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of degeneracies and the consequent generation of multiple narrow bands from relatively mixed

ones. The narrow bands generated by SOC are more susceptible to Mott localization by U , which

implies that the horizontal boundary in Figure 1 shifts downward with increasing �. If we include

correlations first, the U tends to localize electrons, diminishing their kinetic energy. Consequently

the on-site SOC �, which is insensitive to or even reduced by delocalization, is relatively enhanced.

Indeed, in the strong Mott regime U/t � 1, one should compare � with the spin exchange coupling

J / t2/U , rather than t. As a result, the vertical boundary shifts to the left for large U/t. We see

that there is an intermediate regime in which insulating states are obtained only from the combined

influence of SOC and correlations – these may be considered spin-orbit assisted Mott insulators.

Here we are using the term “Mott insulator” to denote any state which is insulating by virtue

of electron-electron interactions. In Sec. IV, we will remark briefly on a somewhat philosophical

debate as to what should “properly” be called a Mott insulator.

Terminology aside, an increasing number of experimental systems have appeared in recent

years in this interesting correlated SOC regime. Most prolific are a collection of iridates, weakly

conducting or insulating oxides containing iridium, primarily in the Ir4+ oxidation state. This in-

cludes a Ruddlesdon-Popper sequence of pseudo-cubic and planar perovskites Sr
n+1

Ir
n

O
3n+1

(n =

1, 2,1),8–15 hexagonal insulators (Na/Li)
2

IrO
3

,16–21 a large family of pyrochlores, R
2

Ir
2

O
7

,22–24 and

some spinel-related structures.25,26 Close to iridates in the periodic table are several osmium oxides

such as NaOsO
3

27 and Cd
2

Os
2

O
7

,28 which experimentally display MITs. Apart from these mate-

FIG. 1. Sketch of a generic phase diagram for electronic materials, in terms of the interaction strength
U/t and SOC �/t. The materials in this review reside on the right half of the figure.

W. Witczak-Krempa et al, ARCMP 2013
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TABLE I. Emergent quantum phases in correlated spin-orbit coupled materials. All phases have U(1)
particle-conservation symmetry – i.e. superconductivity is not included. Abbreviations are as follows:
TME = topological magnetoelectric e↵ect, TRS = time reversal symmetry, P = inversion (parity),
(F)QHE = (fractional) quantum Hall e↵ect, LAB = Luttinger-Abrikosov-Beneslavskii.57 Correlations
are W-I = weak-intermediate, I = intermediate (requiring magnetic order, say, but mean field-like), and S
= strong. [A/B] in a material’s designation signifies a heterostructure with alternating A and B elements.

Phase Symm. Correlation Properties Proposed

materials

Topological Insulator TRS W-I Bulk gap, TME, protected
surface states

many

Axion Insulator P I Magnetic insulator, TME,
no protected surface states

R
2

Ir
2

O
7

,
A

2

Os
2

O
7

WSM TRS or P
(not both)

W-I Dirac-like bulk states, surface
Fermi arcs, anomalous Hall

R
2

Ir
2

O
7

,
HgCr

2

Se
4

,
. . .

LAB Semi-metal cubic +
TRS

W-I Non-Fermi liquid R
2

Ir
2

O
7

Chern Insulator broken
TRS

I Bulk gap, QHE Sr[Ir/Ti]O
3

,
R

2

[B/B0]
2

O
7

Fractional Chern
Insulator

broken
TRS

I-S Bulk gap, FQHE Sr[Ir/Ti]O
3

Fractional Topological
Insulator, Topological
Mott Insulator

TRS I-S Several possible phases. Charge
gap, fractional excitations

R
2

Ir
2

O
7

Quantum spin liquid any S Several possible phases. Charge
gap, fractional excitations

(Na,Li)
2

IrO
3

,
Ba

2

YMoO
6

Multipolar order various S Suppressed or zero magnetic mo-
ments. Exotic order parameters.

A
2

BB0O
6

II. WEAK TO INTERMEDIATE CORRELATIONS

Following the discovery of topological insulators4,5 (TIs), it is now recognized that SOC is

an essential ingredient in forming certain topological phases. The TI is characterized by a Z
2

topological invariant, which may be obtained from the band structure, in the presence of time-

reversal symmetry (TRS). This phase has a bulk excitation gap, but is distinguished from trivial

band insulators by the presence of protected metallic surface states. The non-trivial bands in

the TI must “unwind” upon crossing the interface with a time-reversal preserving vacuum or a

trivial band insulator, leading to the closing of the excitation gap and a conducting state at the
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Pyrochlore iridates
• Series of compounds exhibiting metal-

insulator transitions and magnetism

Introduction

100

101

102

103

104

105

106

107

0 50 100 150 200 250 300

!
 (

m
"

 c
m

)

T(K)

Pr

Nd

Gd

Sm

Eu

Tb

Dy

Ho

Ln
2
Ir

2
O

7

103

104

105

106

60 80 100 300

Tb

Dy
Ho

Resistivity (polycrystalline samples)
Ln2Ir2O7

Ir4+: 5d5 Conduction electrons

Ln3+: (4f)n Localized moment
Magnetic frustration

Itinerant electron system 
on the pyrochlore lattice 

Ir[t2g]+O[2p] conduction band

Metal Insulator Transition
(Ln=Nd, Sm, Eu, Gd, Tb, Dy, Ho)

K. Matsuhira et al. : J. Phys. Soc. Jpn. 76 (2007) 043706.
(Ln=Nd, Sm, Eu)

IrO6

Ln

O!

pyrochlore oxides

1

IrO6

R

R2Ir2O7 R or Ir



Pyrochlore iridates
• Series of compounds exhibiting metal-

insulator transitions and magnetism
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FIG. 3. a) The main panel shows the resistivity, and field cooled (FC) and zero field cooled (ZFC)
susceptibilities for Eu-227, while the insert the spontaneous muon oscillation frequency. Data adapted
from Refs. 80 and 81. b) Phase diagram for the pyrochlore iridates R-227 based on transport and
magnetism measurements. (This is a supplemented and modified version of the diagram found in Ref. 78.)
The R-elements that do not have a local magnetic moment are emphasized in bold magenta. The only
non-lanthanide, R = Y, is denoted by a square.

manifold. Therefore, the SOC � splits the t
2g

spinful manifold into a higher energy J
e↵

= 1/2

doublet and a lower J
e↵

= 3/2 quadruplet. In an ionic picture, since Ir4+ has 5 d-electrons, the

J
e↵

= 1/2 doublet is half-filled, and only this orbital is involved in the low energy electronic

structure. More generally, if trigonal splitting is included, the J
e↵

= 3/2 levels are split and mixed

with the J
e↵

= 1/2 ones. In the general case, there is a highest Kramers doublet, whose character

varies with the ratio of SOC to trigonal splitting, between a J
e↵

= 1/2 doublet and a S = 1/2 one.

A band structure view is complementary to the ionic picture as we now discuss. If only the

highest doublet is involved, we expect 4 two-fold degenerate bands near the Fermi energy, as

there are 4 Ir per unit cell. As discussed by Wan et al.

46 and Yang et al.,51 it is instructive to

consider their structure at the � point. Due to cubic symmetry, the 8 Bloch states at this point

decompose into 2 two-dimensional irreducible representations (irreps) and 1 four-dimensional irrep.

By electron counting, these bands should be half-filled, so that if the order of these irreps, in terms

of degeneracies, is 2-2-4 or 4-2-2, a band insulating state may occur, while if the order is 2-4-2,

the 4-dimensional irrep must be half-filled and hence the system cannot be gapped at the band

structure level (see the lowest panel of Figure 5(b)). The former situation was obtained by Ref. 7

based on a phenomenological but ad-hoc Hubbard model for small U . They found a transition from

a semi-metallic ground state to a TI one with increasing the ratio of SOC to hopping. Subsequently,

by ab initio methods, Wan et al. found46 the latter, 2-4-2, ordering of irreps in Y-227. In this case,

a TI is impossible, but other topological phases can occur with increasing correlations. For those

Yanagashima+Maeno, JPSJ 2001
K. Matsuhira et al, JPSJ 2011

W. Witczak-Krempa et al, ARCMP 2013

As is reported in ref. 15, we were unable to prepare
samples free from impurity phases by a solid-state reaction
in air because of the volatility of IrO2. Furthermore, their
reflection peaks in XRD patterns were much broader. This
result indicates that the samples prepared in air have poorer
crystallinity or deviate from their stoichiometry. Note that
before our study in ref. 15, all polycrystalline samples were
prepared by a solid-state reaction in air.20,22–26)

3. Results and Discussion

3.1 Resistivity
Figure 1 shows the temperature dependence of the

electrical resistivities !!T " of Ln2Ir2O7 for Ln = Pr, Nd,
Sm, Eu, Gd, Tb, Dy, and Ho. When Ln is changed from Pr to
Dy, !!T " at room temperature gradually increases; !!T " for
Ln = Ho at room temperature is lower than that for Dy.27)

The gradient of !!T " at room temperature gradually changes
from a positive value to a negative value. For Ln = Pr and
Nd, Ln2Ir2O7 is metallic. For Ln = Sm, Eu, and Gd,
Ln2Ir2O7 is semimetallic. For Ln = Tb, Dy, and Ho,
Ln2Ir2O7 is semiconducting. We found that, for Ln = Nd,

Sm, Eu, Gd, Tb, Dy, and Ho, Ln2Ir2O7 exhibits MITs at 33,
117, 120, 127, 132, 134, and 141K, respectively, while
Pr2Ir2O7 exhibits no MIT down to 0.3K; it should be noted
that TMI for Ln = Nd is revised to 33K.28,29) Now, although
the conductivity of Ln2Ir2O7 for Ln = Tb, Dy, and Ho is
semiconducting with a small energy gap at room tempera-
ture, we have adopted MIT for convenience because a
common feature in their transition is observed. TMI increases
monotonically as the ionic radius of Ln decreases. The ionic
radius boundary for MITs in Ln2Ir2O7 lies between Ln = Pr
and Nd. For Ln = Gd, Tb, Dy, and Ho, a clear upturn due to
MIT is shown in Fig. 1(b). Discontinuities and thermal
hysteresis were not observed at approximately TMI, indicat-
ing that these MITs are second-order transitions. It should be
noted that !!T " below TMI continues to increase without
saturation on cooling. This implies that MITs in Ln2Ir2O7

are not of accidental origin but of essential one.
We then attempted the order estimation of the energy gap

in the insulating state from the data. For the data just below
TMI, we tried to estimate the energy gap by assuming the
equation !!T " # !0 exp!Eg=T ", where Eg is the energy gap.
The estimated Eg is about 300–600K; Eg for Ln = Nd, Sm,
Eu, Gd, Tb, Dy, and Ho is estimated to be 405, 493, 429,
330, 517, 569, and 463K, respectively. We found that the
energy gap for Ln = Tb, Dy, and Ho increases by about
100–200K below TMI. These values may roughly correspond
to the energy gap, although no systematic change has been
confirmed. The band gap in the insulated state is small in
comparison with that in 3d electron system.30) Below TMI,
!!T " cannot be described by the thermal activation
conduction form !!T " # !0 exp!Eg=T ". In addition, !!T "
below TMI cannot be expressed in terms of the variable range
hopping except for Ln = Eu.31) Further investigation on the
unconventional temperature dependence of resistivity in the
insulating state is required to verify the origin.

3.2 Thermoelectric power
Figure 2 shows the temperature dependences of the

thermoelectric powers S!T " of Ln2Ir2O7 for Ln = Pr, Nd,
Sm, Eu, and Gd. When Ln is changed from Pr to Gd, the sign

Fig. 1. (Color online) (a) Electrical resistivities of Ln2Ir2O7 for Ln = Pr,
Nd, Sm, Eu, Gd, Tb, Dy, and Ho. (b) Enlarged view of electrical resistivities
of Ln2Ir2O7 for Ln = Gd, Tb, Dy, and Ho.

Fig. 2. (Color online) Thermoelectric powers of Ln2Ir2O7 for Ln = Pr,
Nd, Sm, Eu, and Gd.

K. MATSUHIRA et al.J. Phys. Soc. Jpn. 80 (2011) 094701 FULL PAPERS

094701-2 #2011 The Physical Society of Japan

K. Matsuhira et al, JPSJ 2011
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• Simple model Hamiltonians can exhibit 

topological insulator, and perhaps more 
exotic interacting topological phases

PYROCHLORE ELECTRONS UNDER PRESSURE, HEAT, . . . PHYSICAL REVIEW B 87, 155101 (2013)

AF (AIO)
AIO!

SM
TI

M

TWS

mAF

" 1.2
" 1.0

" 0.8
" 0.6t#

1.0

1.5

U
0.0

0.1

0.2
T

FIG. 2. (Color online) Finite U and T mean-
field phase diagram, including small NNN hop-
ping (toxy = 1). The out-of-plane fibers give
Tc for the continuous transition at which the
magnetic order melts. The two shaded regions
correspond to AF phases: either the AIO AF
or a type related by !/2 rotations AIO!. The
solid/dashed lines denote second- and first-order
quantum phase transitions, whereas, the dotted
lines in the AIO phase denotes a gap closing
signaling a Lifshitz transition out of the TWS or
metallic AF (mAF).

hoppings in the self-consistent treatment. Indeed, the previous
paper was mainly concerned with the self-consistent analysis
of the NN Hamiltonian: The NNN hoppings were added to the
final spectrum to establish that the line nodes at EF can give
rise to a Weyl phase when the ordering is of the AIO type.
The present paper confirms this. Moreover, a metallic phase
now appears for t" < "1.085, which will be relevant when we
compare with experiments on the iridates. Another new feature
is the presence of magnetization “jumps” that appear within
the AIO phase, present for "0.78 < t" < "0.68, denoted by

(a) (b)
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FIG. 3. (Color online) Spectra for the Hamiltonian Eq. (1) for
(a) t" = "1.2 and (b) t" = "0.8. These are associated with the phase
diagram Fig. 2.

the orange (larger) markers in Fig. 2. The spontaneous on-site
magnetization m grows abruptly along that line, and the TWS
becomes a gapped AF insulator: Energetically, the system finds
it preferable to preempt the continuous annihilation of Weyl
points of opposite chirality via a discontinuous evolution of m;
this is illustrated in Fig. 4. The abrupt continuous increase in
magnetization seems tied to the peculiar spectrum of the TWS.

Turning to evolution of the phases at finite temperature,
we find that most thermal transitions are continuous; this is
denoted by the out-of-plane fibers ended by circular markers
in Fig. 2. We have also examined the model at larger NNN
hoppings t !",!/t",! = 0.16 and found that small regions of first-
order transitions to the AIO phase appear at intermediate U .
As can be seen in Fig. 2, the transition temperatures naturally
increase with U since an increase in the latter leads to larger
gaps. Thus, the gapless TWS is fairly unstable to melting at
finite T with typical transition temperatures Tc # 0.01 in units

SM TWS AFI

AIO

1.45 1.50 1.55 1.60
0.00
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m

FIG. 4. (Color online) Evolution of the magnetization m as a
function of the Hubbard repulsion U for t" = "0.775. Note the abrupt
evolution of m when going from the TWS to the AF insulator (AFI).
The shaded regions have the AIO order.

155101-3

D. Pesin + LB, 2010 W. Witczak-Krempa, A. Go, Y-B Kim, 2013



Band structure
• Ir electronic structure: jeff=1/2 bands (but this is not 

really crucial!)

• 4*2=8 states: irreps at Γ = 2,2,4 (paramagnetic)
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T2 irrep
~ j=3/2

changing the relative magnitude of ta and te. In general, the
pyrochlore oxides have oxygen x parameters ranging from
0.309 to 0.355.40 Since xc=0.3125 for the perfect cubic crys-
tal field, we have to consider both trigonal compression !x
!xc" and elongation !x"xc" cases. According to the naive
crystal-field splitting picture, the on-site energies Ea and Ee
of a1g and eg! states are determined by the magnitude of oxy-
gen x parameters. However, in real materials, the relative
magnitude between Ea and Ee are strongly affected by hy-
bridization with high energy eg orbital states, which are al-
lowed under the trigonal crystal field.43 Therefore, irrespec-
tive of the magnitude of the oxygen x parameter, we have to
investigate both ta / te!1 and te / ta!1 cases on equal footing.

We first consider the case of ta / te!1. In Fig. 5, we plot
the evolution of the band structure as we increase ta / te. For
ta / te#1.7, an accidental band touching occurs at the L point
in the Brillouin zone. Since the two bands touching at the L
point have opposite inversion parities as shown in Table I,
the band crossing induces the exchange of the parities be-
tween the two bands touching at the L point. However, since
we have eight different momentum points within the first
Brillouin zone, which are symmetry equivalent to the L
point, the product of the inversion parities for all occupied
bands is invariant. According to Fu and Kane,9 the product of
the inversion parities of occupied bands determines the Z2
topological invariant #, characterizing the topological prop-
erties of insulators. Therefore, the accidental band touching
does not induce the change in the topological properties of
the insulating states.

Now we consider the opposite limit of te / ta!1. Figure 6
shows the evolution of the band structure as we increase
te / ta. Notice that the band gap at the $ point reduces pro-
gressively as te / ta increases. In particular, when te / ta
= !te / ta"c=2.3, a band inversion occurs at the $ point and the
system becomes metallic. The double degeneracy at the $
point is protected by the lattice point-group symmetry.
Therefore the metallic phase is stable as long as symmetry
breaking fields reducing the lattice symmetry are not intro-
duced. It is interesting that a similar metallic state is

predicted by a recent first-principles calculation on
Y2Ir2O7.44 Although we have used a simplified tight-binding
approach, the overall band structure and degeneracies at the
$ point for the metallic phase are consistent with the predic-
tion of the local-density approximation !LDA" calculation.

The effect of the trigonal crystal fields on the electronic
structure is summarized in the phase diagram shown in Fig.
7. The strong topological insulator !STI" is stable against the
trigonal crystal-field effect for te / ta smaller than the critical
value, !te / ta"c. On the other hand, if te / ta is larger than the
critical value, a metallic phase occurs. The metallic phase is
stable as long as the point-group symmetry of the lattice is
protected.

IV. LATTICE DISTORTION AND METAL-INSULATOR
TRANSITION

In this section we study the fate of the metallic phase
predicted above against external perturbations. Some pyro-
chlore iridates A2Ir2O7 with A=Nd, Sm, and Eu, show metal-
insulator transitions as the temperature decreases.35,36 How-
ever, the nature of the insulating ground state is under
controversy. According to a recent Raman-scattering mea-
surement on these iridium compounds,38 metal-insulator
transitions accompany structural distortions for Sm2Ir2O7
and Eu2Ir2O7. In addition, a recent theoretical study on a toy

TABLE I. Inversion parities of the jeff=1 /2 bands at time-
reversal invariant momenta for %SO=4.0, ta= te=0.5. Here E1&E2
&E3&E4. At the momentum Xi!i=1,2 ,3", the upper !lower" two
bands are degenerate with opposite inversion parities satisfying ''̄
=!1 !'!'̄!=!1".

E1 E2 E3 E4

$!0,0 ,0" + + + +
L0!( ,( ,(" ! ! + !
L1!!( ,( ,(" + + ! +
L2!( ,!( ,(" + + ! +
L3!( ,( ,!(" + + ! +
X1!2( ,0 ,0" ' '̄ '! '̄!
X2!0,2( ,0" ' '̄ '! '̄!
X3!0,0 ,2(" ' '̄ '! '̄!

!! !!XX XX""LL!!!! !!XX XX""LL!!!! !!XX XX""LL!!

E(k)E(k)

(a)(a) (c)(c)(b)(b)t / t =1.0t / t =1.0ee aa t / t =2.2t / t =2.2ee aa t / t =2.5t / t =2.5ee aa

FIG. 6. !Color online" Dispersions of jeff=1 /2 bands under
trigonal crystal field with ta" te. Here we have fixed %SO=4.0, ta
=0.5 but vary te. As te / ta increases the energy gap between the two
bands in the middle reduces. When te / ta#2.3 band inversion oc-
curs at the $ point and the system becomes metallic.

t / tt / tee aa

MetalMetalSTISTISTISTI

(t /t )(t /t )ee aa cc
XX

FIG. 7. !Color online" Phase diagram as a function of the
strength of the local trigonal crystal field represented by te / ta. Note
that a metallic phase occurs when te / ta becomes larger than the
critical value of !te / ta"c!1. The red cross in the middle of two
strong topological insulators !STI" indicates the point where acci-
dental band touching occurs.

BOHM-JUNG YANG AND YONG BAEK KIM PHYSICAL REVIEW B 82, 085111 !2010"

085111-6

X. Wan et al, 2011

this configuration must be metallic



2,4,2 structure
• Metal-insulator transition with increasing U
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FIG. 4. (Color online) Semimetallic nature of the state at U =
1.5 eV according to the LSDA + U + SO method. (a) Calculated
energy bands in the plane Kz = 0 with band parities shown; (b) energy
bands in the plane kz = 0.6!/a, where a Weyl point is predicted to
exist. The lighter-shaded plane is at the Fermi level. (c) Locations
of the Weyl points in the three-dimensional Brillouin zone (Ref. 29)
(nine are shown, indicated by the circled + or ! signs).

the parity eigenvalues. Note that all the magnetic structures
considered above preserve inversion (or parity) symmetry. In
the Brillouin zone [see Fig. 4(c)] of the fcc lattice the TRIMs
correspond to the " = (0, 0, 0), and X, Y,Z [=2!/a(1, 0, 0)
and permutations] points and four L points [!/a(1, 1, 1) and
equivalent points]. The TRIM parities of the top four occupied
bands, in order of increasing energy, are shown in Table II.
Note that, although by symmetry all L points are equivalent,
the choice of inversion center at an iridium site singles out one
of them, L". With that choice the parities at L" and the other
three L points are the opposite of one another. The parities
of the all-in/all-out state remains unchanged above U > Uc #
1.8 eV and is shown in the top row under U = 2 eV. This
pattern of parities helps to understand the nature of the phase:
The parities are the same as for a site-localized picture of this
phase, where each site has an electron with a fixed moment
along the ordering direction. Due to the possibility of such a
local description of this magnetic insulator, we term it the Mott
phase.

Intermediate correlations. For the same all-in/all-out mag-
netic configuration, at smaller U = 1.5 eV, the band structure

TABLE II. Calculated parities of states at TRIMs for several
electronic phases of the iridates. Only the top four filled levels are
shown, in order of increasing energy.

Phase " X, Y,Z L" L ($3)
U = 2.0, all-in (Mott) ++++ + ! ! + + ! ! ! !+++
U = 1.5, all-in (Dirac) ++++ + ! ! + + ! ! + !++ !

along high-symmetry lines [see Fig. 3(b)] also appears to be
insulating, and at first sight one may conclude that this is
an extension of the Mott insulator. However, a closer look
using the parities reveals that a phase transition has occurred.
At the L points, an occupied level and an unoccupied level
with opposite parities have switched places. It can readily
be argued that only one of the two phases adjacent to the
U where this crossing happens can be insulating (see the
Appendix). Since the large U phase is found to be smoothly
connected to a gapped Mott phase, it is reasonable to assume
the smaller U phase is the noninsulating one. This is also
borne out by the LSDA + U + SO band structure. A detailed
analysis perturbing about this transition point (also in the k · p
subsection) allows us to show that this phase is expected to be
a Weyl semimetal with 24 Weyl nodes in all.

Indeed, in the LSDA + U + SO band structure at U =
1.5 eV, we find a three-dimensional Dirac crossing located
within the "-X-L plane of the Brillouin zone. This is illustrated
in Fig. 4 and corresponds to the k vector (0.52,0.52,0.3)2!/a.
There also are five additional Weyl points in the proximity of
the point L related by symmetry (three are just inside each of
the two opposite hexagonal faces of the Brillouin zone, which
are identified with one another) When U increases, these points
move toward each other and annihilate all together at the L
point close to U = 1.8 eV. This is how the Mott phase is born
from the Weyl phase. Since we expect that for Ir 5d states the
actual value of the Coulomb repulsion should be somewhere
within the range 1 eV < U < 2 eV, we thus conclude that the
ground state of the Y2Ir2O7 is most likely the semimetallic
state with the Fermi surface characterized by a set of Weyl
points but in proximity to a Mott insulating state. Both phases
can be switched to a normal metal if Ir moments are collinearly
ordered by a magnetic field.

Possible axion insulator phase. At lower values of U a
second gapped phase with special properties may appear. This
phase can be characterized in terms of its magnetoelectric re-
sponse. Recall that in the presence of time-reversal symmetry,
topological insulators are nonmagnetic band insulators with
protected surface states.6 When the surface states are elimi-
nated by adding, for example, magnetic moments only on the
surface, a quantized magnetoelectric response is obtained:13

A magnetic field induces a polarization, P = # e2

2!h
B, with the

coefficient # only defined modulo 2! . The values of # are
limited by time reversal, which transforms # % !# . Apart
from the trivial solution # = 0, the ambiguity in the definition
of # allows also for # = ! , and this occurs in topological
insulators # = ! . In magnetic insulators, # is in general no
longer quantized.30 However, when inversion symmetry is
retained, # is quantized again. An insulator with the value
# = ! may be termed an axion insulator.

What is the appropriate description of the pyrochlore
iridates? As described elsewhere,21 the condition for # = !
insulators with only inversion symmetry, when deduced from
the parities, turns out to be the same as the Fu-Kane formula,
for time-reversal symmetric insulators;31,32 that is, if the total
number of filled states of negative parity at all TRIMs taken
together is twice an odd integer, then # = ! . Otherwise, # = 0.

For the Mott insulator, at large U , the charge physics must
be trivial and so we must have # = 0. Next, since the Weyl
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it was shown that the insulating ground states evolve from a
high-temperature metallic phase via a magnetic transition.9,10

The magnetism was shown to arise from the Ir sites, since it
also occurs in A = Y, Lu, where the A sites are nonmagnetic.
While its precise nature remains unknown, ferromagnetic
ordering is considered unlikely, since magnetic hysteresis is
not observed.

We show that electronic structure calculations can naturally
account for this evolution and point to a novel ground state.
First, we find that magnetic moments order on the Ir sites
in a noncollinear pattern with moment on a tetrahedron
pointing all in or all out from the center. This structure retains
inversion symmetry, a fact that greatly aids the electronic
structure analysis. While the magnetic pattern remains fixed,
the electronic properties evolve with correlation strength. For
weak correlations, or in the absence of magnetic order, a
metal is obtained, in contrast to the interesting topological
insulator scenario of Ref. 8. With strong correlations we find
a Mott insulator with all-in/all-out magnetic order. However,
for the case of intermediate correlations, relevant to Y2Ir2O7,
the electronic ground state is found to be a Weyl semimetal,
with linearly dispersing Dirac nodes at the chemical potential
and other properties described above.

We also mention the possibility of an exotic insulating
phase emerging when the Weyl points annihilate in pairs
as the correlations are reduced; we call it the ! = " axion
insulator. Although our LSDA + U + SO calculations find
that a metallic phase intervenes before this possibility is
realized, we note that local-density approximation (LDA)
systematically underestimates gaps, so this scenario could well
occur in reality. Finally, we mention that modest magnetic
fields could induce a reorientation of the magnetic moments,
leading to a metallic phase. Previous studies include Ref. 18, an
ab initio study which considered ferromagnetism. In Ref. 19,
the tight-binding model of Ref. 8 was extended to include
tetragonal crystal fields, but in the absence of magnetism. The
topological Dirac metal and axion insulator discussed here do
not appear in those works, largely due to the difference of
magnetic order from our study.

We begin by giving a brief overview of the theoretical
ideas that will be invoked in this work, before turning to our
LSDA + U calculations of magnetic and electronic structure
of the pyrochlore iridates. We then discuss the special surface
states that arise in the Weyl semimetal phase and close with
a comparison to existing experiments and conclusions. Our
results are summarized in the phase diagram Fig. 1.

I. WEYL SEMIMETALS AND INVERSION-SYMMETRIC
INSULATORS

Weyl points are points where the valence band and
conduction band touch. The excitations near each Weyl point
k0 are described by an effective Hamiltonian:

HD = E01 + v0 · q1 +
3!

i=1

vi · q#i . (1)

Energy is measured from the chemical potential, q = k ! k0
and (1, #i) are the identity matrix and three Pauli matrices,
respectively. This Hamiltonian is obtained by expanding the

FIG. 1. (Color online) Sketch of the predicted phase diagram
for pyrochlore iridiates. The horizontal axis corresponds to the
increasing interaction among Ir 5d electrons while the vertical axis
corresponds to external magnetic field, which can trigger a transition
out of the noncollinear “all-in/all-out” ground state, which has several
electronic phases.

full Hamiltonian to linear order. No assumptions are needed
beyond the requirement that the two eigenvalues become
degenerate at k0. The velocity vectors vi are generically
nonvanishing and linearly independent. The energy dispersion

is conelike, $E = v0 · q ±
"#3

i=1(vi · q)2. One can assign a
chirality (or chiral charge) c = ±1 to the fermions defined as
c = sgn(v1 · v2 " v3). Note that, since the 2 " 2 Pauli matrices
appear, our Weyl particles are two-component fermions. In
contrast to regular four component Dirac fermions, it is not
possible to introduce a mass gap. The only way for these modes
to disappear is if they meet with another two-component Weyl
fermion in the Brillouin zone, but with opposite chiral charge.
Thus, they are topological objects. By inversion symmetry, the
band touchings come in pairs, at k0 and !k0, and these have
opposite chiralities (since the velocity vectors are reversed).

This semimetallic behavior would not occur (generically)
in a system without magnetic order. In materials such as
bismuth, with both time reversal and inversion symmetry,
Dirac fermions always contain both left- and right-handed
components and are thus typically gapped.20

When the compound has stoichiometric composition, and
all the Weyl points are related by symmetry, the Fermi energy
can generically line up with the energy of the touching points.
Under these circumstances, the density of states is equal to
zero and the behavior of the Weyl fermions controls the
low-temperature physics of the solid. For example, the ac
conductivity should have a particular frequency dependence,
and novel types of surface states should occur, as discussed
below. Because of the symmetry relating the Weyl points,
their energies E0 must coincide. Then, the Fermi energy is
fixed at the touching points because of the Kohn-Luttinger
theorem: At stoichiometry, there are an integer number of
electrons per unit cell. Hence, the Kohn-Luttinger theorem
implies that the volume of particlelike minus holelike Fermi
surfaces must be a multiple of the volume of the Brillouin
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FIG. 1. (Color online) (a) All-in-all-out magnetic structure where
all four magnetic moments on the vertices of each tetrahedron point
inward or outward. Arrows indicate the Ir4+ magnetic moments.
(b) Coplanar magnetic order where four magnetic moments on a
tetrahedron lie in the (001) plane and are either antiparallel or
orthogonal.

surface with edges about 0.5 mm long [Fig. 2(b)] was attached
to a copper plate with varnish and mounted in a closed-
cycle 4He refrigerator. The [011] of the sample was oriented
perpendicular to the scattering plane [Fig. 2(a)]. A Mo (200)
crystal was used to analyze the polarization of the scattered x
ray. The linearly polarized ! ! (perpendicular to the scattering
plane) and " ! (parallel to the scattering plane) components
can be detected by rotating the Mo crystal about the scattered
beam. The 2# value of the (200) reflection of Mo is 89.564" at
11.230 keV, which guarantees a polarization purity of 99.99%.
To investigate the change in crystal structure across the M-I
transition, x-ray oscillation photographs were taken with a
large cylindrical imaging plate installed at BL02B1, SPring-8,
Japan, at a photon energy of 35 keV, which is far from the
absorption edges of the constituent elements.25 A single crystal
sample with a dimension of 0.05 mm was cooled by using a
He-gas spray refrigerator. SHELXL (Ref. 26) was used to refine
the structural parameters. The magnetic susceptibility of three
single crystals (0.49 mg), including the one used for the RXD
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FIG. 2. (Color online) (a) Schematic view of the experimental
setup for the resonant magnetic x-ray diffraction measurements.
(b) Photograph of the Eu2Ir2O7 single crystal used for the RXD
experiment. (c) Ir-O network in the pyrochlore structure. Each Ir
is coordinated to six O atoms. The IrO6 octahedra are connected
by shared vertices to form a tetrahedral Ir network. Each IrO6 is
compressed along a trigonal axis.
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FIG. 3. (Color online) (a), (b) Profiles of the (10 0 0) reflec-
tions of Eu2Ir2O7 scanned along (h00) in reciprocal space with a
photon energy of 11.230 keV at several temperatures through the
(a) ! -! ! and (b) ! -" ! channels. (c) Temperature dependence of the
integrated intensities of the (10 0 0) reflection detected though the
! -! ! (solid circles) and ! -" ! (open circles) channels. (d) Temperature
dependence of the electrical resistivity (solid line) and magnetic
susceptibility (circles). The magnetic susceptibilities were measured
for zero-field-cooling (ZFC; solid circles) and field-cooling (FC; open
circles) processes in a field of 1000 Oe.

measurement (0.3 mg), was measured with a superconducting
quantum interference device magnetometer under an applied
magnetic field of 1000 Oe.

Initially, several line scans were performed along (h00),
(hh0), and (hhh) in the reciprocal space to search for magnetic
reflections with the on-resonance condition. No reflections
at incommensurate positions were observed (not shown).
Forbidden reflections at (4n + 2 0 0) were then investigated.
In pyrochlore systems with an Fd3̄m space group, the (h00)
reflections are allowed only when h= 4n, where n is an integer.
Figures 3(a) and 3(b) show the x-ray diffraction profiles for the
! -! ! and ! -" ! channels along (h00) around h = 10 at a photon
energy of 11.230 keV and at several temperatures. A clear peak
was observed at (10 0 0) in both the polarization channels.
The integrated intensity of the peak is plotted as a function
of temperature (Fig. 3). The reflection in the ! -" ! channel
appeared only below TMI = 120 K. The intensity in the ! -" !

channel (I! -" !) below the TMI increased approximately linearly
to TMI # T , which is consistent with a second-order phase
transition. In contrast, the peak was also visible above TMI
in the ! -! ! channel. In the resonance condition, (4n + 2 0 0)
reflections can arise from the anisotropy of the anomalous
scattering factor of Ir4+ ions. The Ir4+ ions occupy trigonally
distorted octahedral sites with a local symmetry of 3̄m, which
causes the uniaxial anisotropy in the anomalous scattering
factor tensor with the spatial axis parallel to the trigonal axis.27

Because the special axes for the four Ir sites in the primitive
cell are not parallel to each other [Fig. 2(c)], the reflection
condition is relaxed near the Ir absorption edges.28 The [011]
axis was set perpendicular to the scattering plane; therefore
the structure factors of the (4n + 2 0 0) reflections in the ! -! !
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FIG. 1. (Color online) (a) All-in-all-out magnetic structure where
all four magnetic moments on the vertices of each tetrahedron point
inward or outward. Arrows indicate the Ir4+ magnetic moments.
(b) Coplanar magnetic order where four magnetic moments on a
tetrahedron lie in the (001) plane and are either antiparallel or
orthogonal.

surface with edges about 0.5 mm long [Fig. 2(b)] was attached
to a copper plate with varnish and mounted in a closed-
cycle 4He refrigerator. The [011] of the sample was oriented
perpendicular to the scattering plane [Fig. 2(a)]. A Mo (200)
crystal was used to analyze the polarization of the scattered x
ray. The linearly polarized ! ! (perpendicular to the scattering
plane) and " ! (parallel to the scattering plane) components
can be detected by rotating the Mo crystal about the scattered
beam. The 2# value of the (200) reflection of Mo is 89.564" at
11.230 keV, which guarantees a polarization purity of 99.99%.
To investigate the change in crystal structure across the M-I
transition, x-ray oscillation photographs were taken with a
large cylindrical imaging plate installed at BL02B1, SPring-8,
Japan, at a photon energy of 35 keV, which is far from the
absorption edges of the constituent elements.25 A single crystal
sample with a dimension of 0.05 mm was cooled by using a
He-gas spray refrigerator. SHELXL (Ref. 26) was used to refine
the structural parameters. The magnetic susceptibility of three
single crystals (0.49 mg), including the one used for the RXD
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FIG. 2. (Color online) (a) Schematic view of the experimental
setup for the resonant magnetic x-ray diffraction measurements.
(b) Photograph of the Eu2Ir2O7 single crystal used for the RXD
experiment. (c) Ir-O network in the pyrochlore structure. Each Ir
is coordinated to six O atoms. The IrO6 octahedra are connected
by shared vertices to form a tetrahedral Ir network. Each IrO6 is
compressed along a trigonal axis.
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FIG. 3. (Color online) (a), (b) Profiles of the (10 0 0) reflec-
tions of Eu2Ir2O7 scanned along (h00) in reciprocal space with a
photon energy of 11.230 keV at several temperatures through the
(a) ! -! ! and (b) ! -" ! channels. (c) Temperature dependence of the
integrated intensities of the (10 0 0) reflection detected though the
! -! ! (solid circles) and ! -" ! (open circles) channels. (d) Temperature
dependence of the electrical resistivity (solid line) and magnetic
susceptibility (circles). The magnetic susceptibilities were measured
for zero-field-cooling (ZFC; solid circles) and field-cooling (FC; open
circles) processes in a field of 1000 Oe.

measurement (0.3 mg), was measured with a superconducting
quantum interference device magnetometer under an applied
magnetic field of 1000 Oe.

Initially, several line scans were performed along (h00),
(hh0), and (hhh) in the reciprocal space to search for magnetic
reflections with the on-resonance condition. No reflections
at incommensurate positions were observed (not shown).
Forbidden reflections at (4n + 2 0 0) were then investigated.
In pyrochlore systems with an Fd3̄m space group, the (h00)
reflections are allowed only when h= 4n, where n is an integer.
Figures 3(a) and 3(b) show the x-ray diffraction profiles for the
! -! ! and ! -" ! channels along (h00) around h = 10 at a photon
energy of 11.230 keV and at several temperatures. A clear peak
was observed at (10 0 0) in both the polarization channels.
The integrated intensity of the peak is plotted as a function
of temperature (Fig. 3). The reflection in the ! -" ! channel
appeared only below TMI = 120 K. The intensity in the ! -" !

channel (I! -" !) below the TMI increased approximately linearly
to TMI # T , which is consistent with a second-order phase
transition. In contrast, the peak was also visible above TMI
in the ! -! ! channel. In the resonance condition, (4n + 2 0 0)
reflections can arise from the anisotropy of the anomalous
scattering factor of Ir4+ ions. The Ir4+ ions occupy trigonally
distorted octahedral sites with a local symmetry of 3̄m, which
causes the uniaxial anisotropy in the anomalous scattering
factor tensor with the spatial axis parallel to the trigonal axis.27

Because the special axes for the four Ir sites in the primitive
cell are not parallel to each other [Fig. 2(c)], the reflection
condition is relaxed near the Ir absorption edges.28 The [011]
axis was set perpendicular to the scattering plane; therefore
the structure factors of the (4n + 2 0 0) reflections in the ! -! !
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Figure 2(b) shows the inelastic scattering intensity
distributions in !Q;E" space measured below TMI. The
horizontally spreading excitation mode is observed at around
1.3meV; it corresponds to the splitting of the Nd3# ground
doublet. The scattering intensity decreases with increasing
Q, confirming that the excitations are magnetic. However,
the mode appears slightly dispersive. To verify the
dispersion, we compared the constant–E scans measured at
1.2 and 1.4meV in Fig. 2(b); the comparison results are
shown in Fig. 2(c). The Q dependences at these energies
are clearly di!erent, indicating that the excitations are not
completely flat but dispersive, with a bandwidth of $0:1
meV (1K).

4. Analyses

We analyzed the magnetic structure on the basis of the
q0 intensities given in Table I. Crystalline field analysis21)

revealed the magnitude of Nd3# moments to be about
2.37!B, whereas that of Ir

4# moments is expected to be 1!B

at most. Therefore, as the first approximation, we assumed
that the q0 intensities consist of only the Nd moments. In
fact, the statistical errors of our data would be too large to
resolve the Nd and Ir moments. Furthermore, later in this
section, the magnitude of moment estimated by the magnetic
structure analysis is confirmed to be in agreement with that
estimated by the crystalline field analysis.

The crystalline field analysis also strongly suggests that
the Nd moments are highly anisotropic along the h111i
directions (in/out-type Ising moments),21) as expected from
available data on other Nd pyrochlore oxides.26) In addition,
the measured magnetic susceptibility shows a small value of
only $10%3!B/formula under a magnetic field of 1 kOe, and
no hysteresis curve is observed at 5K.16,17,21,24) Therefore,
among the various magnetic structure models described by
the in/out-type moments, the 3-in 1-out and the 2-in 2-out
types are most probably ruled out, because these model types
are essentially ferromagnetic. A unique possible solution is
the all-in all-out type of model, as shown in Fig. 3(b). Thus,
we examined the consistency between the all-in all-out
model and the q0 intensities.

The remaining fitting parameter is the absolute value of
magnetic moments of Nd3# (m). Therefore, we evaluated it
by the least-squares method, by employing the magnetic
form factor of Nd3# calculated by Freeman and Desclaux.27)

Since the sample was cylindrical in shape, the reflection-
angle dependence of the absorption factor was ignored. The
evaluation results showed that the all-in all-out model had
the best-fit calculated intensities, with m!9K" & 1:3'
0:2!B (Table I); these intensities are in agreement with the
experimental ones, as shown in Fig. 3(a).

Further, from Fig. 1(d), the ratio of magnetic scattering
intensity at 0.7 K to that at 9K is estimated to be about 3.2.
Since the magnetic intensity is proportional to the square of
m,28) the value of m!0:7K" is estimated to be 2:3' 0:4
(&

!!!!!!!
3:2

p
) m!9K"*!B. This value is in good agreement

with the value of 2.37!B estimated by the crystalline field
analysis.21)

To summarize x3 and x4, we found that the antiferro-
magnetic long-range structure with q0 grows with decreasing
temperature below TNd & 15' 5K. The structure can be
approximately described by the all-in all-out type of model
for Nd moments with a magnitude of 2:3' 0:4!B at 0.7K.
No direct signals for Ir moments were obtained in the
present experiments.

5. Discussion

5.1 Magnetic structure below TMI

The ground doublet of Nd3# splits when the temperature
decreases to below TMI, as shown by the dotted arrows in
Fig. 2(a); however, the Nd magnetic structure grows mainly
below TNd, as shown in Fig. 1(d) and by the solid arrows
in Fig. 2(a). This discrepancy in temperature suggests that
not Nd moments exhibit static magnetic order at TMI. In
isomorphic Nd2Mo2O7, the magnetic moments of d and
f electrons do not order simultaneously, as revealed by
neutron di!raction experiments; the Mo structure grows
below Curie temperature TC & 93K and then the Nd
structure grows mainly below $20K with decreasing
temperature.26) In analogy with Nd2Mo2O7, Ir magnetic
ordering is expected to occur in Nd2Ir2O7 at TMI. The
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FIG. 3. (a) Representative short-time asymmetry data taken from
GPS for Y-227 with curves offset for clarity and solid lines
representing fits to Eq. (1). (b) FFT of the asymmetry data smoothed
to highlight evolution of the peak.

of the data [Fig. 1(c)] showed excellent agreement with
previously reported values; we did not observe any evidence
of long-range order or structural transitions down to T = 3 K.
However, neutron studies of small-moment iridates often
require single-crystal measurements to resolve correlated spin
scattering. Conservatively, this powder measurement places an
upper limit of the Ir4+ ordered moment to be below 0.5 µB
based on the collected statistics and the resolution of the
diffractometer.

µSR provides an excellent means of further probing the
local magnetic order due to the large gyromagnetic ratio of
the muon (!µ/2" = 135.5 MHz/T) which makes it possible to
detect static fields of a few Gauss or less while simultaneously
probing spin dynamics and correlations in the MHz regime.14

Sample asymmetry curves showing the early time behavior
from PSI are shown in Fig. 3(a) for Y-227 and Fig. 4(a) for
Yb-227. The most significant feature is the appearance of
spontaneous muon spin precessions below TLRO = 150 and
130 K for Y-227 and Yb-227, respectively. These data signify
the presence of a static local magnetic field !Bloc" at the muon
site. Furthermore, the oscillations are well defined indicating
commensurate order with a single magnetically unique muon-
stopping site. The resultant asymmetry curves were fit by
the simple depolarization function for a magnetically ordered

FIG. 4. (a) Representative short-time asymmetry data taken from
GPS for Yb-227 with curves offset for clarity, and solid line
representing fits to Eq. (1). (b) FFT of asymmetry data.

polycrystal, as used in Ref. 5 for Eu-227:

A(t) = A1 exp[#(#t)$] cos(%t + &) + A2 exp(#'t). (1)

The first component describes the oscillations from the
muon spin precessing about a spontaneous static local
field with frequency %µ/2" = !Bloc"!µ/2" and damping
described by a stretched exponential with characteristic rate
# and $ < 1. The second component describes the relatively
slower longitudinal relaxation due to spin-lattice relaxation or
fluctuations of the local moments. Because this component
also reflects muons for which the initial muon polarization is
parallel to the internal field at the stopping site, we expect the
fraction of slow relaxing asymmetry to the total asymmetry
( = A2/(A1 + A2) = 1/3 at temperatures well below the
ordering temperature, and indeed we find that ( = 0.30(2)
and 0.35(1) for Y-227 and Yb-227, respectively, when T =
1.8 K. The phase factor & was found to be rather large for a
system described by a single oscillatory frequency; however,
suitable fits for both samples at all temperatures were obtained
by fixing & to #20$, the value obtained at 1.5 K.

For Y-227, the temperature dependence of %µ as determined
from fitting to Eq. (1) is shown in the top panel of Fig. 5.
The onset of muon spin precession occurs near TLRO and
the precession frequency increases monotonically, reaching

FIG. 5. Temperature dependence of the parameters extracted
from fitting Eq (1) for Y-227. Closed symbols represent data from
GPS, while open symbols are from EMU. TOP: %µ/2" with ( inset;
the solid line is a mean-field fit, as described in the text. MIDDLE:
#, solid lines are guides for the eyes. BOTTOM: ' from both GPS
and EMU.
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FIG. 3. (a) Representative short-time asymmetry data taken from
GPS for Y-227 with curves offset for clarity and solid lines
representing fits to Eq. (1). (b) FFT of the asymmetry data smoothed
to highlight evolution of the peak.

of the data [Fig. 1(c)] showed excellent agreement with
previously reported values; we did not observe any evidence
of long-range order or structural transitions down to T = 3 K.
However, neutron studies of small-moment iridates often
require single-crystal measurements to resolve correlated spin
scattering. Conservatively, this powder measurement places an
upper limit of the Ir4+ ordered moment to be below 0.5 µB
based on the collected statistics and the resolution of the
diffractometer.

µSR provides an excellent means of further probing the
local magnetic order due to the large gyromagnetic ratio of
the muon (!µ/2" = 135.5 MHz/T) which makes it possible to
detect static fields of a few Gauss or less while simultaneously
probing spin dynamics and correlations in the MHz regime.14

Sample asymmetry curves showing the early time behavior
from PSI are shown in Fig. 3(a) for Y-227 and Fig. 4(a) for
Yb-227. The most significant feature is the appearance of
spontaneous muon spin precessions below TLRO = 150 and
130 K for Y-227 and Yb-227, respectively. These data signify
the presence of a static local magnetic field !Bloc" at the muon
site. Furthermore, the oscillations are well defined indicating
commensurate order with a single magnetically unique muon-
stopping site. The resultant asymmetry curves were fit by
the simple depolarization function for a magnetically ordered

FIG. 4. (a) Representative short-time asymmetry data taken from
GPS for Yb-227 with curves offset for clarity, and solid line
representing fits to Eq. (1). (b) FFT of asymmetry data.

polycrystal, as used in Ref. 5 for Eu-227:

A(t) = A1 exp[#(#t)$] cos(%t + &) + A2 exp(#'t). (1)

The first component describes the oscillations from the
muon spin precessing about a spontaneous static local
field with frequency %µ/2" = !Bloc"!µ/2" and damping
described by a stretched exponential with characteristic rate
# and $ < 1. The second component describes the relatively
slower longitudinal relaxation due to spin-lattice relaxation or
fluctuations of the local moments. Because this component
also reflects muons for which the initial muon polarization is
parallel to the internal field at the stopping site, we expect the
fraction of slow relaxing asymmetry to the total asymmetry
( = A2/(A1 + A2) = 1/3 at temperatures well below the
ordering temperature, and indeed we find that ( = 0.30(2)
and 0.35(1) for Y-227 and Yb-227, respectively, when T =
1.8 K. The phase factor & was found to be rather large for a
system described by a single oscillatory frequency; however,
suitable fits for both samples at all temperatures were obtained
by fixing & to #20$, the value obtained at 1.5 K.

For Y-227, the temperature dependence of %µ as determined
from fitting to Eq. (1) is shown in the top panel of Fig. 5.
The onset of muon spin precession occurs near TLRO and
the precession frequency increases monotonically, reaching

FIG. 5. Temperature dependence of the parameters extracted
from fitting Eq (1) for Y-227. Closed symbols represent data from
GPS, while open symbols are from EMU. TOP: %µ/2" with ( inset;
the solid line is a mean-field fit, as described in the text. MIDDLE:
#, solid lines are guides for the eyes. BOTTOM: ' from both GPS
and EMU.
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Rare earth physics?
• Seems likely that A-site moments, when present, are 

slaved to AIAO order, when that occurs

• The exception is Pr2Ir2O7, which seems not to evade MIT 
and AIAO

• Here there is some evidence for “metallic spin ice” 
physics of Pr moments and some striking (associated?) 
phenomena

Usually, the AHE arises in ferromagnets because the spontaneous
magnetization breaks the TRS macroscopically even in the absence of
applied magnetic field. The dominant part of the AHE in moderately
dirty ferromagneticmetals can be captured by the band-intrinsicmech-
anism4,16. The adiabatic motion of electrons under an electric field E
(ref. 17) acquires the Berry phase18 because of the relativistic spin-orbit
interaction and the net spin polarization. This phase acts as a mac-
roscopic fictitious magnetic field b that bends the orbital motion of
electrons like the Lorentz force does due to a realmagnetic fieldB. Thus,
it causes theAHEcharacterizedby a finiteHall conductivitysHatB5 0.

In general, however, the source of the fictitious magnetic field b,
namely, the condition for observing the AHE at B5 0, is not
restricted to the magnetization, but to the macroscopically broken
TRS19, which means that the time-reversal operation cannot be com-
pensated by any other symmetry operations of the crystal (Sup-
plementary Information). In particular, the scalar spin chirality in
non-coplanar ferromagnets or canonical spin glasses can also pro-
duce the fictitious field and thus the AHE4,5,12,13,20, as indeed has been
observed in Nd2Mo2O7 (ref. 5), AuMn (refs 6, 7), and MnSi (refs 9,
10). In these pioneering works, however, the spin chirality is not the
primary order parameter, but only accompanies a chiral spin texture
of a magnetic dipole LRO or is induced by the applied magnetic field.
Thus, it has remained an important open issue to find a possible
chiral spin-liquid phase3 by probing the macroscopically broken
TRS through the AHE at zero magnetic field.

Here, we report the discovery of a TRS-broken phase in the absence
of bothmagnetic dipole order and spin freezing in the thermodynamic
measurements, suggesting a chiral spin-liquid state. In particular, we
observed a spontaneous Hall effect in the absence of uniform mag-
netization within experimental accuracy in the metallic cooperative
paramagnet Pr2Ir2O7 above its spin freezing temperature, as indicated
by the bifurcation of the susceptibility. Both the experiment and the
theory suggest that a chiral spin-liquid phase is inducedbymelting of a
spin ice, because the quantum fluctuations of the Pr 4f magnetic
moments21 were stronger than in dipolar spin-ice systems14,15.

The pyrochlore iridate Pr2Ir2O7 has an antiferromagnetic Curie–
Weiss temperature HW<220K, mainly due to the correlations
among,111. 4f Isingmagneticmoments of Pr31 ions, which point
either inwards to or outwards from the centre of the Pr tetrahedron
(Fig. 1b and c)22,23. Ir 5d conduction electrons are weakly correlated
and remain in a Pauli paramagnetic state22. They mediate the RKKY
interaction between Pr 4f moments via the Kondo coupling. The
absence of any sharp anomalies indicating conventional magnetic
LRO in the measurements of specific heat, magnetic susceptibility,
and muon spin relaxation (mSR)22,24 signals strong geometrical frus-
tration15. Only a spin freezing is observed in the magnetic suscepti-
bility below Tf< 0.3 K, which is two orders of magnitude lower than
jHWj< 20K (ref. 22) (Fig. 2a). Therefore, below jHWj, the 4f
moments probably remain in a cooperative paramagnetic state down
to at least Tf< 0.3 K (refs 22, 24).

First, we show our main experimental evidence for the broken TRS
found in the states where neither magnetic dipole LRO nor spin freez-
ing is observed in thermodynamic measurements. Figure 2a presents
the temperature dependence of the Hall conductivity sH(T) (defined
in the figure caption)measuredat a low field of 0.05Tapplied along the
[111] direction. The zero-field-cooled and the field-cooled data of
sH(T) and thus the Hall resistivity rH(T) (Supplementary Fig. 1)
bifurcate at TH< 1.5K, a temperature which is nearly an order of
magnitude higher than Tf< 0.3K, although the longitudinal conduc-
tivity s(T) (Fig. 2b, inset) and resistivity r(T) (Supplementary Fig. 1)
does not exhibit any detectable bifurcation. The bifurcation in sH(T)
suggests the emergence of a spontaneous component. To avoid a
(partial) cancellation of sH due to a domain formation, we have per-
formed field sweep measurements up to 7T at various temperatures.
Corresponding to the above bifurcation found in sH(T), the field
dependence of sH(B) forBjj[111] atT,TH< 1.5K shows a hysteresis
between field up and down sweeps, which is accompanied by a finite

remnant Hall conductivity at B5 0 (Fig. 3a, inset). In sharp contrast,
the field dependence of the magnetization M(B) shows no hysteresis
within our experimental accuracy (,1023mB) at T,TH, and only a
small hysteresis at T,Tf (Fig. 3b, inset). Our observations on
sH(B5 0,T) andM(B5 0,T) at various temperatures are summarized
in Fig. 2b. This is evidence of a remarkable separation between the two
temperature scales TH and Tf. Upon cooling, the TRS is broken spon-
taneously and macroscopically at TH without any apparent LRO of
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Figure 2 | Temperature dependence of the magnetic and transport
properties of Pr2Ir2O2. a, Temperature dependence of the Hall conductivity
sH (left axis) and the direct-current susceptibility x5M/H (right axis)
under a magnetic field of B5 0.05 T along the [111] direction. e.m.u.,
electromagnetic unit. Here, Hall conductivity is given by sH52rH/
(rH

21 r2), where rH is the Hall resistivity and r is the longitudinal
resistivity. Both the zero-field-cooled (ZFC) and field-cooled (FC) results are
plotted. Vertical dashed lines denoteTH< 1.5 K andTf< 0.3 K, respectively.
b, Temperature dependence of the remnant Hall conductivity sH(B5 0)
(left axis) and remnant magnetization M(B5 0) (right axis) at zero field,
obtained after a field sweep down from 7T in the hysteresis loop
measurements (Supplementary Information). The inset shows the
temperature dependence of the longitudinal conductivity s5 1/r under
B5 0.05 T along the [111] direction. No hysteresis is found between the
results obtained in the ZFC and FC sequences. c, Temperature dependence of
the nonlinear susceptibility x3 (Supplementary Information) (left axis), and
magnetic specific heat Cm (right axis) under zero field, adapted from ref. 22.
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Macroscopically broken time reversal symmetry
The macroscopically broken time reversal symmetry means that the time-reversal operation,
which inverts the spin and orbital angular momenta and the wavevector, , ,
and , as well as the ������
� ���	���� ���� , should not be compensated
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Hall and longitudinal resistivities
Figure S1 shows the temperature dependence of the Hall resistivity �+%&2 !6)1� !-$ 2(% +.-')�
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cesses below 1.5 K, while does not show any bifurcation. Correspondingly, a bifurcation is
visible in but not in !1 1(.5- )- �)'� �! !-$ )- 2(% )-1%2 .& �)'� �" 5)2()- 2(% ,!)- 2%62
because of the small Hall angle 0.01.

Metamagnetic transition and “2-in, 2-out” correlation
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coupling between the nearest neighbors. In general, four Ising moments on a tetrahedron form
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Theoretical calculation
For the tight-binding calculation, we took into account four different angles of rotation of a IrO
octahedron and the associated triply degenerate orbitals in the local coordinate frames.
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Plan
• Review of pyrochlore iridates

• A minimal model

• Provides qualitative understanding of:

• Weyl semimetal and large AHE

• Nearby topological phases

• Possible non-Fermi liquid physics

• Derive the theory of the AF quantum critical point in 
the same framework

• Compare with some ab initio calculations



Minimal model
• Quadratic band touching + interactions

changing the relative magnitude of ta and te. In general, the
pyrochlore oxides have oxygen x parameters ranging from
0.309 to 0.355.40 Since xc=0.3125 for the perfect cubic crys-
tal field, we have to consider both trigonal compression !x
!xc" and elongation !x"xc" cases. According to the naive
crystal-field splitting picture, the on-site energies Ea and Ee
of a1g and eg! states are determined by the magnitude of oxy-
gen x parameters. However, in real materials, the relative
magnitude between Ea and Ee are strongly affected by hy-
bridization with high energy eg orbital states, which are al-
lowed under the trigonal crystal field.43 Therefore, irrespec-
tive of the magnitude of the oxygen x parameter, we have to
investigate both ta / te!1 and te / ta!1 cases on equal footing.

We first consider the case of ta / te!1. In Fig. 5, we plot
the evolution of the band structure as we increase ta / te. For
ta / te#1.7, an accidental band touching occurs at the L point
in the Brillouin zone. Since the two bands touching at the L
point have opposite inversion parities as shown in Table I,
the band crossing induces the exchange of the parities be-
tween the two bands touching at the L point. However, since
we have eight different momentum points within the first
Brillouin zone, which are symmetry equivalent to the L
point, the product of the inversion parities for all occupied
bands is invariant. According to Fu and Kane,9 the product of
the inversion parities of occupied bands determines the Z2
topological invariant #, characterizing the topological prop-
erties of insulators. Therefore, the accidental band touching
does not induce the change in the topological properties of
the insulating states.

Now we consider the opposite limit of te / ta!1. Figure 6
shows the evolution of the band structure as we increase
te / ta. Notice that the band gap at the $ point reduces pro-
gressively as te / ta increases. In particular, when te / ta
= !te / ta"c=2.3, a band inversion occurs at the $ point and the
system becomes metallic. The double degeneracy at the $
point is protected by the lattice point-group symmetry.
Therefore the metallic phase is stable as long as symmetry
breaking fields reducing the lattice symmetry are not intro-
duced. It is interesting that a similar metallic state is

predicted by a recent first-principles calculation on
Y2Ir2O7.44 Although we have used a simplified tight-binding
approach, the overall band structure and degeneracies at the
$ point for the metallic phase are consistent with the predic-
tion of the local-density approximation !LDA" calculation.

The effect of the trigonal crystal fields on the electronic
structure is summarized in the phase diagram shown in Fig.
7. The strong topological insulator !STI" is stable against the
trigonal crystal-field effect for te / ta smaller than the critical
value, !te / ta"c. On the other hand, if te / ta is larger than the
critical value, a metallic phase occurs. The metallic phase is
stable as long as the point-group symmetry of the lattice is
protected.

IV. LATTICE DISTORTION AND METAL-INSULATOR
TRANSITION

In this section we study the fate of the metallic phase
predicted above against external perturbations. Some pyro-
chlore iridates A2Ir2O7 with A=Nd, Sm, and Eu, show metal-
insulator transitions as the temperature decreases.35,36 How-
ever, the nature of the insulating ground state is under
controversy. According to a recent Raman-scattering mea-
surement on these iridium compounds,38 metal-insulator
transitions accompany structural distortions for Sm2Ir2O7
and Eu2Ir2O7. In addition, a recent theoretical study on a toy

TABLE I. Inversion parities of the jeff=1 /2 bands at time-
reversal invariant momenta for %SO=4.0, ta= te=0.5. Here E1&E2
&E3&E4. At the momentum Xi!i=1,2 ,3", the upper !lower" two
bands are degenerate with opposite inversion parities satisfying ''̄
=!1 !'!'̄!=!1".

E1 E2 E3 E4

$!0,0 ,0" + + + +
L0!( ,( ,(" ! ! + !
L1!!( ,( ,(" + + ! +
L2!( ,!( ,(" + + ! +
L3!( ,( ,!(" + + ! +
X1!2( ,0 ,0" ' '̄ '! '̄!
X2!0,2( ,0" ' '̄ '! '̄!
X3!0,0 ,2(" ' '̄ '! '̄!

!! !!XX XX""LL!!!! !!XX XX""LL!!!! !!XX XX""LL!!

E(k)E(k)

(a)(a) (c)(c)(b)(b)t / t =1.0t / t =1.0ee aa t / t =2.2t / t =2.2ee aa t / t =2.5t / t =2.5ee aa

FIG. 6. !Color online" Dispersions of jeff=1 /2 bands under
trigonal crystal field with ta" te. Here we have fixed %SO=4.0, ta
=0.5 but vary te. As te / ta increases the energy gap between the two
bands in the middle reduces. When te / ta#2.3 band inversion oc-
curs at the $ point and the system becomes metallic.

t / tt / tee aa

MetalMetalSTISTISTISTI

(t /t )(t /t )ee aa cc
XX

FIG. 7. !Color online" Phase diagram as a function of the
strength of the local trigonal crystal field represented by te / ta. Note
that a metallic phase occurs when te / ta becomes larger than the
critical value of !te / ta"c!1. The red cross in the middle of two
strong topological insulators !STI" indicates the point where acci-
dental band touching occurs.
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Interactions
• Naively, electron-hole system has an instability to 

hydrogenic bound state formation due to long-range 
Coulomb

• But: screening?

• Abrikosov, 1970s (!): critical NFL state!
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POSSIBLE EXISTENCE OF SUBSTANCES INTERMEDIATE BETWEEN METALS AND 

DIELECTRICS 

A. A. ABRIKOSOV and S.D. BENESLAVSKII 

L. D. Landau Institute of Theoretical Physics 
Submitted April 13, 1970 

Zh. Eksp. Teor. Fiz. 59, 1280-1298 (October, 1970) 

The question of the possible existence of substances having an electron spectrum without any energy 
gap and, at the same time, not possessing a Fermi surface is investigated. First of all the question 
of the possibility of contact of the conduction band and the valence band at a single point is investiga-
ted within the framework of the one-electron problem. It is shown that the symmetry conditions for 
the crystal admit of such a possibility. A complete investigation is carried out for points in recipro-
cal lattice space with a little group which is equivalent to a point group, and an example of a more 
complicated little group is considered. It is shown that in the neighborhood of the point of contact the 
spectrum may be linear as well as quadratic. 

The role of the Coulomb interaction is considered for both types of spectra. In the case of a linear 
dispersion law a slowly varying (logarithmic) factor appears in the spectrum. In the case of a quad-
ratic spectrum the effective interaction becomes strong for small momenta, and the concept of the 
one-particle spectrum turns out to be inapplicable. The behavior of the Green's functions is deter-
mined by similarity laws analogous to those obtained in field theory with strong coupling and in the 
neighborhood of a phase transition point of the second kind (scaling). Hence follow power laws for 
the electronic heat capacity and for the momentum distribution of the electrons. 

1. INTRODUCTION 

0 NE of the basic assumptions of the Landau lll theory 
of a Fermi liquid is the relationship, according to which 
the limiting momentum of the excitations in an isotropic 
Fermi liquid is determined in the same way as in a gas, 
by the density of the atoms in the liquid, i.e., 
Po = (3JT1l) 113 (where n is the density of particles). Ac-
cording to the work of Luttinger and Ward, laJ with a 
certain amount of alteration this theorem is also appli-
cable to the electronic liquid in metals. Namely, it 
turns out that the total volume, bounded by all Fermi 
surfaces, determines the density of the electrons: 

n = 2(2n)-'(pV, + VF), 

where Vo denotes the volume of an elementary cell of 
the reciprocal lattice, p is an integer, and V F denotes 
the total volume inside all of the Fermi surfaces (from 
the side of smaller energies), referred to a single cell 
of the reciprocal lattice. 

It is not difficult to see that the cited relation is ex-
actly the same as for a noninteracting Fermi system in 
a periodic field. In view of the fact that Vo = (2JT) 3/v, 
where v is the volume of an elementary cell of the crys-
tal, the substance can be dielectric only when the num-
ber of electrons per elementary cell of the crystal is 
even. If in this case the substance nevertheless is a 
metal, then the number of holes must necessarily be 
equal to the number of electrons. For metals with an 
odd number of electrons per cell, on the other hand, 
such compensation cannot occur. 

In this connection the question arises whether sub-
stances can exist in nature which are neither genuine 
metals nor dielectrics in the sense that there are no 
free electrons in them, and at the same time no energy 
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gap is present. One can represent such a substance as 
the limiting case of a metal with a point Fermi surface. 
In the language of the theory of noninteracting particles 
in a periodic field, this corresponds to the case when a 
completely filled valence band touches a completely 
empty conduction band. Indications of the possible exis-
tence of such substances have recently appeared in the 
literature (gray tinl3l and mercury telluridel4l). 

In the present article the conditions under which a 
point Fermi surface may appear in a model of noninter-
acting electrons will be investigated, and the question of 
the influence of the Coulomb interaction of the electrons 
on the energy spectrum in the neighborhood of the 
Fermi point will be considered. 

In the case of interest to us, the maximum of the 
valence band must coincide with the minimum of the 
conduction band. In general an increased symmetry of 
the appropriate point of the reciprocal lattice favors de-
generacy of the energy levels, but it may also occur at 
accidental points. However, here somewhat more is re-
quired, namely, that this point simultaneously corre-
sponds to extrema of the two bands. The occurrence of 
such a situation at an accidental point is an improbable 
special case. In view of this we shall consider only 
"regular" cases, i.e., points of high symmetry. A com-
plete analysis is given in the case when the little group 
of the corresponding point is equivalent to the point 
group, and an example of a more complicated group is 
considered. It turns out that a "Fermi point" is possi-
ble in a whole series of different cases, where in the 
most typical cases the dispersion law in the vicinity of 
such a point will either be linear or quadratic. 

However, in general a model of noninteracting elec-
trons does not correspond to a real electronic liquid. 
In the case of an isotropic liquid with short-range inter-

Calculation of critical indices for zero-gap semiconductors 
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The indices defining the exponents in the power laws in the Green functions and physical 
characteristics of zero-gap semiconductors of the second kind in the strong-coupling region (i.e., the 
region of energies w<wo, where Wo= m *e 4/21<6 is the exciton binding energy, and momenta k <k 0, 

where k 0= m *e 2/1<0 is the inverse Bohr radius of the exction) are calculated. Two methods are 
applied: expansion in E=4-d (d is the dimensionality of space) and expansion in the "large 
number of components," i.e., in l/II, where II is the polarization operator. In the first approximation 
the two procedures give results that are numerically slightly different but qualitatively similar. It 
follows from the results that there are several energy and momentum regions: (1) the "free region," 
(2) the region Wl<W<WO' kl<k <ko Wo, in which the 
"random-phase approximation" is applicable, i.e., the interaction of the carriers is altered but their 
spectrum is conserved, and (3) the true strong-coupling region w < W1> k < k l' In the regions (2) and 
(3) the results of Abrikosov and Benesiavskil are applicable, with a=v=2 in region (2) and a= 1.76, 
V= 1.92 in region (3). 

1. INTRODUCTION 
It has been shown earlier (cf,[l,2]) that in zero-gap 

semiconductors of the second kind (e .g., a -Sn), a 
strong-coupling regime arises in the vicinity of the 
point of contact of the branches of the spectrum (a point 
of the order of ko = m*e2/ Ko along the momentum axis 
and Wo = along the energy axis, where m* is 
the effective mass and Ko is the dielectric permittivity). 
In this region the Green functions and vertices acquire 
the self-similar form: 

G -, ( k ) -a [ rol roo ] 
-roo k: g (klko) , ' 

f-- - d--roo ( k ) ,_3 .[ ro/roo ] 
k o' ko (klko) , ' (1) 

( k ) a-' [ rol roo ] 
1- k: q (klko)' . 

The indices a and v determine the behavior of phySical 
quantities in the singular region, e.g., their dependence 
on the temperature, magnetic field, frequency, etc. 

In view of the fact that the problem of zero-gap semi-
conductors is methodologically similar to the theory of 
phase transitions, to determine the unknown indices a 
and v it is natural to attempt to apply the methods de-
veloped in recent years by Wilson and Fisher(3] and 
Ferrell and Scalapino [4) and successfully used for the 
analysis of different types of phase transitions. The 
present article is devoted to this question. 

2. CONTINUATION TO NONINTEGER DIMENSIONS 
The calculation of the indices should be performed 

for a specific model. Although the indices do not depend 
on the interaction constant, they can depend on the 
geometry (the little group and specific representation; 
cf,UJ). We shall consider a very realistic situation, 
namely, the case of a-Sn with a diamond-type lattice. 
The bands touch at a point with little group Dh. We 
take a representation corresponding to J = "2; the cor-
responding Hamiltonian and spectrum are well known[I]. 
To simplify matters, we put 3 f3 = I' in the formula in (1]; 
the spectrum then possesses spherical symmetry. The 
Hamiltonian in this case can be written in the form 

(2) 
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whence it can be seen that there is invariance with re-
spect to any rotations. The eigenvalues are doubly de-
generate and equal to 

8",= (f±c) k'. 

Hence it can be seen that a zero-gap spectrum is ob-
tained for c > f, 

(3) 

It was shown in(1] that the zeroth-approximation term 
for the polarization operator is proportional to an inte-
gral that converges like 11k at the lower limit (k is 
the external momentum). It is clear that in four-dimen-
sional space we would have a logarithmic integral. This 
corresponds precisely to the situation in phase transi-
tions. The application of Wilson's methodeS] is associ-
ated with formulation of the problem in a space with a 
noninteger number of dimensions d = 4 - !. In the 
present case, the problem is complicated by the fact 
that operators JiJ. associated with the three-dimensional 
rotation group appear in the Hamiltonian and form ten-
sor combinations with the momentum components. The 
continuation to noninteger dimensions in such a situa-
tion has been effected for the case J = 1 [5], but the 
method used is not applicable for J = r 2. In view of this, 
we shall proceed in the following way. 

We write the second term in the Hamiltonian (2) in 
the form cH" 

and analyze the properties of the operators A v' Ac-
cording to (2), these operators possess the foilowing 
properties: 

-r A",,=O, {A •• , A,'/=-1 (v*/-1), ....... . 
SpA.,=O, A • .'=1, 1.;=3/, (v*/-1); 

(4) 

(5) 

{ AiJ.II' ApO'} = 0 in all other cases. Here there is no 
summation over repeated indices. All these properties 
can be written in the form of a single formula: 

(6) 

Hence it follows that the anticommutator of two Hamil-
tonians H, at different points k is equal to 

{Hdk,), Hdk,)} =3(k,k,)'-k,'k,'. (7) 
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Renormalization Group
• Action

• Renormalization in d=4-ε expansion
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RG results
• Masses renormalize to isotropic 

dispersion

• Interaction flows to a scale invariant 
fixed point

• All physical responses determined by 
non-trivial scaling exponents at u=u*
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LAB phase
• Electron spectral function has algebraic 

singularities and anisotropic scaling with z≈1.8

• Power-law responses, e.g.

specific heat: cv ⇠ T d/z ⇡ T 1.7

susceptibility: �(T ) ⇠ a+ b T (d�z+2�12)/z ⇡ a+ b T 0.5

�(⇥, T ) � T 1/zF(⇥/T )conductivity:

�3 = ⇥3M/⇥H3
��
H=0

⇠ T�1.7nonlinear susceptibility:

“Luttinger-Abrikosov-Beneslavskii”



AHE
• Recall Pr2Ir2O7

• Indeed a very small magnetization leads 
to large Hall conductivity in LAB state

Usually, the AHE arises in ferromagnets because the spontaneous
magnetization breaks the TRS macroscopically even in the absence of
applied magnetic field. The dominant part of the AHE in moderately
dirty ferromagneticmetals can be captured by the band-intrinsicmech-
anism4,16. The adiabatic motion of electrons under an electric field E
(ref. 17) acquires the Berry phase18 because of the relativistic spin-orbit
interaction and the net spin polarization. This phase acts as a mac-
roscopic fictitious magnetic field b that bends the orbital motion of
electrons like the Lorentz force does due to a realmagnetic fieldB. Thus,
it causes theAHEcharacterizedby a finiteHall conductivitysHatB5 0.

In general, however, the source of the fictitious magnetic field b,
namely, the condition for observing the AHE at B5 0, is not
restricted to the magnetization, but to the macroscopically broken
TRS19, which means that the time-reversal operation cannot be com-
pensated by any other symmetry operations of the crystal (Sup-
plementary Information). In particular, the scalar spin chirality in
non-coplanar ferromagnets or canonical spin glasses can also pro-
duce the fictitious field and thus the AHE4,5,12,13,20, as indeed has been
observed in Nd2Mo2O7 (ref. 5), AuMn (refs 6, 7), and MnSi (refs 9,
10). In these pioneering works, however, the spin chirality is not the
primary order parameter, but only accompanies a chiral spin texture
of a magnetic dipole LRO or is induced by the applied magnetic field.
Thus, it has remained an important open issue to find a possible
chiral spin-liquid phase3 by probing the macroscopically broken
TRS through the AHE at zero magnetic field.

Here, we report the discovery of a TRS-broken phase in the absence
of bothmagnetic dipole order and spin freezing in the thermodynamic
measurements, suggesting a chiral spin-liquid state. In particular, we
observed a spontaneous Hall effect in the absence of uniform mag-
netization within experimental accuracy in the metallic cooperative
paramagnet Pr2Ir2O7 above its spin freezing temperature, as indicated
by the bifurcation of the susceptibility. Both the experiment and the
theory suggest that a chiral spin-liquid phase is inducedbymelting of a
spin ice, because the quantum fluctuations of the Pr 4f magnetic
moments21 were stronger than in dipolar spin-ice systems14,15.

The pyrochlore iridate Pr2Ir2O7 has an antiferromagnetic Curie–
Weiss temperature HW<220K, mainly due to the correlations
among,111. 4f Isingmagneticmoments of Pr31 ions, which point
either inwards to or outwards from the centre of the Pr tetrahedron
(Fig. 1b and c)22,23. Ir 5d conduction electrons are weakly correlated
and remain in a Pauli paramagnetic state22. They mediate the RKKY
interaction between Pr 4f moments via the Kondo coupling. The
absence of any sharp anomalies indicating conventional magnetic
LRO in the measurements of specific heat, magnetic susceptibility,
and muon spin relaxation (mSR)22,24 signals strong geometrical frus-
tration15. Only a spin freezing is observed in the magnetic suscepti-
bility below Tf< 0.3 K, which is two orders of magnitude lower than
jHWj< 20K (ref. 22) (Fig. 2a). Therefore, below jHWj, the 4f
moments probably remain in a cooperative paramagnetic state down
to at least Tf< 0.3 K (refs 22, 24).

First, we show our main experimental evidence for the broken TRS
found in the states where neither magnetic dipole LRO nor spin freez-
ing is observed in thermodynamic measurements. Figure 2a presents
the temperature dependence of the Hall conductivity sH(T) (defined
in the figure caption)measuredat a low field of 0.05Tapplied along the
[111] direction. The zero-field-cooled and the field-cooled data of
sH(T) and thus the Hall resistivity rH(T) (Supplementary Fig. 1)
bifurcate at TH< 1.5K, a temperature which is nearly an order of
magnitude higher than Tf< 0.3K, although the longitudinal conduc-
tivity s(T) (Fig. 2b, inset) and resistivity r(T) (Supplementary Fig. 1)
does not exhibit any detectable bifurcation. The bifurcation in sH(T)
suggests the emergence of a spontaneous component. To avoid a
(partial) cancellation of sH due to a domain formation, we have per-
formed field sweep measurements up to 7T at various temperatures.
Corresponding to the above bifurcation found in sH(T), the field
dependence of sH(B) forBjj[111] atT,TH< 1.5K shows a hysteresis
between field up and down sweeps, which is accompanied by a finite

remnant Hall conductivity at B5 0 (Fig. 3a, inset). In sharp contrast,
the field dependence of the magnetization M(B) shows no hysteresis
within our experimental accuracy (,1023mB) at T,TH, and only a
small hysteresis at T,Tf (Fig. 3b, inset). Our observations on
sH(B5 0,T) andM(B5 0,T) at various temperatures are summarized
in Fig. 2b. This is evidence of a remarkable separation between the two
temperature scales TH and Tf. Upon cooling, the TRS is broken spon-
taneously and macroscopically at TH without any apparent LRO of
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Figure 2 | Temperature dependence of the magnetic and transport
properties of Pr2Ir2O2. a, Temperature dependence of the Hall conductivity
sH (left axis) and the direct-current susceptibility x5M/H (right axis)
under a magnetic field of B5 0.05 T along the [111] direction. e.m.u.,
electromagnetic unit. Here, Hall conductivity is given by sH52rH/
(rH

21 r2), where rH is the Hall resistivity and r is the longitudinal
resistivity. Both the zero-field-cooled (ZFC) and field-cooled (FC) results are
plotted. Vertical dashed lines denoteTH< 1.5 K andTf< 0.3 K, respectively.
b, Temperature dependence of the remnant Hall conductivity sH(B5 0)
(left axis) and remnant magnetization M(B5 0) (right axis) at zero field,
obtained after a field sweep down from 7T in the hysteresis loop
measurements (Supplementary Information). The inset shows the
temperature dependence of the longitudinal conductivity s5 1/r under
B5 0.05 T along the [111] direction. No hysteresis is found between the
results obtained in the ZFC and FC sequences. c, Temperature dependence of
the nonlinear susceptibility x3 (Supplementary Information) (left axis), and
magnetic specific heat Cm (right axis) under zero field, adapted from ref. 22.
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Symmetry: non-zero Hall 
conductivity implies non-zero 

magnetization
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Weyl points
• k parallel to exchange field H ∝ M

• Crossing is protected and becomes 
double Weyl point
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Order of magnitude
• Scaling

• Kondo interaction
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Plan
• Review of pyrochlore iridates

• A minimal model

• Provides qualitative understanding of:

• Weyl semimetal and large AHE

• Nearby topological phases

• Possible non-Fermi liquid physics

• Derive the theory of the AF quantum critical point 
in the same framework

• Compare with some ab initio calculations
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FIG. 3. a) The main panel shows the resistivity, and field cooled (FC) and zero field cooled (ZFC)
susceptibilities for Eu-227, while the insert the spontaneous muon oscillation frequency. Data adapted
from Refs. 80 and 81. b) Phase diagram for the pyrochlore iridates R-227 based on transport and
magnetism measurements. (This is a supplemented and modified version of the diagram found in Ref. 78.)
The R-elements that do not have a local magnetic moment are emphasized in bold magenta. The only
non-lanthanide, R = Y, is denoted by a square.

manifold. Therefore, the SOC � splits the t
2g

spinful manifold into a higher energy J
e↵

= 1/2

doublet and a lower J
e↵

= 3/2 quadruplet. In an ionic picture, since Ir4+ has 5 d-electrons, the

J
e↵

= 1/2 doublet is half-filled, and only this orbital is involved in the low energy electronic

structure. More generally, if trigonal splitting is included, the J
e↵

= 3/2 levels are split and mixed

with the J
e↵

= 1/2 ones. In the general case, there is a highest Kramers doublet, whose character

varies with the ratio of SOC to trigonal splitting, between a J
e↵

= 1/2 doublet and a S = 1/2 one.

A band structure view is complementary to the ionic picture as we now discuss. If only the

highest doublet is involved, we expect 4 two-fold degenerate bands near the Fermi energy, as

there are 4 Ir per unit cell. As discussed by Wan et al.

46 and Yang et al.,51 it is instructive to

consider their structure at the � point. Due to cubic symmetry, the 8 Bloch states at this point

decompose into 2 two-dimensional irreducible representations (irreps) and 1 four-dimensional irrep.

By electron counting, these bands should be half-filled, so that if the order of these irreps, in terms

of degeneracies, is 2-2-4 or 4-2-2, a band insulating state may occur, while if the order is 2-4-2,

the 4-dimensional irrep must be half-filled and hence the system cannot be gapped at the band

structure level (see the lowest panel of Figure 5(b)). The former situation was obtained by Ref. 7

based on a phenomenological but ad-hoc Hubbard model for small U . They found a transition from

a semi-metallic ground state to a TI one with increasing the ratio of SOC to hopping. Subsequently,

by ab initio methods, Wan et al. found46 the latter, 2-4-2, ordering of irreps in Y-227. In this case,

a TI is impossible, but other topological phases can occur with increasing correlations. For those

How does magnetic order onset?Lucile Savary



Beyond the LAB
11

(a)

⇥
⇥

⇥
⇥ ⇥ ⇥

⇥ ⇥

⇥

⇥

��

LuYb
Ho
Y
DyTbGdEu Sm

Nd

Pr

MetalNon⇥Metal

Magnetic Ins.

100 105 110 115
0

50

100

150

200

R3� ionic radius �pm⇥

T
�K⇥

MetalMetalNon

Pr

Nd

Sm
GdTbDyHoYbLu

Y

Eu

Magnetic Ins.

(b)

FIG. 3. a) The main panel shows the resistivity, and field cooled (FC) and zero field cooled (ZFC)
susceptibilities for Eu-227, while the insert the spontaneous muon oscillation frequency. Data adapted
from Refs. 80 and 81. b) Phase diagram for the pyrochlore iridates R-227 based on transport and
magnetism measurements. (This is a supplemented and modified version of the diagram found in Ref. 78.)
The R-elements that do not have a local magnetic moment are emphasized in bold magenta. The only
non-lanthanide, R = Y, is denoted by a square.

manifold. Therefore, the SOC � splits the t
2g

spinful manifold into a higher energy J
e↵

= 1/2

doublet and a lower J
e↵

= 3/2 quadruplet. In an ionic picture, since Ir4+ has 5 d-electrons, the

J
e↵

= 1/2 doublet is half-filled, and only this orbital is involved in the low energy electronic

structure. More generally, if trigonal splitting is included, the J
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varies with the ratio of SOC to trigonal splitting, between a J
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= 1/2 doublet and a S = 1/2 one.

A band structure view is complementary to the ionic picture as we now discuss. If only the

highest doublet is involved, we expect 4 two-fold degenerate bands near the Fermi energy, as

there are 4 Ir per unit cell. As discussed by Wan et al.

46 and Yang et al.,51 it is instructive to

consider their structure at the � point. Due to cubic symmetry, the 8 Bloch states at this point

decompose into 2 two-dimensional irreducible representations (irreps) and 1 four-dimensional irrep.

By electron counting, these bands should be half-filled, so that if the order of these irreps, in terms

of degeneracies, is 2-2-4 or 4-2-2, a band insulating state may occur, while if the order is 2-4-2,

the 4-dimensional irrep must be half-filled and hence the system cannot be gapped at the band

structure level (see the lowest panel of Figure 5(b)). The former situation was obtained by Ref. 7

based on a phenomenological but ad-hoc Hubbard model for small U . They found a transition from

a semi-metallic ground state to a TI one with increasing the ratio of SOC to hopping. Subsequently,

by ab initio methods, Wan et al. found46 the latter, 2-4-2, ordering of irreps in Y-227. In this case,

a TI is impossible, but other topological phases can occur with increasing correlations. For those

How does magnetic order onset?
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RAPID COMMUNICATIONS

H. SAGAYAMA et al. PHYSICAL REVIEW B 87, 100403(R) (2013)

FIG. 1. (Color online) (a) All-in-all-out magnetic structure where
all four magnetic moments on the vertices of each tetrahedron point
inward or outward. Arrows indicate the Ir4+ magnetic moments.
(b) Coplanar magnetic order where four magnetic moments on a
tetrahedron lie in the (001) plane and are either antiparallel or
orthogonal.

surface with edges about 0.5 mm long [Fig. 2(b)] was attached
to a copper plate with varnish and mounted in a closed-
cycle 4He refrigerator. The [011] of the sample was oriented
perpendicular to the scattering plane [Fig. 2(a)]. A Mo (200)
crystal was used to analyze the polarization of the scattered x
ray. The linearly polarized ! ! (perpendicular to the scattering
plane) and " ! (parallel to the scattering plane) components
can be detected by rotating the Mo crystal about the scattered
beam. The 2# value of the (200) reflection of Mo is 89.564" at
11.230 keV, which guarantees a polarization purity of 99.99%.
To investigate the change in crystal structure across the M-I
transition, x-ray oscillation photographs were taken with a
large cylindrical imaging plate installed at BL02B1, SPring-8,
Japan, at a photon energy of 35 keV, which is far from the
absorption edges of the constituent elements.25 A single crystal
sample with a dimension of 0.05 mm was cooled by using a
He-gas spray refrigerator. SHELXL (Ref. 26) was used to refine
the structural parameters. The magnetic susceptibility of three
single crystals (0.49 mg), including the one used for the RXD
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FIG. 2. (Color online) (a) Schematic view of the experimental
setup for the resonant magnetic x-ray diffraction measurements.
(b) Photograph of the Eu2Ir2O7 single crystal used for the RXD
experiment. (c) Ir-O network in the pyrochlore structure. Each Ir
is coordinated to six O atoms. The IrO6 octahedra are connected
by shared vertices to form a tetrahedral Ir network. Each IrO6 is
compressed along a trigonal axis.

10

8

6

4

2

0

4

3

2

1

0

 In
te

gr
at

ed
 in

te
ns

ity
 (a

rb
. u

ni
t)

(10 0 0)
E = 11.230 keV

TMI = 120K

!"!'!"#'

6

4

2

0

 C
ou

nt
s 

(a
rb

. u
ni

t)

10.0110.009.99
 H of (H 0 0) (r.l.u.) 

!"#'

4

2

0

 C
ou

nt
s 

(a
rb

. u
ni

t) !"!'

(10 0 0)
E=11.23 keV

0.02

0.01

0.00

 M
/H

 (em
u/m

ol) 

150100500
 Temperature [K] 

100

 
102

 
104

$ 
/$

 (3
00

 K
) FC

ZFC

(a)

(b)

(c)

(d)

FIG. 3. (Color online) (a), (b) Profiles of the (10 0 0) reflec-
tions of Eu2Ir2O7 scanned along (h00) in reciprocal space with a
photon energy of 11.230 keV at several temperatures through the
(a) ! -! ! and (b) ! -" ! channels. (c) Temperature dependence of the
integrated intensities of the (10 0 0) reflection detected though the
! -! ! (solid circles) and ! -" ! (open circles) channels. (d) Temperature
dependence of the electrical resistivity (solid line) and magnetic
susceptibility (circles). The magnetic susceptibilities were measured
for zero-field-cooling (ZFC; solid circles) and field-cooling (FC; open
circles) processes in a field of 1000 Oe.

measurement (0.3 mg), was measured with a superconducting
quantum interference device magnetometer under an applied
magnetic field of 1000 Oe.

Initially, several line scans were performed along (h00),
(hh0), and (hhh) in the reciprocal space to search for magnetic
reflections with the on-resonance condition. No reflections
at incommensurate positions were observed (not shown).
Forbidden reflections at (4n + 2 0 0) were then investigated.
In pyrochlore systems with an Fd3̄m space group, the (h00)
reflections are allowed only when h= 4n, where n is an integer.
Figures 3(a) and 3(b) show the x-ray diffraction profiles for the
! -! ! and ! -" ! channels along (h00) around h = 10 at a photon
energy of 11.230 keV and at several temperatures. A clear peak
was observed at (10 0 0) in both the polarization channels.
The integrated intensity of the peak is plotted as a function
of temperature (Fig. 3). The reflection in the ! -" ! channel
appeared only below TMI = 120 K. The intensity in the ! -" !

channel (I! -" !) below the TMI increased approximately linearly
to TMI # T , which is consistent with a second-order phase
transition. In contrast, the peak was also visible above TMI
in the ! -! ! channel. In the resonance condition, (4n + 2 0 0)
reflections can arise from the anisotropy of the anomalous
scattering factor of Ir4+ ions. The Ir4+ ions occupy trigonally
distorted octahedral sites with a local symmetry of 3̄m, which
causes the uniaxial anisotropy in the anomalous scattering
factor tensor with the spatial axis parallel to the trigonal axis.27

Because the special axes for the four Ir sites in the primitive
cell are not parallel to each other [Fig. 2(c)], the reflection
condition is relaxed near the Ir absorption edges.28 The [011]
axis was set perpendicular to the scattering plane; therefore
the structure factors of the (4n + 2 0 0) reflections in the ! -! !
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AIAO QCP

• Unique features (technically challenging!)

• Electrons and order parameter modes strongly 
coupled

• Bare electronic Hamiltonian contains two 
dimensionless marginal parameters which flow at 
1/N level toward a singular limit
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AIAO QCP

• Particle-hole symmetric model has a stable but highly 
unconventional critical point in 1/N expansion

• Enhanced cubic anisotropy and singular electronic dispersion in 
the critical regime

• Fully incoherent algebraic spectrum of spin excitations

• Particle-hole asymmetry is weakly relevant and ultimately avoids 
the nodal QCP 

• A Fermi pocket state - which does not occur in mean-field/
Hartree-Fock theories - inevitably appears in the critical regime

• Crossover from nodal to Hertz-Millis quantum critical behavior

S =

Z
d⌧d

3
x


 a(@⌧ + Ĥ0) a +
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AIAO QCP

• Please see Lucile’s poster
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Pyrochlore iridates A2Ir2O7

many features: ask about the 
“metal”-insulator transitions

assume everything is describable 
with Ir degrees of freedom

weak features: 
2nd order? describable by MFT?

magnetism-driven?

h�i

r

?r�

Ir4+: 5d5

cubic 
symmetry 

Fd-3m

LAB coupling to AIAO

Field theory

Matsuhira et al. 2011
T -linear contribution in C!T " is known to be attributed to
spin wave excitations for one-dimensional antiferromagnets;
it is di!cult for the pyrochlore lattice to induce a T -linear
contribution. As another possible origin for T -linear
contribution in C!T " in the insulating state, Anderson
localization may be considered.35) Further investigation is
required to reveal the origin of the T -linear contribution.

Now we will discuss the Ln dependence of the entropy
associated with the MIT (!S). To estimate !S, a smooth
polynomial was fitted to the data outside the region of the
anomaly; these fitting lines (broken line) for Ln = Nd, Sm,
and Eu are shown in Figs. 5(a), 6(a), and 6(b), respectively.
The background contribution was subtracted from the raw
data; the electronic portions of the C=T (!C=T ) for
Ln = Sm and Eu are shown in the inset. By integrating
!C=T , we obtained !S # 0:47, 2.0, and 1.4 J/(K$mole) for
Ln = Nd, Sm, and Eu, respectively. !S is much smaller
than 2R ln 2. If we assume that a localized 5d electron from
Ir4% ions with S # 1=2 causes a conventional magnetic
transition, we can expect a change in entropy of 2R ln 2 #
11:5 J/(K$mole). The reduction in the amount of change in
entropy is considered to be caused by a short-range ordering
due to frustration or a reduction in magnetic moment due to
the itinerancy of 5d electrons. Next, recently, the Raman
scattering spectra of Ln2Ir2O7 for Ln = Nd, Sm, and Eu
have been measured.36) Below TMI, new peaks appear for
Ln = Sm and Eu, but no remarkable change is seen for
Ln = Nd. The result indicates that Sm2Ir2O7 and Eu2Ir2O7

accompany a structural change with MIT, but this does not
occur with Nd2Ir2O7. Therefore, the !S for Ln = Sm and
Eu involve the lattice contribution. Indeed, !S for Ln = Nd
is smaller than those for Ln = Sm and Eu. If we consider
this !S in Ln = Nd to be caused by only the electronic
contribution without the lattice contribution, we can estimate
the electronic specific heat coe!cient above TMI ! # 14mJ/
(K2$mole) by the relation ! # !S=TMI. As Sm2Ir2O7 and
Eu2Ir2O7 are both semimetallic from the behaviors of their
"!T " and S!T ", it is speculated that the ! for Ln = Sm and
Eu are smaller than that for Ln = Nd.

3.5 Phase diagram
Figure 7 shows the phase diagram of Ln2Ir2O7, which is

based on the Ln3% ionic radius dependence of TMI; the ionic
radius of Ln3% is for an 8-coordination-number site. TMI

monotonically increases as the ionic radius of Ln3%

decreases. Obviously, TMI does not depend on the de Gennes
factor !gJ & 1"2J!J % 1" or the magnetism of Ln3%. This
MIT is not associated with the magnetic ordering of Ln3%.
For T > TMI, Ln = Pr and Nd are metallic. Then, Ln = Sm,
Eu and Gd are semimetallic and Ln = Tb, Dy, and Ho are
semiconducting. Ln = Pr is a unique metal located near the
critical point of MIT. In this figure, the extrapolation
between Ln = Nd and Pr is based on a recent result for
resistivity in the solid solution (Pr1&xNdx)2Ir2O7.

37) From
the result, the substitution of Pr by 20% Nd leads to MIT
at around 3K; below TMI, the increasing resistivity in this
sample is suppressed, and resistivity reaches a finite value at
lower temperatures.

Next, we discuss the phase diagram of Ln2Ir2O7 in
comparison with that of other rare-earth pyrochlore oxides.
The phase diagrams of Ln2Mo2O7 [Mo4%: (4d)2] have

already been reported.38–40) Now, we point out the di"erence
in the phase diagram between Ir and Mo pyrochlore oxides.
As is described in the introduction, as the ionic radius of
Ln3% decreases, the electrical conductivity in Ln2Mo2O7

becomes semiconducting. Interestingly, the magnetic transi-
tion of Ln2Mo2O7 goes from the spin glass insulating state
(Ln = Gd, Tb, Dy, and Ho) to the ferromagnetic metallic
state (Ln = Eu, Sm, and Nd) as the ionic radius of Ln3%

increases; the ferromagnetic transition comes from 4d
electrons. Although the spin glass transition temperature Tg
is independent of Ln (Tg ' 20K), the ferromagnetic
transition temperature increases as the ionic radius of Ln3%

increases. In addition, semiconducting Ln2Ru2O7 [Ru4%:
(4d)4] shows the frustrated AFM transition originating from
4d electrons.41) The Néel temperature TN monotonically
increases from TN # 84K for Ln = Yb to TN # 160K for
Ln = Pr as the ionic radius of Ln3% increases. The present
result shows that the magnetic transition (or MIT) in
Ln2Ir2O7 decreases as the ionic radius of Ln3% increases.
Then, the opposite dependence of the ionic radius of Ln3% on
the magnetic transition temperature is realized in Ln2Ir2O7.
It is speculated that the di"erence in their phase diagrams is
due to the feature of the 5d electron system, which has a
strong spin–orbit interaction and a reduced on-site Coulomb
repulsion in comparison with the 4d electron system.21)

Further theoretical study is needed to understand this phase
diagram in Ln2Ir2O7.

4. Conclusions

We report the physical properties (resistivity, thermo-
electric power, magnetization, and specific heat) of Ln2Ir2O7

for Ln = Nd, Sm, Eu, Gd, Tb, Dy, and Ho. Ln2Ir2O7 for
Ln = Nd, Sm, and Eu show MITs at 33, 117, and 120K,
respectively. In this study, we revealed that Ln2Ir2O7 for
Ln = Gd, Tb, Dy, and Ho exhibit MITs at 127, 132, 134,
and 141K, respectively. These MITs in Ln2Ir2O7 has
some common features: They are second-order transitions
since no thermal hysteresis or no discontinuous change
in their physical properties is observed at TMI. Under
the FC condition, a weak ferromagnetic component
('10&3 #B/f.u.) caused by 5d electrons from Ir is observed
below TMI. The entropy associated with MIT supports the

Fig. 7. (Color online) Phase diagram of Ln2Ir2O7 based on Ln3% ionic
radius dependence of TMI.
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changing the relative magnitude of ta and te. In general, the
pyrochlore oxides have oxygen x parameters ranging from
0.309 to 0.355.40 Since xc=0.3125 for the perfect cubic crys-
tal field, we have to consider both trigonal compression !x
!xc" and elongation !x"xc" cases. According to the naive
crystal-field splitting picture, the on-site energies Ea and Ee
of a1g and eg! states are determined by the magnitude of oxy-
gen x parameters. However, in real materials, the relative
magnitude between Ea and Ee are strongly affected by hy-
bridization with high energy eg orbital states, which are al-
lowed under the trigonal crystal field.43 Therefore, irrespec-
tive of the magnitude of the oxygen x parameter, we have to
investigate both ta / te!1 and te / ta!1 cases on equal footing.

We first consider the case of ta / te!1. In Fig. 5, we plot
the evolution of the band structure as we increase ta / te. For
ta / te#1.7, an accidental band touching occurs at the L point
in the Brillouin zone. Since the two bands touching at the L
point have opposite inversion parities as shown in Table I,
the band crossing induces the exchange of the parities be-
tween the two bands touching at the L point. However, since
we have eight different momentum points within the first
Brillouin zone, which are symmetry equivalent to the L
point, the product of the inversion parities for all occupied
bands is invariant. According to Fu and Kane,9 the product of
the inversion parities of occupied bands determines the Z2
topological invariant #, characterizing the topological prop-
erties of insulators. Therefore, the accidental band touching
does not induce the change in the topological properties of
the insulating states.

Now we consider the opposite limit of te / ta!1. Figure 6
shows the evolution of the band structure as we increase
te / ta. Notice that the band gap at the $ point reduces pro-
gressively as te / ta increases. In particular, when te / ta
= !te / ta"c=2.3, a band inversion occurs at the $ point and the
system becomes metallic. The double degeneracy at the $
point is protected by the lattice point-group symmetry.
Therefore the metallic phase is stable as long as symmetry
breaking fields reducing the lattice symmetry are not intro-
duced. It is interesting that a similar metallic state is

predicted by a recent first-principles calculation on
Y2Ir2O7.44 Although we have used a simplified tight-binding
approach, the overall band structure and degeneracies at the
$ point for the metallic phase are consistent with the predic-
tion of the local-density approximation !LDA" calculation.

The effect of the trigonal crystal fields on the electronic
structure is summarized in the phase diagram shown in Fig.
7. The strong topological insulator !STI" is stable against the
trigonal crystal-field effect for te / ta smaller than the critical
value, !te / ta"c. On the other hand, if te / ta is larger than the
critical value, a metallic phase occurs. The metallic phase is
stable as long as the point-group symmetry of the lattice is
protected.

IV. LATTICE DISTORTION AND METAL-INSULATOR
TRANSITION

In this section we study the fate of the metallic phase
predicted above against external perturbations. Some pyro-
chlore iridates A2Ir2O7 with A=Nd, Sm, and Eu, show metal-
insulator transitions as the temperature decreases.35,36 How-
ever, the nature of the insulating ground state is under
controversy. According to a recent Raman-scattering mea-
surement on these iridium compounds,38 metal-insulator
transitions accompany structural distortions for Sm2Ir2O7
and Eu2Ir2O7. In addition, a recent theoretical study on a toy

TABLE I. Inversion parities of the jeff=1 /2 bands at time-
reversal invariant momenta for %SO=4.0, ta= te=0.5. Here E1&E2
&E3&E4. At the momentum Xi!i=1,2 ,3", the upper !lower" two
bands are degenerate with opposite inversion parities satisfying ''̄
=!1 !'!'̄!=!1".

E1 E2 E3 E4

$!0,0 ,0" + + + +
L0!( ,( ,(" ! ! + !
L1!!( ,( ,(" + + ! +
L2!( ,!( ,(" + + ! +
L3!( ,( ,!(" + + ! +
X1!2( ,0 ,0" ' '̄ '! '̄!
X2!0,2( ,0" ' '̄ '! '̄!
X3!0,0 ,2(" ' '̄ '! '̄!

!! !!XX XX""LL!!!! !!XX XX""LL!!!! !!XX XX""LL!!

E(k)E(k)

(a)(a) (c)(c)(b)(b)t / t =1.0t / t =1.0ee aa t / t =2.2t / t =2.2ee aa t / t =2.5t / t =2.5ee aa

FIG. 6. !Color online" Dispersions of jeff=1 /2 bands under
trigonal crystal field with ta" te. Here we have fixed %SO=4.0, ta
=0.5 but vary te. As te / ta increases the energy gap between the two
bands in the middle reduces. When te / ta#2.3 band inversion oc-
curs at the $ point and the system becomes metallic.

t / tt / tee aa

MetalMetalSTISTISTISTI

(t /t )(t /t )ee aa cc
XX

FIG. 7. !Color online" Phase diagram as a function of the
strength of the local trigonal crystal field represented by te / ta. Note
that a metallic phase occurs when te / ta becomes larger than the
critical value of !te / ta"c!1. The red cross in the middle of two
strong topological insulators !STI" indicates the point where acci-
dental band touching occurs.
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FIG. 5. a) Cartoon of two opposite-chirality Weyl points in the three dimensional Brillouin zone (BZ),
and the associated Fermi arc surface states. The green sheets correspond to the top and bottom surface-
BZs. b) Spectra for the quadratic band touching SM (due to inversion and TRS, all bands are two-fold
degenerate), WSM, and insulating AF (I-AF), obtained using the Hamiltonian Eq. (3) supplemented
with small second nearest hopping.47,91 The red circle shows one Weyl point at the Fermi level (horizontal
dashed line).

4. The role of many-body e�ects

In the preceding, we considered correlations only at the mean field level. This is expected on

general grounds to be qualitatively correct for describing many phenomena within the phases so

obtained. For example, in fully gapped states such as the TI or gapped AIAO phase, the gap cannot

be broken by any small perturbation. The WSM is also stable to interactions, which are irrelevant

(marginally for long-range Coulomb) in the renormalization group sense, though they may have

important transport consequences. A cellular dynamical mean field theory97,98 (CDMFT) study

bears out the robustness of the mean field treatment, though it shows that correlations may yet

induce new phases: an axion insulator state appears in the CDMFT analysis50,93 of Eq. (3) (plus

Hubbard U) though it does not arise at the Hartree-Fock level. For these calculations, a convenient

formulation of the Z2 topological invariant in terms of the interacting electron Green’s function63

was employed.

Other qualitative e�ects of correlations exist. Most obviously, it is likely that at least some of

the quantum phase transitions indicated in Figure 4 are not fully captured by mean-field theory.

Excitations and collective modes, which may be measured in the future by resonant inelastic x-ray
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Plan
• Review of pyrochlore iridates

• A minimal model

• Provides qualitative understanding of:

• Weyl semimetal and large AHE

• Nearby topological phases

• Possible non-Fermi liquid physics

• Derive the theory of the AF quantum critical point in 
the same framework

• Compare with some ab initio calculations



First principles 
approach

• Some questions require a more microscopic 
approach:

• What changes electronically with R?

• Is the minimal quadratic band touching 
model sufficient?
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FIG. 3. a) The main panel shows the resistivity, and field cooled (FC) and zero field cooled (ZFC)
susceptibilities for Eu-227, while the insert the spontaneous muon oscillation frequency. Data adapted
from Refs. 80 and 81. b) Phase diagram for the pyrochlore iridates R-227 based on transport and
magnetism measurements. (This is a supplemented and modified version of the diagram found in Ref. 78.)
The R-elements that do not have a local magnetic moment are emphasized in bold magenta. The only
non-lanthanide, R = Y, is denoted by a square.

manifold. Therefore, the SOC � splits the t
2g

spinful manifold into a higher energy J
e↵

= 1/2

doublet and a lower J
e↵

= 3/2 quadruplet. In an ionic picture, since Ir4+ has 5 d-electrons, the

J
e↵

= 1/2 doublet is half-filled, and only this orbital is involved in the low energy electronic

structure. More generally, if trigonal splitting is included, the J
e↵

= 3/2 levels are split and mixed

with the J
e↵

= 1/2 ones. In the general case, there is a highest Kramers doublet, whose character

varies with the ratio of SOC to trigonal splitting, between a J
e↵

= 1/2 doublet and a S = 1/2 one.

A band structure view is complementary to the ionic picture as we now discuss. If only the

highest doublet is involved, we expect 4 two-fold degenerate bands near the Fermi energy, as

there are 4 Ir per unit cell. As discussed by Wan et al.

46 and Yang et al.,51 it is instructive to

consider their structure at the � point. Due to cubic symmetry, the 8 Bloch states at this point

decompose into 2 two-dimensional irreducible representations (irreps) and 1 four-dimensional irrep.

By electron counting, these bands should be half-filled, so that if the order of these irreps, in terms
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based on a phenomenological but ad-hoc Hubbard model for small U . They found a transition from
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J
e↵
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FIG. I. (u) The resistivity of Lu-, Pr-, Nd-, and SmNi03
showing their insulator-metal transitions [after Lacorre et al.
(Ref. 13)]; (b) the temperature dependence of the unit-cell
volume for Pr-, Nd-, and SmNi03 showing the extra contraction
occurring upon entering the metallic state [after Garcia-Munoz
eral. (Ref. I5)]; and (c) the paramagnetic fraction as deter-
mined from muon -spin-rotation experiments, which drops sud-
denly at the antiferromagnetic ordering temperature.

ln order to study the relation between the magnetic-
ordering temperatures and the insulator-metal transition,
we have carried out positive muon-spin relaxation
(@+SR)experiments at TRIUMF on several members of
this series. From these experiments, one can determine'
the volume fraction of the sample that is paramagnetic,
which is shown as a function of temperature in Fig. 1(c)
for the Pr, Nd, Sm, and Eu compounds. (The large back-
ground for EuNi03 occurred because the small sample al-
lowed -40% of the muon beam to be stopped in the sub-
strate. ) Similar data are obtained for the solid solutions.
The initial drop in the paramagnetic fraction measures the
antiferromagnetic ordering temperature, TN. The temper-
atures' (135 and 195 K) found for the Pr and Nd com-
pounds are in excellent agreement with those from con-
ductivity' and neutron measurements of the change in
lattice constants. ' ' In sharp contrast, the antiferromag-
netic transition temperatures (225 and 205 K) found for
the Srn and Eu compounds are dramatically lower than
those found (at 400 and 480 K) for their respective
insulator-metal transitions.
The general phase diagram for the series RNi03 is
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FIG. 2. Insulator-metal-antiferromagnetic phase diagram for
RNiO& as a function of the tolerance factor and (equivalently)
the ionic radius of the rare earth (R).

shown in Fig. 2, where the observed transition tempera-
tures are plotted as a function of the tolerance factor, t,
where t —= (dR o)/J2(dN; o). As discussed below, the
variation of t in Fig. 2 for the series RNi03 is caused by
changes in the size of the rare-earth ion: increasing size
gives rise to increasing t. Concentrating first on the con-
ductivity behavior, the insulator-metal transition tempera-
tures found by Lacorre etal. ' are shown as large open
squares in Fig. 2, along with the data point (large trian-
gle) for metallic'' LaNi03. The data reported here for
EuNi03 and the solid solutions Sml —,Nd, Ni03 and
Ndi —„La„Ni03 are plotted as the large open circles in
Fig. 2. The data for the solid solution Prl —,La, Ni03
(not shown) fall near the same curve. The magnetic tran-
sitions from p+SR measurements are also plotted in Fig.
2 as the small solid circles, together with earlier ' ' data.
It is evident from Fig. 2 that the transitions observed in

RNi03 form a coherent pattern as a function of the toler-
ance factor (t). These transitions separate three distinct
regimes: an antiferromagnetic insulator, a paramagnetic
insulator, and a metal. These three regimes of this ma-
terials system are all found in SmNi03, for example. At
room temperature, it is a paramagnetic insulator, but
loses its paramagnetism below 225 K [Fig. 1(c)] as it
enters the antiferromagnetic phase. ' Above 400 K it
loses its insulating character [Fig. 1(a)l as it crosses the
insulator-metal transition into the metallic phase. At low
temperatures, the Ni spins in NdNi03 (and PrNi03) are
also antiferromagnetically ordered, but with increasing
temperature this order disappears before the expected Tiv
because the electrons become delocalized at the (low)
insulator-metal transition. The insulating and metallic re-
gimes in Fig. 2 are separated by a well-defined boundary
or transition, the temperature of which decreases almost
linearly with t (or rare-earth radius). On the other hand,
the magnetic-phase boundary rises as t increases, until it
reaches the insulator-metal transition, beyond which the
antiferromagnetic order appears not to persist.
The GdFe03 structure of the RNi03 compounds "is

shown schematically in the inset of Fig. 2. Regular Ni06

159˚147˚
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[10,12–14], while Pr2Ir2O7 is metallic down to 0.3 K and
shows no long-range magnetic ordering except for the
freezing of Pr-4f or Ir-5d moments at 0.12 K [15].
Despite these experimental investigations on the electronic
or magnetic properties for these systems, the origin of MIT
has been left elusive.

In this study, we have systematically investigated the
evolution of the charge dynamics as well as the transport,
magnetic, and thermal properties in the course of MIT for
the pyrochlore-type Nd2Ir2O7 and its Rh-doped analogs
Nd2!Ir1"xRhx#2O7. Rh doping is done to finely tune the
interplay between the SOI and the electron correlation, and
hence to drive the insulator-metal transition at the ground
state. The observed features suggest that the MITs for the
present system can be viewed as the phase changes among
the correlated metal, the Weyl semimetal, and the narrow
gap Mott insulator, as characterized by the strong SOI and
electron correlation.

The high-quality polycrystalline samples of
Nd2!Ir1"xRhx#2O7 with x $ 0, 0.02, 0.05, and 0.10 were
prepared by a solid-state reaction under high pressure
(3 GPa and 1200 %C). The dense and hard samples with
least grain-boundary effect as prepared by the high-
pressure method are particularly suitable for the optical
reflectance and transport measurements. We have con-
firmed by powder x-ray diffraction that all the samples
imply no detectable impurity phase, and the lattice con-
stant of the Rh-doped compounds satisfies Vegard’s law, as
shown in Fig. 1(f). The resistivity, specific heat, and mag-
netization were measured with the physical property mea-
surement system (Quantum Design). Reflectivity spectra in
the temperature range from 5 to 290 K were measured
between 0.005 and 5 eV by Fourier transform- and grating-
type spectrometers. The spectra above 5 eV were measured
at room temperature with the use of synchrotron radiation
at UV-SOR, Institute for Molecular Science. The optical
conductivity spectra were obtained by Kramers-Kronig
(KK) analysis with suitable extrapolation procedures.
The optical conductivity spectra below 10 meV were ob-
tained by terahertz (THz) time-domain spectroscopy
(TDS) in a transmission configuration [16] without resort-
ing to KK analysis (for details of the experimental setup for
the present THz TDS, see Sec. II Ref. [16]).

The temperature dependence of resistivity for Nd2Ir2O7

(x $ 0) is shown in Fig. 1(a), along with those for x$0:02,
0.05, and 0.10. First, we focus on the MIT in Nd2Ir2O7

(x $ 0). With lowering temperature, the resistivity for
x $ 0 monotonically decreases down to 50 K and then
shows a divergent behavior below 30 K. In Fig. 1(b), we
show the temperature dependence of magnetization mea-
sured by field-cooling (FC) and zero-field-cooling (ZFC)
processes. The magnetization curve measured in the FC
process shows an upturn at TN, while that measured in the
ZFC process shows no clear anomaly with previous reports
[10]. As shown in Fig. 1(g), the ordering of the Ir-5d

moment manifests itself as a !-type peak at TN in the
specific heat curve for x $ 0. A recent neutron scattering
study indicates that the Nd-4f moment starts to order
below 15 K [11]. Since the energy of the crystal field
(CF) splitting between the ground state and the first excited
state is estimated to be 26 meV (& 300 K) [11], a broad
hump-like structure around 10 K may be attributed not to
CF excitation but to the magnetic ordering of Nd-4f mo-
ments. We note that the entropy change except the contri-
bution from phonon below 20 K is larger than R ln2, the
value corresponding to the entropy released by the mag-
netic ordering of Nd-4f moments as observed in spin-ice
systems [17]. The excess entropy change may originate
from the coupled Ir-5d moments, reflecting the exchange
interaction between Nd-4f and Ir-5d moments.
Figure 2(a) displays the optical conductivity spectra for

Nd2Ir2O7 (x $ 0) at various temperatures above 50 K as
well as at 10 K. At 290 K, a broad absorption band is
observed around 1 eV, as shown in the inset to Fig. 2(a).
Since the optical conductivity spectra above 1 eV show
minimal temperature dependence, we henceforth focus on
the low energy range below 1 eV. At room temperature, the
spectral shape below 0.5 eV is fairly flat except for the
sharp peaks due to the optical phonons below 0.08 eV,

FIG. 2 (color online). (a) Optical conductivity spectra at vari-
ous temperatures for Nd2Ir2O7. The filled circles denote dc
conductivities. The inset shows the spectra at 290 K and 50 K
up to 2 eV. The triangle indicates the absorption band around
1 eV. (b) Optical conductivity spectra below 50 K. The inset
show the magnified view of the spectra in the far-infrared region
as deduced by time-domain terahertz spectroscopy.
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eters U and J . This is in contrast to other DMFT calcula-
tions on iridates18,19 where downfolding to Ir t2g!orbitals
was performed, so that the proper values of U and J de-
pend sensitively on the screening by the bands eliminated
from the model. The value of U for our large energy win-
dow was estimated for the undistorted 214 with tetrag-
onal structure (P4/mmm) using the method of Ref. 20,
which leads to U " 4.5 eV and J " 0.8 eV. To properly
simulate the non-collinear magnetic state in the 214 com-
pound, we chose di!erent local coordinates on each Ir
atom, with local quantization axis of spin in the direc-
tion of the ordered magnetic moment, and used proper
Wigner rotations of spins and orbitals to transform the
local self-energy to a common global axis. The DOS and
optical conductivities were computed from analytic con-
tinuation of the self-energy from the imaginary frequency
axis to real frequencies using an auxiliary Green’s func-
tion and the maximum-entropy method. The DMFT cal-
culations were performed at 50K, below the AFM tran-
sition temperature of the 214 (240K)2 and 327 (280K)4.
For comparison, we also carried out DFT+U calculations
using the full-potential linearized augmented plane wave
(FLAPW) method as implemented in the Elk code.21

Since DFT+U does not include screening e!ects, the
fully screened interaction on Ir is needed, which is here
determined to be U " 2.5 eV by fitting to the DMFT
results. VASP was used to relax the structures when epi-
taxial strain is considered, with atomic forces converged
to 10!3 eV/Å in the GGA approximation.22

The resulted DMFT spectral functions are presented
in Fig. 1 for the 214, 327, and 113 compounds, with color
coding showing the spectral intensity along "!X!M!",
and the side panels displaying the corresponding orbital-
resolved DOS. The dotted lines show an overlay of the
band structures from the GGA+U calculations. Within
DMFT, the insulating gap in 214 and 327 are approxi-
mately 400 and 300meV, respectively. There is a signif-
icant amount of incoherent spectral weight in the gap,
which shows up in the DOS, but is hardly noticeable
in the spectral-function plot. The unoccupied electronic
states are of mainly Je! = 1/2 character. The first va-
lence state at X is also of Je!=1/2 character, while the
first valence state at " is of Je! = 3/2 character, hence
the occupied states are an equal mixture of Je! = 1/2
and Je!=3/2 states. In the DMFT calculation, the top-
most valence state at X is about 40meV closer to EF

than the first valence state at the " point, in agreement
with recent ARPES measurements,23,24 but in contrast
to GGA+U results, where the first valence state is at
the " point. This is because the filled orbitals (here
Je! = 3/2) tend to be repelled from the Fermi level in
DMFT. In 327, the Je! = 3/2 tail at " is split into two
peaks due to its double-layer structure, consistent with
experimental results.25 Finally, the 113 compound is a
strongly correlated metal,6 with very flat bands around
EF. The e!ective mass of the t2g states is quite large,
e.g., the e!ective mass of the hole pocket around " is
about nine times that of bare electron.
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FIG. 1: (Color online) Spectral functions and orbital-resolved
densities of states (DOS) obtained by the DMFT method for
the RP series of iridates. Arrows indicate optical transitions
corresponding to the peaks in the optical conductivities shown
in Fig. 2. Dotted lines denote the band structures obtained
by GGA+U calculations. For 214 and 327, the GGA+U band
structures and the DMFT spectral functions are aligned by
fixing the position of the topmost valence state at X. Orbitals
(1/2,±1/2) correspond to !±1/2, and

!
(3/2) stands for the

sum over the remaining t2g states, i.e., Je!=3/2 states.

A closer look at the orbital-resolved DOS in Fig. 1 re-
veals that the Je! = 1/2 states are not fully polarized.
This is due to significant itineracy e!ects and hybridiza-
tion between Ir 5d and O 2p states. The resulting occupa-
tion number for the occupied Je!=1/2 orbitals is about
0.65 (0.45) in the 214 (327) compound. Consequently,
this leads to substantially reduced magnetic moments
compared to the ideal Je! = 1/2 value of 1µB, down
to about 0.55µB (214) and 0.58µB (327).

H. Zhang, K. Haule, D. Vanderbilt, 2013
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T -linear contribution in C!T " is known to be attributed to
spin wave excitations for one-dimensional antiferromagnets;
it is di!cult for the pyrochlore lattice to induce a T -linear
contribution. As another possible origin for T -linear
contribution in C!T " in the insulating state, Anderson
localization may be considered.35) Further investigation is
required to reveal the origin of the T -linear contribution.

Now we will discuss the Ln dependence of the entropy
associated with the MIT (!S). To estimate !S, a smooth
polynomial was fitted to the data outside the region of the
anomaly; these fitting lines (broken line) for Ln = Nd, Sm,
and Eu are shown in Figs. 5(a), 6(a), and 6(b), respectively.
The background contribution was subtracted from the raw
data; the electronic portions of the C=T (!C=T ) for
Ln = Sm and Eu are shown in the inset. By integrating
!C=T , we obtained !S # 0:47, 2.0, and 1.4 J/(K$mole) for
Ln = Nd, Sm, and Eu, respectively. !S is much smaller
than 2R ln 2. If we assume that a localized 5d electron from
Ir4% ions with S # 1=2 causes a conventional magnetic
transition, we can expect a change in entropy of 2R ln 2 #
11:5 J/(K$mole). The reduction in the amount of change in
entropy is considered to be caused by a short-range ordering
due to frustration or a reduction in magnetic moment due to
the itinerancy of 5d electrons. Next, recently, the Raman
scattering spectra of Ln2Ir2O7 for Ln = Nd, Sm, and Eu
have been measured.36) Below TMI, new peaks appear for
Ln = Sm and Eu, but no remarkable change is seen for
Ln = Nd. The result indicates that Sm2Ir2O7 and Eu2Ir2O7

accompany a structural change with MIT, but this does not
occur with Nd2Ir2O7. Therefore, the !S for Ln = Sm and
Eu involve the lattice contribution. Indeed, !S for Ln = Nd
is smaller than those for Ln = Sm and Eu. If we consider
this !S in Ln = Nd to be caused by only the electronic
contribution without the lattice contribution, we can estimate
the electronic specific heat coe!cient above TMI ! # 14mJ/
(K2$mole) by the relation ! # !S=TMI. As Sm2Ir2O7 and
Eu2Ir2O7 are both semimetallic from the behaviors of their
"!T " and S!T ", it is speculated that the ! for Ln = Sm and
Eu are smaller than that for Ln = Nd.

3.5 Phase diagram
Figure 7 shows the phase diagram of Ln2Ir2O7, which is

based on the Ln3% ionic radius dependence of TMI; the ionic
radius of Ln3% is for an 8-coordination-number site. TMI

monotonically increases as the ionic radius of Ln3%

decreases. Obviously, TMI does not depend on the de Gennes
factor !gJ & 1"2J!J % 1" or the magnetism of Ln3%. This
MIT is not associated with the magnetic ordering of Ln3%.
For T > TMI, Ln = Pr and Nd are metallic. Then, Ln = Sm,
Eu and Gd are semimetallic and Ln = Tb, Dy, and Ho are
semiconducting. Ln = Pr is a unique metal located near the
critical point of MIT. In this figure, the extrapolation
between Ln = Nd and Pr is based on a recent result for
resistivity in the solid solution (Pr1&xNdx)2Ir2O7.

37) From
the result, the substitution of Pr by 20% Nd leads to MIT
at around 3K; below TMI, the increasing resistivity in this
sample is suppressed, and resistivity reaches a finite value at
lower temperatures.

Next, we discuss the phase diagram of Ln2Ir2O7 in
comparison with that of other rare-earth pyrochlore oxides.
The phase diagrams of Ln2Mo2O7 [Mo4%: (4d)2] have

already been reported.38–40) Now, we point out the di"erence
in the phase diagram between Ir and Mo pyrochlore oxides.
As is described in the introduction, as the ionic radius of
Ln3% decreases, the electrical conductivity in Ln2Mo2O7

becomes semiconducting. Interestingly, the magnetic transi-
tion of Ln2Mo2O7 goes from the spin glass insulating state
(Ln = Gd, Tb, Dy, and Ho) to the ferromagnetic metallic
state (Ln = Eu, Sm, and Nd) as the ionic radius of Ln3%

increases; the ferromagnetic transition comes from 4d
electrons. Although the spin glass transition temperature Tg
is independent of Ln (Tg ' 20K), the ferromagnetic
transition temperature increases as the ionic radius of Ln3%

increases. In addition, semiconducting Ln2Ru2O7 [Ru4%:
(4d)4] shows the frustrated AFM transition originating from
4d electrons.41) The Néel temperature TN monotonically
increases from TN # 84K for Ln = Yb to TN # 160K for
Ln = Pr as the ionic radius of Ln3% increases. The present
result shows that the magnetic transition (or MIT) in
Ln2Ir2O7 decreases as the ionic radius of Ln3% increases.
Then, the opposite dependence of the ionic radius of Ln3% on
the magnetic transition temperature is realized in Ln2Ir2O7.
It is speculated that the di"erence in their phase diagrams is
due to the feature of the 5d electron system, which has a
strong spin–orbit interaction and a reduced on-site Coulomb
repulsion in comparison with the 4d electron system.21)

Further theoretical study is needed to understand this phase
diagram in Ln2Ir2O7.

4. Conclusions

We report the physical properties (resistivity, thermo-
electric power, magnetization, and specific heat) of Ln2Ir2O7

for Ln = Nd, Sm, Eu, Gd, Tb, Dy, and Ho. Ln2Ir2O7 for
Ln = Nd, Sm, and Eu show MITs at 33, 117, and 120K,
respectively. In this study, we revealed that Ln2Ir2O7 for
Ln = Gd, Tb, Dy, and Ho exhibit MITs at 127, 132, 134,
and 141K, respectively. These MITs in Ln2Ir2O7 has
some common features: They are second-order transitions
since no thermal hysteresis or no discontinuous change
in their physical properties is observed at TMI. Under
the FC condition, a weak ferromagnetic component
('10&3 #B/f.u.) caused by 5d electrons from Ir is observed
below TMI. The entropy associated with MIT supports the

Fig. 7. (Color online) Phase diagram of Ln2Ir2O7 based on Ln3% ionic
radius dependence of TMI.
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changing the relative magnitude of ta and te. In general, the
pyrochlore oxides have oxygen x parameters ranging from
0.309 to 0.355.40 Since xc=0.3125 for the perfect cubic crys-
tal field, we have to consider both trigonal compression !x
!xc" and elongation !x"xc" cases. According to the naive
crystal-field splitting picture, the on-site energies Ea and Ee
of a1g and eg! states are determined by the magnitude of oxy-
gen x parameters. However, in real materials, the relative
magnitude between Ea and Ee are strongly affected by hy-
bridization with high energy eg orbital states, which are al-
lowed under the trigonal crystal field.43 Therefore, irrespec-
tive of the magnitude of the oxygen x parameter, we have to
investigate both ta / te!1 and te / ta!1 cases on equal footing.

We first consider the case of ta / te!1. In Fig. 5, we plot
the evolution of the band structure as we increase ta / te. For
ta / te#1.7, an accidental band touching occurs at the L point
in the Brillouin zone. Since the two bands touching at the L
point have opposite inversion parities as shown in Table I,
the band crossing induces the exchange of the parities be-
tween the two bands touching at the L point. However, since
we have eight different momentum points within the first
Brillouin zone, which are symmetry equivalent to the L
point, the product of the inversion parities for all occupied
bands is invariant. According to Fu and Kane,9 the product of
the inversion parities of occupied bands determines the Z2
topological invariant #, characterizing the topological prop-
erties of insulators. Therefore, the accidental band touching
does not induce the change in the topological properties of
the insulating states.

Now we consider the opposite limit of te / ta!1. Figure 6
shows the evolution of the band structure as we increase
te / ta. Notice that the band gap at the $ point reduces pro-
gressively as te / ta increases. In particular, when te / ta
= !te / ta"c=2.3, a band inversion occurs at the $ point and the
system becomes metallic. The double degeneracy at the $
point is protected by the lattice point-group symmetry.
Therefore the metallic phase is stable as long as symmetry
breaking fields reducing the lattice symmetry are not intro-
duced. It is interesting that a similar metallic state is

predicted by a recent first-principles calculation on
Y2Ir2O7.44 Although we have used a simplified tight-binding
approach, the overall band structure and degeneracies at the
$ point for the metallic phase are consistent with the predic-
tion of the local-density approximation !LDA" calculation.

The effect of the trigonal crystal fields on the electronic
structure is summarized in the phase diagram shown in Fig.
7. The strong topological insulator !STI" is stable against the
trigonal crystal-field effect for te / ta smaller than the critical
value, !te / ta"c. On the other hand, if te / ta is larger than the
critical value, a metallic phase occurs. The metallic phase is
stable as long as the point-group symmetry of the lattice is
protected.

IV. LATTICE DISTORTION AND METAL-INSULATOR
TRANSITION

In this section we study the fate of the metallic phase
predicted above against external perturbations. Some pyro-
chlore iridates A2Ir2O7 with A=Nd, Sm, and Eu, show metal-
insulator transitions as the temperature decreases.35,36 How-
ever, the nature of the insulating ground state is under
controversy. According to a recent Raman-scattering mea-
surement on these iridium compounds,38 metal-insulator
transitions accompany structural distortions for Sm2Ir2O7
and Eu2Ir2O7. In addition, a recent theoretical study on a toy

TABLE I. Inversion parities of the jeff=1 /2 bands at time-
reversal invariant momenta for %SO=4.0, ta= te=0.5. Here E1&E2
&E3&E4. At the momentum Xi!i=1,2 ,3", the upper !lower" two
bands are degenerate with opposite inversion parities satisfying ''̄
=!1 !'!'̄!=!1".

E1 E2 E3 E4

$!0,0 ,0" + + + +
L0!( ,( ,(" ! ! + !
L1!!( ,( ,(" + + ! +
L2!( ,!( ,(" + + ! +
L3!( ,( ,!(" + + ! +
X1!2( ,0 ,0" ' '̄ '! '̄!
X2!0,2( ,0" ' '̄ '! '̄!
X3!0,0 ,2(" ' '̄ '! '̄!

!! !!XX XX""LL!!!! !!XX XX""LL!!!! !!XX XX""LL!!

E(k)E(k)

(a)(a) (c)(c)(b)(b)t / t =1.0t / t =1.0ee aa t / t =2.2t / t =2.2ee aa t / t =2.5t / t =2.5ee aa

FIG. 6. !Color online" Dispersions of jeff=1 /2 bands under
trigonal crystal field with ta" te. Here we have fixed %SO=4.0, ta
=0.5 but vary te. As te / ta increases the energy gap between the two
bands in the middle reduces. When te / ta#2.3 band inversion oc-
curs at the $ point and the system becomes metallic.

t / tt / tee aa

MetalMetalSTISTISTISTI

(t /t )(t /t )ee aa cc
XX

FIG. 7. !Color online" Phase diagram as a function of the
strength of the local trigonal crystal field represented by te / ta. Note
that a metallic phase occurs when te / ta becomes larger than the
critical value of !te / ta"c!1. The red cross in the middle of two
strong topological insulators !STI" indicates the point where acci-
dental band touching occurs.
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FIG. 5. a) Cartoon of two opposite-chirality Weyl points in the three dimensional Brillouin zone (BZ),
and the associated Fermi arc surface states. The green sheets correspond to the top and bottom surface-
BZs. b) Spectra for the quadratic band touching SM (due to inversion and TRS, all bands are two-fold
degenerate), WSM, and insulating AF (I-AF), obtained using the Hamiltonian Eq. (3) supplemented
with small second nearest hopping.47,91 The red circle shows one Weyl point at the Fermi level (horizontal
dashed line).

4. The role of many-body e�ects

In the preceding, we considered correlations only at the mean field level. This is expected on

general grounds to be qualitatively correct for describing many phenomena within the phases so

obtained. For example, in fully gapped states such as the TI or gapped AIAO phase, the gap cannot

be broken by any small perturbation. The WSM is also stable to interactions, which are irrelevant

(marginally for long-range Coulomb) in the renormalization group sense, though they may have

important transport consequences. A cellular dynamical mean field theory97,98 (CDMFT) study

bears out the robustness of the mean field treatment, though it shows that correlations may yet

induce new phases: an axion insulator state appears in the CDMFT analysis50,93 of Eq. (3) (plus

Hubbard U) though it does not arise at the Hartree-Fock level. For these calculations, a convenient

formulation of the Z2 topological invariant in terms of the interacting electron Green’s function63

was employed.

Other qualitative e�ects of correlations exist. Most obviously, it is likely that at least some of

the quantum phase transitions indicated in Figure 4 are not fully captured by mean-field theory.

Excitations and collective modes, which may be measured in the future by resonant inelastic x-ray
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