd(dmit)2]2 at several ultralow
temperatures measured in a dilution refrigerator. The spectra are obtained
by Fourier transformation of the spin-echo signals for randomly oriented

single crystals.

become more or less distributed non-single-exponential functions.
Experimental results instead show that the relaxation curves recover
to a single-exponential function in the low-temperature limit, as
shown in Fig. 3. Therefore, it is more likely that the T 2 dependence
of T−1

1 is intrinsic and that the spin gap is nodal.
In principle, this spin gap should be observable also in

the behaviour of the static spin susceptibility. However, the
susceptibility was so far measured only down to 5K and is not
available in the region below the transition temperature2. We also
note that it will be difficult to measure the intrinsic susceptibility
below the transition temperature, because the Curie term caused
by impurity free spins will make a serious contribution at such
low temperatures even for a very small number of impurities. The
Knight shift (the first moment of the spectrum) offers another way
to measure the static spin susceptibility. It is expected that the spin
gap leads to the disappearance of the spin susceptibility, yielding
the disappearance of the Knight shift of a few kilohertz through the
hyperfine coupling of about 9×102 kHz/µB (ref. 2). Unfortunately,
our experimental results do not have the accuracy to discuss such a
small shift because of the comparatively large spectral width and the
slight extrinsic drift of the external applied field, which is inevitable
even when using a superconducting magnet with high stability (see
the Methods section).

In summary, our NMR experiments show that the spin system of
EtMe3Sb[Pd(dmit)2]2 does not undergo classical ordering/freezing
down to 19.4mK, which is less than 0.01% of J . Whereas this
quantum spin liquid has a gapless spin excitation above 1.0 K,
we found clear evidence that the spin system under 7.65 T shows
an instability other than classical ordering at around 1.0 K and
acquires a spin gap. This gap may be nodal, similar to that of
anisotropic superconductivity.

Last, we mention future debatable problems on the instability
that we have discovered. One of the possible candidates is the
pairing instability of the spinon Fermi surface. This naturally
explains the nodal-gap formation when spinon pairing occurs
in a non-s-wave Bardeen–Cooper–Schrieffer channel and causes
an anisotropic (such as d-wave) resonating-valence-bond state.

NATURE PHYSICS | VOL 6 | SEPTEMBER 2010 | www.nature.com/naturephysics 675

a real candidate of the quantum liquid state, which has been sought since Anderson’s proposal

more than 35 years ago (6). Figure 8a shows the temperature dependence of the magnetic

susceptibility with the core diamagnetism subtracted (50). In contrast with the magnetic transi-

tion at 27 K in k-(ET)2Cu[N(CN)2]Cl as evidenced by an anomaly, k-(ET)2Cu2(CN)3 has no

anomaly down to the lowest temperature measured, 2 K, but does have a broad peak, which is

well fitted to the triangular-lattice Heisenberg model with an exchange interaction of J ! 250 K

(50, 51). The wspin behavior of k-(ET)2Cu[N(CN)2]Cl is unlikely fitted to the Heisenberg model,
even if the anisotropy is considered, possibly because it is situated very close to the Mott

transition, where the Hubbard model or higher-order corrections in the Heisenberg model

should work.

The magnetism is further probed by NMR measurements. Figure 8b shows the single-crystal
1H NMR spectra for k-(ET)2Cu[N(CN)2]Cl and k-(ET)2Cu2(CN)3 under the magnetic field

applied perpendicular to the conducting layer (50). The line shape at high temperatures comes

from the nuclear dipole interaction sensitive to the field direction against molecular orientation,

which is different between the two systems. k-(ET)2Cu[N(CN)2]Cl shows a clear line splitting
below 27 K, indicating a commensurate aniferromagnetic ordering, whose moment is estimated

at 0.45 mB per an ET dimer by separate 13C NMR studies (25, 52, 53). However, the spectra of

k-(ET)2Cu2(CN)3 show neither distinct broadening nor splitting, which indicates the absence

of long-range magnetic ordering at least down to 32 mK, 4 orders of magnitude lower than
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(a) Temperature dependences of spin susceptibilities of k-(ET)2Cu2(CN)3 and k-(ET)2Cu[N(CN)2]Cl. The solid lines represent the
results of the series expansion of the triangular-lattice Heisenberg model using [7,7] Pade approximation with J " 240 K and 250 K.
(b) 1H NMR spectra of single crystals of k-(ET)2Cu2(CN)3 (left panel) and k-(ET)2Cu [N(CN)2]Cl (right panel) under magnetic fields
applied perpendicular to the conducting layer. Abbreviation: NMR, nuclear magnetic resonance.
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Specific Heat

• C ~ γT indicates gapless behavior with 
large density of statesLETTERS
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Figure 2 Low-temperature heat capacities of κ-(BEDT-TTF)2Cu2(CN)3. a,b, Data obtained for two samples under magnetic fields up to 8 T in CpT−1 versus T 2 plots.
b contains the data of the typical antiferromagnetic insulators κ-(BEDT-TTF)2Cu[N(CN)2]Cl, deuterated κ-(BEDT-TTF)2Cu[N(CN)2]Br and β�-(BEDT-TTF)2ICl2 for comparison.
The existence of a T-linear contribution even in the insulating state of κ-(BEDT-TTF)2Cu2(CN)3 is clearly observed.

magnetic resonance (NMR) and static susceptibility measurements,

they observed no static order down to 30 mK and concluded that

the spins form a kind of liquid state. The likelihood that a spin-

liquid model is appropriate is strengthened by the prediction of

the resonating-valence-bond (RVB) model of large entropy at low

temperatures and a possible temperature- (T-) linear term due

to the spinon density of states in the heat capacity
3,4

. The heat

capacity is considered as a very sensitive low-energy spectroscopic

method for investigating the low-energy excitations from the

ground state. We can explore a reliable discussion on what kind of

ground state is realized through the entropy with absolute precision

and without any external fields. In this respect, thermodynamic

studies at temperatures as low as possible are necessary and

required for demonstrating the quantum spin-liquid character for

this material.

In Fig. 1, we show the temperature dependence of

the heat capacity of κ-(BEDT-TTF)2Cu2(CN)
3

and other

κ-type BEDT-TTF salts. κ-(BEDT-TTF)2Cu(NCS)
2

is a

superconductor with a transition temperature (Tc) of 9.4 K.

κ-(BEDT-TTF)2Cu[N(CN)
2
]Cl is a Mott insulator with an

antiferromagnetically ordered ground state below the Néel

temperature TN = 27 K. Reflecting the same type of donor

arrangement, the temperature dependencies of the lattice heat

capacities of the samples are similar. The data for another

Mott insulating compound, β�
-(BEDT-TTF)2ICl2, which gives

the highest Tc of 14.2 K among organic superconductors under

an applied pressure of 8.2 GPa (ref. 14), are also shown for

comparison. A slight difference in the lattice contribution

is observed, attributable to the difference of crystal packing,

but the overall temperature dependence resembles that of

the κ-type compounds. Although the overall tendency of the

lattice heat capacity is similar, it should be emphasized that

κ-(BEDT-TTF)2Cu2(CN)
3

shows large heat capacities at low

temperatures as compared with typical Mott-insulating samples.

This fact demonstrates that the spin system retains large entropy

even at low temperatures and is free from ordering owing to the

existence of the frustration.

The temperature dependence of the heat capacity of

κ-(BEDT-TTF)2Cu2(CN)
3

is shown in a Cp T−1
versus T plot

in the inset of Fig. 1. We also show data obtained under an

external magnetic field of 8 T applied perpendicular to the plane,

demonstrating no drastic difference from the 0 T data over the

whole temperature range in the figure. There is no sharp thermal

anomaly indicative of long-range magnetic ordering. This is

consistent with previous NMR experiments
13

. The data at low

temperatures below 2.5 K, shown in Fig. 2, clearly verify the

existence of a linearly temperature-dependent term (the γ term),

even in the insulating salt. The magnitude of γ is estimated at

20 ± 5 mJ K
−2

mol
−1

from the linear extrapolation of the Cp T−1

versus T 2
plot down to T =0 K. However, the low-temperature data

show an appreciable sample dependence. Figure 2a,b shows data for

different samples, (a) and (b), respectively. In the low-temperature

region, sample (a) shows a curious structure in addition to the

finite γ term, which is somewhat field dependent. However, Fig. 2b

does not show such behaviour. The magnetic field dependence seen

in sample (a) is attributable to a possible paramagnetic impurity

and seems to be extrinsic. In fact, the application of a magnetic

field induces a kind of Schottky contribution, which is attributed

to a magnetic impurity of less than 0.5%. The origin of this

contribution is considered to be Cu
2+

contamination in the sample

preparation, as reported by Komatsu et al.15
. We measured several

other samples and found that the data of the better-quality samples

converge to those shown in Fig. 2b, with a small field-dependent

contribution. It should be noted that these samples still possess

a finite Cp T−1
value of about 15 mJ K

−2
mol

−1
, as shown by the

extrapolation of the data down to T = 0 K. The existence of the γ
term in the present insulating state is intrinsic.

The well known Mott insulators κ-(BEDT-TTF)2X

(X = Cu[N(CN)2]Cl, deuterated Cu[N(CN)2]Br) and

β�
-(BEDT-TTF)2ICl2 with three-dimensional antiferromagnetic

ordering show a vanishing γ value, as shown in Fig. 2b

(ref. 16). It is evident that the low-temperature heat capacity of

κ-(BEDT-TTF)2Cu2(CN)
3

is extraordinarily large for an insulating

system. A γ value of the present order (10
1–1.5

mJ K
−2

mol
−1) is

expected, for example, in spin-wave excitations in one-dimensional

antiferromagnetic spin systems with intra-chain couplings of

J/kB = 100–200 K or metallic systems with continuous excitations

around the Fermi surface. However, these are obviously very

different systems from the present two-dimensional insulating

materials. Gapless excitations giving a T-linear contribution to the

460 nature physics VOL 4 JUNE 2008 www.nature.com/naturephysics

S. Yamashita et al, 2008
is observed around 3 K. This corresponds to the kink of 1/T1 in

13C NMR in the same temper-
ature region, and indicates a possibility of crossover phenomena to the spin liquid state.

Figure 16a shows temperature dependence of thermal conductivity (107). Compared with

the Et2Me2Sb salt, the EtMe3Sb salt shows enhanced thermal conductivity, which indicates that

spin-mediated contribution is added to the phonon contribution. Temperature dependence of

the thermal conductivity has a peak structure around 1 K (Figure 16a inset). Thermal conduc-

tivity of the EtMe3Sb salt also shows a T-linear term, indicating gapless excitation from the

ground state. This is markedly different from the case of k-(ET)2Cu2(CN)3.

Field dependence of thermal conductivity of the EtMe3Sb salt, however, suggests another kind
of excitation (Figure 16b). A steep increase above approximately 2 T is observed below 1 K,

which implies that some spin-gap-like excitations are present at low temperatures, along with the

gapless excitations indicated by the T-linear term. At present, there are two possible scenarios:

1. In terms of coexistence of the gapless and gapped excitations (108), the magnetic excitations are
separated from the ground state by a spin gap, which is filled with nonmagnetic excitations.

2. In terms of a possible nodal gap structure in the spinon Fermi surface, the spin-gap-like

behavior is attributed to the pairing gap formation, and the finite residual T-linear term

stems from the zero-energy density of states similar to the disorder-induced normal fluid in

d-wave superconductors (72).

Although there remain many open questions, the unusual bipartite nature of elementary excita-

tions in the quantum spin liquid state places the EtMe3Sb salt in a key position for understand-

ing Mott physics and quantum magnetism.
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Figure 15

Low-temperature heat capacity (Cp) for EtMe3Sb and Et2Me2Sb salts. The main graph shows Cp T
!1 versus

T2 plots of the heat capacity. The inset shows a Cp T
!1 versus T2 plot around a broad hump structure for the

EtMe3Sb salt.
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κ-(ET)2Cu2(CN)3 β’-Pd(dmit)2

γCu ~ 0.7 !!



M. Yamashita et al, 2010

Thermal conductivity
• Huge linear thermal 

conductivity indicates 
the gapless excitations 
are propagating, at least 
in dmit

• Estimate for a metal 
would correspond to a 
mean free path l ~ 1 μm 
≈1000 a !

Similar to expectations for spinon Fermi surface



Challenges: experiment

• Quantum order of the ground state is 
intrinsically non-local: not visible to local or 
spatially averaged probes

• Signatures of quantum order are mainly in 
the excitations

• Can we probe them directly?



Neutron scattering

• In a quantum spin liquid, the elementary 
spin excitations are fractional, S=1/2 spinons

• Most of the information is in the 
continuum!

neutron

spinon S=1/2

K,Ω 

K-k,Ω -ω

k,ω
magnon S=1

k-k’,ω-ω’

k’,ω’

broad peak with 
ω=ε(k’)+ε(k-k’)



Cs2CuCl4
• Proof of principle: 1d spinons

R. Coldea, 2000

Oleg Starykh Masanori 
Kohno



Spinon interactions
• For each k, spinons may be bound or not

  Curves: 4-spinon theory w/ experimental resolution

Convincing understand required quantitative theory



Herbertsmithite

• S=1/2 kagome material does not order to 
50mK with exchange J ~ 200K
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Our Program

“simple” 
materials TIs, SO-semimetals

strong SO Mott 
insulators

e-  l
oc

al
iz

at
io

n

spin-orbit coupling

“traditional” 
Mott insulators

U/t
QSLs here?

Na4Ir3O8

Ba2YMoO6

Yb2Ti2O7

Pr2Zr2O7

Na2IrO3

Low energy scales, 
large moments, give 

these materials some 
advantages



�Si = êiσi

Classical spin liquid: spin ice

• Rare earth pyrochlores Ho2Ti2O7, Dy2Ti2O7: 
spins form Ising doublets, behaving like 
classical vectors of fixed length, oriented 
along local easy axes



�Si = êiσi

• Rare earth pyrochlores Ho2Ti2O7, Dy2Ti2O7: 
spins form Ising doublets, behaving like 
classical vectors of fixed length, oriented 
along local easy axes

Classical spin liquid: spin ice



�Si = êiσi

• Rare earth pyrochlores Ho2Ti2O7, Dy2Ti2O7: 
spins form Ising doublets, behaving like 
classical vectors of fixed length, oriented 
along local easy axes

Classical spin liquid: spin ice



• Exchange (due largely to dipolar 
interactions) is ferromagnetic

• Prefers “2 in - 2 out” states

−J �Si · �Sj =
J

3
σiσj

same as Ising 
antiferromagnet

“ice rules”

Spin Ice (simplified)



Entropy

• The integrated specific heat 
of Dy2Ti2O7 showed explicitly 
that the entropy did not 
vanish at low temperature 

• quantitative agreement with 
Pauling’s 1935 estimate 

• We call this situation, with 
spins fluctuating for kT<<J, a 
classical spin liquid

A.P. Ramirez et al, 1999



Spin liquid physics

• The spin liquid fluctuations are a form of 
“artificial magnetostatics” (classical)

• ice rules: divergence free condition

�∇ ·�b = 0

�S ∼ �b



Spin liquid physics

• The spin liquid fluctuations are a form of 
“artificial magnetostatics” (classical)

• ice rules: divergence free condition

�∇ ·�b = 0

�S ∼ �b

field lines = loops or strings tracing spin configurations



Magnetic monopoles

• Defect tetrahedra are sources and sinks of 
“magnetic” flux (and real magnetization)

• It is a somewhat non-local object

• When these are rare, have “Coulomb 
phase”

div b = 1

Castelnovo et al, 2008

�M ∝ �b



 pinch points in Ho2Ti2O7

experiment theory

All the physics is in the continuum scattering

T. Fennell et al, 2009



Yb2Ti2O7
pyrochlore lattice

[110] magnetic Field-Induced   

Long Range Order in Yb2Ti2O7 

Sharp spin waves at all wavevectors indicate that the system has entered 

a long range ordered phase induced by modest [110] magnetic fields 

• Spin waves appear absent in low field, but 
emerge for B>0.5T

• a low field QSL?

K.A. Ross et al (2009)



Spin interactions
• Complete phenomenological Hamiltonian 

extracted from INS with B=5T

K. Ross, L. Savary, B. 
Gaulin, and LB, PRX 
1, 021002 (2011)
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A flurry of recen
t theoreti

cal and
experim

ental wo
rk has highligh

ted exotic physics
in the clas-

sical dip
olar spin ice compounds,

Ho2Ti2O7 and Dy2Ti2O7, whi
ch have been shown to exhibit

an

emergent “artifici
al magnetost

atics”, m
anifestin

g as Coulom
bic diffuse spin correlat

ions and parti-

cles behavin
g as diffusive

“magnetic
monopole

s”. Here we discuss
the related

material Y
b2Ti2O7,

and extract
its full set

of Hamiltonian
parameters from high field inelastic

neutron
scatterin

g ex-

periments. These results
show that Yb2Ti2O7 is in fact a highly quantum

analog
of spin ice.

Furtherm
ore we show that the

Hamiltonian
may support

a Coulom
bic quantum

spin liquid ground

state in low field, wh
ich could explain

some puzzling
features

in prior ex
periments. Th

is is the
first

potentia
l sightin

g of a quantum
spin liquid state in a material i

n which the spin Hamiltonian
is

quantita
tively known,

and opens th
e door to

a wide range of fascin
ating phenom

ena that up
to now

have been discusse
d only theoreti

cally.

Rare earth pyrochlo
res display

a diverse
set of fasci-

nating physical
phenom

ena.
1 One of the most interest-

ing aspects
of these materials

from the point of view

of funda
mental ph

ysics is the strong frustrati
on experi-

enced by coupled
magnetic m

oments on this latt
ice. The

best exp
lored materials

exhibitin
g this fru

stration
are the

“spin-ice
” compounds,

Ho2Ti2O7, Dy2Ti2O7, in which

the moments can be regarded
as classical

spins with a

strong easy-axi
s (Ising)

anisotro
py2

,3 . The fr
ustration

of

these moments resu
lts in a remarkable

classical
spin liq-

uid regime exhibitin
g Coulombic correlati

ons and emer-

gent “magnetic
monopole”

excitatio
ns that have now

been studied
extensiv

ely in theory and experim
ent

4–6 .

Strong quantum
effects a

re absen
t in the spin

ice com-

pounds,
but can

be significa
nt in rare earth pyrochlo

res

with easy-pla
ne rather than easy-axi

s anisotro
py. The

materials
Yb2Ti2O7 and Er2Ti2O7 have been identifie

d

as of this type, and it has recently
been argued

that

the spins in these materials
are controlle

d by exchang
e

coupling
rather t

han the long-ran
ge dipolar

interacti
ons

which dominate in spin ice
11,17 . Because

of the strong

spin-orb
it and crystal fi

eld effects, t
he spin dynamics at

low temperature
is dominated by a single Kramers dou-

blet form
ed out of th

e underl
ying J = 7/2 Yb

3+ spins in

Yb2Ti2O7. This can be consider
ed as an effective

spin

S = 1/2 moment, for
which the stronges

t possib
le quan-

tum effects are expected
. This makes these materials

nearly unique e
xamples of s

trongly
quantum

magnets o
n

the highly frustrate
d pyrochlo

re lattice.
They are also

nearly ideal su
bjects for detailed

experim
ental in

vesti-

gation,
existing

as they do in large high purity single

crystals,
and with large magnetic

moments am
enable to

neutron
scatterin

g studies.

Theoret
ical stud

ies have pointed
to the likelihoo

d of

unusual
ground

states of quant
um antiferro

magnets on

the pyrochlo
re lattice.

Most excit
ing is the possibili

ty of

a quantum
spin liquid (QSL) state, w

hich avoids mag-

netic ord
ering and freezing

even at absolu
te zero temper-

FIG. 1. (color online)
The measured

S(Q,ω) at T=30mK,

sliced along various
direction

s in the [HHL] plane
, for both

µ0H=5T (first row) and µ0H=2T (third row). The second

and fourth row show the calculat
ed spectrum

for these two

field strength
s, based

on an anisotro
pic exchang

e model wit
h

five free parameters (see text) that were extracte
d by fitting

to the 5T data set. For
a realistic

comparison
to the data

, the

calculat
ed S(Q,ω) is co

nvoluted
with a gaussian

of full-w
idth

0.09meV. Both the 2T and 5T data sets, com
prised of spin

wave dispersi
ons alon

g five different
direction

s, are describe
d

extremely well by
the same parameters.

ature, an
d whose elementary excitatio

ns carry
fractiona

l

quantum
numbers and

are decidedl
y different

from spin

waves
7 . Intriguin

gly, neutron
scatterin

g measurem
ents

have reported
a lack of magnetic

ordering
and the ab-

sence of spin
waves in Yb2Ti2O7 at low fields

8,9 . In a

recent st
udy, sha

rp spin waves em
erged when a magnetic

field of 0.5T
or larger was applied,

suggesti
ng that the

system transitio
ned into a conventi

onal sta
te9 . The

pos-

Jzz = 0.17±0.04 meV
J± = 0.05±0.01 meV Jz± = 0.14±0.01 meV J±± = 0.05±0.01 meV



Spin interactions
• Same parameters reproduce B=2T data
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FIG. 1. (color online)
The measured

S(Q,ω) at T=30mK,

sliced along various
direction

s in the [HHL] plane
, for both

µ0H=5T (first row) and µ0H=2T (third row). The second

and fourth row show the calculat
ed spectrum

for these two

field strength
s, based

on an anisotro
pic exchang

e model wit
h

five free parameters (see text) that were extracte
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to the 5T data set. For
a realistic

comparison
to the data

, the

calculat
ed S(Q,ω) is co

nvoluted
with a gaussian

of full-w
idth

0.09meV. Both the 2T and 5T data sets, com
prised of spin

wave dispersi
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extremely well by
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ature, an
d whose elementary excitatio

ns carry
fractiona

l

quantum
numbers and

are decidedl
y different

from spin

waves
7 . Intriguin

gly, neutron
scatterin

g measurem
ents

have reported
a lack of magnetic

ordering
and the ab-

sence of spin
waves in Yb2Ti2O7 at low fields

8,9 . In a

recent st
udy, sha

rp spin waves em
erged when a magnetic

field of 0.5T
or larger was applied,
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ng that the

system transitio
ned into a conventi

onal sta
te9 . The

pos-

Jzz = 0.17±0.04 meV
J± = 0.05±0.01 meV Jz± = 0.14±0.01 meV J±± = 0.05±0.01 meV

K. Ross, L. Savary, B. 
Gaulin, and LB, PRX 
1, 021002 (2011)



Spin interactions
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U(1) QSL = emergent compact QED
M. Hermele, MPA Fisher, L. Balents, 2004

A. Banerjee et al, 2008 



Excitations

• Where spin ice realizes “emergent 
magnetostatics”, the QSL is “emergent 
compact quantum electrodynamics”

• coherent propagating monopoles = 
“spinons”

• dual (electric) monopoles 

• artificial photon: gapless!

• Consistent with observed continuum?



T=0 Phase Diagram

J±/Jzz

J++/Jzz

Jz±/Jzz

QSL

non-perturbative approach?



Gauge Theory
H =
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• Problem is exactly reformulated as a lattice 
compact abelian Higgs theory

• Can apply standard mean-field methods for 
lattice gauge theory (Wilson 1974...)
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Higgs transition from a magnetic Coulomb liquid to a fer-
romagnet in Yb2Ti2O7
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4Jülich Centre for Neutron Science JCNS-FRM II, Forschungszentrum Jülich GmbH, Outstation
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In a class of frustrated magnets known as spin ice, magnetic monopoles emerge as classical

defects and interact via the magnetic Coulomb law. With quantum-mechanical interactions,

these magnetic charges are carried by fractionalised bosonic quasi-particles, spinons, which

1

July 4, 2012 arXiv:1111.5406
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• A thorough study of this and other 
quantum spin ices is now underway in many 
labs

3

FIG. 2: Specific heat, C(T ), per mole of Yb for the model
parameters in Ref. [18], in units of the Boltzmann constant
kB, calculated via NLC (up to 4th order NLC together with
Euler extrapolations) are compared with experimental data
for Yb2Ti2O7. The black circles are data from Ref. [27].

order in !, only Jz±, by far the largest quantum term
for YbTO, leads to a degeneracy-lifting classical poten-
tial for di!erent spin-ice configurations. It amounts to
a fluctuation-induced ferromagnetic exchange constant
J3 ! "3!2J2

z±/Jzz [25] between shortest distance spins
on the same tetrahedral sublattice that share a neigh-
bor [35]. It leads to the selection of a q = 0 long-range
ordered ground state in which all tetrahedra are in the
same configuration and the spins develop a small ferro-
magnetic moment along one of the #100$ cubic directions.
This q = 0 ferrimagnet (FM) lacks the Coulombic physics
originally present in the Jzz-only spin ice model [36].
To calculate C(T ) and S(T ) in the perturbative regime

at low T , we turn to classical loop Monte Carlo simula-
tions [37] of the J3 " Jzz model [32]. These reveal a
very sharp lower temperature peak signalling a first or-
der phase transition to a q = 0 state (see Fig. S5 [32]).
Excited states in the perturbative regime: spinons and

strings – A surprise of the perturbative treatment is that,
while the ground state is classical, the spin-flip excita-
tions remain non-trivial and of quantum nature. This is
because, once a spin is flipped in a spin-ice state, creating
a spinon/antispinon pair [11], the pair can hop through
Jz± acting through first order degenerate perturbation
theory. Thus, the dispersion in the excited state man-
ifold is !Jz±, much larger than the dispersion within
the low-energy manifold of spin ice states, which is only
!2J2

z±/Jzz.
A sketch of a spinon/antispinon pair is shown in Fig.

1b and 1c. Note that only spins inside the tetrahedron
“already” containing spinons are flippable in first order

FIG. 3: Entropy, S(T ), per mole of Yb, in units kB following
the methods described in the caption of Fig. 2. The black
circles are obtained by integrating the data from Ref. [27]
excluding the nuclear (hyperfine) contribution. The Pauling
entropy SP !

kB

2
ln 3

2
is shown as a horizontal line. The inset

shows S(T ) in the perturbative regime with J3/Jzz = "0.001.
A clear plateau at S(T ) # SP is seen, followed at lower T by
a precipitous drop of S(T ) (i.e. latent heat) accompanying
the transition to long range FM order [32].

degenerate perturbation theory. Hence, the connecting
string of misaligned spins can only fluctuate by higher
order processes involving closed loops with alternating
in-out spins [26]. Thus the renormalized string tension
per unit length remains finite and of order J3. One can
estimate the typical string length as the length, ls, at
which the cost of the string becomes comparable to the
delocalization energy of the spinon/antispinon pair. The
string energy per unit length goes as % J3 % !2, whereas
the delocalization energy (spinon bandwidth) goes as !.
This leads to ls scaling as 1/!, which diverges as ! & 0.
A detailed theory of neutron scattering in this ferri-

magnetic phase is not attempted here, but we anticipate
it to follow the proposal of Ref. [26]. At temperatures
above the transition to the q = 0 long-range ordered
state, the system explores the classical two-in/two-out
spin ice states and should display singularities (pinch
points, PPs) in neutron scattering [36] rounded o! by
the finite density of thermally excited spinon/antispinon
defects [11, 36]. While the system has thermally smeared
PPs above the ferrimagnetic transition and no static PPs
well below the transition, it may display some remnant
of PPs in the spin dynamics at higher energies. These
interesting issues deserve further attention.
Beyond the ! ' 1 regime – Why is the transition

temperature of YbTO so low? As discussed by Ross et
al. [18], the low T peak in C(T ) is at a temperature lower
than mean-field theory by an order of magnitude. Com-

Applegate et al, 
arXiv:1203.4569



Other QSLs?

A2IrO3: Kitaev 
model?

Na4Ir3O8: 
hyperkagomé QSL

Ba2YMoO6 : 
frustrated 

FCC lattice



Conclusion

• QSLs are examples of a broad class of 
intriguing states of matter

• The search for definitive evidence of them 
in experiment is heating up (for good 
reasons!)



A future history of 
magnetism

tim
e sinan, ~200BC

Ferromagnetism 
documented in 
Greece, India, used in 
China 

~500BC:

1949AD:Antiferromagnetism 
proven experimentally

~2016AD:Conclusive experiments 
on quantum spin liquids?


