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Frustrated Magnets

• Many materials, of possible relevance to 
magnetic applications

• Beautiful experiments with rapidly developing 
tools - diffuse neutron scattering, RIXS,...

• Theoretical challenge: these materials are the 
furthest possible from band theory

• A natural home for exotic quantum ground 
states



Outline

• Frustration in the classical limit

• spin ice example

• Weak quantum fluctuations

• order by disorder

• Strong quantum fluctuations

• quantum spin liquids 
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Frustration

• Competing interactions generate 
degenerate ground states

“geometric 
frustration”

Ising spins



Degeneracy
• Ideally: frustration induces ground state 

degeneracy, and spins fluctuate amongst those 
ground states down to low temperature

• e.g. triangular lattice Ising antiferromagnet

1 frustrated 
bond per 
triangle

Wannier (1950): Ω = eS/kB S ≈ 0.34NkB



Other lattices

checkerboard S ~ 0.216 N kB

kagome S ~ 0.5 N kB

pyrochlore S ~ 0.203 N kB

FCC: S ~ c N1/3 kB



Complications

• Heisenberg spins

• More complex interactions

• Quantum effects: level repulsion avoids 
degeneracies

• But still starting from a classically 
degenerate situation may lead to exotic 
effects



• Local moments: Curie-Weiss law at high T

• Frustration parameter:  f = |ΘCW|/TN

• f >>1: wide regime TN < T < |ΘCW|

χ ∼ A

T −ΘCW

TTN

Spin liquid

χ−1

ΘCW |ΘCW |

Spin gas (paramagnet)
Spin solid (ordered)

Empirical measure



�Si = êiσi

Classical realization: spin ice

• Rare earth pyrochlores Ho2Ti2O7, Dy2Ti2O7: 
spins form Ising doublets, behaving like 
classical vectors of fixed length, oriented 
along local easy axes
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�Si = êiσi

• Rare earth pyrochlores Ho2Ti2O7, Dy2Ti2O7: 
spins form Ising doublets, behaving like 
classical vectors of fixed length, oriented 
along local easy axes

Classical realization: spin ice



• Exchange (due largely to dipolar 
interactions) is ferromagnetic

• Prefers “2 in - 2 out” states

−J �Si · �Sj =
J

3
σiσj

same as Ising 
antiferromagnet

“ice rules”

Spin Ice (simplified)



Entropy

• The integrated specific heat 
of Dy2Ti2O7 showed explicitly 
that the entropy did not 
vanish at low temperature 

• quantitative agreement with 
Pauling’s 1935 estimate 

• We call this situation, with 
spins fluctuating for kT<<J, a 
classical spin liquid

A.P. Ramirez et al, 1999



Spin liquid physics

• The spin liquid fluctuations are a form of 
“artificial magnetostatics” (classical)

• ice rules: divergence free condition

�∇ ·�b = 0

�S ∼ �b



Spin liquid physics

• The spin liquid fluctuations are a form of 
“artificial magnetostatics” (classical)

• ice rules: divergence free condition

�∇ ·�b = 0

�S ∼ �b

field lines = loops or strings tracing spin configurations



Power law correlations

• Effective theory

• Using vector potential b = ∇×a

• This is directly proportional to the static 
magnetic structure factor measured in a 
neutron experiment
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 pinch points in Ho2Ti2O7

experiment theory

vanishes along lines

T. Fennell et al, 2009
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Magnetic monopoles

• Defect tetrahedra are sources and sinks of 
“magnetic” flux (and real magnetization)

• It is a somewhat non-local object

• Must flip a semi-infinite string of spins to 
create a single monopole

div b = 1

Castelnovo et al, 2008

�M ∝ �b



String

stolen (by somebody else on youtube) 
from Steve Bramwell

• Note that the string is 
tensionless because the 
energy depends only on 
∑i σi on each tetrahedra

• this should be spoiled 
at low temperature by 
corrections to H

• Once created, the 
monopole can move by 
single spin flips



Experimental evidence 
for monopoles

• Careful study of quasi-activation behavior of 
magnetization relaxation rate (Jaubert 
+Holdsworth, 2009)

• measures the energy of a monopole

• Several neutron measurements see “strings” in 
applied fields

• Many new experiments I have not kept up with
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Order by (quantum) 
disorder

• Frustration-induced degeneracy is accidental 
- not symmetry induced

• e.g. triangular lattice in a field

H = J
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Order by (quantum) 
disorder

• Holstein-Primakoff

• Spin waves

�Si = n̂i(S − a†iai) +
�

S/2
�
x̂i(ai + a†i )− iŷi(ai − a†i )

�

H = Ecl +
�

k,a

�ωa,k(n̂i)

2
0-pt energy

74 A V Chubitkov and D I Golosoo 

Figure 2. The anticipated behaviour of AFMR fre- 
quencies versus magnetic field in ID Heisenberg 
AFM on a triangular lattice. The broken lines 
denote the branchcswhich wouldbe gaplessin the 
ciassical treatment. 

Figure 3. The anticipated behaviour of longi- 
tudinal magnetization in ?D Heisenbcrg AFM on a 
triangular lattice. The plateau on the magnet- 
ization curve results from the stabilization of the 
collinear phase in the finite region of magnetic 
fields due to zero-point motion. 

pS/3, also in the quantum case. We believe this result to be true in all orders of 
perturbation in l/S. The anticipated behaviour of magnetization is shown in figure 3. 

We conclude thissection with a brief discussion of the more realisticquasi-2D system. 
For ferromagnetic interplane interaction (this is the case for a metamagnet) the mode 
of reorientation will evidently remain unchanged independently of the strength of 
interplane exchange. The case of antiferromagnetic interplane interaction, I”, is less 
trivial. Firstly, since all the excitations in the intermediate phase with constant mag- 
netizarion do have finitegaps, this phase cannot be destroyed by smallperturbations. In 
contrast,thesituation inlow fieldsisverysensitive to theswitchingofthenewinteractions 
and whatever small J” is the reorientation will always start with a different planar 
configuration which is antiferromagnetic in the direction perpendicular to the plane 
[U. 241. The transition to a ?D planar arrangement (which is ferromagnetic in the 
direction perpendicular to the plane) will occur when the gain in energy AE - ( J / S ) ( H /  
J)) favouring a metamagnetic configuration reaches the energy difference associated 
with the interplane exchange, A E  - J”, i.e. when H - J((J”/J)S)”’. Secondly, the 
increase in J” will evidently change the sign of q and, hence, for not very small J” 
the reorientation will start from the umbrella-like configuration. We cannot definitely 
answer the question what will happen in higher fieldssince it depends on the correlations 
between unknown numerical parameters?. 

3. Easy-plane systems 

As was pointed out in the introduction, the accidental degeneracy in the classical AFMT 
does not disappear when we switch on the anisotropy favouring the spin arrangement in 
the basal plane (now singled out initially and not as a result of spontaneous breaking of 
symmetry) and direct the field along the plane, 

t The discussion of quasi-?o properties in section 3 i n  (211 was based on thr proposal that q may be identically 
equal to zero in ID AFMT The direct Calculation of 7 (see equation ( 6 ) )  does not confirm this proposal. 

IO A V Chubukov and D I Golosov 

Figure 1. Reorientation process in the magnetic 
held in ZD Heisenberg AN on a triangular lattice. 
Zero-point fluctuations stabilize the collinear 
phase in [he finite region H ,  < H C Hi in [he 
vicinity of H,J3. He H,.,/3 H =  H,., A H,,t/3r He HM 

see that in the purely ?D case ( J "  = 0), q = 0, that is, in addition to the Goldstone 
mode associated with the SO(2) breaking there exists an 'accidental' gapless branch of 
excitations. This is of course a reflection of the fact that the Heisenberg interaction for 
the triad of classical spins can be expressed only in terms of magnetization vector 
S, . S, + S2 . S, + S3 . S,  = t M 2  - constant 
without drawing any of the antiferromagnetic vectors. According to simple calculations, 
w3 remains gapless in all fields up to the saturation value (Usmt = IUS). Moreover, in 
non-zero fields this mode turns out to be quadratic in k (the state of a triad of classical 
'unit vectors is specified to an accuracy of the rotation around the field axis by three 
equations for five angles). As a result, many exotic configurations have classically the 
same ground state energy as the umbrella-like one and, hence, the type of reorientation 
at T = 0 in a real quantum Heisenberg model must be selected by quantum fluctuations. 

The same is also true for easy-plane systems, and the XY model serves here as a good 
example [9-121. The order parameter space must normalIy be reduced from SO(2) x Zz 
in the zero-field case to Z ,  x Z3 in the presence of a magnetic field 191. However, for 
classicalspins the G'oldstone mode, associated with SO(2) breakingin a zero field, does 
not acquire a gap in all fields up to the saturation value (again, the ground state of a triad 
oftwo-component unitvectorsiscompletelyspecifiedby twoequationsforthreeangles). 
One way to lift the 'accidental' degeneracy in the XYmodel was proposed in [9.12]. It 
was shown that at non-zero temperature the 'lacking at T = 0' condition for the angles 
arises thus fixing the mode of reorientation. For T+ 0 it ocCurS in conformity with figure 
1 and is accompanied by a phase transition at H = H,,/3 when the spins of the two 
sublattices align parallel to each other. Moreover, numerical experiments [9] indicate 
that at non-zero temperatures the collinear phase survives in the finite range of magnetic 
fields. This is very natural since in spite of the fact that the order parameter space is the 
same (Z, x Z3) in low and high-field phases, it is easy to determine the parameter 
distinguishing between them. This is a chirality vector 31, which for each elementary 
spin triangle is a measure of proximity to a 120" structure: 

M = S ,  + S 2 + S 3  

X = (2/3fi)(St X S2 + S 2  x S3 + S, x S,). (2) 

Evidently, 31 = 0 in the high-field phase when the spins of two sublattices are parallel. 
Less information is known about the isotropic system, where the degeneracy of the 

ground state is much stronger. Kawamura and Miyashita proposed [6] that at T # 0 the 
process of reorientation for classical spins occurs in the same way as in the XY system, 
that is, firstly, in the presence of the field all the spins remain in the same plane and, 
secondly, the reorientation occurs via the intermediate collinear phase with unbroken 
continuous symmetry. Numerical calculations [6] seem to confirm this scheme. 

The aim of the present paper is firstly to show that quantum fluctuations also remove 
the 'accidental' degeneracy both in Heisenberg andXYmodels and select the same type 
of reorientation as do  the temperature fluctuations. The isotropic Heisenberg model 

Chubukov+Golosov, 1991

According to the classical molecular field theory,22,23 a
transition from a helical spin structure to a fan structure can
occur when an external field is applied in the easy plane. The
helix-fan transition is accompanied by a jump in magnetiza-
tion, and not by the plateau. Examples of this include the
recently observed phase transition in RbCuCl3 for a mag-
netic field perpendicular to the c axis.24,26 At low tempera-
tures, RbCuCl3 has a monoclinic structure, which is closely
related to the crystal structure of CsCuCl3.27,28 The exchange
interaction along the c axis is ferromagnetic, and interactions

FIG. 8. Magnetic field vs temperature phase diagrams for
Cs2CuBr4 for !a" H!a , !b" H!b , and !c" H!c . The gray lines are the
guides for the eyes.

FIG. 9. Magnetization curves for Cs2CuBr4 measured at T
!0.4 K for H!a , H!b , and H!c . The values of the magnetization
are shifted by 0.4#B . The inset shows dM /dH vs H around the
magnetization plateau for H!b and H!c .

FIG. 10. The magnetization curve and dM /dH vs H for H!b
measured in magnetic fields up to 20 T.

MAGNETIZATION PLATEAU IN THE FRUSTRATED . . . PHYSICAL REVIEW B 67, 104431 !2003"

104431-5

Ono (2004)
Tsujii (2007)

Cs2CuBr4



Difficulties with ObD

• We require an accidental degeneracy

• Small perturbations (further neighbor 
exchange, spin-orbit coupling, dipolar 
interactions...) can split it classically

• So to confirm ObD, we need

• Very good knowledge of the Hamiltonian

• Very robust classical degeneracy



Er2Ti2O7

• Like spin ice, this is a pyrochlore, but “XY-
like”

• Quantum spin-flip processes are much 
easier

Ising-like

Jz

E

Jz

E

XY-like
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ETO - Parameters

3T

(HHH) (00L) (22L) (HH2) (-H+1, -H+1, H+2) (H-1, 2, -H-1)

E
 (m

eV
)

E
 (m

eV
)

(-2H, H+1, H-1)

• Fit using spin wave theory at “high 
field” (B=3T)

• One obtains

2

sublattices the site resides. In words, Eq. (2) describes
translational invariant states (no unit cell enlargement)
where all spins make the same angle with their local x-
axis. (Note that this spin configuration carries no total
net moment.) This is the Γ5 manifold of ground states
identified in Ref. 2 for Er2Ti2O7. Now, let Φ = ρ eiα =
Φ1 + iΦ2, Φ1,Φ2 ∈ R. Up to an unimportant constant,
the free energy for the Ansatz Eq. (1) as a function of Φ
reads

F
0
MF[Φ] = aΦ2 + a

∗(Φ∗)2 + b|Φ|2, a ∈ C, b ∈ R, (3)

since Eq. (1) is quadratic in the spins. Cubic symmetries
then impose that a = a

∗ = 0, so that F
0
MF depends on

|Φ| only, i.e. solely on |m0
i |. Indeed, under the three-fold

rotation along the 111 axis, one finds α → α+ 2π/3, or

Φ → e
2iπ/3Φ ⇒ a = 0, (4)

since F 0
MF should remain invariant under the above trans-

formation. Thus, within MFT, the degeneracy is present
for arbitrary two-spin interactions. Similar arguments
show that the leading order term splitting the degeneracy
in the free energy and consistent with cubic symmetry is

F6 = −c (Φ6 + (Φ∗)6), (5)

with some real constant c. Since there is no general ar-
gument to make c vanish, we conclude that the U(1) de-
generacy is an artifact of the approximations introduced
so far. In MFT, it is, however, remarkably robust: six
spin interactions would be required to induce a term of
the form of Eq. (5). In Er2Ti2O7 (and indeed most other
rare earth pyrochlores), this is entirely negligible [11].
This leaves only fluctuations – i.e. ObD – to determine
the splitting coefficient c.

Local minimum: By expanding about the degenerate
states described by Eq. (2), we find that for arbitrary
(symmetry preserving) exchange parameters, the states
in Eq. (2) are extrema of the free energy (see Supp.
Mat. [10]). Whether or not they are global minima,
i.e. whether or not they constitute ground states of the
problem, depends on the parameters J

µν
ij . We now pro-

ceed to the extraction of the latter from experiment, and
lift any potential suspense: for parameters relevant to
Er2Ti2O7, these are the lowest-energy states.

Er2Ti2O7 Hamiltonian: The effective S = 1/2 de-
scription applies to Er2Ti2O7 below about 74 K [2, 12].
Nearest-neighbor exchange dominates, for which the
Hamiltonian is constrained by symmetry to the form [9]

H =
�

�ij�

�
JzzS

z
i S

z
j − J±(S

+
i S

−
j + S−i S

+
j )

+ J±±
�
γijS
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i S

+
j + γ∗

ijS
−
i S

−
j

�

+ Jz±
�
Szi (ζijS

+
j + ζ∗ijS

−
j ) + i ↔ j

� �
, (6)

where the sans serif characters Sµi denote components of
the spins in the local pyrochlore bases, where γ is a 4× 4

complex unimodular matrix, and ζ = −γ∗ [9]. The linear
combinations relating the J

µν
ij ’s (for nearest-neighbor i

and j) to Jzz, J±, Jz± and J±±, the explicit expression
of γ and the local bases used in Eq. (6) are given in the
Supp. Mat. [10].
To determine the four exchange constants and the two

components of the g-tensor specific to Er2Ti2O7, we fit
inelastic neutron scattering data with the structure fac-
tor obtained from linear spin wave theory in high field
applied to the Hamiltonian Eq. (6). This method was
described at length in Ref. 9 (esp. in its Appendix
C). Experiments were carried out on a single crystal of
Er2Ti2O7 grown at McMaster University by the floating
zone technique [13]. Inelastic neutron scattering by the
time-of-flight method was performed at the NIST Center
for Neutron Research using the Disk Chopper Spectrom-
eter [14]. The incident wavelength of 5 Å afforded an
energy resolution of 0.09 meV. Two orientations of the
crystal were used such that the vertical axes, i.e. the
crystallographic directions parallel to the applied field,
were [11̄0] and [111]. Using two field orientations allowed
an exceptionally comprehensive study of the high-field
spin-wave spectra. Furthermore, the understanding of
the zero-field spectra from the ordered state was also
enhanced by access to the two inequivalent scattering
planes normal to the field directions. In all color con-
tour plots herein, the last two panels represent scatter-
ing within the plane normal to [111]. All others include
scattering vectors normal to [11̄0].
Spin wave spectra arising in the polarized quantum

paramagnetic state at H = 3 T and T = 30 mK were
fit to the general anisotropic exchange model of Eq. (6)
by matching the dispersions in several directions using
a least squares method. The full S(Q,ω) was not fit
to the data, but followed directly from the Hamiltonian
extracted from the fit to the dispersions [10]. Within the
linear spin wave approximation and the nearest-neighbor
model, we find gz = 2.45 ± 0.23 and gxy = 5.97 ± 0.08
(Ref. 15 finds gz = 2.6 and gxy = 6.8), and in 10−2 meV

J±± = 4.2± 0.5, J± = 6.5± 0.75, (7)

Jzz = −2.5± 1.8, Jz± = −0.88± 1.5 .

Note that these parameters include the nearest-neighbor
component of the dipolar interactions, and that weaker
further neighbor components cannot break the U(1) de-
generacy, as shown above.
The above parameters Eq. (7) place Er2Ti2O7 in a re-

gion of the Jzz − J± − Jz± − J±± phase diagram far
from spin ice. Notably, in sharp contrast to Yb2Ti2O7

[9], the interactions J± and J±± involving the local XY
components of the spins are dominant. Here conven-
tional magnetic order is expected at low temperature [16],
and Curie-Weiss MFT is a good starting point. Within
the latter, we obtain the U(1) degenerate manifold as
the zero-field ordered states. Other predictions of MFT

XY terms
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Phenomenology

Knowing the location of the phase boundaries, we now
focus on the nature of the different phases. To this end, high
quality single crystals of Er2Ti2O7 were studied by the
time-of-flight neutron scattering technique. This allows a
simultaneous measurement of both the elastic and inelastic
neutron scattering cross-section within the !H;H;L" plane
in reciprocal space. Elastic scattering reveals the magnetic
structure of the ordered phases, while inelastic scattering
informs on the elementary spin excitations of these states.
Preexisting neutron scattering measurements [7,10] iden-
tified the zero-applied-field ordering wave vector as the
(2,2,0) Bragg reflection. This result is confirmed in Fig. 2,
where a dramatic enhancement of scattering intensity at
(2,2,0) is observed upon cooling below the temperature of
the heat capacity anomaly. However, we also note that a
second, broad component to the scattering is evident. As is
clear from Fig. 2(f), when subjected to an applied magnetic
field, the magnetic reflection becomes sharper and the
background decreases substantially. This is unambiguous
evidence for the existence of a second length scale in the
zero-field ground state, where short-range magnetic corre-
lations coexist with long-range magnetic order. The width
of this broad feature corresponds to spin correlations of
15 Å (#1–2 unit cells). The origin of these short-range
correlations is not understood, but their presence at T $
50 mK is consistent with strong quantum fluctuations in

the ground state. Muon spin rotation results support this, as
they observe an anomalously large relaxation rate below Tc

[17].
Within the !H;H;L" plane, we have measured the mag-

netic scattering intensity of five distinct Bragg peaks at low
temperature (T $ 50 mK) as a function of applied mag-
netic field [Fig. 3(c)]. In weak fields, the scattering is
dominated by the large (2,2,0) peak associated with the
zero magnetic field ground state [Fig. 3(a)]. An anomalous
increase is observed in the scattering intensity at the order-
ing wave vector for !0H $ 0:5 T. This effect has been
ascribed to the creation of a single domain state in previous
work [7]; however, we attribute it to the elimination of the
short-range correlations that we have observed in zero field
(see Fig. 2). As we approach Hc from below, the intensity
at (2,2,0) drops off smoothly as long-range order is de-
stroyed. Simultaneously, new intensity develops at the
(2,2,2) position, which dominates the scattering in high
magnetic field. Strong scattering at (2,2,2) is consistent
with a highly polarized XY state, as illustrated in Fig. 3(b).
The boundary between the (2,2,0) and (2,2,2) dominated
phases coincides with the quantum critical point deduced
from heat capacity in Fig. 1. However, the field-induced
reorganization of scattering intensity is not sharp at the
critical point. Rather, a smooth evolution is seen for fields
within #1 T of !0Hc. We also observe an increase in

FIG. 2 (color online). Elastic scattering is shown within the
!H;H; L" plane for panels (a)–(e). Note that only nuclear al-
lowed Bragg positions show intensity throughout the phase
diagram. Panel (f) shows longitudinal cuts through (220) at
50 mK. The existence of a broad, diffuse component to the
scattering in zero applied magnetic field is clear, indicating
short-range magnetic correlations that coexist with long-range
order.

FIG. 1 (color online). The phase diagram of Er2Ti2O7 in an
applied [110] magnetic field is shown. The contour plot was
constructed from multiple heat capacity curves, on both warming
and cooling. A sampling of these is shown in the bottom panel.
Dotted lines on the top panel trace out the location of the
maximum at each field magnitude. It is only when H <Hc

that this boundary line represents a true phase transition.

PRL 101, 147205 (2008) P HY S I CA L R EV I EW LE T T E R S
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zero field ordering 
transition at 1.1K

quantum critical point at 
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ally into the magnetic structure defined by !2 belonging to
the continuously degenerate IR "5. #Note that !2 is the only
noncoplanar structure among !1!5.$ Both the initial selec-
tion of k"0 and the final selection of !2 must be order by
disorder processes as the ground state manifold is macro-
scopically degenerate.
To understand this ground state selection, we analyze the

D/J!% model #i.e., spins confined to local XY planes$. We
expect that for the preferred ground state a spin wave analy-
sis should expose the presence of zero frequency modes over
an extensive region of the Brillouin zone.15 This is indeed the
case: we calculate the quadratic Hamiltonian for small dis-
placements away from a given ground state, which we sym-
metrize and diagonalize to find the normal mode spectrum.12
Applying this procedure to the state !2 gives eigenvalues

&#q! $"4J'1#cos#q•! a! /2$( ,

&#q! $"4J)1#cos'q! •#c!!b! $/2(*, #2$

where a! , b! , and c! , are the basis vectors of the primitive
rhombohedral unit cell. Hence, there are branches with
&(q! )"0 over planes in the Brillouin zone, for which q•! a!
"0 and q•! (c!!b! )"0. The same procedure when applied to
other selected ground states yields a microscopic number of
zero modes at specific points in the zone. This difference
gives the mechanism for the order by disorder selection of
!2. In this approximation the amplitude of the soft modes
diverges, giving a dominant contribution to the entropy.15
Evidence of the soft modes exists in the specific heat, as each
contributes less than 1

2 kB . As there are O(L2) modes, the
quantity 1

2 !Ch /NkB should scale as 1/L at low temperature,
as confirmed in Fig. 1. We note that the entropy contribution
to the free energy from the soft modes scales as N2/3 and so
is not extensive. While this could mean that the ordering
within the k"0 manifold occurs at a temperature-dependent

system size that goes to zero in the thermodynamic limit, no
such effect was detected in the system sizes we have studied.
Disordered states are occasionally formed in the simula-

tions, by the rotation of columns of spins with infinite length
out of an ordered state. This suggests that, starting from the
!2 state, one can introduce O(L2) independent column de-
fects, all perpendicular to a given plane. Our calculation,
giving O(L2) soft modes is compatible with this description
and is analogous to the case of the Heisenberg kagomé
antiferromagnet.15 For the latter, fluctuations out of a copla-
nar spin configuration can be described equivalently in terms
of soft propagating modes and localized zero energy excita-
tions.
The material Er2Ti2O7, which orders magnetically at

+1.2 K,9 has been suggested to approximate the ,111- XY
antiferromagnet.10,11 To test this we have determined its mag-
netic structure by powder neutron diffraction using the
POLARIS diffractometer #ISIS$. The magnetic reflections
observed below TN.1.2 K index with a propagation vector
of k"0. As the transition is continuous #see below$, the
system is expected to order under only one of the nonzero
IR’s of the Er site representations: "3,5,7,9 , as defined above.
Refinement of the magnetic structure16 showed that only the
two basis vectors !1 , !2 of "5 were consistent with the
magnetic intensity #see Figs. 1, 2$. Single crystal diffraction
data collected on the instruments E2 #HMI, Berlin$ and
PRISMA #ISIS$, allowed us to distinguish between the two
structures. The measurements were performed on a
(+8 mm3) crystal at temperatures down to 0.13 K. In order
to suppress the formation of multidomains due to the cubic
symmetry, a magnetic field was applied along the '1 1̄ 0(
direction. Below TN , we found that a field of 0.5 T caused
the #2,2,0$ magnetic Bragg peak to increase from 260 counts
to 500 counts, while the other peaks remained approximately
unchanged. This increase in the #2,2,0$ by a factor of 1.9
#0.2 is consistent with the formation of a monodomain of
the !2 ground state. We can conclude that the zero field
ordering pattern is also described by !2, in agreement with
the theory.

FIG. 1. Upper inset: tetrahedral basis projected down '001( ,
from left to right: !1 , !2 , !3 . # denotes how spins tilt out of the
plane #they lie parallel to the opposite triangular face of the tetra-
hedron$. Graph: size dependence of the simulated specific heat for
N"16L3 spins. Lower inset: experimental low temperature specific
heat vs T3 #powder sample$. A turn up low at temperature, attrib-
uted to hyperfine effects #Ref. 9$, is barely visible with this choice
of scale.

FIG. 2. Main picture: powder neutron profile refinement #PO-
LARIS, 50 mK, Rwp"1.23 %, about a third of the intensity is
magnetic$. The lower line is observed minus calculated intensity.
Inset: single crystal Bragg intensity 'PRISMA, #2,2,0$ reflection(
and fit to a power law #see text$.
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Phenomenology

directions of an applied field. A Goldstone mode is observed
and its linear increase with an applied magnetic field is
traced. Additionally, we have detected a gapped mode soft-
ening in the vicinity of a critical field. The origin of both
types of oscillation is discussed. Specific-heat measurements
were also carried out for H ! "100# and H ! "111# to comple-
ment the previously reported results14 for H ! "110#. The calo-
rimetry results are compared with the ESR and inelastic
neutron-scattering data14 and an overall agreement between
the different experimental methods is demonstrated.

II. EXPERIMENTAL PROCEDURES

A single-crystal sample of Er2Ti2O7 was grown by the
floating-zone technique.18 Small thin plates of a characteris-
tic size 1!1!0.2 mm3 $about 1 mg in mass% containing the
$110% plane were cut out of the original larger sample. The
plates were mounted in such a way that the magnetic field
was applied in the sample plane in order to minimize the
demagnetization effect. Specific heat was measured using a
Quantum Design physical property measurement system
calorimeter equipped with a 3He option and a 90 kOe cryo-
magnet.

ESR measurements were carried out using a homemade
transmission-type spectrometer built on a 3He cryostat with a
base temperature of 0.45 K. The lowest eigenfrequency of
the resonant cavity was 25 GHz. The highest frequency was
limited to about 70 GHz by the so-called “size effect,” i.e.,
the condition that the half wavelength of the microwave ra-
diation inside the sample is of the same order as the sample
size. For the pyrochlore magnets, this limit is especially rigid
because of their large magnetic permeability. It has been
shown in case of another pyrochlore, Gd2Ti2O7, that above
this frequency limit a parasitic absorption $not directly re-
lated to magnetic excitation spectrum of the samples% can
disguise its resonance pattern.19

III. EXPERIMENTAL RESULTS

The temperature dependence of the specific heat in zero
external magnetic field is shown in Fig. 1. It demonstrates a

sharp anomaly at TN=1.2 K in close agreement with the
previously obtained results. This peak corresponding to a
second-order phase transition into a magnetically ordered
state is followed by Cp"T3 drop of specific heat on decreas-
ing the temperature. The magnetic entropy of the system
obtained by integrating the Cp /T curve with the phonon con-
tribution subtracted $see below for details% saturates at the
value of R ln 2. This points to the effective S=1 /2 pseu-
dospin character of the magnetic Er3+ ions originating from
the double degeneracy of its ground state in a crystal field.

In an applied magnetic field, the transition shifts to lower
temperatures and becomes difficult to detect in the C$T%
curves. The transition is also traced by recording the field
dependence of the specific heat at constant temperature. The
C$H% dependence measured for two different directions of
the external magnetic field, H ! "100# and "111#, shows that
the peak anomalies are easily detectable $see the inset of Fig.
1% and that their behaviors are quite anisotropic in nature
with the transitions occurring at Hc

"100#=16.5#0.5 kOe and
Hc

"111#=13.5#0.5 kOe.
The observed transformation of the C$T% curves on in-

creasing the external magnetic field up to and above the Hc
for these two field directions is similar to the behavior re-
ported in Ref. 14 for H ! "110#. In higher applied fields, the
sharp low-temperature anomaly seen in the C$T% curves is
replaced by a much broader feature developing in the higher-
temperature part of the curves $see Fig. 2%.

Following the results of an inelastic neutron-scattering ex-
periment for H ! "110# in Ref. 14 which showed for the lower
excitation mode the dispersion vanishing at H$Hc, one can
attempt to approximate Er2Ti2O7 in high fields as an en-
semble of noninteracting two-level systems. In this case, the
molar specific heat can be expressed in the form

0

2

4

6

8

0 2 4

TN =1.19 K

T2 (K2)

C
p

/T
(J

/K
2

m
ol

E
r)

0

0.5

1.0

1.5

2.0

0 10 20 30 40

[100]
[111]

Hc =13.5 kOe

Hc =16.5 kOe

H (kOe)

T=0.52 K

C
p

(J
/K

m
ol

E
r)

FIG. 1. $Color online% Specific heat divided by temperature of
Er2Ti2O7 in zero field. Solid line is Cp /T"T2 fit for the low-
temperature part of the curve. The inset shows the field dependen-
cies of the specific heat at T=0.52 K: H ! "100#—! and
H ! "111#—!.

0

0.4

0.8

1.2 lattice
90 kOe
70 kOe
50 kOe
30 kOe

[100]a)

0

0.4

0.8

1.2

0 2.5 5.0 7.5 10.0

[111]b)

T (K)
C

p
/T

(J
/K

2
m

ol
E

r)
FIG. 2. $Color online% Temperature dependencies of the specific

heat divided by temperature of Er2Ti2O7 in various magnetic fields
applied along the $a% "100# and $b% "111# directions. Solid lines
represent the fits to Eq. $1% as described in the main text, the phonon
contribution to the specific heat is shown by the dashed lines.

SOSIN et al. PHYSICAL REVIEW B 82, 094428 $2010%

094428-2

T3 magnetic 
specific heat 

With renormalization

(HHH) (00L) (22L) (HH2) (-H+1, -H+1, H+2) (H, H+1, -H-1) (H-1, 2, -H-1)

Calc.
(α=0, ...) 

Calc.
(α=π/6, ...)

Meas.
µ0H=0T

E
 (m

eV
)

(HHH) (00L) (22L) (HH2) (-H+1, -H+1, H+2) (-2H, H+1, H-1) (H-1, 2, -H-1)

apparent 
Goldstone 

mode in INS at 
B=0T

E (meV)

0

1

So
si

n 
et

 a
l, 

20
10

(a
ls

o 
Bl

öt
e,

 1
96

8;
 

C
ha

m
pi

on
 2

00
3)

Ruff et al, 2008



Phenomenology

directions of an applied field. A Goldstone mode is observed
and its linear increase with an applied magnetic field is
traced. Additionally, we have detected a gapped mode soft-
ening in the vicinity of a critical field. The origin of both
types of oscillation is discussed. Specific-heat measurements
were also carried out for H ! "100# and H ! "111# to comple-
ment the previously reported results14 for H ! "110#. The calo-
rimetry results are compared with the ESR and inelastic
neutron-scattering data14 and an overall agreement between
the different experimental methods is demonstrated.

II. EXPERIMENTAL PROCEDURES

A single-crystal sample of Er2Ti2O7 was grown by the
floating-zone technique.18 Small thin plates of a characteris-
tic size 1!1!0.2 mm3 $about 1 mg in mass% containing the
$110% plane were cut out of the original larger sample. The
plates were mounted in such a way that the magnetic field
was applied in the sample plane in order to minimize the
demagnetization effect. Specific heat was measured using a
Quantum Design physical property measurement system
calorimeter equipped with a 3He option and a 90 kOe cryo-
magnet.

ESR measurements were carried out using a homemade
transmission-type spectrometer built on a 3He cryostat with a
base temperature of 0.45 K. The lowest eigenfrequency of
the resonant cavity was 25 GHz. The highest frequency was
limited to about 70 GHz by the so-called “size effect,” i.e.,
the condition that the half wavelength of the microwave ra-
diation inside the sample is of the same order as the sample
size. For the pyrochlore magnets, this limit is especially rigid
because of their large magnetic permeability. It has been
shown in case of another pyrochlore, Gd2Ti2O7, that above
this frequency limit a parasitic absorption $not directly re-
lated to magnetic excitation spectrum of the samples% can
disguise its resonance pattern.19

III. EXPERIMENTAL RESULTS

The temperature dependence of the specific heat in zero
external magnetic field is shown in Fig. 1. It demonstrates a

sharp anomaly at TN=1.2 K in close agreement with the
previously obtained results. This peak corresponding to a
second-order phase transition into a magnetically ordered
state is followed by Cp"T3 drop of specific heat on decreas-
ing the temperature. The magnetic entropy of the system
obtained by integrating the Cp /T curve with the phonon con-
tribution subtracted $see below for details% saturates at the
value of R ln 2. This points to the effective S=1 /2 pseu-
dospin character of the magnetic Er3+ ions originating from
the double degeneracy of its ground state in a crystal field.

In an applied magnetic field, the transition shifts to lower
temperatures and becomes difficult to detect in the C$T%
curves. The transition is also traced by recording the field
dependence of the specific heat at constant temperature. The
C$H% dependence measured for two different directions of
the external magnetic field, H ! "100# and "111#, shows that
the peak anomalies are easily detectable $see the inset of Fig.
1% and that their behaviors are quite anisotropic in nature
with the transitions occurring at Hc

"100#=16.5#0.5 kOe and
Hc

"111#=13.5#0.5 kOe.
The observed transformation of the C$T% curves on in-

creasing the external magnetic field up to and above the Hc
for these two field directions is similar to the behavior re-
ported in Ref. 14 for H ! "110#. In higher applied fields, the
sharp low-temperature anomaly seen in the C$T% curves is
replaced by a much broader feature developing in the higher-
temperature part of the curves $see Fig. 2%.

Following the results of an inelastic neutron-scattering ex-
periment for H ! "110# in Ref. 14 which showed for the lower
excitation mode the dispersion vanishing at H$Hc, one can
attempt to approximate Er2Ti2O7 in high fields as an en-
semble of noninteracting two-level systems. In this case, the
molar specific heat can be expressed in the form
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BUT: Why is there a Goldstone mode when 
the Hamiltonian has no continuous 

symmetries???



Accidental Degeneracy

• For the NN model, the classical/MF ground 
states are:

• with α (or Φ=ρe-iα) arbitrary

• Why? 

• Under 3-fold rotation, Φ→Φe-2πi/3

• But MF energy is quadratic in Φ, so it can 
only be a function of |Φ|2!

��Si� = ρ(cosα âi + sinα b̂i) = Re
�
Φ(âi − ib̂i)

�



Robustness

• Arbitrary distance exchange interactions 
cannot split this degeneracy!

• In fact, the degeneracy can be split 
classically only by 6-spin or higher order 
terms

• These are completely negligible for 
Er2Ti2O7 (and most other pyrochlores)



Zero point energy
• What does split the degeneracy is zero point energy - 

order by disorder!

• 6-fold degenerate ψ2 state is selected!

• This state selection is confirmed experimentally
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FIG. 1. The measured S(Q,ω) at T = 30 mK, H = 3 T sliced along several directions. The first five columns show S(Q,ω)
in the HHL plane, with the field applied along [11̄0], while the last two columns show S(Q,ω) for the field along [111]. Top

row: measured S(Q,ω). Bottom row: calculated S(Q,ω), based on an anisotropic exchange model with six free parameters

(see text) that were extracted by fitting to the measured dispersions.

compare well with experiment. MFT predicts a con-
tinuous ordering transition at T

MF
c = 2.3 K which im-

plies a fluctuation parameter f = T
MF
c /Tc ≈ 2.1, given

the experimental transition temperature Tc = 1.1 K [5].
This is much smaller than typical values of f for sys-
tems with strong quantum fluctuations (c.f. f = 13 for
Yb2Ti2O7 [9]), and likely largely due to the usual ther-
mal fluctuation effects neglected in MFT. The zero tem-
perature field-induced transition (for a �110� field) with
H

MF
c = 1.74 T, agrees perfectly with the experimental

value Hc = 1.7± 0.05 T [17].
Zero-point fluctuations: Neglecting the tiny six

spin couplings, only zero-point quantum fluctuations can
break the degeneracy of a clean crystal at low tempera-
ture. We show below that they do, though weakly, find
the preferred states, and quantitatively estimate the en-
ergy splitting of the degenerate manifold.

In the spin wave approximation, the energy of the zero-
point fluctuations per unit cell is given by

�sw0 = V
−1
BZ

4�

i=1

�

k∈BZ
ωi
k/2, (8)

where the sum runs over the four spin wave modes (see
Ref. 9), and where VBZ is the volume of the Brillouin
zone. The spectrum ωi

k for states as described by Eq. (2)
depends on the angle α as illustrated in the Supplemen-
tal Material, so that �sw0 does as well. Performing the
integration in Eq. (8) numerically for different values of
the phase α, we indeed find that zero-point fluctuations
break the U(1) degeneracy, and that the six equivalent
values α = nπ/3 (n = 0, 1, . . . , 5) are the minima of �sw0
as illustrated in Figure 2. The energy splitting fits well,
up to a constant, to �sw0 = −λ/2 cos 6α (c = 32Nu.c.λ in
Eq. (5) at T = 0, where Nu.c. is the number of unit cells),
with λ = 3.5 × 10−4meV. The six α = nπ/3 states are
equivalent, i.e. related to one another by cubic symme-
tries, but differ in the absolute orientation of the spins.
A zero-field cooled sample would be expected to form
a multi-domain state with an equal volume fraction of
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FIG. 2. Zero-point fluctuation energy �sw0 in the classically

degenerate manifold parametrized by α. The peak-to-peak

energy is λ ≈ 3.5 10
−4

meV.

each state. Indeed, we find that an equal superposition
of the spectra of all six domains compares well with the
experimental zero field neutron spectrum (see [10]).
Implications: The first prediction of the ObD cal-

culation is a definite set of six zero-field ground states,
with α = nπ/3, selected by the positive coefficient λ.
These are exactly the ψ2 states identified in Ref. 2. Gen-
eral symmetry arguments predict either these ψ2 states
or the alternative sequence that would be selected were
λ < 0, with α = π/6+nπ/3, which are denoted ψ1 states
in Ref. 2. The crucial experiment to distinguish the two
was already noted in the latter reference: a magnetic field
applied along �110� to a zero-field cooled sample should
lead, due to domain alignment, to a sharp increase of the
(220) Bragg peak intensity for the ψ2 states, but a sharp
decrease of intensity for the ψ1 states (see Supplemental
Material [10]). A sharp increase is consistently observed
in several experiments [2, 5]. Here –see Figure 3– we
make an extensive comparison of theory [10] to experi-
mental intensity versus field at five Bragg peaks including
(220), which gives strong evidence for the correctness of
the ψ2 ground state and the Hamiltonian parameters.
The ψ2 state was also found by a sophisticated neutron

α=0 α=π/3
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Consequences

• Excitation gap

• estimate from field theory: Δ≈260mK

• Can also understand field evolution

7

with ajk,ωn
= t(0)j +

�
µ,ν t

(2)
j,µνkµkν − w(0)

(iωn)
2
,

and bjk =
�

µ,ν t
�
j,µν

(2)kµkν − w�(0)
(iωn)

2
, (with

t(0)j , t(2)j,µν , w
(0), t�j,µν

(2), w�(0) ∈ R) so that α2
extra terms

that arise from integrating out χj are at least of order

four in k and ωn. This result is reasonable since only

α describes the continuous degeneracy and is thus ex-

pected, alone, to give rise to the Goldstone mode.

We find, for the ground state α = 0,

S ��
=

1

2β

�

n

�

k

α−k,−ωnαk,ωn (54)

×
�
κxk

2
x + κyz(k

2
y + k2z)− η(iωn)

2
�

where

κx =
1

4
(2J± − J±±) (55)

κyz =
1

8
(4J± + J±±) (56)

η =
κ

v2
=

4

3

1

2J± + Jzz
, (57)

so that the action of the full spin-wave and zero-point

fluctuation problem is

S �
=

1

2β

�

n

�

k

α−k,−ωnαk,ωn (58)

×
�
κxk

2
x + κyz(k

2
y + k2z)− η(iωn)

2
+ 18λ

�
,

where we expanded the cosine, −λ
2 cos 6α ≈ −λ

2 + 9λα2

and took into account the overall 1/2 prefactor. The gap

∆ is then

∆ =

�
18λ

η
=

�

27λ

�
J± +

Jzz
2

�
≈ 0.0222 meV, (59)

since λ = 3.51 × 10
−4

meV. In Kelvins, this is ∆ = 258

mK. Now, if we define

vµ =

�
κµ

η
, (60)

we get

v̂x ≈ 0.0413 meV and v̂y,z ≈ 0.0541 meV (61)

where a is the lattice constant, and v̂i = vi/a’s has the

dimension of an energy. Now, plugging in a = 10.04 Å,

we get

vx ≈ 0.416 meV.Å and vyz ≈ 0.545 meV.Å.
(62)

Note that the specific form of the anisotropy, i.e. vx �=
vy = vz is due to the choice α = 0. The other combina-

tions are found for other values of α = nπ/3. For all the
latter the velocity which we denote v1 appears once, while
v2 appears twice. Here v1 = vx and v2 = vy = vz = vy,z.

The read-off slopes of the Goldstone modes of the spin

wave theory are

v̂readx = 0.0412 meV and v̂ready,z = 0.0541 meV,
(63)

i.e. a basically exact match. We can also define two

length scales,

ξµ =

�
κµ

18λ
, (64)

and we get

ξx = 1.86 a ≈ 18.71 Å and ξyz = 2.44 a ≈ 24.55 Å,
(65)

where a is, again, the lattice spacing. Those length scales

physically represent the lengths over which the system

sees no degeneracy breaking (cf. λ = 0 ⇒ ξi → ∞), and

are the typical extent of domain walls in the system, if

any.

VIII. SPECIFIC HEAT
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FIG. 11. CV /T 2
versus T . In blue, the theoretical plot

Eq. (71) obtained for the parameters of our fits in zero

field, with ∆ = 0.02 meV. Above 0.05 K the linear behav-

ior of CV /T 2
is clear, with a slope σ̃th = NA

k4
B π2 a3

120 v3 ≈
3.62 J.K

−4
.mol

−1
. The purple points are the experimental

data points reported in Ref. 6 (note that in the latter ref-

erence, the vertical axis is Cp/R per mole of formula unit
Er2Ti2O7), and the solid purple line is the best linear fit to

the six data points with lowest T . The equation of this line is

−0.2+4.6T J.K
−3

.mol
−1

(σ̃exp = 4.6 J.K
−4

.mol
−1

). The thin

dashed line’s equation is
r σ̃exp

16π4/15

�
�∞
0

dX
X2(X2+δ2)

sinh2

√
X2+δ2

2

�
T ,

where r is the ratio of σ̃th to the slope of the blue line (the

latter hides the dashed curve in the region of activated be-

havior T � ∆/kB).

hint of gap in Cv data

4

spherical polarimetry study [4].
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FIG. 3. Evolution of the Bragg peak intensities with a field
H � [1̄10]. The experimental data points from Ref. 5 are
overplotted on the theoretical curves (overall vertical scale
of experiment was adjusted by hand) obtained when all six
domains occupy an equal fraction of the volume in zero field.
The experimental values for (111) and (113) are suppressed by
instrumental complications, which are partially compensated
for here by a multiplication factor of 1.3 (see Supp. Mat. [10]
for more details). The dashed vertical line shows the critical
field H

MF
c = 1.74 T obtained within MFT.

The second consequence of our ObD scenario is the
existence of a pseudo-Goldstone mode which acquires a
small gap at low temperature. It is important to empha-
size that the exchange Hamiltonian in Eq. (6) has only
discrete (point group) symmetries, so the appearance of
a Goldstone-like mode should be surprising! Though no
surprise seems to be expressed in the literature, the ex-
istence of such a mode is apparent from multiple reports
of a large T 3 low temperature specific heat [2, 5, 18–20]
in Er2Ti2O7. The pseudo-Goldstone mode is also explic-
itly visible in our zero field inelastic neutron scattering
spectra. One can estimate the specific heat by Debye
theory, CT 3

V = 4Nu.c. σ T 3, where Nu.c. is the number of
unit cells in the system, and

σ =
k4B π2 a3

120 v3
. (9)

Here a is the usual cubic lattice spacing, and v is the
geometric mean spin wave velocity [10]. Using the theo-
retical value for v one obtains σth ≈ 3.6 J ·K−4 ·mol−1.
The experimental value from Ref. 5 (extracted in [10]) is
σexp = 4.6 in the same units, comparable with theory.

Evidently the gap is not visible in current experiments.
We now estimate it using field theory. Consider the ef-
fective (Euclidean) action of a system at T = 0 with slow
space and time variations of the angle α:

S =

�

τ

d3r

vu.c.

�
�

µ

κµ

2
(∂µα)

2 +
η

2
(∂τα)

2 − λ

2
cos 6α

�
(10)

where vu.c. is the volume of the unit cell, and the param-
eters κµ, η are obtained from spin wave theory (see [10]).

Expanding the cosine above, we find that the gap ∆ to
the spin waves is

∆ =
�
18λ/η =

�
27λ (J± + Jzz/2) ≈ 0.02 meV. (11)

This is below the 0.09 meV resolution of the inelastic neu-
tron scattering data reported in Ref. 5, but is certainly
experimentally accessible. The gap should also manifest
in a crossover from T 3 to activated magnetic specific heat
for T � ∆/kB [10]. A nuclear Schottky anomaly below
200 mK [18] makes a direct observation challenging, but
extrapolation of specific heat data from Ref. 5 does sug-
gest a gap of approximately the right magnitude (Supp.
Mat. [10]).
From Eq. (10), one may also extract the lengths ξµ =�
κµ/(18λ), which describe the width of domain walls

between symmetry-related ψ2 states. We obtain ξ1 =
1.86 a = 18.71 Å and ξ2 = 2.44 a = 24.55 Å for Er2Ti2O7.
Confrontation of domain wall theory with experiments
will be addressed in a future publication.
Relation to prior theoretical work: Prior theoretical

work had conjectured the existence of order-by-disorder
in Er2Ti2O7, based upon a classical Heisenberg model
with easy-plane single-ion anisotropy, which exhibits an
extensive degeneracy very different from the U(1) degen-
eracy discussed here [2, 3]. This model is microscopically
inaccurate [7], and moreover the extensive degeneracy
obtained within it is not robust. The use of a general
Hamiltonian, the finding of the robust degeneracy, and
the extraction of the parameters of Er2Ti2O7 are essen-
tial ingredients for the new and definitive conclusions we
draw in this work.
Discussion: The measurement of the gap via neu-

trons or thermodynamics is a remaining experimental
challenge, but higher resolution experiments are needed.
Neutron scattering data on field-cooled materials which
are expected to contain single domains, i.e. single α’s,
would allow a wonderful synergy of theory and experi-
ment and show proof of high control on this interesting
material. The interesting field evolution of the lineshape
of the Bragg reflections [5] will be returned to in a fu-
ture publication. We have achieved a conclusive and de-
tailed understanding of the magnetism of Er2Ti2O7, and
most importantly for the first time shed light on a mate-
rial where order-by-disorder physics is unambiguously at
play.
After completion of this paper, a theoretical preprint

[21] appeared, which reaches some of the same conclu-
sions regarding Er2Ti2O7.
We acknowledge Y. Qiu, K.C. Rule, H.A. Dabkowska,

A. Bourque, and M.A. White. K.A.R., B.D.G., and
J.P.C.R. were supported by NSERC of Canada. L.B.
and L.S. were supported by the DOE through Basic En-
ergy Sciences grant DE-FG02-08ER46524, and benefit-
ted from the facilities of the KITP through NSF grant
PHY05-5116.
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Outline

• Frustration in the classical limit

• spin ice example

• Weak quantum fluctuations

• order by disorder

• Strong quantum fluctuations

• quantum spin liquids 



What is a QSL?

• The “layman’s” definition: a system of spins 
which is correlated but does not order at 
T=0



What is a QSL?

• The “layman’s” definition: a system of spins 
which is correlated but does not order at 
T=0

• Why we should ask for more:

• This defines what it isn’t!

• This in itself is not interesting!

• It misses the important physics



What is a QSL?

• Let’s call a QSL a ground state of a spin system 
with long range entanglement 

• This means a state which cannot be regarded 
or even approximated as a product state over 
any finite blocks
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Why QSLs?

• Fascinating exotic states of matter

• fractional quantum numbers and 
fractional (even non-abelian) statistics

• emergent gauge fields

• non-trivial interacting field theories

• Natural progenitors of superconductivity 



RVB States

• Anderson (73): ground states of quantum 
magnets might be approximated by 
superpositions of singlet “valence bonds”

• Valence bond = singlet

+ + … 
Ψ =

|V B� = 1√
2

(| ↑↓� − | ↓↑�)



VB states
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VBS not a spin liquid



VB states
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VBS

Short-
range
RVB

a QSL with an energy gap to break a singlet



VB states
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VBS

Short-
range
RVB

Long-
range 
RVB

gapless spin excitations



Excitations
• QSL states generally support fractional 

excitations such as “spinons”

• These excitations may be fermions or 
bosons, can carry various quantum 
numbers



Classes of QSLs

• Topological QSLs

• full gap

• U(1) QSL

• gapless emergent “photon”

• Algebraic QSLs

• Relativistic CFT (power-laws)

• Spinon Fermi surface QSL
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What are the differences between 
classical and quantum SLs?

• A QSL is a ground state: one wavefunction, 
while a CSL is a thermal mixture of many 
states

• A QSL is a distinct stable phase, while a 
CSL requires fine tuned degeneracy of 
infinitely many states

• Quantum spin liquids have non-local 
entanglement!



How could we observe 
QSLs?

• Some signatures apply to all QSLs

• long-range entanglement (hard to measure!)

• fractional S=1/2 “spinons” (not S=1 
“triplons” like in VBS states)

• Most depend upon the particular QSL, e.g.

• measurements of spinon Fermi surface or 
thermal conductivity ∝ T

• emergent photon via INS



Seeing Spinons
• A proof of principle: 1d spinons have been 

observed in several materials by neutron 
scattering

• Basic idea

neutron

K,Ω 

K-k,Ω -ω

k,ω
magnon S=1 leads to a sharp peak

at ω=ε(k)



Seeing Spinons
• A proof of principle: 1d spinons have been 

observed in several materials by neutron 
scattering

• Basic idea

neutron

spinon S=1/2

K,Ω 

K-k,Ω -ω

k,ω
magnon S=1

k-k’,ω-ω’

k’,ω’

broad peak 
with ω=ε(k’)

+ε(k-k’)



Cs2CuCl4

• “Power law” fits well to free spinon result
• Fit determines normalization

R. Coldea

Oleg Starykh Masanori 
Kohno

1d spinons seen in many other materials: KCuF3, SrCuO2,...



Where to look?

• Materials with

• S=1/2 spins 

• Frustration

• Other sources of fluctuations, e.g. 
proximity to Mott transition (where the 
electrons become delocalized)



U/t

frustration

metal

AF insulator
QSL

tr
ia

ng
ul

ar
 la

tt
ic

e

ka
go

m
e,

 p
yr

oc
hl

or
e 

la
tt

ic
e

e-  l
oc

al
iz

at
io

n

Where to look



Theoretical searches

• Theory has been, until recently, mostly 
limited to uncontrolled approaches or very 
small systems

• The most influential method has been 
variational Gutzwiller approach, which can 
at least differentiate distinct QSLs

• Relatively few material-specific predictions 
of QSLs



2d DMRG

• Recent progress in DMRG promises 
controlled, unbiased, study of fairly realistic 
potential 2d QSL materials

4

site of !0.43237(4). This agrees fairly well with the se-
ries expansion energy for this cylinder and !, !0.431(1).
This supports the idea that the series expansion gives
a reasonable estimate of the energy of the HVBC phase
at ! = 1 in two dimensions: !0.433(1),16 as does the
MERA HVBC energy, !0.4322,17 which is a rigorous
upper bound. MERA produces a rigorous upper bound
because it generates a wavefunction for the infinite 2D
system and evaluates its energy exactly (up to floating
point round-o! errors).17

IV. GROUND STATE ENERGIES

It is possible to generate rigorous upper bounds on the
ground state energy of the infinite 2D system from our
results for finite open systems. Consider an open cluster
C which can be “tiled” to fill all of 2D, with no sites left
out, and having an even number of sites NC . We take
as a 2D variational ansatz a product wavefunction, the
product being over all the tiles, where we use our best
variational wavefunction for C (call it |C", with energy
EC) as the ansatz for each tile. The energy of any of
the missing bonds connecting di!erent tiles is zero, since
#C|"Si|C" = 0 for any spin i. Therefore the energy per
site of this simple product wavefunction is EC/NC .
This approach is crude and converges slowly with the

cluster size, with an error proportional to one over the
width. Nevertheless, the SL energy is su"ciently low
that we have been able to obtain a new rigorous upper

bound on the 2D energy: E(2D)
0 < !0.4332. This was

obtained with a width-12 open strip (which looks like
XC12 unrolled) withNC = 576, keepingm = 5000 states.
The interior of this cluster had the uniform valence bond
pattern expected for a spin liquid.

TABLE I: Ground state energies and gaps for infinitely long
cylinders of various circumferences, c. The third column
indicates whether the diamond pattern fits perfectly on the
cylinder.

(c/2)2 Cylinder DF E/N Singlet Gap Triplet Gap

3 XC4 no !0.4445

4 YC4 yes !0.4467

7 YC5-2 no !0.43791 0.0108(1) 0.083(1)

9 YC6 no !0.43914 0.0345(5) 0.142(1)

12 XC8 yes !0.43824(2) 0.050(1) 0.1540(6)

13 YC7-2 no !0.43760(2) 0.020(1) 0.055(4)

16 YC8 yes !0.43836(2) 0.0497(6) 0.156(2)

19 XC10-1 no -0.4378(2)

21 YC9-2 no !0.4377(2) 0.032(3) 0.065(5)

25 YC10 no !0.4378(2) 0.041(3) 0.070(15)

28 XC12-2 yes !0.4380(3) 0.054(9) 0.125(9)

36 YC12 yes !0.4379(3)

0 0.05 0.1 0.15 0.2
1/c

-0.44

-0.435

-0.43
E/

sit
e

2D (est.)

Torus

DMRG

MERA

Upper Bound

Cylinder

Series (HVBC)
DMRG, Cyl, Odd
DMRG, Cyl, Even
DMRG, Torus (Jiang...)
Lanczos, Torus

FIG. 4: Comparison of energies per site for various lattices
and methods. For cylinders, the horizontal axis in this plot
is the inverse circumference in units of inverse lattice spac-
ings. For tori,18,25–27 the smallest circumference was used.
In one case we show Lanczos energies for two di!erent sized
(36 and 42 sites) tori that have the same circumference.26,27

The MERA17 and our DMRG upper bound results apply di-
rectly to an infinite two dimensional system, as does the series
HVBC result16 that is plotted on the axis. The torus DMRG
energies18 are also upper bounds on the true ground state
energies for those tori.

Our DMRG results are presented in Table I. The
ground state energies are also plotted and compared to
other calculations in Fig. 4. The DMRG energies are
consistent with the Lanczos results25–27 and well below
the energies of MERA17 and the series expansions for the
HVBC.16 We note that the previous DMRG result18 is
close to the true ground state26 for the circumference 6
torus. The entanglement across a cut that separates a
circumference 6 torus into two parts should be roughly
the same as across a cut that separates a circumference 12
cylinder. We find that circumference 12 is presently our
limit for obtaining good ground state energy estimates
on cylinders. Thus it is perhaps not surprising that the
DMRG results for tori18 give substantial overestimates of
the ground state energies for circumferences larger than
6. But these estimates may alternatively be viewed as
variational upper bounds obtained with DMRG.
The XC8 cylinder (1/c $ 0.14) allows a direct com-

parison of the energies between the HVBC series and our
DMRG: the DMRG energy is lower by 0.004(1), and the
series result for XC8 is near the 2D result. The corre-
sponding torus shows much larger finite size e!ects in the
HVBC series,16 but the true finite size e!ects between
the tori and cylinders are quite small, as seen by the
nearly identical results from Lanczos on tori and DMRG
on cylinders when we use the largest available torus at
each circumference.25–27 This is consistent with the small
correlation length apparent in Fig. 1. We conclude that
our widest cylinders would have minimal finite size ef-
fects even if the system were in the HVBC phase; in the

S. Yan et al, 2010
Z2 QSL on 

kagome lattice



Topological 
Entanglement Entropy

S(L) ∼ αL− γ

Kitaev-Preskill
Levin-Wen

H.C. Jiang, Z. Wang, LB

A B

ρA = TrB |ψ��ψ|

S = TrA [ρA ln ρA]

L

• For gapped QSLs, can define a quantitative 
measure of long-range entanglement



Topological 
Entanglement Entropy

S(L) ∼ αL− γ

Kitaev-Preskill
Levin-Wen

H.C. Jiang, Z. Wang, LB

• For gapped QSLs, can define a quantitative 
measure of long-range entanglement

γDMRG=0.698(8)

γth=ln(2)=0.693



Experimental QSLs

• In recent years, increasing numbers of 
empirical QSLs have been identified 
experimentally, mostly by looking in 
frustrated lattices (without much help from 
theory)

• These have diverse behaviors which may 
represent different types of QSLs



An Oasis?

ZnCu3(OH)6Cl2

Cu3V2O7(OH)2·2H2O
BaCu3V2O3(OH)2Ba3CuSb2O9

Na4Ir3O8

Ba2YMoO6

Yb2Ti2O7

Monoclinic, C2/m 

a = 10.607!, b = 5.864!, c = 7.214! 

! = 94.90° 

2.94! 

3.03!  Cu1 – Cu2 

Cu2 – Cu2 

Cu2+ 

V5+ 

O2- 

!Cu2–Cu1–Cu2 = 57.87 

!Cu1–Cu2–Cu2 = 61.06 

•!Good two dimensionality 

•!No disorder between Cu2+ and V5+ ions 

•!Difference between J1 and J2 may be smaller than 20 % 

Ref.) M. A. Lafontaine et al., JSSC85, 220 (1990);  Z. Hiroi et al., JPSJ70, 3377 (2001). 

triangular kagome 3D

κ-(ET)2Cu2(CN)3

EtMe3Sb[Pd(dmit)2]2



Yb2Ti2O7
pyrochlore lattice

[110] magnetic Field-Induced   

Long Range Order in Yb2Ti2O7 

Sharp spin waves at all wavevectors indicate that the system has entered 

a long range ordered phase induced by modest [110] magnetic fields 

• Spin waves appear absent in low field, but 
emerge for B>0.5T

• a low field spin liquid state?

K.A. Ross et al (2009)



Spin interactions
• Complete phenomenological Hamiltonian 

extracted from INS with B=5T

K. Ross, L. Savary, B. 
Gaulin, and LB, PRX 
1, 021002 (2011)
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The measured
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Spin interactions
• Same parameters reproduce B=2T data
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, for both

µ0H=5T (first row) and µ0H=2T (third row). The second

and fourth row show the calculat
ed spectrum

for these two

field strength
s, based

on an anisotro
pic exchang

e model wit
h

five free parameters (see text) that were extracte
d by fitting

to the 5T data set. For
a realistic

comparison
to the data

, the

calculat
ed S(Q,ω) is co

nvoluted
with a gaussian

of full-w
idth

0.09meV. Both the 2T and 5T data sets, com
prised of spin

wave dispersi
ons alon

g five different
direction

s, are describe
d

extremely well by
the same parameters.

ature, an
d whose elementary excitatio

ns carry
fractiona

l

quantum
numbers and

are decidedl
y different

from spin

waves
7 . Intriguin

gly, neutron
scatterin

g measurem
ents

have reported
a lack of magnetic

ordering
and the ab-

sence of spin
waves in Yb2Ti2O7 at low fields

8,9 . In a

recent st
udy, sha

rp spin waves em
erged when a magnetic

field of 0.5T
or larger was applied,

suggesti
ng that the

system transitio
ned into a conventi

onal sta
te9 . The

pos-

Jzz = 0.17±0.04 meV
J± = 0.05±0.01 meV Jz± = 0.14±0.01 meV J±± = 0.05±0.01 meV

K. Ross, L. Savary, B. 
Gaulin, and LB, PRX 
1, 021002 (2011)



Spin interactions
• Same parameters reproduce B=2T data
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A flurry of recen
t theoreti

cal and
experim

ental wo
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sical dip
olar spin ice compounds,

Ho2Ti2O7 and Dy2Ti2O7, whi
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emergent “artifici
al magnetost

atics”, m
anifestin

g as Coulom
bic diffuse spin correlat
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g as diffusive

“magnetic
monopole
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material Y
b2Ti2O7,

and extract
its full set

of Hamiltonian
parameters from high field inelastic

neutron
scatterin

g ex-

periments. These results
show that Yb2Ti2O7 is in fact a highly quantum

analog
of spin ice.

Furtherm
ore we show that the

Hamiltonian
may support

a Coulom
bic quantum

spin liquid ground

state in low field, wh
ich could explain

some puzzling
features

in prior ex
periments. Th

is is the
first

potentia
l sightin

g of a quantum
spin liquid state in a material i

n which the spin Hamiltonian
is

quantita
tively known,

and opens th
e door to

a wide range of fascin
ating phenom

ena that up
to now

have been discusse
d only theoreti

cally.

Rare earth pyrochlo
res display

a diverse
set of fasci-

nating physical
phenom

ena.
1 One of the most interest-

ing aspects
of these materials

from the point of view

of funda
mental ph

ysics is the strong frustrati
on experi-

enced by coupled
magnetic m

oments on this latt
ice. The

best exp
lored materials

exhibitin
g this fru

stration
are the

“spin-ice
” compounds,

Ho2Ti2O7, Dy2Ti2O7, in which

the moments can be regarded
as classical

spins with a

strong easy-axi
s (Ising)

anisotro
py2

,3 . The fr
ustration

of

these moments resu
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classical
spin liq-

uid regime exhibitin
g Coulombic correlati

ons and emer-

gent “magnetic
monopole”

excitatio
ns that have now
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extensiv

ely in theory and experim
ent

4–6 .

Strong quantum
effects a

re absen
t in the spin

ice com-

pounds,
but can

be significa
nt in rare earth pyrochlo

res

with easy-pla
ne rather than easy-axi

s anisotro
py. The

materials
Yb2Ti2O7 and Er2Ti2O7 have been identifie

d

as of this type, and it has recently
been argued

that

the spins in these materials
are controlle

d by exchang
e

coupling
rather t

han the long-ran
ge dipolar

interacti
ons

which dominate in spin ice
11,17 . Because

of the strong

spin-orb
it and crystal fi

eld effects, t
he spin dynamics at

low temperature
is dominated by a single Kramers dou-

blet form
ed out of th

e underl
ying J = 7/2 Yb

3+ spins in

Yb2Ti2O7. This can be consider
ed as an effective

spin

S = 1/2 moment, for
which the stronges

t possib
le quan-

tum effects are expected
. This makes these materials

nearly unique e
xamples of s

trongly
quantum

magnets o
n

the highly frustrate
d pyrochlo

re lattice.
They are also

nearly ideal su
bjects for detailed

experim
ental in

vesti-

gation,
existing

as they do in large high purity single

crystals,
and with large magnetic

moments am
enable to

neutron
scatterin

g studies.
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sliced along various
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, for both

µ0H=5T (first row) and µ0H=2T (third row). The second

and fourth row show the calculat
ed spectrum

for these two

field strength
s, based

on an anisotro
pic exchang

e model wit
h

five free parameters (see text) that were extracte
d by fitting

to the 5T data set. For
a realistic

comparison
to the data

, the

calculat
ed S(Q,ω) is co

nvoluted
with a gaussian

of full-w
idth

0.09meV. Both the 2T and 5T data sets, com
prised of spin
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s, are describe
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have reported
a lack of magnetic

ordering
and the ab-

sence of spin
waves in Yb2Ti2O7 at low fields

8,9 . In a

recent st
udy, sha

rp spin waves em
erged when a magnetic

field of 0.5T
or larger was applied,

suggesti
ng that the
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ned into a conventi
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te9 . The
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Jzz = 0.17±0.04 meV
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Sign and magnitudes of Ja make it really 
appropriate to call Yb2Ti2O7 “quantum spin ice”
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Fluctuations

• Comparison with mean field theory fails 
badly at low field
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h
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xy0

110MFT predicts 
an ordered 
ferromagnet 

here

thermodynamic phase 
transition observed here:

14 times lower temperature 
than mean field Tc



T=0 Phase Diagram
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T=0 Phase Diagram

J±/Jzz

J++/Jzz

Jz±/Jzz

QSL

spin 
ice

U(1) QSL = emergent compact QED
M. Hermele, MPA Fisher, L. Balents, 2004

A. Banerjee et al, 2008 



Ring exchange
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Ring exchange

Hermele et al: regard the strings as “field lines” 
fluctuating in the vacuum (no defect tetrahedra)



Vacuum fluctuations

• Quantum zero point motion of the 
electromagnetic field!

• Hermele et al: quantum fluctuations of 
strings mimic these vacuum fluctuations - a 
“quantum spin liquid”

Hendrik Casimir



Excitations

• Where spin ice realizes “emergent 
magnetostatics”, the QSL is “emergent 
compact quantum electrodynamics”

• coherent propagating monopoles = 
“spinons”

• dual (electric) monopoles 

• artificial photon: gapless!

• Consistent with observed continuum?

Hermele et al, 2004
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T=0 Phase Diagram

J±/Jzz

J++/Jzz

Jz±/Jzz

QSL

Perturbation theory confirms stability of QSL phase



T=0 Phase Diagram

J±/Jzz

J++/Jzz

Jz±/Jzz

QSL

non-perturbative approach?



Slave rotor formulation

• Exact reformulation of Hamiltonian

• Meaning:

•      is gauge (monopole/spinon) charge

•               is spinon annihilation operator

Qa = (−1)a
�

i∈a

Sz
i

i
a

b

Qa

Φa = eiγa

S±
i = Φ†

aΦbs
±
ab

Sz
i = szab



Slave rotor formulation

• Exact reformulation of Hamiltonian

• Gauge symmetry

•               play the role of gauge fields

Qa = (−1)a
�

i∈a

Sz
i

i
a

b

Φa → Φae
iθa

S±
i = Φ†

aΦbs
±
ab

Sz
i = szab

s±ab → s±abe
i(θa−θb)

s±ab = eiAab



Hamiltonian
H =

�

r∈A,B

Jzz

2
Q

2
r

−J±

�
�

r∈B

�

µ>ν

�
Φ†

r−eµΦr−eν s
+
r,r−eµs

−
r,r−eν + h.c.

�
+

�

r∈A

�

µ>ν

�
Φ†

r+eµΦr+eν s
−
r,r+eµs

+
r,r+eν + h.c.

��

−Jz±





�

r∈A

�

µ �=ν

�
γ∗
µνΦ

†
rΦr+eν s

z
r,r+eµs

+
r,r+eν + h.c.

�
+

�

r∈B

�

µ �=ν

�
γ∗
µνΦ

†
r−eνΦrs

z
r,r−eµs

+
r,r−eν + h.c.

�





• Can view this as spinons hopping in the 
background of fluctuating gauge fields

• Can apply standard mean-field methods for 
lattice gauge theory (Wilson 1974...)



Phases in gauge theory

U(1) QSL ≠0 0 0 0

confined: “Ising” magnet 0 ≠0 0 0

Higgs: “XY” magnet ≠0 0 ≠0 ≠0

coulombic magnet* - with spinons ≠0 ≠0 0 0

Z2 QSL ≠0 0 0 ≠0

�Φa��eiAab� �Eab� �ΦaΦb�



Phase Diagram

0.0 0.1 0.2 0.3 0.4
0.0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

J��Jzz

J z
�
�J zz

FM

AFM
CFM

QSL

(exotic FM)

(gauge MFT)



0.0 0.1 0.2 0.3 0.4
0.0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

J��Jzz

J z
�
�J zz

FM

AFM
CFM

QSL

Phase Diagram

classical 
boundary



0.0 0.1 0.2 0.3 0.4
0.0

0.2

0.4

0.6

0.8

J��Jzz

J z
�
�J zz FM

AFMCFM

QSL

Phase Diagram

Yb2Ti2O7



0.0 0.1 0.2 0.3 0.4
0.0

0.2

0.4

0.6

0.8

J��Jzz

J z
�
�J zz FM

AFMCFM

QSL

Phase Diagram

• Other pyrochlores?

• beyond gMFT? 

• Remnants of spinons at higher energies?



Phase Diagram

• Other pyrochlores?

• beyond gMFT? 

• Remnants of spinons at higher energies?

3

FIG. 2: Specific heat, C(T ), per mole of Yb for the model
parameters in Ref. [18], in units of the Boltzmann constant
kB, calculated via NLC (up to 4th order NLC together with
Euler extrapolations) are compared with experimental data
for Yb2Ti2O7. The black circles are data from Ref. [27].

order in !, only Jz±, by far the largest quantum term
for YbTO, leads to a degeneracy-lifting classical poten-
tial for di!erent spin-ice configurations. It amounts to
a fluctuation-induced ferromagnetic exchange constant
J3 ! "3!2J2

z±/Jzz [25] between shortest distance spins
on the same tetrahedral sublattice that share a neigh-
bor [35]. It leads to the selection of a q = 0 long-range
ordered ground state in which all tetrahedra are in the
same configuration and the spins develop a small ferro-
magnetic moment along one of the #100$ cubic directions.
This q = 0 ferrimagnet (FM) lacks the Coulombic physics
originally present in the Jzz-only spin ice model [36].
To calculate C(T ) and S(T ) in the perturbative regime

at low T , we turn to classical loop Monte Carlo simula-
tions [37] of the J3 " Jzz model [32]. These reveal a
very sharp lower temperature peak signalling a first or-
der phase transition to a q = 0 state (see Fig. S5 [32]).
Excited states in the perturbative regime: spinons and

strings – A surprise of the perturbative treatment is that,
while the ground state is classical, the spin-flip excita-
tions remain non-trivial and of quantum nature. This is
because, once a spin is flipped in a spin-ice state, creating
a spinon/antispinon pair [11], the pair can hop through
Jz± acting through first order degenerate perturbation
theory. Thus, the dispersion in the excited state man-
ifold is !Jz±, much larger than the dispersion within
the low-energy manifold of spin ice states, which is only
!2J2

z±/Jzz.
A sketch of a spinon/antispinon pair is shown in Fig.

1b and 1c. Note that only spins inside the tetrahedron
“already” containing spinons are flippable in first order

FIG. 3: Entropy, S(T ), per mole of Yb, in units kB following
the methods described in the caption of Fig. 2. The black
circles are obtained by integrating the data from Ref. [27]
excluding the nuclear (hyperfine) contribution. The Pauling
entropy SP !

kB

2
ln 3

2
is shown as a horizontal line. The inset

shows S(T ) in the perturbative regime with J3/Jzz = "0.001.
A clear plateau at S(T ) # SP is seen, followed at lower T by
a precipitous drop of S(T ) (i.e. latent heat) accompanying
the transition to long range FM order [32].

degenerate perturbation theory. Hence, the connecting
string of misaligned spins can only fluctuate by higher
order processes involving closed loops with alternating
in-out spins [26]. Thus the renormalized string tension
per unit length remains finite and of order J3. One can
estimate the typical string length as the length, ls, at
which the cost of the string becomes comparable to the
delocalization energy of the spinon/antispinon pair. The
string energy per unit length goes as % J3 % !2, whereas
the delocalization energy (spinon bandwidth) goes as !.
This leads to ls scaling as 1/!, which diverges as ! & 0.
A detailed theory of neutron scattering in this ferri-

magnetic phase is not attempted here, but we anticipate
it to follow the proposal of Ref. [26]. At temperatures
above the transition to the q = 0 long-range ordered
state, the system explores the classical two-in/two-out
spin ice states and should display singularities (pinch
points, PPs) in neutron scattering [36] rounded o! by
the finite density of thermally excited spinon/antispinon
defects [11, 36]. While the system has thermally smeared
PPs above the ferrimagnetic transition and no static PPs
well below the transition, it may display some remnant
of PPs in the spin dynamics at higher energies. These
interesting issues deserve further attention.
Beyond the ! ' 1 regime – Why is the transition

temperature of YbTO so low? As discussed by Ross et
al. [18], the low T peak in C(T ) is at a temperature lower
than mean-field theory by an order of magnitude. Com-

Applegate et al, 
arXiv:1203.4569



Conclusions

• Theory, materials, and 
experiment are well-poised for 
investigation and discovery of 
new quantum phenomena in 
frustrated magnets

• Definitive identification of a 
quantum spin liquid coming 
soon?© Lucile Savary, 2010
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