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Outline
• Why iridates?

• Pyrochlores - basic properties

• Local and itinerant views

• LAB phase: a NFL

• LAB perturbations: TI and Weyl

• Quantum criticality



Seeking a convergence?

Correlated 
electrons Topology



Seeking a convergence?

Correlated 
electrons

Topology
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Maybe we should hope 
for a bit more clarity?

In fact, the reality *is* 
complex, but perhaps a 
bit more organized than 
a Pollack painting
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Correlated 
electrons

Topology

Jackson Pollack, Convergence, 1952

spin-orbit 
coupling

These are obviously not the same but in practice 
just about all the topological phenomena in 
electronic systems comes from SOC.  Topological 
insulators, etc.

If you are a purist, the most “natural” extension of 
TIs to interacting systems are the SPT phases of 
interacting bosons and fermions.  But so far this is 
quite far from reality.  
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One way to try to 
see something in this 
messy convergence  
is by considering 
basic interaction 
scales
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This gives kind of a big 
space to play in.  And 
details matter - so real 
phase space is larger still

What should we look for?
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of degeneracies and the consequent generation of multiple narrow bands from relatively mixed

ones. The narrow bands generated by SOC are more susceptible to Mott localization by U , which

implies that the horizontal boundary in Figure 1 shifts downward with increasing �. If we include

correlations first, the U tends to localize electrons, diminishing their kinetic energy. Consequently

the on-site SOC �, which is insensitive to or even reduced by delocalization, is relatively enhanced.

Indeed, in the strong Mott regime U/t � 1, one should compare � with the spin exchange coupling

J / t2/U , rather than t. As a result, the vertical boundary shifts to the left for large U/t. We see

that there is an intermediate regime in which insulating states are obtained only from the combined

influence of SOC and correlations – these may be considered spin-orbit assisted Mott insulators.

Here we are using the term “Mott insulator” to denote any state which is insulating by virtue

of electron-electron interactions. In Sec. IV, we will remark briefly on a somewhat philosophical

debate as to what should “properly” be called a Mott insulator.

Terminology aside, an increasing number of experimental systems have appeared in recent

years in this interesting correlated SOC regime. Most prolific are a collection of iridates, weakly

conducting or insulating oxides containing iridium, primarily in the Ir4+ oxidation state. This in-

cludes a Ruddlesdon-Popper sequence of pseudo-cubic and planar perovskites Sr
n+1

Ir
n

O
3n+1

(n =

1, 2,1),8–15 hexagonal insulators (Na/Li)
2

IrO
3

,16–21 a large family of pyrochlores, R
2

Ir
2

O
7

,22–24 and

some spinel-related structures.25,26 Close to iridates in the periodic table are several osmium oxides

such as NaOsO
3

27 and Cd
2

Os
2

O
7

,28 which experimentally display MITs. Apart from these mate-

FIG. 1. Sketch of a generic phase diagram for electronic materials, in terms of the interaction strength
U/t and SOC �/t. The materials in this review reside on the right half of the figure.

• Exotic phases

• Unusual magnetic 
interactions

• Resolving orbital 
degeneracy and 
avoiding Jahn-Teller 
effects

•  New types of metal-
insulator transitions

W. Witczak-Krempa et al, ARCMP 2013



Interacting TIs

• The explosion in TI research is based 
on understanding of uncorrelated 
electrons

• Theoretically, many more related 
phases can be realized only in 
interacting systems
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Theoretically, many phases related to TIs can 
be realized only in interacting systems 

D. Pesin+LB, 2010
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• Topological Mott Insulator
• Fractional Topological Insulator
• Bosonic Topological Insulator
• “SPT” phases
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Theoretically, many phases related to TIs can 
be realized only in interacting systems 

D. Pesin+LB, 2010



Interacting TIs

...

Theoretically, many phases related to TIs can 
be realized only in interacting systems 

D. Pesin+LB, 2010

challenge is to find realistic candidate materials

• Topological Mott Insulator
• Fractional Topological Insulator
• Bosonic Topological Insulator
• “SPT” phases
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Introduction
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Ir4+: 5d5 Conduction electrons

Ln3+: (4f)n Localized moment
Magnetic frustration

Itinerant electron system 
on the pyrochlore lattice 

Ir[t2g]+O[2p] conduction band

Metal Insulator Transition
(Ln=Nd, Sm, Eu, Gd, Tb, Dy, Ho)

K. Matsuhira et al. : J. Phys. Soc. Jpn. 76 (2007) 043706.
(Ln=Nd, Sm, Eu)

IrO6

Ln

O!

pyrochlore oxides

1

IrO6

R

Na2IrO3

R2Ir2O7

• All energy scales comparable U ~ W ~ λ

pyrochlores

Sr2IrO4 Sr3Ir2O7

Na4Ir3O8

U/t

λ/t

iridates

strong SO 
Mott insulators



Spin-Orbit Coupling
Ir4+=5d5

t2g

octahedral 
coordination

B. J Kim et al, Science (2009)Gang Chen + 
LB, PRB (2008)

G. Jackeli + G. Khaliullin, PRL (2009)

10Dq ~ 2eV

Pt2gLPt2g = �Le↵

`e↵ = 1
HSOC = ��Le↵ · S

eg



Spin-Orbit Coupling
Ir4+=5d5

t2g

octahedral 
coordination

B. J Kim et al, Science (2009)Gang Chen + 
LB, PRB (2008)

G. Jackeli + G. Khaliullin, PRL (2009)

10Dq ~ 2eV

j=1/2

j=3/2
λSO ≈ 0.5eV

Note: only Kramer’s degeneracy remains.  SOC tends to suppress 
Jahn-Teller effects.

eg



Spin-Orbit Coupling
Ir4+=5d5

B. J Kim et al, Science (2009)Gang Chen + 
LB, PRB (2008)

G. Jackeli + G. Khaliullin, PRL (2009)

j=1/2

j=3/2
λSO ≈ 0.5eV

Hubbard bands, which could facilitate the IMT driven by
the increase of W with a small U value of a 5d TMO.

To gain insight into the electronic structure changes of
Srnþ1IrnO3nþ1, we performed local density approximation
ðLDAÞ þU calculations with SO coupling included [22].
We used a U value of 2.0 eV, which produced electronic
structures consistent with our experimental !ð!Þ. Most
band structure calculations on 3d Mott insulators have
usually taken a U value of 4–7 eV [12]. Figures 3(a)–3
(c) show the band dispersions of Sr2IrO4, Sr3Ir2O7, and
SrIrO3, respectively. In the energy region between $2:5
and 0.5 eV, the Ir 5d t2g states were the main contributors.
The light and dark lines represent the Jeff;1=2 and Jeff;3=2
bands, respectively. For Sr3Ir2O7 and SrIrO3, the Jeff;1=2
bands split due to the increase in interlayer coupling. When
z increased, the neighboring Ir ions along the c axis had
stronger hybridization of the d bands through the apical O
ions. The hybridization split the bands into bonding and
antibonding states, which resulted in an increase in W.

Figures 3(d)–3(f) show the total density of states (DOS)
of Sr2IrO4, Sr3Ir2O7, and SrIrO3, respectively. The Jeff;3=2
states contributed strongly to the DOS between $0:5 and
$1:5 eV. In Figs. 3(d) and 3(e), the DOS between 0 and
0.5 eV ($0:5 eV) was from the UHB (LHB) of the Jeff;1=2
states. In Fig. 3(f), the DOS between$0:5 and 0.5 eV was
from the Jeff;1=2 bands. For Sr2IrO4, the separation between
the centers of the UHB and LHB (Jeff;3=2 bands) was
approximately 0.5 eV (1.0 eV), consistent with the position
of peak " (#) in Fig. 2(a). As z increased, the Jeff;1=2 and
Jeff;3=2 bands clearly broadened. The W values of the

Jeff;1=2 bands in the DOS were estimated to be about
0.48, 0.56, and 1.01 eV. As the Jeff;1=2 bands broadened,
the Mott gap closed. These first-principles calculations
demonstrate that an increase in W due to the dimension-
ality increase induces the IMT in Srnþ1IrnO3nþ1.
Experimental evidence for the systematic changes in W

of the Jeff;1=2 bands was obtained from !ð!Þ. As shown in
Fig. 2, peaks " and # broadened and decreased in energy
with the increase of z. For quantitative analysis, we fitted
!ð!Þ using the Lorentz oscillator model. For the insula-
tors, we used three Lorentz oscillators, which corre-
sponded to peaks ", #, and a charge transfer excitation
from the O 2p bands to the Ir 5d bands. For SrIrO3, we
used the Drude model for metallic response and two
Lorentz oscillators which corresponded to peak # and
the charge transfer excitation. From this analysis, we ob-
tained the peak positions and widths of peaks " and #, i.e.,
!", !#, $", and $#. According to Fermi’s golden rule,
!ð!Þ should be proportional to a matrix element and a joint
density of states. Therefore, the width of an absorption
peak should reflect the W of the initial and final bands. As
shown in Fig. 4(a), both the $" and $# values increased as
z became larger. This confirmed that the IMT in
Srnþ1IrnO3nþ1 should be driven by the change in W.
The Lorentz oscillator model analysis provided further

information on the electronic structure changes. As shown
in Fig. 4(a), both the !" and !# values decreased system-

FIG. 3 (color online). Results from the LDAþU calculations
including spin-orbit coupling: Band structures of (a) Sr2IrO4,
(b) Sr3Ir2O7, and (c) SrIrO3, and total DOS of (d) Sr2IrO4,
(e) Sr3Ir2O7, and (f) SrIrO3. The positive and negative DOS
values represent spin-up and spin-down bands, respectively. The
light and dark lines represent the Jeff;1=2 and Jeff;3=2 bands,
respectively.

FIG. 4. (a) Results from Lorentz oscillator model analysis. The
solid symbols show the positions of the " and # peaks, i.e., !"

and !#. The open symbols indicate the widths of the " and #
peaks, i.e., $" and $#. (b) Frequency-dependent mass enhance-
ment %ð!Þ of correlated metal SrIrO3. The %ð!Þ data of SrRuO3

(our data) and Sr2RuO3 (Ref. [24]) are included for comparison.

PRL 101, 226402 (2008) P HY S I CA L R EV I EW LE T T E R S
week ending

28 NOVEMBER 2008

226402-3

S. J. Moon et al, 2009: LDA+U 
for Sr2IrO4, Sr3Ir2O7, SrIrO3

SOC and bandwidth are comparable

W ~ 0.5-1eV subband

~ 2 eV full t2g



Interactions

find therefore all the other atoms occupied, and in
order to get through the lattice have to spend a long
time in ions already occupied by other electrons.
This needs a considerable addition of energy and so
is extremely improbable at low temperatures.’’

These observations launched the long and continuing
history of the field of strongly correlated electrons, par-
ticularly the effort to understand how partially filled
bands could be insulators and, as the history developed,
how an insulator could become a metal as controllable
parameters were varied. This transition illustrated in
Fig. 1 is called the metal-insulator transition (MIT). The
insulating phase and its fluctuations in metals are indeed
the most outstanding and prominent features of strongly
correlated electrons and have long been central to re-
search in this field.

In the past sixty years, much progress has been made
from both theoretical and experimental sides in under-
standing strongly correlated electrons and MITs. In the-
oretical approaches, Mott (1949, 1956, 1961, 1990) took
the first important step towards understanding how
electron-electron correlations could explain the insulat-
ing state, and we call this state the Mott insulator. He
considered a lattice model with a single electronic or-
bital on each site. Without electron-electron interac-
tions, a single band would be formed from the overlap of
the atomic orbitals in this system, where the band be-
comes full when two electrons, one with spin-up and the
other with spin-down, occupy each site. However, two
electrons sitting on the same site would feel a large Cou-
lomb repulsion, which Mott argued would split the band
in two: The lower band is formed from electrons that
occupied an empty site and the upper one from elec-
trons that occupied a site already taken by another elec-
tron. With one electron per site, the lower band would
be full, and the system an insulator. Although he dis-
cussed the magnetic state afterwards (see, for example,

Mott, 1990), in his original formulation Mott argued that
the existence of the insulator did not depend on whether
the system was magnetic or not.

Slater (1951), on the other hand, ascribed the origin of
the insulating behavior to magnetic ordering such as the
antiferromagnetic long-range order. Because most Mott
insulators have magnetic ordering at least at zero tem-
perature, the insulator may appear due to a band gap
generated by a superlattice structure of the magnetic pe-
riodicity. In contrast, we have several examples in which
spin excitation has a gap in the Mott insulator without
magnetic order. One might argue that this is not com-
patible with Slater’s band picture. However, in this case,
both charge and spin gaps exist similarly to the band
insulator. This could give an adiabatic continuity be-
tween the Mott insulator and the band insulator, which
we discuss in Sec. II.B.

In addition to the Mott insulating phase itself, a more
difficult and challenging subject has been to describe
and understand metallic phases near the Mott insulator.
In this regime fluctuations of spin, charge, and orbital
correlations are strong and sometimes critically en-
hanced toward the MIT, if the transition is continuous
or weakly first order. The metallic phase with such
strong fluctuations near the Mott insulator is now often
called the anomalous metallic phase. A typical anoma-
lous fluctuation is responsible for mass enhancement in
V2O3, where the specific-heat coefficient g and the Pauli
paramagnetic susceptibility x near the MIT show sub-
stantial enhancement from what would be expected
from the noninteracting band theory. To understand this
mass enhancement, the earlier pioneering work on the
MIT by Hubbard (1964a, 1964b) known as the Hubbard
approximation was reexamined and treated with the
Gutzwiller approximation by Brinkmann and Rice
(1970).

Fermi-liquid theory asserts that the ground state and
low-energy excitations can be described by an adiabatic
switching on of the electron-electron interaction. Then,
naively, the carrier number does not change in the adia-
batic process of introducing the electron correlation, as
is celebrated as the Luttinger theorem. Because the
Mott insulator is realized for a partially filled band, this
adiabatic continuation forces the carrier density to re-
main nonzero when one approaches the MIT point in
the framework of Fermi-liquid theory. Then the only
way to approach the MIT in a continuous fashion is the
divergence of the single-quasiparticle mass m* (or more
strictly speaking the vanishing of the renormalization
factor Z) at the MIT point. Therefore mass enhance-
ment as a typical property of metals near the Mott insu-
lator is a natural consequence of Fermi-liquid theory.

If the symmetries of spin and orbital degrees of free-
dom are broken (either spontaneously as in the mag-
netic long-range ordered phase or externally as in the
case of crystal-field splitting), the adiabatic continuity
assumed in the Fermi-liquid theory is not satisfied any
more and there may be no observable mass enhance-
ment. In fact, a MIT with symmetry breaking of spin and
orbital degrees of freedom is realized by the vanishing of

FIG. 1. Metal-insulator phase diagram based on the Hubbard
model in the plane of U/t and filling n . The shaded area is in
principle metallic but under the strong influence of the metal-
insulator transition, in which carriers are easily localized by
extrinsic forces such as randomness and electron-lattice cou-
pling. Two routes for the MIT (metal-insulator transition) are
shown: the FC-MIT (filling-control MIT) and the BC-MIT
(bandwidth-control MIT).

1041Imada, Fujimori, and Tokura: Metal-insulator transitions

Rev. Mod. Phys., Vol. 70, No. 4, October 1998

Imada, Fujimori, Tokura, 1998

Where are iridates on this axis?

typical ab initio 
U ~ 2eV for t2g 

model 
The fewer bands you include in the 
“correlated” model, the lower the 
effective U - due to screening.

So theoretically U ~ W, but is there 
real evidence?
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large static moments
insulating above Tc

spin Hamiltonian
Curie-Weiss law
sharp spin waves
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conducting above Tc

damped collective modes



Local vs band picture?
E/t

U/t

gap ~ U

exchange 
J ~ t2/U

localband ???

pessimist: neither picture works

optimist: both pictures are useful to 
describe parts of the physics

Sr2IrO4Sr3Ir2O7

Na2IrO3R2Ir2O7

Na4Ir3O8 ????



Energies
Material J, TN Gap

Na2IrO3
J ~ 5 meV (INS)

TN ~ 15K
340 meV 
(ARPES)

Sr2IrO4
J ~ 60-100meV (RIXS)

TN ~ 230K
250 meV 

(STM)

Sr3Ir2O7
J ~ 100 meV (RIXS)

TN ~ 290K
120 meV 

(STM)

Y2Ir2O7 TN ~ 150K ??

Nd2Ir2O7 TN ~ 33K 45 meV 
(optics)

Localized

intermediate
correlation

???
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Metal-insulator transition(s)
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usually abrupt
mass enhancement
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0.2890 nm. Thus, the c axis was expanded compared with
bulk.

Resistivity measurements were carried out using a four-
point probe method in a Quantum Design Physical Property
Measurement System !PPMS". Figure 2 shows the results for
VO2 films on TiO2 !001" and !110" substrates. The

films were grown at 643 and 583 K, respectively. The MI
transition temperature TMI is taken as the midpoint of the
jump in the resistivity curve measured on heating. As seen in
Fig. 2, the TMI is dramatically shifted from that of a single
crystal !341 K" to 300 K in the film on TiO2 !001". A large
and sharp change in resistivity of #R$103 is observed at the
transition, indicating a high quality of the film. A film with a
further reduced TMI of 285 K is obtained when the Ts is
decreased down to 583 K, although the transition becomes
rather broad (#R$102). On the other hand, the TMI in-
creases up to 369 K for the film on TiO2 !110" as shown in
Fig. 2. The transition is relatively broad compared with the
film on TiO2 !001", which may be due to poor crystallinity
arising from the large lattice mismatch between the film and
TiO2 !110" substrate !3.6%". These results are in good agree-
ment with our expectation on the relation between the c-axis
length and TMI in strained epitaxial VO2 films. The TMI of
VO2 films with more than 100 nm thickness on TiO2 !001"
becomes close to 340 K. Moreover, the films with 20 nm
thickness grown on Al2O3 !0001" show TMI$340 K. Both
results also indicate a proof of lattice strain effect. The large
modification of TMI in a wide temperature range is demon-
strated in this work. In the previous work on VO2 films de-
posited on TiO2 buffer layers !12.5 nm thick", the TMI was
reduced to 331 K.11 This value is much smaller compared
with our films. The difference may be interpreted due to the
thickness of buffer layers. Since the thickness of layers !12.5
nm" is thin as well as VO2 films and is much smaller than the
substrate !0.5 mm for our case", the strain effect due to buffer
layer is considered to be much smaller than our result. The
difference may be also related to the quality of the films. The
strain at the interface is considered to be retained in high
quality films and thus to affect dramatically on the metal–
insulator transition in VO2 .

The TMI was plotted against the lattice parameter c of
VO2 films in Fig. 3. As seen in the figure, an intimate rela-
tion between them is suggested: the TMI becomes low in the
films with smaller c. This means that the stability of metallic
phase in VO2 depends on the c-axis length, i.e., the
V4!–V4! distance in the crystal structure. Since in a metal-
lic state with the rutile structure c expresses the distance

FIG. 1. x-ray diffraction pattern for an epitaxial VO2 film deposited on TiO2
!001" prepared at Ts"643 K !a" and on TiO2 !110" prepared at Ts"583 K
!b".

FIG. 2. Temperature dependence of resistivity for the VO2 films formed on
TiO2 !001" and TiO2 !110" substrates. The broken line represents the TMI in
a VO2 single crystal (TMI"341 K).

FIG. 3. MI transition temperature TMI vs lattice parameter c for the VO2
films deposited on TiO2 !001" and TiO2 !110" substrates. The single crystal
VO2 data is also plotted !closed square".

584 Appl. Phys. Lett., Vol. 80, No. 4, 28 January 2002 Y. Muraoka and Z. Hiroi
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2

tory based X-ray systems. This suggests that the major
effect would be the carrier doping due to the valence im-
balance between Eu3+ and Ir4+ ions.
The longitudinal and Hall resistivity was measured by

a standard four-probe method from 2 K to 300 K us-
ing a variable temperature insert system under a field
along [111] up to 9 T. DC magnetization under a field
along [100], [110], and [111] axes was measured using
a commercial SQUID magnetometer (MPMS, Quantum
Design) from 2 K to 350 K under a magnetic field of 0.1
T in both field cooled (FC) and zero field cooled (ZFC)
conditions. Specific heat was measured by thermal relax-
ation method using a commercial system (PPMS, Quan-
tum Design).
First we present the temperature dependence of the

electrical resistivity ρ(T ). To discuss the strong sensitiv-
ity to the off-stoichiometry, Figure 1 shows ρ(T ) normal-
ized by its room temperature value, ρ(T )/ρ(300 K), for
single crystals with various off-stoichiometry x. In the
high temperature region of T > 120 K, all the data of
ρ(T )/ρ(300 K) collapse on top of each other and shows
metallic behavior with positive slope with a typical value
of 10 mΩcm at room temperature. The Ioffe-Regel limit
was estimated to be ∼ 1.4 mΩcm, indicating that trans-
port is strongly incoherent in this high T regime.
On cooling in the range of 120 K > T > 100 K, all the

samples commonly show a broad upturn in ρ(T ) with an
anomaly in dρ/dT at T = 120 K (inset of Fig. 1). Here
at T = 120 K we locate the onset of the low temperature
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FIG. 1. (Color online) Temperature dependence of the electri-
cal resistivity of single crystalline Eu2Ir2O7 for three samples
with different off-stoichiometry x, normalized by the value at
300 K. Inset: Temperature dependence of the temperature
derivative of the resistivity dρ/dT normalized by the resistiv-
ity at 300 K.

FIG. 2. (Color online) Inverse resistivity ratio 1/RRR
= ρ(2 K)/ρ(300 K) vs. the off-stoichiometry |x| for various
single crystals of Eu2(1−x)Ir2(1+x)O7+δ. Blue and red symbols
correspond to Ir rich (x > 0) and Eu rich (x < 0) samples,
respectively. The blue shaded belt is a guide to the eye.

nonmetallic (negative dρ/dT ) behavior and refer to this
as the metal-nonmetal transition temperature TMN. No
hysteresis in ρ(T ) was observed across TMN, indicating
the second-order nature of the transition.

Below TMN, ρ(T ) is found substantially different with
various residual resistivity (ρ(T = 2 K)) varying by four
orders of magnitude between various samples. To clarify
the origin of the sample variation in ρ(T ), we plot in Fig.
2 the inverse resistivity ratio 1/RRR = ρ(2K)/ρ(300K)
vs. the off-stoichiometry x for various single crystals.
The deviation from stoichiometry is found at most 5
% and the majority of samples are Ir rich. There is a
correlation between |x| and 1/RRR, which suggests that
the most stoichiometric samples have the largest 1/RRR
i.e. being the most insulating. This also indicates when
|x| → 0, δ should also vanish, so that no doped carri-
ers remain. Therefore, we conclude that the intrinsic low
temperature state of Eu2Ir2O7 is insulating and 1/RRR
can be used as figure of merit for the sample quality.

The insulating behavior can be also confirmed in the
temperature dependence of the resistivity ρ(T ). Figure 1
shows that the most stoichiometric crystal #1 with the
smallest value of |x| = 0.015(8) exhibits the most resis-
tive behavior and a clear shoulder at ∼ 50 K. As for the
crystal #2 with larger x = 0.026(9), ρ(T ) saturates at
low temperatures, resulting in a small value of 1/RRR
= ρ(2 K)/ρ(300 K). The sample with a smaller 1/RRR
has a weaker anomaly in dρ/dT at TMN, thus indicat-
ing that off-stoichiometry broadens the transition. For

usually abrupt
mass enhancement

...

0.2890 nm. Thus, the c axis was expanded compared with
bulk.

Resistivity measurements were carried out using a four-
point probe method in a Quantum Design Physical Property
Measurement System !PPMS". Figure 2 shows the results for
VO2 films on TiO2 !001" and !110" substrates. The

films were grown at 643 and 583 K, respectively. The MI
transition temperature TMI is taken as the midpoint of the
jump in the resistivity curve measured on heating. As seen in
Fig. 2, the TMI is dramatically shifted from that of a single
crystal !341 K" to 300 K in the film on TiO2 !001". A large
and sharp change in resistivity of #R$103 is observed at the
transition, indicating a high quality of the film. A film with a
further reduced TMI of 285 K is obtained when the Ts is
decreased down to 583 K, although the transition becomes
rather broad (#R$102). On the other hand, the TMI in-
creases up to 369 K for the film on TiO2 !110" as shown in
Fig. 2. The transition is relatively broad compared with the
film on TiO2 !001", which may be due to poor crystallinity
arising from the large lattice mismatch between the film and
TiO2 !110" substrate !3.6%". These results are in good agree-
ment with our expectation on the relation between the c-axis
length and TMI in strained epitaxial VO2 films. The TMI of
VO2 films with more than 100 nm thickness on TiO2 !001"
becomes close to 340 K. Moreover, the films with 20 nm
thickness grown on Al2O3 !0001" show TMI$340 K. Both
results also indicate a proof of lattice strain effect. The large
modification of TMI in a wide temperature range is demon-
strated in this work. In the previous work on VO2 films de-
posited on TiO2 buffer layers !12.5 nm thick", the TMI was
reduced to 331 K.11 This value is much smaller compared
with our films. The difference may be interpreted due to the
thickness of buffer layers. Since the thickness of layers !12.5
nm" is thin as well as VO2 films and is much smaller than the
substrate !0.5 mm for our case", the strain effect due to buffer
layer is considered to be much smaller than our result. The
difference may be also related to the quality of the films. The
strain at the interface is considered to be retained in high
quality films and thus to affect dramatically on the metal–
insulator transition in VO2 .

The TMI was plotted against the lattice parameter c of
VO2 films in Fig. 3. As seen in the figure, an intimate rela-
tion between them is suggested: the TMI becomes low in the
films with smaller c. This means that the stability of metallic
phase in VO2 depends on the c-axis length, i.e., the
V4!–V4! distance in the crystal structure. Since in a metal-
lic state with the rutile structure c expresses the distance

FIG. 1. x-ray diffraction pattern for an epitaxial VO2 film deposited on TiO2
!001" prepared at Ts"643 K !a" and on TiO2 !110" prepared at Ts"583 K
!b".

FIG. 2. Temperature dependence of resistivity for the VO2 films formed on
TiO2 !001" and TiO2 !110" substrates. The broken line represents the TMI in
a VO2 single crystal (TMI"341 K).

FIG. 3. MI transition temperature TMI vs lattice parameter c for the VO2
films deposited on TiO2 !001" and TiO2 !110" substrates. The single crystal
VO2 data is also plotted !closed square".
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Results of x-ray-diffraction patterns from powdered Sr2IrO4
single crystals show no impurity peaks. The refinement of a
tetragonal cell yielded a55.494 A and c525.796 A, consis-
tent with those published.4
Shown in Fig. 1 is the temperature dependence of the

magnetic susceptibility x(T) of Sr2IrO4 along the two prin-
cipal crystallographic directions in a field cooled sequence
~FC! with H50.5 T ~for T.TM , the magnetic ordering tem-
perature, we determined that a field of 0.5 T was low enough
to define ‘‘zero field’’ susceptibility!. The evidence for weak
ferromagnetism in the vicinity of TM5240 K is obvious for
both directions. The large anisotropy of the magnetic suscep-
tibility clearly indicates that the easy axis is aligned with the
a axis.
Fitting to a modified Curie-Weiss law for T.TM yields

the following parameters ~see the inset in Fig. 1!: The
temperature-independent susceptibility xo58.831024

emu/mole, the Curie-Weiss temperature ucw5251 K and ef-
fective paramagnetic moment meff50.50 mB/Ir. ucw is com-
parable to the magnetic ordering temperature, and suggestive
of a ferromagnetic spin coupling, but meff is significantly
lower than the Hund’s-rule value 1.7mB/Ir for S5 1

2. This
reduction may indicate a strong hybridization between Ir
ions and oxygen.8 xo is relatively large compared to those
for ordinary metals, but the low-temperature specific heat
coefficient g is found to be nearly zero ~,0.2 mJ/mol K2).
This behavior is characteristic of the Stoner enhancement
where xo is significantly enhanced, but g has no equivalent
enhancement. In oxides with a narrow band such as in
LaNiO3 and LaCuO3, the exchange interaction is commonly
enhanced by spin fluctuations and thus drives the paramag-
netic state unstable, leading to a nearly ferromagnetic state.
The magnetic properties observed in Sr2IrO4 appear to be
consistent with this contention.
Shown in Fig. 2 is isothermal magnetization M at T55 K

in fields to 7 T for the two principal crystallographic direc-
tions. The large magnetic anisotropy between the directions
is apparent, and the easy axis is evidently along the a axis
consistent with Fig. 1. M (H) at H.0.5 T appears to be
nearly saturated below TM , however, the saturation moment
mS extrapolated is 0.14mB/Ir, only 14% of the expected spin-

only moment of 1mB /Ir which would be increased by any
orbital contribution (J5L1S). There are a number of ways
in which such a reduced moment may arise, including spin
canting, as asserted in Ref. 4. However, Sr2IrO4 may be a
band ferromagnet with low-density of charge carriers be-
cause the system appears itinerant (meff /mS.1, and dr/dT
.0 though the magnitude of r is large at low temperatures!.
If so, the density of states becomes spontaneously exchange
split. As a result, there is an excess of electrons with spin up
~majority-spin band! as compared to those with spin down
~minority-spin band!. The net overall magnetic moment then
is largely determined by the exchange splitting of the 5d
electrons and is necessarily nonintegral. The observed low
moment reflects a small exchange splitting or unequal popu-
lation of the two subbands. A larger t2g band compared to a
small exchange splitting may also result in a small polariza-
tion of d electrons. Yet it cannot be ruled out that the re-
duced moment may result from hybridization between Ir ions
and oxygen which is presumably strong in 4d and 5d com-
pounds such as Sr2IrO4. Measurements of magnetization up
to 30 T are planned to search for possible high-field spin
reorientations. A low-field spin reorientation is observed, and
is clearly evidenced in the inset of Fig. 2 where M (T55 K!

for the a axis vs H is plotted for 20.5<H<0.5 T. The
mirror image, typical of a spin reorientation transition, illus-
trates the presence of such a transition at Hsr5 0.2 T. This
spin reorientation transition also takes place along the
‘‘hard’’ axis, the c axis, at a higher field ~see Fig. 2!. It is
possible that such a transition in the weak ferromagnet is due
to the strong electron-lattice coupling, i.e., the interplay be-
tween the magnetic energy and the elastic energy,10 which is
related to the change in volume at low temperatures reported
in Ref. 4.
It is also remarkable that the ratio of meff /mS ~53.5!

qualitatively fits the Rhodes-Wohlfarth plot, meff /mS vs TC ,
yielding a corresponding TC near 200 K.9 This qualitative
agreement indicates that spin fluctuations may be significant,
and that Sr2IrO4 is in an intermediate region ~which may be
described by the Stoner model! between a ferromagnetic in-

FIG. 1. Magnetic susceptibility M /H vs temperature at H50.5
T for the two principle crystallographic directions. Inset: Dx

21 vs
temperature at T.TM where Dx5x(T)2xo .

FIG. 2. Isothermal magnetization M vs magnetic field H at T
55 K for the two principle crystallographic directions. Inset: Iso-
thermal magnetization M (T55 K! along the a axis vs magnetic
field H for 20.5<H<0.5 T.
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Slater vs. Mott

Slater:
• Static moments create 
a mean field for 
electrons
• Effectively an 
antiferromagnet is a 
band insulator

Mott:
• Strong Coulomb 
repulsion U localizes 
electrons
• Antiferromagnetism is 
secondary, not even 
necessary



Slater vs. Mott

Slater:
• Phase transition with 
magnetic order 
parameter
• Influence on electrons 
is secondary - “smooth” 
evolution of resistivitity

Mott:
• Electron localization is 
“order parameter”
• Usually associated 
with first order transition 
and large resistivity 
changes



Pyrochlore iridates

• Series of materials shows systematic MITs
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There is a lot of data on the temperature-driven 
transitions in different iridates.  However what is more 
fundamental is the zero temperature QPT.   This is so far 
studied best in the pyrochlores

2.1.2. Electronic structure. The basic element of the description of these materials is the iridium
electronic structure.We neglect for themost part the rare-earthmagnetism,which plays a role in
some (but not all) of the compounds at very low temperature. Following the analysis of the Ir-
electron physics, we briefly examine their interplay with local moments in Section 2.1.5.

We begin by examining the local atomic physics associated with the Ir cations. The outer-
shell electrons of Ir4þ are in a 5d5 configuration, half-filling the ten d-levels. The dominant
crystal field splitting comes from the oxygen octahedra surrounding each Ir cation, which splits
the levels into a higher-energy eg orbital doublet and a lower t2g orbital triplet, spanned by
orbitals with xy, yz, and zx symmetry. These are separated by an ∼2 eV gap, and as such we can
neglect the higher-energy eg levels. We then must take into account both the SOC and trigonal
distortions. Let us begin with atomic SOC in Ir4þ ions. The full angular momentum operator L
projected to the t2gmanifold acts as an effective angularmomentumoperator,Leff, up to aminus
sign, i.e.,Pt2gLPt2g¼#Leff, wherePt2g represents the projection on the t2gmanifold. Therefore,
the SOC l splits the t2g spinful manifold into a higher-energy Jeff¼ 1/2 doublet and a lower Jeff¼
3/2 quadruplet. The states in these multiplets exhibit spin-orbital entanglement. For example,
the Jeff ¼ 1/2 states are

jJzeff ¼ þ1=2æ ¼ 1ffiffiffi
3

p
"
jxy, ↑æþ jyz, ↓æþ ijzx, ↓æ

#
, 3:

jJzeff ¼ #1=2æ ¼ 1ffiffiffi
3

p
"
#jxy, ↓æþ jyz, ↑æ# ijzx, ↑æ

#
, 4:

where the up and down arrows indicate the direction of the true spin. In an ionic picture, given that
Ir4þhas 5d-electrons, the Jeff¼1/2 doublet is half-filled, andonly this orbital is involved in the low-
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(a) Themainpanel shows the resistivity and field-cooled (FC) and zero field–cooled (ZFC) susceptibilities for Eu-227, and the insert depicts
the spontaneous muon oscillation frequency. Data adapted from References 80 and 81. The vertical axis for the susceptibility data
represented by green, blue, and orange symbols is on the right. (b) Phase diagram for the pyrochlore iridatesR-227 based on transport and
magnetism measurements. This is a supplemented and modified version of the diagram found in Reference 78. The R-elements that
do not have a local magnetic moment are emphasized in bold magenta. The only non-lanthanide, R ¼ Y, is denoted by a square.
Abbreviation: Tc, critical temperature.
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T>0 transitions
Anomaly in magnetization at TMI
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FIG. 3. (a) Representative short-time asymmetry data taken from
GPS for Y-227 with curves offset for clarity and solid lines
representing fits to Eq. (1). (b) FFT of the asymmetry data smoothed
to highlight evolution of the peak.

of the data [Fig. 1(c)] showed excellent agreement with
previously reported values; we did not observe any evidence
of long-range order or structural transitions down to T = 3 K.
However, neutron studies of small-moment iridates often
require single-crystal measurements to resolve correlated spin
scattering. Conservatively, this powder measurement places an
upper limit of the Ir4+ ordered moment to be below 0.5 µB
based on the collected statistics and the resolution of the
diffractometer.

µSR provides an excellent means of further probing the
local magnetic order due to the large gyromagnetic ratio of
the muon (γµ/2π = 135.5 MHz/T) which makes it possible to
detect static fields of a few Gauss or less while simultaneously
probing spin dynamics and correlations in the MHz regime.14

Sample asymmetry curves showing the early time behavior
from PSI are shown in Fig. 3(a) for Y-227 and Fig. 4(a) for
Yb-227. The most significant feature is the appearance of
spontaneous muon spin precessions below TLRO = 150 and
130 K for Y-227 and Yb-227, respectively. These data signify
the presence of a static local magnetic field ⟨Bloc⟩ at the muon
site. Furthermore, the oscillations are well defined indicating
commensurate order with a single magnetically unique muon-
stopping site. The resultant asymmetry curves were fit by
the simple depolarization function for a magnetically ordered

FIG. 4. (a) Representative short-time asymmetry data taken from
GPS for Yb-227 with curves offset for clarity, and solid line
representing fits to Eq. (1). (b) FFT of asymmetry data.

polycrystal, as used in Ref. 5 for Eu-227:

A(t) = A1 exp[−(#t)β] cos(ωt + φ) + A2 exp(−λt). (1)

The first component describes the oscillations from the
muon spin precessing about a spontaneous static local
field with frequency ωµ/2π = ⟨Bloc⟩γµ/2π and damping
described by a stretched exponential with characteristic rate
# and β < 1. The second component describes the relatively
slower longitudinal relaxation due to spin-lattice relaxation or
fluctuations of the local moments. Because this component
also reflects muons for which the initial muon polarization is
parallel to the internal field at the stopping site, we expect the
fraction of slow relaxing asymmetry to the total asymmetry
η = A2/(A1 + A2) = 1/3 at temperatures well below the
ordering temperature, and indeed we find that η = 0.30(2)
and 0.35(1) for Y-227 and Yb-227, respectively, when T =
1.8 K. The phase factor φ was found to be rather large for a
system described by a single oscillatory frequency; however,
suitable fits for both samples at all temperatures were obtained
by fixing φ to −20◦, the value obtained at 1.5 K.

For Y-227, the temperature dependence of ωµ as determined
from fitting to Eq. (1) is shown in the top panel of Fig. 5.
The onset of muon spin precession occurs near TLRO and
the precession frequency increases monotonically, reaching

FIG. 5. Temperature dependence of the parameters extracted
from fitting Eq (1) for Y-227. Closed symbols represent data from
GPS, while open symbols are from EMU. TOP: ωµ/2π with η inset;
the solid line is a mean-field fit, as described in the text. MIDDLE:
#, solid lines are guides for the eyes. BOTTOM: λ from both GPS
and EMU.
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by fixing φ to −20◦, the value obtained at 1.5 K.
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AIAO order
• Growing evidence in many materialsRAPID COMMUNICATIONS

H. SAGAYAMA et al. PHYSICAL REVIEW B 87, 100403(R) (2013)

FIG. 1. (Color online) (a) All-in-all-out magnetic structure where
all four magnetic moments on the vertices of each tetrahedron point
inward or outward. Arrows indicate the Ir4+ magnetic moments.
(b) Coplanar magnetic order where four magnetic moments on a
tetrahedron lie in the (001) plane and are either antiparallel or
orthogonal.

surface with edges about 0.5 mm long [Fig. 2(b)] was attached
to a copper plate with varnish and mounted in a closed-
cycle 4He refrigerator. The [011] of the sample was oriented
perpendicular to the scattering plane [Fig. 2(a)]. A Mo (200)
crystal was used to analyze the polarization of the scattered x
ray. The linearly polarized σ ′ (perpendicular to the scattering
plane) and π ′ (parallel to the scattering plane) components
can be detected by rotating the Mo crystal about the scattered
beam. The 2θ value of the (200) reflection of Mo is 89.564◦ at
11.230 keV, which guarantees a polarization purity of 99.99%.
To investigate the change in crystal structure across the M-I
transition, x-ray oscillation photographs were taken with a
large cylindrical imaging plate installed at BL02B1, SPring-8,
Japan, at a photon energy of 35 keV, which is far from the
absorption edges of the constituent elements.25 A single crystal
sample with a dimension of 0.05 mm was cooled by using a
He-gas spray refrigerator. SHELXL (Ref. 26) was used to refine
the structural parameters. The magnetic susceptibility of three
single crystals (0.49 mg), including the one used for the RXD

[1 1 1]
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-ray
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FIG. 2. (Color online) (a) Schematic view of the experimental
setup for the resonant magnetic x-ray diffraction measurements.
(b) Photograph of the Eu2Ir2O7 single crystal used for the RXD
experiment. (c) Ir-O network in the pyrochlore structure. Each Ir
is coordinated to six O atoms. The IrO6 octahedra are connected
by shared vertices to form a tetrahedral Ir network. Each IrO6 is
compressed along a trigonal axis.
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FIG. 3. (Color online) (a), (b) Profiles of the (10 0 0) reflec-
tions of Eu2Ir2O7 scanned along (h00) in reciprocal space with a
photon energy of 11.230 keV at several temperatures through the
(a) σ -σ ′ and (b) σ -π ′ channels. (c) Temperature dependence of the
integrated intensities of the (10 0 0) reflection detected though the
σ -σ ′ (solid circles) and σ -π ′ (open circles) channels. (d) Temperature
dependence of the electrical resistivity (solid line) and magnetic
susceptibility (circles). The magnetic susceptibilities were measured
for zero-field-cooling (ZFC; solid circles) and field-cooling (FC; open
circles) processes in a field of 1000 Oe.

measurement (0.3 mg), was measured with a superconducting
quantum interference device magnetometer under an applied
magnetic field of 1000 Oe.

Initially, several line scans were performed along (h00),
(hh0), and (hhh) in the reciprocal space to search for magnetic
reflections with the on-resonance condition. No reflections
at incommensurate positions were observed (not shown).
Forbidden reflections at (4n + 2 0 0) were then investigated.
In pyrochlore systems with an Fd3̄m space group, the (h00)
reflections are allowed only when h= 4n, where n is an integer.
Figures 3(a) and 3(b) show the x-ray diffraction profiles for the
σ -σ ′ and σ -π ′ channels along (h00) around h = 10 at a photon
energy of 11.230 keV and at several temperatures. A clear peak
was observed at (10 0 0) in both the polarization channels.
The integrated intensity of the peak is plotted as a function
of temperature (Fig. 3). The reflection in the σ -π ′ channel
appeared only below TMI = 120 K. The intensity in the σ -π ′

channel (Iσ -π ′) below the TMI increased approximately linearly
to TMI − T , which is consistent with a second-order phase
transition. In contrast, the peak was also visible above TMI
in the σ -σ ′ channel. In the resonance condition, (4n + 2 0 0)
reflections can arise from the anisotropy of the anomalous
scattering factor of Ir4+ ions. The Ir4+ ions occupy trigonally
distorted octahedral sites with a local symmetry of 3̄m, which
causes the uniaxial anisotropy in the anomalous scattering
factor tensor with the spatial axis parallel to the trigonal axis.27

Because the special axes for the four Ir sites in the primitive
cell are not parallel to each other [Fig. 2(c)], the reflection
condition is relaxed near the Ir absorption edges.28 The [011]
axis was set perpendicular to the scattering plane; therefore
the structure factors of the (4n + 2 0 0) reflections in the σ -σ ′
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Figure 2(b) shows the inelastic scattering intensity
distributions in ðQ;EÞ space measured below TMI. The
horizontally spreading excitation mode is observed at around
1.3meV; it corresponds to the splitting of the Nd3þ ground
doublet. The scattering intensity decreases with increasing
Q, confirming that the excitations are magnetic. However,
the mode appears slightly dispersive. To verify the
dispersion, we compared the constant–E scans measured at
1.2 and 1.4meV in Fig. 2(b); the comparison results are
shown in Fig. 2(c). The Q dependences at these energies
are clearly different, indicating that the excitations are not
completely flat but dispersive, with a bandwidth of $0:1
meV (1K).

4. Analyses

We analyzed the magnetic structure on the basis of the
q0 intensities given in Table I. Crystalline field analysis21)

revealed the magnitude of Nd3þ moments to be about
2.37!B, whereas that of Ir

4þ moments is expected to be 1!B

at most. Therefore, as the first approximation, we assumed
that the q0 intensities consist of only the Nd moments. In
fact, the statistical errors of our data would be too large to
resolve the Nd and Ir moments. Furthermore, later in this
section, the magnitude of moment estimated by the magnetic
structure analysis is confirmed to be in agreement with that
estimated by the crystalline field analysis.

The crystalline field analysis also strongly suggests that
the Nd moments are highly anisotropic along the h111i
directions (in/out-type Ising moments),21) as expected from
available data on other Nd pyrochlore oxides.26) In addition,
the measured magnetic susceptibility shows a small value of
only $10%3!B/formula under a magnetic field of 1 kOe, and
no hysteresis curve is observed at 5K.16,17,21,24) Therefore,
among the various magnetic structure models described by
the in/out-type moments, the 3-in 1-out and the 2-in 2-out
types are most probably ruled out, because these model types
are essentially ferromagnetic. A unique possible solution is
the all-in all-out type of model, as shown in Fig. 3(b). Thus,
we examined the consistency between the all-in all-out
model and the q0 intensities.

The remaining fitting parameter is the absolute value of
magnetic moments of Nd3þ (m). Therefore, we evaluated it
by the least-squares method, by employing the magnetic
form factor of Nd3þ calculated by Freeman and Desclaux.27)

Since the sample was cylindrical in shape, the reflection-
angle dependence of the absorption factor was ignored. The
evaluation results showed that the all-in all-out model had
the best-fit calculated intensities, with mð9KÞ ¼ 1:3'
0:2!B (Table I); these intensities are in agreement with the
experimental ones, as shown in Fig. 3(a).

Further, from Fig. 1(d), the ratio of magnetic scattering
intensity at 0.7 K to that at 9K is estimated to be about 3.2.
Since the magnetic intensity is proportional to the square of
m,28) the value of mð0:7KÞ is estimated to be 2:3' 0:4
½¼

ffiffiffiffiffiffiffi
3:2

p
) mð9KÞ*!B. This value is in good agreement

with the value of 2.37!B estimated by the crystalline field
analysis.21)

To summarize x3 and x4, we found that the antiferro-
magnetic long-range structure with q0 grows with decreasing
temperature below TNd ¼ 15' 5K. The structure can be
approximately described by the all-in all-out type of model
for Nd moments with a magnitude of 2:3' 0:4!B at 0.7K.
No direct signals for Ir moments were obtained in the
present experiments.

5. Discussion

5.1 Magnetic structure below TMI

The ground doublet of Nd3þ splits when the temperature
decreases to below TMI, as shown by the dotted arrows in
Fig. 2(a); however, the Nd magnetic structure grows mainly
below TNd, as shown in Fig. 1(d) and by the solid arrows
in Fig. 2(a). This discrepancy in temperature suggests that
not Nd moments exhibit static magnetic order at TMI. In
isomorphic Nd2Mo2O7, the magnetic moments of d and
f electrons do not order simultaneously, as revealed by
neutron diffraction experiments; the Mo structure grows
below Curie temperature TC ¼ 93K and then the Nd
structure grows mainly below $20K with decreasing
temperature.26) In analogy with Nd2Mo2O7, Ir magnetic
ordering is expected to occur in Nd2Ir2O7 at TMI. The
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Fig. 3. (Color online) Magnetic structure modelling. (a) Comparison between experimental and best-fit calculated magnetic reflection intensities given in
Table I. (b) All-in all-out magnetic structure. The filled circles represent Nd3þ ions, and the arrows represent the Nd moments. (c) Trigonally distorted O2%

ligand around Ir4þ ion. All the Ir–O bonds are of the same length (2.01 !A). (d) Relation between magnetic moments (blue thin arrows) of Ir4þ ions (blue small
balls) and magnetic moments (red thick arrows) of Nd3þ ions (red large balls). Both the Ir and the Nd moments form the all-in all-out structures. Alternative
directions of Nd moments in the case of a ferromagnetic Nd–Ir interaction are depicted: when the moments are antiferromagnetic, the directions of all the red
arrows are reversed, and the all-in all-out type structure is retained.
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FIG. 3. (a) Representative short-time asymmetry data taken from
GPS for Y-227 with curves offset for clarity and solid lines
representing fits to Eq. (1). (b) FFT of the asymmetry data smoothed
to highlight evolution of the peak.

of the data [Fig. 1(c)] showed excellent agreement with
previously reported values; we did not observe any evidence
of long-range order or structural transitions down to T = 3 K.
However, neutron studies of small-moment iridates often
require single-crystal measurements to resolve correlated spin
scattering. Conservatively, this powder measurement places an
upper limit of the Ir4+ ordered moment to be below 0.5 µB
based on the collected statistics and the resolution of the
diffractometer.

µSR provides an excellent means of further probing the
local magnetic order due to the large gyromagnetic ratio of
the muon (γµ/2π = 135.5 MHz/T) which makes it possible to
detect static fields of a few Gauss or less while simultaneously
probing spin dynamics and correlations in the MHz regime.14

Sample asymmetry curves showing the early time behavior
from PSI are shown in Fig. 3(a) for Y-227 and Fig. 4(a) for
Yb-227. The most significant feature is the appearance of
spontaneous muon spin precessions below TLRO = 150 and
130 K for Y-227 and Yb-227, respectively. These data signify
the presence of a static local magnetic field ⟨Bloc⟩ at the muon
site. Furthermore, the oscillations are well defined indicating
commensurate order with a single magnetically unique muon-
stopping site. The resultant asymmetry curves were fit by
the simple depolarization function for a magnetically ordered

FIG. 4. (a) Representative short-time asymmetry data taken from
GPS for Yb-227 with curves offset for clarity, and solid line
representing fits to Eq. (1). (b) FFT of asymmetry data.

polycrystal, as used in Ref. 5 for Eu-227:

A(t) = A1 exp[−(#t)β] cos(ωt + φ) + A2 exp(−λt). (1)

The first component describes the oscillations from the
muon spin precessing about a spontaneous static local
field with frequency ωµ/2π = ⟨Bloc⟩γµ/2π and damping
described by a stretched exponential with characteristic rate
# and β < 1. The second component describes the relatively
slower longitudinal relaxation due to spin-lattice relaxation or
fluctuations of the local moments. Because this component
also reflects muons for which the initial muon polarization is
parallel to the internal field at the stopping site, we expect the
fraction of slow relaxing asymmetry to the total asymmetry
η = A2/(A1 + A2) = 1/3 at temperatures well below the
ordering temperature, and indeed we find that η = 0.30(2)
and 0.35(1) for Y-227 and Yb-227, respectively, when T =
1.8 K. The phase factor φ was found to be rather large for a
system described by a single oscillatory frequency; however,
suitable fits for both samples at all temperatures were obtained
by fixing φ to −20◦, the value obtained at 1.5 K.

For Y-227, the temperature dependence of ωµ as determined
from fitting to Eq. (1) is shown in the top panel of Fig. 5.
The onset of muon spin precession occurs near TLRO and
the precession frequency increases monotonically, reaching

FIG. 5. Temperature dependence of the parameters extracted
from fitting Eq (1) for Y-227. Closed symbols represent data from
GPS, while open symbols are from EMU. TOP: ωµ/2π with η inset;
the solid line is a mean-field fit, as described in the text. MIDDLE:
#, solid lines are guides for the eyes. BOTTOM: λ from both GPS
and EMU.
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FIG. 3. (a) Representative short-time asymmetry data taken from
GPS for Y-227 with curves offset for clarity and solid lines
representing fits to Eq. (1). (b) FFT of the asymmetry data smoothed
to highlight evolution of the peak.

of the data [Fig. 1(c)] showed excellent agreement with
previously reported values; we did not observe any evidence
of long-range order or structural transitions down to T = 3 K.
However, neutron studies of small-moment iridates often
require single-crystal measurements to resolve correlated spin
scattering. Conservatively, this powder measurement places an
upper limit of the Ir4+ ordered moment to be below 0.5 µB
based on the collected statistics and the resolution of the
diffractometer.

µSR provides an excellent means of further probing the
local magnetic order due to the large gyromagnetic ratio of
the muon (γµ/2π = 135.5 MHz/T) which makes it possible to
detect static fields of a few Gauss or less while simultaneously
probing spin dynamics and correlations in the MHz regime.14

Sample asymmetry curves showing the early time behavior
from PSI are shown in Fig. 3(a) for Y-227 and Fig. 4(a) for
Yb-227. The most significant feature is the appearance of
spontaneous muon spin precessions below TLRO = 150 and
130 K for Y-227 and Yb-227, respectively. These data signify
the presence of a static local magnetic field ⟨Bloc⟩ at the muon
site. Furthermore, the oscillations are well defined indicating
commensurate order with a single magnetically unique muon-
stopping site. The resultant asymmetry curves were fit by
the simple depolarization function for a magnetically ordered

FIG. 4. (a) Representative short-time asymmetry data taken from
GPS for Yb-227 with curves offset for clarity, and solid line
representing fits to Eq. (1). (b) FFT of asymmetry data.

polycrystal, as used in Ref. 5 for Eu-227:

A(t) = A1 exp[−(#t)β] cos(ωt + φ) + A2 exp(−λt). (1)

The first component describes the oscillations from the
muon spin precessing about a spontaneous static local
field with frequency ωµ/2π = ⟨Bloc⟩γµ/2π and damping
described by a stretched exponential with characteristic rate
# and β < 1. The second component describes the relatively
slower longitudinal relaxation due to spin-lattice relaxation or
fluctuations of the local moments. Because this component
also reflects muons for which the initial muon polarization is
parallel to the internal field at the stopping site, we expect the
fraction of slow relaxing asymmetry to the total asymmetry
η = A2/(A1 + A2) = 1/3 at temperatures well below the
ordering temperature, and indeed we find that η = 0.30(2)
and 0.35(1) for Y-227 and Yb-227, respectively, when T =
1.8 K. The phase factor φ was found to be rather large for a
system described by a single oscillatory frequency; however,
suitable fits for both samples at all temperatures were obtained
by fixing φ to −20◦, the value obtained at 1.5 K.

For Y-227, the temperature dependence of ωµ as determined
from fitting to Eq. (1) is shown in the top panel of Fig. 5.
The onset of muon spin precession occurs near TLRO and
the precession frequency increases monotonically, reaching

FIG. 5. Temperature dependence of the parameters extracted
from fitting Eq (1) for Y-227. Closed symbols represent data from
GPS, while open symbols are from EMU. TOP: ωµ/2π with η inset;
the solid line is a mean-field fit, as described in the text. MIDDLE:
#, solid lines are guides for the eyes. BOTTOM: λ from both GPS
and EMU.
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Local moment picture
• Symmetry constrains form of 

generic Hamiltonian for 
Kramer’s doublets
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This type of order is *not* natural from a band picture.

Preserves unit cell so it does not arise from any 
“nesting”, does not immediately open up band gaps.

However, it is *very* natural from a localized point of 
view

This type of Hamiltonian has been extremely useful in 
describing *rare earth* spins in pyrochlores, which are 
completely localized.  



Local moment picture
• Ising model

Hzz = Jzz

�

�i,j⇥
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jH = Hzz + H± + Hz± + H±±

local z 
axes

Jzz > 0 : spin ice Jzz < 0 : all-in/all-out order

Pretty much the AIAO is 
the simplest possible 
Ising order on the 
pyrochlore lattice
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FIG. 3. a) The main panel shows the resistivity, and field cooled (FC) and zero field cooled (ZFC)
susceptibilities for Eu-227, while the insert the spontaneous muon oscillation frequency. Data adapted
from Refs. 80 and 81. b) Phase diagram for the pyrochlore iridates R-227 based on transport and
magnetism measurements. (This is a supplemented and modified version of the diagram found in Ref. 78.)
The R-elements that do not have a local magnetic moment are emphasized in bold magenta. The only
non-lanthanide, R = Y, is denoted by a square.

manifold. Therefore, the SOC � splits the t
2g

spinful manifold into a higher energy J
e↵

= 1/2

doublet and a lower J
e↵

= 3/2 quadruplet. In an ionic picture, since Ir4+ has 5 d-electrons, the

J
e↵

= 1/2 doublet is half-filled, and only this orbital is involved in the low energy electronic

structure. More generally, if trigonal splitting is included, the J
e↵

= 3/2 levels are split and mixed

with the J
e↵

= 1/2 ones. In the general case, there is a highest Kramers doublet, whose character

varies with the ratio of SOC to trigonal splitting, between a J
e↵

= 1/2 doublet and a S = 1/2 one.

A band structure view is complementary to the ionic picture as we now discuss. If only the

highest doublet is involved, we expect 4 two-fold degenerate bands near the Fermi energy, as

there are 4 Ir per unit cell. As discussed by Wan et al.

46 and Yang et al.,51 it is instructive to

consider their structure at the � point. Due to cubic symmetry, the 8 Bloch states at this point

decompose into 2 two-dimensional irreducible representations (irreps) and 1 four-dimensional irrep.

By electron counting, these bands should be half-filled, so that if the order of these irreps, in terms

of degeneracies, is 2-2-4 or 4-2-2, a band insulating state may occur, while if the order is 2-4-2,

the 4-dimensional irrep must be half-filled and hence the system cannot be gapped at the band

structure level (see the lowest panel of Figure 5(b)). The former situation was obtained by Ref. 7

based on a phenomenological but ad-hoc Hubbard model for small U . They found a transition from

a semi-metallic ground state to a TI one with increasing the ratio of SOC to hopping. Subsequently,

by ab initio methods, Wan et al. found46 the latter, 2-4-2, ordering of irreps in Y-227. In this case,

a TI is impossible, but other topological phases can occur with increasing correlations. For those

Yanagashima+Maeno, JPSJ 2001
K. Matsuhira et al, JPSJ 2011

W. Witczak-Krempa et al, ARCMP 2013

start with paramagnetic 
structure



Minimal model
• Quadratic band touching 

changing the relative magnitude of ta and te. In general, the
pyrochlore oxides have oxygen x parameters ranging from
0.309 to 0.355.40 Since xc=0.3125 for the perfect cubic crys-
tal field, we have to consider both trigonal compression !x
!xc" and elongation !x"xc" cases. According to the naive
crystal-field splitting picture, the on-site energies Ea and Ee
of a1g and eg! states are determined by the magnitude of oxy-
gen x parameters. However, in real materials, the relative
magnitude between Ea and Ee are strongly affected by hy-
bridization with high energy eg orbital states, which are al-
lowed under the trigonal crystal field.43 Therefore, irrespec-
tive of the magnitude of the oxygen x parameter, we have to
investigate both ta / te!1 and te / ta!1 cases on equal footing.

We first consider the case of ta / te!1. In Fig. 5, we plot
the evolution of the band structure as we increase ta / te. For
ta / te#1.7, an accidental band touching occurs at the L point
in the Brillouin zone. Since the two bands touching at the L
point have opposite inversion parities as shown in Table I,
the band crossing induces the exchange of the parities be-
tween the two bands touching at the L point. However, since
we have eight different momentum points within the first
Brillouin zone, which are symmetry equivalent to the L
point, the product of the inversion parities for all occupied
bands is invariant. According to Fu and Kane,9 the product of
the inversion parities of occupied bands determines the Z2
topological invariant #, characterizing the topological prop-
erties of insulators. Therefore, the accidental band touching
does not induce the change in the topological properties of
the insulating states.

Now we consider the opposite limit of te / ta!1. Figure 6
shows the evolution of the band structure as we increase
te / ta. Notice that the band gap at the $ point reduces pro-
gressively as te / ta increases. In particular, when te / ta
= !te / ta"c=2.3, a band inversion occurs at the $ point and the
system becomes metallic. The double degeneracy at the $
point is protected by the lattice point-group symmetry.
Therefore the metallic phase is stable as long as symmetry
breaking fields reducing the lattice symmetry are not intro-
duced. It is interesting that a similar metallic state is

predicted by a recent first-principles calculation on
Y2Ir2O7.44 Although we have used a simplified tight-binding
approach, the overall band structure and degeneracies at the
$ point for the metallic phase are consistent with the predic-
tion of the local-density approximation !LDA" calculation.

The effect of the trigonal crystal fields on the electronic
structure is summarized in the phase diagram shown in Fig.
7. The strong topological insulator !STI" is stable against the
trigonal crystal-field effect for te / ta smaller than the critical
value, !te / ta"c. On the other hand, if te / ta is larger than the
critical value, a metallic phase occurs. The metallic phase is
stable as long as the point-group symmetry of the lattice is
protected.

IV. LATTICE DISTORTION AND METAL-INSULATOR
TRANSITION

In this section we study the fate of the metallic phase
predicted above against external perturbations. Some pyro-
chlore iridates A2Ir2O7 with A=Nd, Sm, and Eu, show metal-
insulator transitions as the temperature decreases.35,36 How-
ever, the nature of the insulating ground state is under
controversy. According to a recent Raman-scattering mea-
surement on these iridium compounds,38 metal-insulator
transitions accompany structural distortions for Sm2Ir2O7
and Eu2Ir2O7. In addition, a recent theoretical study on a toy

TABLE I. Inversion parities of the jeff=1 /2 bands at time-
reversal invariant momenta for %SO=4.0, ta= te=0.5. Here E1&E2
&E3&E4. At the momentum Xi!i=1,2 ,3", the upper !lower" two
bands are degenerate with opposite inversion parities satisfying ''̄
=−1 !'!'̄!=−1".

E1 E2 E3 E4

$!0,0 ,0" + + + +
L0!( ,( ,(" − − + −
L1!−( ,( ,(" + + − +
L2!( ,−( ,(" + + − +
L3!( ,( ,−(" + + − +
X1!2( ,0 ,0" ' '̄ '! '̄!
X2!0,2( ,0" ' '̄ '! '̄!
X3!0,0 ,2(" ' '̄ '! '̄!

ΓΓ ΓΓXX XXΚΚLL!!ΓΓ ΓΓXX XXΚΚLL!!ΓΓ ΓΓXX XXΚΚLL!!

E(k)E(k)

(a)(a) (c)(c)(b)(b)t / t =1.0t / t =1.0ee aa t / t =2.2t / t =2.2ee aa t / t =2.5t / t =2.5ee aa

FIG. 6. !Color online" Dispersions of jeff=1 /2 bands under
trigonal crystal field with ta" te. Here we have fixed %SO=4.0, ta
=0.5 but vary te. As te / ta increases the energy gap between the two
bands in the middle reduces. When te / ta#2.3 band inversion oc-
curs at the $ point and the system becomes metallic.

t / tt / tee aa

MetalMetalSTISTISTISTI

(t /t )(t /t )ee aa cc
XX

FIG. 7. !Color online" Phase diagram as a function of the
strength of the local trigonal crystal field represented by te / ta. Note
that a metallic phase occurs when te / ta becomes larger than the
critical value of !te / ta"c!1. The red cross in the middle of two
strong topological insulators !STI" indicates the point where acci-
dental band touching occurs.

BOHM-JUNG YANG AND YONG BAEK KIM PHYSICAL REVIEW B 82, 085111 !2010"

085111-6

B.J. Yang + Y.B. Kim, 2010
X. Wan et al, 2011

4-dim 
irrep

4 Ir’s per unit cell
2 J=1/2 states per Ir

8/2 = 4 two-fold degenerate bands
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changing the relative magnitude of ta and te. In general, the
pyrochlore oxides have oxygen x parameters ranging from
0.309 to 0.355.40 Since xc=0.3125 for the perfect cubic crys-
tal field, we have to consider both trigonal compression !x
!xc" and elongation !x"xc" cases. According to the naive
crystal-field splitting picture, the on-site energies Ea and Ee
of a1g and eg! states are determined by the magnitude of oxy-
gen x parameters. However, in real materials, the relative
magnitude between Ea and Ee are strongly affected by hy-
bridization with high energy eg orbital states, which are al-
lowed under the trigonal crystal field.43 Therefore, irrespec-
tive of the magnitude of the oxygen x parameter, we have to
investigate both ta / te!1 and te / ta!1 cases on equal footing.

We first consider the case of ta / te!1. In Fig. 5, we plot
the evolution of the band structure as we increase ta / te. For
ta / te#1.7, an accidental band touching occurs at the L point
in the Brillouin zone. Since the two bands touching at the L
point have opposite inversion parities as shown in Table I,
the band crossing induces the exchange of the parities be-
tween the two bands touching at the L point. However, since
we have eight different momentum points within the first
Brillouin zone, which are symmetry equivalent to the L
point, the product of the inversion parities for all occupied
bands is invariant. According to Fu and Kane,9 the product of
the inversion parities of occupied bands determines the Z2
topological invariant #, characterizing the topological prop-
erties of insulators. Therefore, the accidental band touching
does not induce the change in the topological properties of
the insulating states.

Now we consider the opposite limit of te / ta!1. Figure 6
shows the evolution of the band structure as we increase
te / ta. Notice that the band gap at the $ point reduces pro-
gressively as te / ta increases. In particular, when te / ta
= !te / ta"c=2.3, a band inversion occurs at the $ point and the
system becomes metallic. The double degeneracy at the $
point is protected by the lattice point-group symmetry.
Therefore the metallic phase is stable as long as symmetry
breaking fields reducing the lattice symmetry are not intro-
duced. It is interesting that a similar metallic state is

predicted by a recent first-principles calculation on
Y2Ir2O7.44 Although we have used a simplified tight-binding
approach, the overall band structure and degeneracies at the
$ point for the metallic phase are consistent with the predic-
tion of the local-density approximation !LDA" calculation.

The effect of the trigonal crystal fields on the electronic
structure is summarized in the phase diagram shown in Fig.
7. The strong topological insulator !STI" is stable against the
trigonal crystal-field effect for te / ta smaller than the critical
value, !te / ta"c. On the other hand, if te / ta is larger than the
critical value, a metallic phase occurs. The metallic phase is
stable as long as the point-group symmetry of the lattice is
protected.

IV. LATTICE DISTORTION AND METAL-INSULATOR
TRANSITION

In this section we study the fate of the metallic phase
predicted above against external perturbations. Some pyro-
chlore iridates A2Ir2O7 with A=Nd, Sm, and Eu, show metal-
insulator transitions as the temperature decreases.35,36 How-
ever, the nature of the insulating ground state is under
controversy. According to a recent Raman-scattering mea-
surement on these iridium compounds,38 metal-insulator
transitions accompany structural distortions for Sm2Ir2O7
and Eu2Ir2O7. In addition, a recent theoretical study on a toy

TABLE I. Inversion parities of the jeff=1 /2 bands at time-
reversal invariant momenta for %SO=4.0, ta= te=0.5. Here E1&E2
&E3&E4. At the momentum Xi!i=1,2 ,3", the upper !lower" two
bands are degenerate with opposite inversion parities satisfying ''̄
=−1 !'!'̄!=−1".

E1 E2 E3 E4

$!0,0 ,0" + + + +
L0!( ,( ,(" − − + −
L1!−( ,( ,(" + + − +
L2!( ,−( ,(" + + − +
L3!( ,( ,−(" + + − +
X1!2( ,0 ,0" ' '̄ '! '̄!
X2!0,2( ,0" ' '̄ '! '̄!
X3!0,0 ,2(" ' '̄ '! '̄!
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FIG. 6. !Color online" Dispersions of jeff=1 /2 bands under
trigonal crystal field with ta" te. Here we have fixed %SO=4.0, ta
=0.5 but vary te. As te / ta increases the energy gap between the two
bands in the middle reduces. When te / ta#2.3 band inversion oc-
curs at the $ point and the system becomes metallic.
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FIG. 7. !Color online" Phase diagram as a function of the
strength of the local trigonal crystal field represented by te / ta. Note
that a metallic phase occurs when te / ta becomes larger than the
critical value of !te / ta"c!1. The red cross in the middle of two
strong topological insulators !STI" indicates the point where acci-
dental band touching occurs.
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Minimal model
• Quadratic band touching 

changing the relative magnitude of ta and te. In general, the
pyrochlore oxides have oxygen x parameters ranging from
0.309 to 0.355.40 Since xc=0.3125 for the perfect cubic crys-
tal field, we have to consider both trigonal compression !x
!xc" and elongation !x"xc" cases. According to the naive
crystal-field splitting picture, the on-site energies Ea and Ee
of a1g and eg! states are determined by the magnitude of oxy-
gen x parameters. However, in real materials, the relative
magnitude between Ea and Ee are strongly affected by hy-
bridization with high energy eg orbital states, which are al-
lowed under the trigonal crystal field.43 Therefore, irrespec-
tive of the magnitude of the oxygen x parameter, we have to
investigate both ta / te!1 and te / ta!1 cases on equal footing.

We first consider the case of ta / te!1. In Fig. 5, we plot
the evolution of the band structure as we increase ta / te. For
ta / te#1.7, an accidental band touching occurs at the L point
in the Brillouin zone. Since the two bands touching at the L
point have opposite inversion parities as shown in Table I,
the band crossing induces the exchange of the parities be-
tween the two bands touching at the L point. However, since
we have eight different momentum points within the first
Brillouin zone, which are symmetry equivalent to the L
point, the product of the inversion parities for all occupied
bands is invariant. According to Fu and Kane,9 the product of
the inversion parities of occupied bands determines the Z2
topological invariant #, characterizing the topological prop-
erties of insulators. Therefore, the accidental band touching
does not induce the change in the topological properties of
the insulating states.

Now we consider the opposite limit of te / ta!1. Figure 6
shows the evolution of the band structure as we increase
te / ta. Notice that the band gap at the $ point reduces pro-
gressively as te / ta increases. In particular, when te / ta
= !te / ta"c=2.3, a band inversion occurs at the $ point and the
system becomes metallic. The double degeneracy at the $
point is protected by the lattice point-group symmetry.
Therefore the metallic phase is stable as long as symmetry
breaking fields reducing the lattice symmetry are not intro-
duced. It is interesting that a similar metallic state is

predicted by a recent first-principles calculation on
Y2Ir2O7.44 Although we have used a simplified tight-binding
approach, the overall band structure and degeneracies at the
$ point for the metallic phase are consistent with the predic-
tion of the local-density approximation !LDA" calculation.

The effect of the trigonal crystal fields on the electronic
structure is summarized in the phase diagram shown in Fig.
7. The strong topological insulator !STI" is stable against the
trigonal crystal-field effect for te / ta smaller than the critical
value, !te / ta"c. On the other hand, if te / ta is larger than the
critical value, a metallic phase occurs. The metallic phase is
stable as long as the point-group symmetry of the lattice is
protected.

IV. LATTICE DISTORTION AND METAL-INSULATOR
TRANSITION

In this section we study the fate of the metallic phase
predicted above against external perturbations. Some pyro-
chlore iridates A2Ir2O7 with A=Nd, Sm, and Eu, show metal-
insulator transitions as the temperature decreases.35,36 How-
ever, the nature of the insulating ground state is under
controversy. According to a recent Raman-scattering mea-
surement on these iridium compounds,38 metal-insulator
transitions accompany structural distortions for Sm2Ir2O7
and Eu2Ir2O7. In addition, a recent theoretical study on a toy

TABLE I. Inversion parities of the jeff=1 /2 bands at time-
reversal invariant momenta for %SO=4.0, ta= te=0.5. Here E1&E2
&E3&E4. At the momentum Xi!i=1,2 ,3", the upper !lower" two
bands are degenerate with opposite inversion parities satisfying ''̄
=−1 !'!'̄!=−1".

E1 E2 E3 E4

$!0,0 ,0" + + + +
L0!( ,( ,(" − − + −
L1!−( ,( ,(" + + − +
L2!( ,−( ,(" + + − +
L3!( ,( ,−(" + + − +
X1!2( ,0 ,0" ' '̄ '! '̄!
X2!0,2( ,0" ' '̄ '! '̄!
X3!0,0 ,2(" ' '̄ '! '̄!
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FIG. 6. !Color online" Dispersions of jeff=1 /2 bands under
trigonal crystal field with ta" te. Here we have fixed %SO=4.0, ta
=0.5 but vary te. As te / ta increases the energy gap between the two
bands in the middle reduces. When te / ta#2.3 band inversion oc-
curs at the $ point and the system becomes metallic.
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FIG. 7. !Color online" Phase diagram as a function of the
strength of the local trigonal crystal field represented by te / ta. Note
that a metallic phase occurs when te / ta becomes larger than the
critical value of !te / ta"c!1. The red cross in the middle of two
strong topological insulators !STI" indicates the point where acci-
dental band touching occurs.
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Minimal model
• Quadratic band touching 

changing the relative magnitude of ta and te. In general, the
pyrochlore oxides have oxygen x parameters ranging from
0.309 to 0.355.40 Since xc=0.3125 for the perfect cubic crys-
tal field, we have to consider both trigonal compression !x
!xc" and elongation !x"xc" cases. According to the naive
crystal-field splitting picture, the on-site energies Ea and Ee
of a1g and eg! states are determined by the magnitude of oxy-
gen x parameters. However, in real materials, the relative
magnitude between Ea and Ee are strongly affected by hy-
bridization with high energy eg orbital states, which are al-
lowed under the trigonal crystal field.43 Therefore, irrespec-
tive of the magnitude of the oxygen x parameter, we have to
investigate both ta / te!1 and te / ta!1 cases on equal footing.

We first consider the case of ta / te!1. In Fig. 5, we plot
the evolution of the band structure as we increase ta / te. For
ta / te#1.7, an accidental band touching occurs at the L point
in the Brillouin zone. Since the two bands touching at the L
point have opposite inversion parities as shown in Table I,
the band crossing induces the exchange of the parities be-
tween the two bands touching at the L point. However, since
we have eight different momentum points within the first
Brillouin zone, which are symmetry equivalent to the L
point, the product of the inversion parities for all occupied
bands is invariant. According to Fu and Kane,9 the product of
the inversion parities of occupied bands determines the Z2
topological invariant #, characterizing the topological prop-
erties of insulators. Therefore, the accidental band touching
does not induce the change in the topological properties of
the insulating states.

Now we consider the opposite limit of te / ta!1. Figure 6
shows the evolution of the band structure as we increase
te / ta. Notice that the band gap at the $ point reduces pro-
gressively as te / ta increases. In particular, when te / ta
= !te / ta"c=2.3, a band inversion occurs at the $ point and the
system becomes metallic. The double degeneracy at the $
point is protected by the lattice point-group symmetry.
Therefore the metallic phase is stable as long as symmetry
breaking fields reducing the lattice symmetry are not intro-
duced. It is interesting that a similar metallic state is

predicted by a recent first-principles calculation on
Y2Ir2O7.44 Although we have used a simplified tight-binding
approach, the overall band structure and degeneracies at the
$ point for the metallic phase are consistent with the predic-
tion of the local-density approximation !LDA" calculation.

The effect of the trigonal crystal fields on the electronic
structure is summarized in the phase diagram shown in Fig.
7. The strong topological insulator !STI" is stable against the
trigonal crystal-field effect for te / ta smaller than the critical
value, !te / ta"c. On the other hand, if te / ta is larger than the
critical value, a metallic phase occurs. The metallic phase is
stable as long as the point-group symmetry of the lattice is
protected.

IV. LATTICE DISTORTION AND METAL-INSULATOR
TRANSITION

In this section we study the fate of the metallic phase
predicted above against external perturbations. Some pyro-
chlore iridates A2Ir2O7 with A=Nd, Sm, and Eu, show metal-
insulator transitions as the temperature decreases.35,36 How-
ever, the nature of the insulating ground state is under
controversy. According to a recent Raman-scattering mea-
surement on these iridium compounds,38 metal-insulator
transitions accompany structural distortions for Sm2Ir2O7
and Eu2Ir2O7. In addition, a recent theoretical study on a toy

TABLE I. Inversion parities of the jeff=1 /2 bands at time-
reversal invariant momenta for %SO=4.0, ta= te=0.5. Here E1&E2
&E3&E4. At the momentum Xi!i=1,2 ,3", the upper !lower" two
bands are degenerate with opposite inversion parities satisfying ''̄
=−1 !'!'̄!=−1".

E1 E2 E3 E4

$!0,0 ,0" + + + +
L0!( ,( ,(" − − + −
L1!−( ,( ,(" + + − +
L2!( ,−( ,(" + + − +
L3!( ,( ,−(" + + − +
X1!2( ,0 ,0" ' '̄ '! '̄!
X2!0,2( ,0" ' '̄ '! '̄!
X3!0,0 ,2(" ' '̄ '! '̄!
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FIG. 6. !Color online" Dispersions of jeff=1 /2 bands under
trigonal crystal field with ta" te. Here we have fixed %SO=4.0, ta
=0.5 but vary te. As te / ta increases the energy gap between the two
bands in the middle reduces. When te / ta#2.3 band inversion oc-
curs at the $ point and the system becomes metallic.
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FIG. 7. !Color online" Phase diagram as a function of the
strength of the local trigonal crystal field represented by te / ta. Note
that a metallic phase occurs when te / ta becomes larger than the
critical value of !te / ta"c!1. The red cross in the middle of two
strong topological insulators !STI" indicates the point where acci-
dental band touching occurs.
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Minimal model
• Quadratic band touching + interactions

changing the relative magnitude of ta and te. In general, the
pyrochlore oxides have oxygen x parameters ranging from
0.309 to 0.355.40 Since xc=0.3125 for the perfect cubic crys-
tal field, we have to consider both trigonal compression !x
!xc" and elongation !x"xc" cases. According to the naive
crystal-field splitting picture, the on-site energies Ea and Ee
of a1g and eg! states are determined by the magnitude of oxy-
gen x parameters. However, in real materials, the relative
magnitude between Ea and Ee are strongly affected by hy-
bridization with high energy eg orbital states, which are al-
lowed under the trigonal crystal field.43 Therefore, irrespec-
tive of the magnitude of the oxygen x parameter, we have to
investigate both ta / te!1 and te / ta!1 cases on equal footing.

We first consider the case of ta / te!1. In Fig. 5, we plot
the evolution of the band structure as we increase ta / te. For
ta / te#1.7, an accidental band touching occurs at the L point
in the Brillouin zone. Since the two bands touching at the L
point have opposite inversion parities as shown in Table I,
the band crossing induces the exchange of the parities be-
tween the two bands touching at the L point. However, since
we have eight different momentum points within the first
Brillouin zone, which are symmetry equivalent to the L
point, the product of the inversion parities for all occupied
bands is invariant. According to Fu and Kane,9 the product of
the inversion parities of occupied bands determines the Z2
topological invariant #, characterizing the topological prop-
erties of insulators. Therefore, the accidental band touching
does not induce the change in the topological properties of
the insulating states.

Now we consider the opposite limit of te / ta!1. Figure 6
shows the evolution of the band structure as we increase
te / ta. Notice that the band gap at the $ point reduces pro-
gressively as te / ta increases. In particular, when te / ta
= !te / ta"c=2.3, a band inversion occurs at the $ point and the
system becomes metallic. The double degeneracy at the $
point is protected by the lattice point-group symmetry.
Therefore the metallic phase is stable as long as symmetry
breaking fields reducing the lattice symmetry are not intro-
duced. It is interesting that a similar metallic state is

predicted by a recent first-principles calculation on
Y2Ir2O7.44 Although we have used a simplified tight-binding
approach, the overall band structure and degeneracies at the
$ point for the metallic phase are consistent with the predic-
tion of the local-density approximation !LDA" calculation.

The effect of the trigonal crystal fields on the electronic
structure is summarized in the phase diagram shown in Fig.
7. The strong topological insulator !STI" is stable against the
trigonal crystal-field effect for te / ta smaller than the critical
value, !te / ta"c. On the other hand, if te / ta is larger than the
critical value, a metallic phase occurs. The metallic phase is
stable as long as the point-group symmetry of the lattice is
protected.

IV. LATTICE DISTORTION AND METAL-INSULATOR
TRANSITION

In this section we study the fate of the metallic phase
predicted above against external perturbations. Some pyro-
chlore iridates A2Ir2O7 with A=Nd, Sm, and Eu, show metal-
insulator transitions as the temperature decreases.35,36 How-
ever, the nature of the insulating ground state is under
controversy. According to a recent Raman-scattering mea-
surement on these iridium compounds,38 metal-insulator
transitions accompany structural distortions for Sm2Ir2O7
and Eu2Ir2O7. In addition, a recent theoretical study on a toy

TABLE I. Inversion parities of the jeff=1 /2 bands at time-
reversal invariant momenta for %SO=4.0, ta= te=0.5. Here E1&E2
&E3&E4. At the momentum Xi!i=1,2 ,3", the upper !lower" two
bands are degenerate with opposite inversion parities satisfying ''̄
=−1 !'!'̄!=−1".

E1 E2 E3 E4

$!0,0 ,0" + + + +
L0!( ,( ,(" − − + −
L1!−( ,( ,(" + + − +
L2!( ,−( ,(" + + − +
L3!( ,( ,−(" + + − +
X1!2( ,0 ,0" ' '̄ '! '̄!
X2!0,2( ,0" ' '̄ '! '̄!
X3!0,0 ,2(" ' '̄ '! '̄!

ΓΓ ΓΓXX XXΚΚLL!!ΓΓ ΓΓXX XXΚΚLL!!ΓΓ ΓΓXX XXΚΚLL!!

E(k)E(k)

(a)(a) (c)(c)(b)(b)t / t =1.0t / t =1.0ee aa t / t =2.2t / t =2.2ee aa t / t =2.5t / t =2.5ee aa

FIG. 6. !Color online" Dispersions of jeff=1 /2 bands under
trigonal crystal field with ta" te. Here we have fixed %SO=4.0, ta
=0.5 but vary te. As te / ta increases the energy gap between the two
bands in the middle reduces. When te / ta#2.3 band inversion oc-
curs at the $ point and the system becomes metallic.
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FIG. 7. !Color online" Phase diagram as a function of the
strength of the local trigonal crystal field represented by te / ta. Note
that a metallic phase occurs when te / ta becomes larger than the
critical value of !te / ta"c!1. The red cross in the middle of two
strong topological insulators !STI" indicates the point where acci-
dental band touching occurs.
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POSSIBLE EXISTENCE OF SUBSTANCES INTERMEDIATE BETWEEN METALS AND 

DIELECTRICS 

A. A. ABRIKOSOV and S.D. BENESLAVSKII 

L. D. Landau Institute of Theoretical Physics 
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Zh. Eksp. Teor. Fiz. 59, 1280-1298 (October, 1970) 

The question of the possible existence of substances having an electron spectrum without any energy 
gap and, at the same time, not possessing a Fermi surface is investigated. First of all the question 
of the possibility of contact of the conduction band and the valence band at a single point is investiga-
ted within the framework of the one-electron problem. It is shown that the symmetry conditions for 
the crystal admit of such a possibility. A complete investigation is carried out for points in recipro-
cal lattice space with a little group which is equivalent to a point group, and an example of a more 
complicated little group is considered. It is shown that in the neighborhood of the point of contact the 
spectrum may be linear as well as quadratic. 

The role of the Coulomb interaction is considered for both types of spectra. In the case of a linear 
dispersion law a slowly varying (logarithmic) factor appears in the spectrum. In the case of a quad-
ratic spectrum the effective interaction becomes strong for small momenta, and the concept of the 
one-particle spectrum turns out to be inapplicable. The behavior of the Green's functions is deter-
mined by similarity laws analogous to those obtained in field theory with strong coupling and in the 
neighborhood of a phase transition point of the second kind (scaling). Hence follow power laws for 
the electronic heat capacity and for the momentum distribution of the electrons. 

1. INTRODUCTION 

0 NE of the basic assumptions of the Landau lll theory 
of a Fermi liquid is the relationship, according to which 
the limiting momentum of the excitations in an isotropic 
Fermi liquid is determined in the same way as in a gas, 
by the density of the atoms in the liquid, i.e., 
Po = (3JT1l) 113 (where n is the density of particles). Ac-
cording to the work of Luttinger and Ward, laJ with a 
certain amount of alteration this theorem is also appli-
cable to the electronic liquid in metals. Namely, it 
turns out that the total volume, bounded by all Fermi 
surfaces, determines the density of the electrons: 

n = 2(2n)-'(pV, + VF), 

where Vo denotes the volume of an elementary cell of 
the reciprocal lattice, p is an integer, and V F denotes 
the total volume inside all of the Fermi surfaces (from 
the side of smaller energies), referred to a single cell 
of the reciprocal lattice. 

It is not difficult to see that the cited relation is ex-
actly the same as for a noninteracting Fermi system in 
a periodic field. In view of the fact that Vo = (2JT) 3/v, 
where v is the volume of an elementary cell of the crys-
tal, the substance can be dielectric only when the num-
ber of electrons per elementary cell of the crystal is 
even. If in this case the substance nevertheless is a 
metal, then the number of holes must necessarily be 
equal to the number of electrons. For metals with an 
odd number of electrons per cell, on the other hand, 
such compensation cannot occur. 

In this connection the question arises whether sub-
stances can exist in nature which are neither genuine 
metals nor dielectrics in the sense that there are no 
free electrons in them, and at the same time no energy 
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gap is present. One can represent such a substance as 
the limiting case of a metal with a point Fermi surface. 
In the language of the theory of noninteracting particles 
in a periodic field, this corresponds to the case when a 
completely filled valence band touches a completely 
empty conduction band. Indications of the possible exis-
tence of such substances have recently appeared in the 
literature (gray tinl3l and mercury telluridel4l). 

In the present article the conditions under which a 
point Fermi surface may appear in a model of noninter-
acting electrons will be investigated, and the question of 
the influence of the Coulomb interaction of the electrons 
on the energy spectrum in the neighborhood of the 
Fermi point will be considered. 

In the case of interest to us, the maximum of the 
valence band must coincide with the minimum of the 
conduction band. In general an increased symmetry of 
the appropriate point of the reciprocal lattice favors de-
generacy of the energy levels, but it may also occur at 
accidental points. However, here somewhat more is re-
quired, namely, that this point simultaneously corre-
sponds to extrema of the two bands. The occurrence of 
such a situation at an accidental point is an improbable 
special case. In view of this we shall consider only 
"regular" cases, i.e., points of high symmetry. A com-
plete analysis is given in the case when the little group 
of the corresponding point is equivalent to the point 
group, and an example of a more complicated group is 
considered. It turns out that a "Fermi point" is possi-
ble in a whole series of different cases, where in the 
most typical cases the dispersion law in the vicinity of 
such a point will either be linear or quadratic. 

However, in general a model of noninteracting elec-
trons does not correspond to a real electronic liquid. 
In the case of an isotropic liquid with short-range inter-
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the label Dm, with m ∈ {1, . . . , 14}. Category labels
{D1, D2, . . .} appear in the captions of the associated
figures {10, 11, . . . }. Individual diagrams and their asso-
ciated amplitudes will be referred to by a category label,
a letter, and if necessary, a subscript Roman numeral.
We give two examples: D1(a) refers to the diagram la-
beled (a) in the left-hand column of Fig. 10 (category
D1), while D2(b)iii refers to the diagram labeled (iii) in
the right-hand column of Fig. 11 (category D2). Below
we examine each category of corrections in turn. We
also calculate the one loop renormalization of the sin-
gle particle density of states (DOS) ν(ω). Given the
rather large number of non-vanishing diagrams, we ex-
plain in detail the computation of only a handful of the
associated one loop corrections. The goal here is to il-
lustrate the process; calculation of the remaining dia-
grams is straight-forward, if time consuming. Explicit
frequency and Keldysh indices (using the same conven-
tions employed in Figs. 7 and 8) distinguish the diagrams
in Figs. 10–22 whose detailed evaluation is provided in
this section.

The key ingredients for the renormalization process are
the fast mode propagators Pλ, PA, PS, and PC, depicted
in Figs. 7(a)–(c), with the associated amplitudes provided
by Eq. (82), and the vertices V(θ) coupling together fast
and slow modes, with θ ∈ {a, b, c, . . .}, cataloged in Table
I and pictured in Fig. 8. Explicit formulae for the nec-
essary frequency-momentum shell loop integrations are
relegated to Appendix E.

1. Propagator with a twist

Before we begin, we need to introduce one additional
piece of diagrammatic notation. The basic diffuson prop-
agator Pλ, given by Eq. (82a), is represented as the thick
line segment shown in Fig. 7(a). As shown in Fig. 7(d)
and discussed in the paragraph below Eq. (83), each such
thick line segment can be thought of as a pair of coun-
terdirected thin lines, corresponding to the propagation
of a particle-hole pair. The constituent particle and hole
lines carry Keldysh and frequency indices that traverse
Pλ without mixing. In Fig. 9, we picture the same basic
diffuson propagator shown in Fig. 7(a), but with a twist
of the right end relative to the left. The twist is rep-
resented by the “∞” symbol. We will use this twisted
representation of Pλ whenever convenient to simplify the
2D diagrammatic representation of the one loop correc-
tions.

FIG. 9: Basic diffuson propagator Pλ [Fig. 7(a) and Eq. (82a)]
with a twist.

FIG. 10: Category D1: Diagrams renormalizing λA.

2. Renormalization of λA

Diagrams D1(a)–D1(c) appearing in Fig. 10 renor-
malize the disorder parameter λA. All three diagrams
shown in this figure pair together two copies of the stiff-
ness vertex V(a), using pairs of the disorder-only fast
mode propagators Pλ and PA. There are no undeter-
mined loop frequencies in these three diagrams, thanks,
e.g., to the propagator twists in D1(a); the associated
amplitudes therefore involve pure momentum shell inte-
grations, since all propagator frequency indices are slow.
[See Eq. (75) and Fig. 6.] We will compute D1(a) explic-
itly; the labels 1 → {ω1, a} and 3′ → {ω3, a′} in Fig. 10
represent external, slow frequencies (ω1, ω3) and Keldysh
indices (a, a′).

Using the Feynman rules, we find

D1(a) =
1

2!

!
−i

2λ

"2 #
ddq

(2π)d
Li a,a

S 1,1(q)Lj a′,a′

S 3,3 (−q) Ii,j
1

(89)
where i and j denote vector components, with the pure
momentum shell integration

Ii,j
1 =

#
d2k

(2π)2
(2k + q)i(−2k− q)j

×
$
∆a,a′

O (|ω1|, |ω3|,k)∆a,a′

O (|ω1|, |ω3|,k + q)
%

∼
−4δi,j

2h2

1

2D2(2π)

# Λ

eΛ

dx

x
=

−δi,jλ2

2π
2dl, (90)

up to irrelevant slow mode frequency (ω1, ω3)- and mo-
mentum (q)-dependent terms. On the last line of
Eq. (90), we have performed the change of integration
variables x ≡ Dk2, with D = 1/λh [Eq. (73)], and we
have used Eq. (88). Combining Eqs. (89) and (90), using
Eq. (87), and summing over slow mode frequency and
Keldysh indices, we obtain

D1(a) =

!
λ2 2dl

8πλA

"
λA

2λ2

#
ddr

$
Tr

&
Q̂†

S
∇Q̂

S

'%2
. (91)

D1(b) and D1(c) may be similarly evaluated; in fact,
these diagrams exactly cancel because of the directional
dependence of the stiffness vertex V(a) upon the loop
momenta—see Table I. Thus the complete λA renormal-
ization is given by Eq. (91).
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3. Renormalization of λ and h

The diagrams in category D2, Fig. 11, renormalize the
disorder parameter λ, proportional to the inverse dimen-
sionless DC conductance. D2(a)i–D2(a)iv, shown in the
left-hand column of Fig. 11, possess no undetermined
loop frequencies, and therefore involve pure momentum
shell integrations, similar to that in Eq. (90). In fact,
D2(a)i and D2(a)iii exactly cancel D2(a)ii and D2(a)iv,
due to the presence of twists in the latter diagrams and
the momentum-dependence of the stiffness vertex V(a)
[Table I].

On the other hand, the diagrams in the right-hand
column of Fig. 11 involve simultaneous frequency and
momentum loop integrations, and their sum indeed yields
a non-vanishing renormalization of λ.

Diagrams D2(b)i and D2(b)ii pictured in Fig. 11 give
identical contributions, and each involve two copies of the
stiffness vertex V(a), with one basic diffuson Pλ and one
interacting sector propagator PS + PC. We evaluate

D2(b)i =
2iξa′

(−i)2

2!(2λ)2

!
ddq

(2π)d
Li a,a′

S 1,2 (q)Lj a′,a
S 2,1 (−q) Ii,j

2 ,

(92)
where the frequency-momentum integral divides into two
pieces

Ii,j
2 ≡ Ii,j

2 S
+ Ii,j

2 C
, (93)

corresponding to the PS and PC components of the in-
teraction sector propagator, respectively. In the former

FIG. 11: Category D2: Diagrams renormalizing λ.

case, up to irrelevant terms we have

Ii,j
2 S

=

!
dωα d2k

(2π)3
(2k)i(2k)jΓs(sα − s2)(s2 − sα)

×
"
∆a,a′

O (0, |ωα|,k)∆a′

S (|ωα|,k)∆a′,a′

O (|ωα|, 0,k)
#

=
−42Γsδi,j

2h3

!

ωα>0

dωα d2k

(2π)3

$
k2[Dk2 − iξa′

ωα]−2

×[Dk2 − i(1 − γs)ξ
a′

ωα]−1
%

.

(94)

The factor (sα−s2)2 appearing in the first line of Eq. (94)
is inherited from PS, which projects onto the propagator
channel purely off-diagonal in sgn(ω) space [see Eq. (82c)
and the discussion below Eq. (80b)]. Eq. (94) yields a re-
sult independent of the slow frequency ω2, so we may take
sgn(ω2) < 0 without loss of generality. As a consequence,
the only effect of the aforementioned “projection factor”
in Eq. (94) is the restriction of the loop frequency inte-
gration to the half space ωα > 0, indicated on the third
line of this equation. Following a change of variables,
Eq. (94) gives

Ii,j
2 S

=
−42Γsδi,j

2h3
J3

&&&
ξa′

; (1 − γs)ξ
a′'''

= −
−iξa′

δi,jλ2

4π
2dl

(
1 +

1 − γs

γs
ln(1 − γs)

)
. (95)

The frequency-momentum shell integral J3(z; z′) in
Eq. (95) is defined and evaluated in Appendix E
[Eq. (E6)]. The CDW channel contribution Ii,j

2 C
to

Eq. (93) may be similarly computed, using the propaga-
tor PC, and working only to lowest order in Γc [i.e. ignor-
ing the logarithmic denominator, Eq. (86), in Eq. (82d)].
Using Eq. (87), and summing the identical contributions
from D2(b)i and D2(b)ii, one finds

D2(b)i + D2(b)ii

=

*
λ 2dl

4π

+ (
1 +

1 − γs

γs
ln(1 − γs) −

γc

2

)

×
1

2λ

!
ddrTr

"
∇Q̂†

S
· ∇Q̂

S

#
. (96)

If we set γc = 0 in Eq. (96), the remainder is recognized
as the usual correction to the “dimensionless DC resis-
tance” λ in the presence of short-ranged density-density
interparticle interactions.2,62,63,64

The computation of the final two diagrams D2(b)iii and
D2(b)iv in Fig. 11 is more complicated, as each graph in-
volves two loop frequency integrations. We will demon-
strate the evaluation of diagrams involving two [D6(a)iii]
and three [D6(a)v] frequency loops appearing in Fig. 15,
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FIG. 12: Category D3: Diagrams renormalizing h.

below. Here, we simply give the result for the sum

D2(b)iii + D2(b)iv =

!
−λ 2dl

4π

" #
2 +

2 − γs

γs
ln(1 − γs)

$

×
1

2λ

%
ddrTr

&
∇Q̂†

S
· ∇Q̂

S

'
.

(97)

Obtaining this result requires the use of the integral for-
mulae given by Eqs. (E5) and (E13) of Appendix E. We
demonstrate shortly that the “anomalous” amplitude in
Eq. (97) is precisely canceled by other diagrams.

We turn now to the renormalization of h by the dia-
grams in Fig. 12. D3(a) and D3(b) prove easy to eval-
uate, involving only the associated symmetry-breaking
vertex V(b), fused with the propagators PA and PS + PC,
respectively. D3(a) involves a pure momentum shell
integration, while D3(b) requires the integral J1(z, z′),
Eq. (E4). The result is

D3(a) + D3(b) =

!
−2dl

8π

"
{λA + λ [ln(1 − γs) + γc]}

× ih

%
ddrTr

&
|ω̂|ξ̂3 (Q̂†

S
+ Q̂

S
)
'
.

(98)

Diagrams D3(c)–D3(e) are as simple to evaluate, but the
sum of the associated amplitudes gives zero.

To complete the renormalization of λ and h, we must
compute the graphs pictured in Fig. 13. These diagrams
represent frequency-momentum integrations quadrati-
cally divergent in momentum; evaluation of the required
integrals produces terms zeroth and first order in the
energy cutoff Λ; the latter are presumably canceled by
the measure, although we have not checked this in de-
tail. D4(a) and D4(b) in Fig. 13 involve the crosspair-
ing of the interaction vertices V(c) and V(d), with both
non-interacting Pλ and interacting PS + PC propagator
components. These diagrams are quite lengthy to evalu-
ate, because they require two [D4(a)] and three [D4(b)]
frequency loop integrations, and necessitate Taylor ex-
pansions of the fast mode propagators in powers of the

FIG. 13: Category D4: Diagrams renormalizing λ and h.

external frequencies and momenta. Other diagrams with
multifrequency loop integrals will be tackled in detail in
Sec. IV A5, below. Here we merely quote the result

D4(a) + D4(b) = − D2(b)iii − D2(b)iv

+

!
λ 2dl

8π

"
[γs + ln(1 − γs)] ih

×
%

ddrTr
&
|ω̂|ξ̂3 (Q̂†

S
+ Q̂

S
)
'
.

(99)

In order to obtain Eq. (99), one employs the frequency-
momentum shell integral formulae given by Eqs. (E10),
(E11), (E14), and (E15). As promised, the “anomalous”
correction to λ obtained in Eq. (97) is completely can-
celed by the amplitude D4(a) + D4(b). In addition, we
pick up a crucial renormalization of h from Eq. (99).

4. Renormalization of the density of states ν(ω)

Before we treat the interparticle interaction parame-
ters ΓU and ΓV , we pause to consider the local scaling
operator

νa(ω, r) ≡
%

dω′

2π

&
Qa,a

ω,ω′(r) + Q†a,a
ω,ω′ (r)

'
. (100)

With the aid of Eq. (62), it can be seen that the expec-
tation value of νa(ω, r) in Eq. (100) represents a measure
of the disorder-averaged, coarse-grained, single particle
density of states (DOS) ν(ω) in the diffusive Fermi liq-
uid, with ω measured relative to the Fermi energy. [The
integral over the auxiliary frequency ω′ in Eq. (100) is
necessary to eliminate an energy-conserving delta func-
tion in this expectation.] The scaling behavior of ν(ω)
as a function of energy scale ω or system size L may
be determined through the renormalization of νa(ω, r).
Applying the Wilsonian background field decomposition
[Eqs. (69) and (71)] and the RG program [Eqs. (81),
(82) and Table I] of the previous section to Eq. (100),
one encounters the same diagrams responsible for part
of the renormalization of the frequency rescaling factor
h, graphs D3(a) and D3(b), pictured in Fig. 12. The
category D4 “interaction-interaction” diagrams shown in
Fig. 13, which provide a further renormalization of h
[Eq. (99)], do not appear in the computation of the scal-
ing dimension of νa(ω, r).
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FIG. 12: Category D3: Diagrams renormalizing h.

below. Here, we simply give the result for the sum

D2(b)iii + D2(b)iv =
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S

'
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Obtaining this result requires the use of the integral for-
mulae given by Eqs. (E5) and (E13) of Appendix E. We
demonstrate shortly that the “anomalous” amplitude in
Eq. (97) is precisely canceled by other diagrams.

We turn now to the renormalization of h by the dia-
grams in Fig. 12. D3(a) and D3(b) prove easy to eval-
uate, involving only the associated symmetry-breaking
vertex V(b), fused with the propagators PA and PS + PC,
respectively. D3(a) involves a pure momentum shell
integration, while D3(b) requires the integral J1(z, z′),
Eq. (E4). The result is

D3(a) + D3(b) =

!
−2dl

8π

"
{λA + λ [ln(1 − γs) + γc]}
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|ω̂|ξ̂3 (Q̂†

S
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S
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'
.
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Diagrams D3(c)–D3(e) are as simple to evaluate, but the
sum of the associated amplitudes gives zero.

To complete the renormalization of λ and h, we must
compute the graphs pictured in Fig. 13. These diagrams
represent frequency-momentum integrations quadrati-
cally divergent in momentum; evaluation of the required
integrals produces terms zeroth and first order in the
energy cutoff Λ; the latter are presumably canceled by
the measure, although we have not checked this in de-
tail. D4(a) and D4(b) in Fig. 13 involve the crosspair-
ing of the interaction vertices V(c) and V(d), with both
non-interacting Pλ and interacting PS + PC propagator
components. These diagrams are quite lengthy to evalu-
ate, because they require two [D4(a)] and three [D4(b)]
frequency loop integrations, and necessitate Taylor ex-
pansions of the fast mode propagators in powers of the

FIG. 13: Category D4: Diagrams renormalizing λ and h.

external frequencies and momenta. Other diagrams with
multifrequency loop integrals will be tackled in detail in
Sec. IV A5, below. Here we merely quote the result

D4(a) + D4(b) = − D2(b)iii − D2(b)iv

+

!
λ 2dl

8π

"
[γs + ln(1 − γs)] ih

×
%

ddrTr
&
|ω̂|ξ̂3 (Q̂†

S
+ Q̂

S
)
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In order to obtain Eq. (99), one employs the frequency-
momentum shell integral formulae given by Eqs. (E10),
(E11), (E14), and (E15). As promised, the “anomalous”
correction to λ obtained in Eq. (97) is completely can-
celed by the amplitude D4(a) + D4(b). In addition, we
pick up a crucial renormalization of h from Eq. (99).

4. Renormalization of the density of states ν(ω)

Before we treat the interparticle interaction parame-
ters ΓU and ΓV , we pause to consider the local scaling
operator

νa(ω, r) ≡
%

dω′

2π

&
Qa,a

ω,ω′(r) + Q†a,a
ω,ω′ (r)

'
. (100)

With the aid of Eq. (62), it can be seen that the expec-
tation value of νa(ω, r) in Eq. (100) represents a measure
of the disorder-averaged, coarse-grained, single particle
density of states (DOS) ν(ω) in the diffusive Fermi liq-
uid, with ω measured relative to the Fermi energy. [The
integral over the auxiliary frequency ω′ in Eq. (100) is
necessary to eliminate an energy-conserving delta func-
tion in this expectation.] The scaling behavior of ν(ω)
as a function of energy scale ω or system size L may
be determined through the renormalization of νa(ω, r).
Applying the Wilsonian background field decomposition
[Eqs. (69) and (71)] and the RG program [Eqs. (81),
(82) and Table I] of the previous section to Eq. (100),
one encounters the same diagrams responsible for part
of the renormalization of the frequency rescaling factor
h, graphs D3(a) and D3(b), pictured in Fig. 12. The
category D4 “interaction-interaction” diagrams shown in
Fig. 13, which provide a further renormalization of h
[Eq. (99)], do not appear in the computation of the scal-
ing dimension of νa(ω, r).
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We obtain the renormalization

⟨νa(ω, r)⟩Λ ∼⟨νa(ω, r)⟩eΛ

×
!!!

1 +
2dl

8π
{λA + λ [ln(1 − γs) + γc]}

"""

(101)

similar to the diagrammatic amplitude expressed in
Eq. (98). In Eq. (101), the symbols ⟨. . .⟩Λ and ⟨. . .⟩eΛ
denote the expectation value taken with respect to the
generating functional Z in Eq. (76), before and after the

elimination of the fast modes Y a,a′

ω,ω′ (k), respectively. In
Sec. IVB, we will use Eq. (101) to derive a flow equation
governing the scaling behavior of the DOS.

5. Renormalization of ΓU and ΓV

With the renormalization of the disorder-only sector
parameters λA, λ, and h complete, we now turn to the
(much more involved) renormalization of the interpar-
ticle interaction parameters ΓU and ΓV . It will prove
convenient to introduce a set of six slow mode opera-
tors {OU ,OU ,OV ,OX ,OX ,OY }, defined by the expres-
sions given in Table II. In this table, we have introduced
the following compact notation for the position and fre-

TABLE II: Slow mode operators that appear in the renor-
malization of the interaction parameters ΓU and ΓV (or
equivalently, Γs and Γc). The operators in this table are
summed over Keldysh species index (a), integrated over
position space (r), and integrated over frequency indices
{1, 2, 3, 4} → {ω1, ω2, ω3, ω4}; we have used the compact nota-
tion introduced in Eq. (102) for this integration. In the inter-
acting sector of the pure slow mode FNLσM action, Eq. (78),
the sum OU + OU couples to the same-sublattice interaction
strength ΓU , while OV couples to the intersublattice interac-
tion constant ΓV . The operators OX , OX , and OY do not
correspond to terms occuring in the original FNLσM action
[Eq. (67), after the saddle point shift in Eq. (65)], but are gen-
erated at intermediate steps in the renormalization process.

OU
P
a

iξa
R

1,2,3,4

ddr s1s3δQ
a,a
S 1,2δQ

a,a
S 3,4

OU
P
a

iξa
R

1,2,3,4

ddr s2s4δQ
† a,a
S 1,2δQ† a,a

S 3,4

OV
P
a

iξa
R

1,2,3,4

ddr 2s2s3δQ
† a,a
S 1,2 δQa,a

S 3,4

OX
P
a

iξa
R

1,2,3,4

ddr δQa,a
S 1,2δQ

a,a
S 3,4

OX
P
a

iξa
R

1,2,3,4

ddr δQ† a,a
S 1,2 δQ† a,a

S 3,4

OY
P
a

iξa
R

1,2,3,4

ddr 2δQ† a,a
S 1,2δQa,a

S 3,4

FIG. 14: Category D5: Diagrams renormalizing ΓU .

quency space integral
#

dω1

2π

dω2

2π

dω3

2π

dω4

2π
ddr δ1+3,2+4 ≡

#

1,2,3,4

ddr. (102)

Operators OU + OU and OV correspond to terms in the
original FNLσM action, Eq. (67) [after the saddle point
shift in Eq. (65), with the replacement Q̂ → 1̂ + δQ̂S, as
in Eq. (78)], coupling to the same-sublattice and inter-
sublattice interaction strengths ΓU and ΓV , respectively.
The last three operators listed in Table II are new; they
do not correspond to terms appearing in Eq. (67). The
structures possessed by the operators OX , OX , and OY

closely parallel those of OU , OU , and OV , with a cru-
cial difference: the former lack the frequency-dependent
vertex factors s1s3 → sgn(ω1) sgn(ω3), etc., appearing in
the latter. We will see that OX , OX , and OY are gener-
ated at intermediate steps in the RG process; in order for
the theory to be renormalizable, these terms must com-
pletely cancel upon summing all one-loop diagrammatic
amplitudes. We will show that this indeed occurs.65

We consider first diagrams that (nominally) renormal-
ize the same-sublattice interaction strength ΓU , corre-
sponding to operators OU and OU in Table II. We begin
with the category D5 diagrams pictured in Fig. 14. The
elements of these diagrams include single copies of the
V(g) and V(h) vertices, and one of each “flavor” of the
propagator components Pλ, PA, and PS + PC. Diagrams
D5(a)i and D5(a)ii yield simple pure momentum shell in-
tegrations, with the result

D5(a)i + D5(a)ii =

$
(λ − λA)2dl

4π

%
ΓUOU . (103)

D5(a)iii involves an undetermined loop frequency; we
evaluate this diagram explicitly. Note that in provid-
ing the frequency labels for the single fermion lines in
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D5(a)iii, Fig. 14, we have neglected irrelevant small shifts
of the loop frequency α → ωα by the slow mode fre-
quencies {1, 3} → {ω1, ω3}, necessary for strict energy
conservation. We have

D5(a)iii =
(2iξa)2

2!
δ1+3,2+4 ΓU

!
ddr δQa,a

S 1,2δQ
a,a
S 3,4 I3,

(104)
where the frequency-momentum integral divides into the
pieces

I3 ≡ I3 S + I3 C. (105)

We calculate I3 C; up to irrelevant terms,

I3 C =

!
dωα d2k

(2π)3
(−s2

α)Γc(s1 + sα)(s3 − sα)

× [∆a,a
O (0, |ωα|,k)]2 . (106)

PC yields the projection factor (s1 + sα)(s3 − sα) in
Eq. (106); this factor gives a non-zero contribution only
for s1 = −s3 = sα. We therefore obtain

I3 C =
Γc(s1 − s3)2

h2

!

ωα>0

dωα d2k

(2π)3
[Dk2 − iξaωα]−2

=
Γc(s1 − s3)2

h2
J0(ξ

a) =
λiξa 2dl

32π
γc(s1 − s3)

2, (107)

where we have used Eqs. (85) and (E3). Evaluating I3 S

[Eq. (105)], in a similar fashion using Eq. (E4), and com-
bining this with Eqs. (104) and (107), we find the result

D5(a)iii =

"
λ 2dl

8π

#
[γc−ln(1−γs)]ΓU (OU −OX) (108)

The amplitude in Eq. (108) renormalizes the same sub-
lattice interaction operator OU ↔ ΓU , but also generates
its “evil twin,” OX , which does not appear in the original
theory [Eqs. (66) and (67)].

The amplitudes for D5(b)i–D5(b)iii mirror those found
in Eqs. (103) and (108):

D5(b)i + D5(b)ii =
(λ − λA)2dl

4π
ΓUOU , (109)

and

D5(b)iii =

"
λ 2dl

8π

#
[γc − ln(1 − γs)]ΓU

$
OU −OX

%
.

(110)
We next direct our attention to the large array of

diagrams shown in Fig. (15), denoted as category D6.
Diagrams in subcategory D6(a) [D6(b)] pair together
two copies of the vertex V(c) [V(d)]. Moreover, as
suggested by the figure, diagrams D6(a)m and D6(b)m,
with m ∈ {i, . . . , vi}, give structurally similar results that
renormalize same-sublattice [Eq. (62)] local operators in-
volving δQa,a

S 1,2δQ
a,a
S 3,4 (OU or OX) and δQ† a,a

S 1,2δQ
† a,a
S 3,4 (OU

or OX), respectively. We therefore evaluate the subcat-
egories D6(a) and D6(b) simultaneously.

FIG. 15: Category D6: Diagrams renormalizing ΓU .

D6(a)i and D6(b)i each possess a single frequency loop,
which may be evaluated using Eq. (E3), giving the results

D6(a)i =

"
−λ 2dl

8π

#

× [ΓU (γs + γc)OU + ΓV (γs − γc)OX ] , (111)

and

D6(b)i =

"
−λ 2dl

8π

#

×
&
ΓU (γs + γc)OU + ΓV (γs − γc)OX

'
. (112)

D6(a)ii and D6(a)iii give identical contributions. We
evaluate D6(a)iii as an example of a diagram with two
frequency loop integrations over α → ωα and β → ωβ.
Using the Feynman rules, we have

D6(a)iii =
(2iξa)3

2!
δ1+3,2+4

!
ddr δQa,a

S 1,2δQ
a,a
S 3,4 I4,

(113)
where the frequency-momentum integral again separates
into

I4 ≡ I4 S + I4 C, (114)

corresponding to the PS and PC components of the in-
teraction sector propagator in D6(a)iii, Fig. 15. We first
compute I4 S; up to irrelevant terms one finds

I4 S =

!
dωα dωβ d2k

(2π)4
Γs(s1 − sα)(sα+β − sβ)s2

α

× (ΓUs3 − ΓV sα)(ΓUsβ − ΓV sα+β)

× [∆a,a
O (0, |ωα|,k)]2 ∆a

S(|ωα|,k). (115)
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which may be evaluated using Eq. (E8):

I S
5 S =

4Γ4
s

π2h4
(s1 + s3)

2J5

!!!
ξa; (1 − γs)ξ

a
"""

=
−λiξa2dl

128π
(s1 + s3)

2

× Γs

#
γs

$
2 − γs

1 − γs

%
+ 2 ln(1 − γs)

&
. (126)

Combining Eqs. (122) and (126), the resulting ampli-
tude for D6(a)v is

D6(a)v =

$
−λ 2dl

8π

%
Γs

#
γs

$
2 − γs

1 − γs

%
+ 2 ln(1 − γs)

&

× (OU + OX) . (127)

Similarly, we find

D6(b)v =

$
−λ 2dl

8π

%
Γs

#
γs

$
2 − γs

1 − γs

%
+ 2 ln(1 − γs)

&

×
!
OU + OX

"
. (128)

Finally we give the results for the last two diagrams in
Fig. 15,

D6(a)vi =

$
λ 2dl

8π

% '
Γs

#
γs

$
2 − γs

1 − γs

%
+ 2 ln(1 − γs)

&

−Γc

#
ln(1 − γs) + γs +

γ2
s

2

&(

× (OU −OX) , (129)

and

D6(b)vi =

$
λ 2dl

8π

% '
Γs

#
γs

$
2 − γs

1 − γs

%
+ 2 ln(1 − γs)

&

−Γc

#
ln(1 − γs) + γs +

γ2
s

2

&(

×
!
OU −OX

"
. (130)

Obtaining these results requires the use of Eqs. (E8) and
(E10).

The diagrams in category D7, Fig. 16, nominally renor-
malize the intersublattice interaction strength ΓV , corre-
sponding to the operator OV in Table II. The computa-
tion of these graphs closely parallels the results we have
obtained above in Eqs. (103), (108)–(112), (118)–(121),
and (127)–(130). We therefore summarize only the re-
sults:

D7(a)i =
λA 2dl

4π
ΓV OV , (131)

D7(a)ii =

$
λ 2dl

8π

%
[γc+ln(1−γs)]ΓV (OV + OY ) , (132)

D7(a)iii =

$
λ 2dl

8π

%
[ΓV (γs − γc)OV − ΓU (γs + γc)OY ] ,

(133)

FIG. 16: Category D7: Diagrams renormalizing ΓV .

D7(b)i + D7(b)ii =

$
−λ 2dl

4π

%
[γs + ln(1 − γs)]

× (ΓV OV − ΓUOY ) , (134)

D7(b)iii =

$
λ 2dl

8π

% '
Γs[γs + ln(1 − γs)] + Γc

γ2
s

2

(

× (OV + OY ) , (135)

D7(b)iv =

$
λ 2dl

8π

%
Γs

#
γs

$
2 − γs

1 − γs

%
+ 2 ln(1 − γs)

&

× (OV −OY ) , (136)

and finally

D7(b)v =

$
−λ 2dl

8π

% '
Γs

#
γs

$
2 − γs

1 − γs

%
+ 2 ln(1 − γs)

&

+Γc

#
ln(1 − γs) + γs +

γ2
s

2

&(

× (OV + OY ) . (137)

Note that in Eqs. (132)–(137), we obtain both the renor-
malization of the operator OV ↔ ΓV , as well as the gen-
eration of the unwanted term OY , just as we had the
generation of OX and OX in the discussion of OU and
OU renormalization, above.

Additional diagrams renormalizing the interparticle in-
teraction strengths appear in Figs. 17–22; these will be
discussed in the next subsection. Let us first pause to
take stock of the results so far obtained. We will sum
the amplitudes of all three diagram categories evaluated
in this subsection, using the category symbols D5, D6,
and D7 to denote the associated sums. We express our
results in terms of the interaction parameters Γs and Γc,
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defined via Eq. (64), as well as the relative versions γs

and γc, introduced in Eq. (85). We drop terms higher
than first order in Γc (or γc). A large number of non-
trivial cancelations occur, and the results for D5 + D6
and D7 prove quite simple.

Summing categories D5 and D6, Eqs. (103), (108)–
(112), (118)–(121), and (127)–(130), we find

D5 + D6

=

!
−2dl

8π

" #
2 (λA − λ) (Γs + Γc)

$ %
OU + OU

&

+

!
−2dl

8π

" '
2λΓsγs

1 − γs

( %
OX + OX

&
. (138)

Summing the diagrams in category D7, Eqs. (131)–(137),
we obtain

D7 =

!
−2dl

8π

" #
− 2λA(Γs − Γc)

$
OV

+

!
−2dl

8π

" '
2λΓsγs

1 − γs

(
OY . (139)

In the partial results given by these equations, observe
the almost complete cancelation of all “junk” terms in-
volving the operators OX , OX , and OY , not present in
the original FNLσM action [Eqs. (66) and (67)]. In fact,
the remaining terms proportional to OX + OX and OY

in Eqs. (138) and (139), respectively, exactly cancel, up
to terms fourth order in the slow mode fluctuations δQ̂

S

and δQ̂†
S
. To see this, we use Eqs. (69) and (70) to write

δQ̂
S

+ δQ̂†
S

= −δQ̂
S
δQ̂†

S
. (140)

Repeated applications of Eq. (140) prove the identifica-
tion

OY = −
%
OX + OX

&
+

)
δQ̂

S
δQ̂†

S

*2
. (141)

Thus, to our working order in the slow mode fields, the
FNLσM appears (so far) to be renormalizable.66 We must
complete the one-loop calculation to verify this.

6. (Further) renormalization of Γs and Γc

The interaction sector renormalizations described by
the remaining diagrams in Figs. 17–22 are most com-
pactly stated in terms of corrections to the linear com-
binations Γs and Γc [Eq. (64)], which couple to the slow
mode operators

Os ≡ OU + OU + OV ,

and

Oc ≡ OU + OU −OV , (142)

FIG. 17: Category D8: Diagrams renormalizing Γs = ΓU +ΓV
2

.

respectively [Eq. (78)]. We choose now to quicken our
pace, providing calculational details only when substan-
tially different from those presented in the previous sub-
section.

Category D8 diagrams are shown in Fig. 17. Diagrams
in subcategory D8(a) involve vertices V(j) and V(k), with
propagator components PA and PS+PC. The sum of these
four graphs gives

D8(a) =

!
−2dl

8π

"
{2λA + 2λ [γc + ln(1 − γs)]}

× (ΓsOs + ΓcOc) . (143)

FIG. 18: Category D9: Diagrams renormalizing Γs = ΓU +ΓV
2

.
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The diagrams in subcategory D8(b) each pair together
two copies of the vertex V(e), with various combinations
of the propagator components Pλ and PS + PC. Graphs
D8(b)i–D8(b)vi each encompass two frequency loops,
and their evaluation proceeds along the lines of D6(a)iii
[Eqs. (113)–(118)]. Diagrams D8(b)v and D8(b)vi involve
three frequency loops a la Eq. (124), but their amplitudes
precisely cancel. The sum of all six graphs in D8(b) gives

D8(b) =

!
λ 2dl

8π

" #
2Γcγ

2
s

$
Os. (144)

The eight diagrams in category D9, pictured in Fig. 18,
represent only two discernable amplitudes. These dia-
grams also involve two copies of the vertex V(e), with
the λA propagator component PA in combination with
Pλ or PS + PC. The four graphs in subcategory D9(a)
each give identical contributions, with the sum

D9(a) =

!
λA 2dl

8π

"
ΓsγsOs. (145)

Likewise, each of the four diagrams in subcategory
D9(b) gives the same amplitude. Each of these graphs
involves two undetermined frequency loops. We evalu-
ate D9(b)i explicitly, because the structure of the two
frequency loop integration is quite different from that of
Eq. (115), studied in the previous subsection. Using the
Feynman rules, we write

D9(b)i =
2(iξa)3

2!

!
−λAΓ2

s

λ2

"
δ1+3,2+4

×
%

ddr
&
(s1δQ

a,a
S 1,2 + s2δQ

† a,a
S 1,2)

×(s3δQ
a,a
S 3,4 + s4δQ

†a,a
S 3,4)

'
I6. (146)

In this equation, note that both of the two V(e) vertices
contribute only the portions of the associated vertex am-

FIG. 19: Category D10: Diagrams renormalizing
Γs = ΓU+ΓV

2
.

plitudes [Table I] proportional to Γs; all other terms van-
ish. The integral I6 separates into parts

I6 ≡ I6 S + I6 C, (147)

corresponding to interacting propagator components PS

and PC, respectively. From the figure, and given the
structure of PS, Eq. (82c), it can be seen that I6 S = 0.
On the other hand, I6 C may be written

I6 C =

%
dωα dωβ d2k

(2π)4
Γc(2sα)2(2sβ)2k2

×
&
∆a,a

O (|ωα|, |ωα|,k)∆a,a
O (|ωβ|, |ωβ |,k)

'2
. (148)

Distinct from the two frequency loop integration previ-
ously evaluated, Eq. (115), the propagator kernels ∆O in
Eq. (148) depend upon either of the two loop frequencies
ωα or ωβ . Eq. (148) should be understood as an integra-
tion over the full frequency-momentum shell, Eq. (75),
pictured in Fig. 6, in the space (|ωα|, |ωβ|, Dk2). It may
be evaluated using Eq. (E12):

I6 C =
26 Γc

h4
J9(2ξa) =

−λ22dl

π(πh)2
Γc. (149)

Summing identical contributions from all four diagrams
in D9(b), we obtain

D9(b) =

!
−λA 2dl

8π

" #
2Γcγ

2
s

$
Os. (150)

The eight category D10 diagrams depicted in Fig. 19
pair V(e) with the other “triangular” interaction vertices,
V(c) and V(d). The evaluation of these graphs proceeds
as in Sec. IV A5; we give only the result for the entire
category:

D10 =

!
−2dl

8π

"
Γs

(
λ [2γc − 2 ln(1 − γs)] − 4λAγc

)
Os.

(151)

Categories D11 and D12 appear in Figs. 20 and 21,
respectively. The diagrams in these categories share the
same structural elements as those in D10, but there is no
net contribution to the RG from either D11 or D12. The
graphs in Fig. 20 cancel pairwise:

D11(a)i + D11(a)ii = D11(a)iii + D11(a)iv
= D11(b)i + D11(b)ii
= D11(b)iii + D11(b)iv
= 0. (152)

The individual diagrams in category D12 correspond to
the generation of new operators, not present in the orig-
inal FNLσM action [Eqs. (66) and (67)]. Fortunately,
their sum gives zero [up to terms O(δQ̂3

S), whose cance-
lation we have not checked in detail].

Finally, we evaluate the single diagram in D13, Fig. 22.
In this figure, two copies of the vertex V(f) are connected
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FIG. 20: Category D11: Diagrams renormalizing
Γs = ΓU+ΓV

2
.

by a single, basic diffuson propagator Pλ. D13 is unique
among the graphs presented in this paper, in that it in-
volves a pure frequency loop integration, since the mo-
mentum carried by Pλ between the slow mode fields at
the vertices is necessarily slow. We will see that D13
drives the CDW instability in the clean limit, λ, λA → 0.
Such a contribution appears naturally in the frequency-
momentum shell RG, but not in a pure momentum shell
scheme.2,3,59,60 Using the Feynman rules, we write

D13 =
(2ξa)2

2!
δ1+3,2+4Γ

2
c

×
!

ddr
"
(s1δQ

a,a
S 1,2 − s2δQ

† a,a
S 1,2)

×(s3δQ
a,a
S 3,4 − s4δQ

†a,a
S 3,4)

#
I7. (153)

In writing the amplitude for D13, Eq. (153), we have ex-
actly the opposite of the situation we had with D9(b)i,
Eq. (146): both of the two V(f) vertices in Eq. (153) con-
tribute only the portions of the associated vertex ampli-
tudes [Table I] proportional to Γc; all other terms vanish.

FIG. 21: Category D12: Additional non-zero diagrams, which
cancel in pairs. Contributions from individual diagrams cor-
respond to the generation of local operators not present in
the original model.

FIG. 22: Category D13: Diagram renormalizing
Γc = ΓU−ΓV

2
.

The pure frequency integral I7 may be evaluated as

I7 =

!
dωα

2π
(2sα)2∆a,a

O (|ωα|, |ωα|,q)

=
4

πh

! Λ

eΛ
dωα

$
Dq2 − 2iξaωα

%−1

≈
4iξa

2πh
2dl. (154)

Combining Eqs. (153) and (154), we obtain the result

D13 = Γcγc 2dlOc. (155)

This expression is second order in Γc, but zeroth order in
the disorder strength λ.

B. Dimensional analysis

We obtain the flow equations for the FNLσM parame-
ters in the usual way, by re-exponentiating the diagram-
matic corrections derived in the previous subsection and
subtracting them from the pure slow mode action SS,
Eq. (78), and by rescaling position r and time t via

r → br, (156a)

t → bzt, (156b)

where b ≈ 1 + dl is the change in length scale, and z
is the so far undetermined dynamic critical exponent.
Equivalently, Eq. (156) implies that momentum k carries
the engineering dimension

[k] = 1, (157)

while frequency ω carries the (possibly scale dependent)
dimension

[ω] = z, (158)

both stated in inverse length units. Similar analysis of
the FNLσM action, Eqs. (58) and (59) [or (66) and (67)],
gives the engineering dimensions of the field matrix ele-
ments

[Qa,a′

ω,ω′(r)] = −z, [Qa,a′

t,t′ (r)] = z, (159)

and of the model coupling constants,

[λ] = [λA] = 2 − d, (160a)

[h] = [Γs] = [Γc] = d − z, (160b)
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FIG. 3. a) The main panel shows the resistivity, and field cooled (FC) and zero field cooled (ZFC)
susceptibilities for Eu-227, while the insert the spontaneous muon oscillation frequency. Data adapted
from Refs. 80 and 81. b) Phase diagram for the pyrochlore iridates R-227 based on transport and
magnetism measurements. (This is a supplemented and modified version of the diagram found in Ref. 78.)
The R-elements that do not have a local magnetic moment are emphasized in bold magenta. The only
non-lanthanide, R = Y, is denoted by a square.

manifold. Therefore, the SOC � splits the t
2g

spinful manifold into a higher energy J
e↵

= 1/2

doublet and a lower J
e↵

= 3/2 quadruplet. In an ionic picture, since Ir4+ has 5 d-electrons, the

J
e↵

= 1/2 doublet is half-filled, and only this orbital is involved in the low energy electronic

structure. More generally, if trigonal splitting is included, the J
e↵

= 3/2 levels are split and mixed

with the J
e↵

= 1/2 ones. In the general case, there is a highest Kramers doublet, whose character

varies with the ratio of SOC to trigonal splitting, between a J
e↵

= 1/2 doublet and a S = 1/2 one.

A band structure view is complementary to the ionic picture as we now discuss. If only the

highest doublet is involved, we expect 4 two-fold degenerate bands near the Fermi energy, as

there are 4 Ir per unit cell. As discussed by Wan et al.

46 and Yang et al.,51 it is instructive to

consider their structure at the � point. Due to cubic symmetry, the 8 Bloch states at this point

decompose into 2 two-dimensional irreducible representations (irreps) and 1 four-dimensional irrep.

By electron counting, these bands should be half-filled, so that if the order of these irreps, in terms

of degeneracies, is 2-2-4 or 4-2-2, a band insulating state may occur, while if the order is 2-4-2,

the 4-dimensional irrep must be half-filled and hence the system cannot be gapped at the band

structure level (see the lowest panel of Figure 5(b)). The former situation was obtained by Ref. 7

based on a phenomenological but ad-hoc Hubbard model for small U . They found a transition from

a semi-metallic ground state to a TI one with increasing the ratio of SOC to hopping. Subsequently,

by ab initio methods, Wan et al. found46 the latter, 2-4-2, ordering of irreps in Y-227. In this case,

a TI is impossible, but other topological phases can occur with increasing correlations. For those
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=0.09 the T valence band clears the Ls valence band, and the
alloy is a direct-gap semiconductor at the L points. As x is
increased further, the gap increases until its maximum value
of order 30 meV at x=0.18. At that point, the valence band at
H crosses the Ls valence band. For x!0.22, the H band
crosses the La conduction band, and the alloy is again a
semimetal.

Since the inversion transition between the Ls and La bands
occurs in the semimetal phase adjacent to pure bismuth, it is
clear that the semiconducting Bi1−xSbx alloy inherits its to-
pological class from pure antimony and is thus a strong to-
pological insulator. Of course, this conclusion is predicated
on a “virtual-crystal approximation! in which the disorder
due to the random mixture is ignored, so that inversion sym-
metry is preserved in the alloy. However, since this inherent
disorder does not destroy the bulk energy gap, it is unlikely
to change the topological class, which does not require in-
version !or translation" symmetry. We thus conclude that in-
trinsic Bi1−xSbx, despite its bulk energy gap, will have con-
ducting surface states, which form a topological metal.

Semiconducting Bi1−xSbx alloys have been studied experi-
mentally because of their thermoelectric properties, which
make them desirable for applications as thermo-
couples.43,48–50 Transport studies have been carried out both
on bulk samples43 and epitaxial thin films.49 For T!50 K,
semiconducting behavior is observed, while at lower tem-
peratures, the resistivity saturates at a value in the range
5–50 "#m. This observed residual resistivity is probably
too small to be explained by surface states. It has been at-
tributed to residual charged impurities,43 which act as shal-
low donors, making the alloy slightly n type. In order to
separate the surface properties from the bulk transport, it will
be necessary either to improve the purity of the samples or
perhaps use gating in a heterostructure to push the Fermi
energy into the gap.

B. Gray tin and mercury telluride

Tin is a group-IV element, which in its $ !or gray" phase
has the inversion symmetric diamond structure. Unlike car-
bon, silicon, and germanium, though, it is a zero gap semi-
conductor, in which the ordering of the states at the
conduction- and valence-band edge is inverted #see Fig.
6!a"$.51,52 The Fermi energy lies in the middle of a fourfold

degenerate set of states with %8
+ symmetry, which can be

derived from p states with total angular momentum j=3/2.
The fourfold degeneracy at the %8

+ point is a consequence of
the cubic symmetry of the diamond lattice. Applying uniaxial
strain lifts this degeneracy into a pair of Kramers doublets
and introduces an energy gap into the spectrum.53 For pres-
sures of order 3&109 dyn/cm2, the induced energy gap is of
order 40 meV. We now argue that this insulating phase is, in
fact, a strong topological insulator.

Table V shows the symmetry labels for unstrained $-Sn
associated with the four occupied valence bands at the eight
time-reversal invariant momenta.54 Uniaxial strain lowers the
symmetry, so the cubic symmetry labels no longer apply.
However, since the strain does not violate inversion symme-
try, the parity eigenvalues are unchanged. The only effect is
to split the degeneracy of the %8

+ level into two sets of even-
parity Kramers doublets #see Fig. 6!b"$. In Table V, %8

+* re-
fers to the occupied doublet. Based on the parity eigenvalues,
we conclude that strained gray tin is a strong topological
insulator.

HgTe is a II-VI material with the zinc-blende
structure.52,55 It is a zero gap semiconductor with an elec-
tronic structure closely related to gray tin. The Fermi energy
is in the middle of the fourfold degenerate %8 states, whose
degeneracy follows from the cubic symmetry of the zinc-
blende lattice. As in gray tin, uniaxial strain lifts this degen-
eracy and opens a gap at the Fermi energy.

Though HgTe lacks inversion symmetry, we now argue
based on adiabatic continuity that the gap induced by
uniaxial strain leads to a strong topological insulator. The
electronic structure of II-VI materials can be understood by
adding an inversion symmetry-breaking perturbation to a in-
version symmetric group-IV crystal.52,56 Provided that this
perturbation does not lead to any level crossings at the Fermi
energy, we can conclude that the II-IV material is in the same

FIG. 5. Schematic representation of band energy evolution of
Bi1−xSbx as a function of x. Adapted from Ref. 43.

FIG. 6. !a" Band structure of $-Sn near the % point, which
describes zero gap semiconductor due to the inverted %8

+ and %7
−

bands. !b" In the presence of uniaxial strain, the degeneracy at % is
lifted, opening a gap in the spectrum. The parity eigenvalues remain
unchanged.

TABLE V. Symmetry labels for the four valence bands of gray
tin at eight time-reversal invariant momenta, according to Ref. 54.

1% %6
+ %7

+ %7
− %8

+* '

3X 2X5 2X5v (

4L L6
− L6

+ L6v
− L45

− '

Z2 Class !1;000"

TOPOLOGICAL INSULATORS WITH INVERSION SYMMETRY PHYSICAL REVIEW B 76, 045302 !2007"

045302-13

Fu-Kane 2007

as has been observed by 
Molenkamp in HgTe



Perturbations

LAB

TI

strain

Pressure/Strain effect on Pyrochlore

• Pressure/Strain along (111) direction  

• Cubic -> Rhombohedral symmetry 

• Compressive pressure (in-plane tensile strain) 
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will make Pr2Ir2O7 a topological insulator!
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• Striking Pr2Ir2O7 experiments

Usually, the AHE arises in ferromagnets because the spontaneous
magnetization breaks the TRS macroscopically even in the absence of
applied magnetic field. The dominant part of the AHE in moderately
dirty ferromagneticmetals can be captured by the band-intrinsicmech-
anism4,16. The adiabatic motion of electrons under an electric field E
(ref. 17) acquires the Berry phase18 because of the relativistic spin-orbit
interaction and the net spin polarization. This phase acts as a mac-
roscopic fictitious magnetic field b that bends the orbital motion of
electrons like the Lorentz force does due to a realmagnetic fieldB. Thus,
it causes theAHEcharacterizedby a finiteHall conductivitysHatB5 0.

In general, however, the source of the fictitious magnetic field b,
namely, the condition for observing the AHE at B5 0, is not
restricted to the magnetization, but to the macroscopically broken
TRS19, which means that the time-reversal operation cannot be com-
pensated by any other symmetry operations of the crystal (Sup-
plementary Information). In particular, the scalar spin chirality in
non-coplanar ferromagnets or canonical spin glasses can also pro-
duce the fictitious field and thus the AHE4,5,12,13,20, as indeed has been
observed in Nd2Mo2O7 (ref. 5), AuMn (refs 6, 7), and MnSi (refs 9,
10). In these pioneering works, however, the spin chirality is not the
primary order parameter, but only accompanies a chiral spin texture
of a magnetic dipole LRO or is induced by the applied magnetic field.
Thus, it has remained an important open issue to find a possible
chiral spin-liquid phase3 by probing the macroscopically broken
TRS through the AHE at zero magnetic field.

Here, we report the discovery of a TRS-broken phase in the absence
of bothmagnetic dipole order and spin freezing in the thermodynamic
measurements, suggesting a chiral spin-liquid state. In particular, we
observed a spontaneous Hall effect in the absence of uniform mag-
netization within experimental accuracy in the metallic cooperative
paramagnet Pr2Ir2O7 above its spin freezing temperature, as indicated
by the bifurcation of the susceptibility. Both the experiment and the
theory suggest that a chiral spin-liquid phase is inducedbymelting of a
spin ice, because the quantum fluctuations of the Pr 4f magnetic
moments21 were stronger than in dipolar spin-ice systems14,15.

The pyrochlore iridate Pr2Ir2O7 has an antiferromagnetic Curie–
Weiss temperature HW<220K, mainly due to the correlations
among,111. 4f Isingmagneticmoments of Pr31 ions, which point
either inwards to or outwards from the centre of the Pr tetrahedron
(Fig. 1b and c)22,23. Ir 5d conduction electrons are weakly correlated
and remain in a Pauli paramagnetic state22. They mediate the RKKY
interaction between Pr 4f moments via the Kondo coupling. The
absence of any sharp anomalies indicating conventional magnetic
LRO in the measurements of specific heat, magnetic susceptibility,
and muon spin relaxation (mSR)22,24 signals strong geometrical frus-
tration15. Only a spin freezing is observed in the magnetic suscepti-
bility below Tf< 0.3 K, which is two orders of magnitude lower than
jHWj< 20K (ref. 22) (Fig. 2a). Therefore, below jHWj, the 4f
moments probably remain in a cooperative paramagnetic state down
to at least Tf< 0.3 K (refs 22, 24).

First, we show our main experimental evidence for the broken TRS
found in the states where neither magnetic dipole LRO nor spin freez-
ing is observed in thermodynamic measurements. Figure 2a presents
the temperature dependence of the Hall conductivity sH(T) (defined
in the figure caption)measuredat a low field of 0.05Tapplied along the
[111] direction. The zero-field-cooled and the field-cooled data of
sH(T) and thus the Hall resistivity rH(T) (Supplementary Fig. 1)
bifurcate at TH< 1.5K, a temperature which is nearly an order of
magnitude higher than Tf< 0.3K, although the longitudinal conduc-
tivity s(T) (Fig. 2b, inset) and resistivity r(T) (Supplementary Fig. 1)
does not exhibit any detectable bifurcation. The bifurcation in sH(T)
suggests the emergence of a spontaneous component. To avoid a
(partial) cancellation of sH due to a domain formation, we have per-
formed field sweep measurements up to 7T at various temperatures.
Corresponding to the above bifurcation found in sH(T), the field
dependence of sH(B) forBjj[111] atT,TH< 1.5K shows a hysteresis
between field up and down sweeps, which is accompanied by a finite

remnant Hall conductivity at B5 0 (Fig. 3a, inset). In sharp contrast,
the field dependence of the magnetization M(B) shows no hysteresis
within our experimental accuracy (,1023mB) at T,TH, and only a
small hysteresis at T,Tf (Fig. 3b, inset). Our observations on
sH(B5 0,T) andM(B5 0,T) at various temperatures are summarized
in Fig. 2b. This is evidence of a remarkable separation between the two
temperature scales TH and Tf. Upon cooling, the TRS is broken spon-
taneously and macroscopically at TH without any apparent LRO of
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Figure 2 | Temperature dependence of the magnetic and transport
properties of Pr2Ir2O2. a, Temperature dependence of the Hall conductivity
sH (left axis) and the direct-current susceptibility x5M/H (right axis)
under a magnetic field of B5 0.05 T along the [111] direction. e.m.u.,
electromagnetic unit. Here, Hall conductivity is given by sH52rH/
(rH

21 r2), where rH is the Hall resistivity and r is the longitudinal
resistivity. Both the zero-field-cooled (ZFC) and field-cooled (FC) results are
plotted. Vertical dashed lines denoteTH< 1.5 K andTf< 0.3 K, respectively.
b, Temperature dependence of the remnant Hall conductivity sH(B5 0)
(left axis) and remnant magnetization M(B5 0) (right axis) at zero field,
obtained after a field sweep down from 7T in the hysteresis loop
measurements (Supplementary Information). The inset shows the
temperature dependence of the longitudinal conductivity s5 1/r under
B5 0.05 T along the [111] direction. No hysteresis is found between the
results obtained in the ZFC and FC sequences. c, Temperature dependence of
the nonlinear susceptibility x3 (Supplementary Information) (left axis), and
magnetic specific heat Cm (right axis) under zero field, adapted from ref. 22.
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• Hall conductivity is a pseudo-vector

• Hall vector K has exactly the same 
symmetries as uniform magnetization M, 
once SOC is included (and it is strong here)

• In general, these should be linearly 
coupled in Landau theory: K ∝ M

⇥H
µ⇥ =

e2

h
�µ⇥�K�

Anomalous Hall Effect



• Striking Pr2Ir2O7 experiments

Usually, the AHE arises in ferromagnets because the spontaneous
magnetization breaks the TRS macroscopically even in the absence of
applied magnetic field. The dominant part of the AHE in moderately
dirty ferromagneticmetals can be captured by the band-intrinsicmech-
anism4,16. The adiabatic motion of electrons under an electric field E
(ref. 17) acquires the Berry phase18 because of the relativistic spin-orbit
interaction and the net spin polarization. This phase acts as a mac-
roscopic fictitious magnetic field b that bends the orbital motion of
electrons like the Lorentz force does due to a realmagnetic fieldB. Thus,
it causes theAHEcharacterizedby a finiteHall conductivitysHatB5 0.

In general, however, the source of the fictitious magnetic field b,
namely, the condition for observing the AHE at B5 0, is not
restricted to the magnetization, but to the macroscopically broken
TRS19, which means that the time-reversal operation cannot be com-
pensated by any other symmetry operations of the crystal (Sup-
plementary Information). In particular, the scalar spin chirality in
non-coplanar ferromagnets or canonical spin glasses can also pro-
duce the fictitious field and thus the AHE4,5,12,13,20, as indeed has been
observed in Nd2Mo2O7 (ref. 5), AuMn (refs 6, 7), and MnSi (refs 9,
10). In these pioneering works, however, the spin chirality is not the
primary order parameter, but only accompanies a chiral spin texture
of a magnetic dipole LRO or is induced by the applied magnetic field.
Thus, it has remained an important open issue to find a possible
chiral spin-liquid phase3 by probing the macroscopically broken
TRS through the AHE at zero magnetic field.

Here, we report the discovery of a TRS-broken phase in the absence
of bothmagnetic dipole order and spin freezing in the thermodynamic
measurements, suggesting a chiral spin-liquid state. In particular, we
observed a spontaneous Hall effect in the absence of uniform mag-
netization within experimental accuracy in the metallic cooperative
paramagnet Pr2Ir2O7 above its spin freezing temperature, as indicated
by the bifurcation of the susceptibility. Both the experiment and the
theory suggest that a chiral spin-liquid phase is inducedbymelting of a
spin ice, because the quantum fluctuations of the Pr 4f magnetic
moments21 were stronger than in dipolar spin-ice systems14,15.

The pyrochlore iridate Pr2Ir2O7 has an antiferromagnetic Curie–
Weiss temperature HW<220K, mainly due to the correlations
among,111. 4f Isingmagneticmoments of Pr31 ions, which point
either inwards to or outwards from the centre of the Pr tetrahedron
(Fig. 1b and c)22,23. Ir 5d conduction electrons are weakly correlated
and remain in a Pauli paramagnetic state22. They mediate the RKKY
interaction between Pr 4f moments via the Kondo coupling. The
absence of any sharp anomalies indicating conventional magnetic
LRO in the measurements of specific heat, magnetic susceptibility,
and muon spin relaxation (mSR)22,24 signals strong geometrical frus-
tration15. Only a spin freezing is observed in the magnetic suscepti-
bility below Tf< 0.3 K, which is two orders of magnitude lower than
jHWj< 20K (ref. 22) (Fig. 2a). Therefore, below jHWj, the 4f
moments probably remain in a cooperative paramagnetic state down
to at least Tf< 0.3 K (refs 22, 24).

First, we show our main experimental evidence for the broken TRS
found in the states where neither magnetic dipole LRO nor spin freez-
ing is observed in thermodynamic measurements. Figure 2a presents
the temperature dependence of the Hall conductivity sH(T) (defined
in the figure caption)measuredat a low field of 0.05Tapplied along the
[111] direction. The zero-field-cooled and the field-cooled data of
sH(T) and thus the Hall resistivity rH(T) (Supplementary Fig. 1)
bifurcate at TH< 1.5K, a temperature which is nearly an order of
magnitude higher than Tf< 0.3K, although the longitudinal conduc-
tivity s(T) (Fig. 2b, inset) and resistivity r(T) (Supplementary Fig. 1)
does not exhibit any detectable bifurcation. The bifurcation in sH(T)
suggests the emergence of a spontaneous component. To avoid a
(partial) cancellation of sH due to a domain formation, we have per-
formed field sweep measurements up to 7T at various temperatures.
Corresponding to the above bifurcation found in sH(T), the field
dependence of sH(B) forBjj[111] atT,TH< 1.5K shows a hysteresis
between field up and down sweeps, which is accompanied by a finite

remnant Hall conductivity at B5 0 (Fig. 3a, inset). In sharp contrast,
the field dependence of the magnetization M(B) shows no hysteresis
within our experimental accuracy (,1023mB) at T,TH, and only a
small hysteresis at T,Tf (Fig. 3b, inset). Our observations on
sH(B5 0,T) andM(B5 0,T) at various temperatures are summarized
in Fig. 2b. This is evidence of a remarkable separation between the two
temperature scales TH and Tf. Upon cooling, the TRS is broken spon-
taneously and macroscopically at TH without any apparent LRO of
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Figure 2 | Temperature dependence of the magnetic and transport
properties of Pr2Ir2O2. a, Temperature dependence of the Hall conductivity
sH (left axis) and the direct-current susceptibility x5M/H (right axis)
under a magnetic field of B5 0.05 T along the [111] direction. e.m.u.,
electromagnetic unit. Here, Hall conductivity is given by sH52rH/
(rH

21 r2), where rH is the Hall resistivity and r is the longitudinal
resistivity. Both the zero-field-cooled (ZFC) and field-cooled (FC) results are
plotted. Vertical dashed lines denoteTH< 1.5 K andTf< 0.3 K, respectively.
b, Temperature dependence of the remnant Hall conductivity sH(B5 0)
(left axis) and remnant magnetization M(B5 0) (right axis) at zero field,
obtained after a field sweep down from 7T in the hysteresis loop
measurements (Supplementary Information). The inset shows the
temperature dependence of the longitudinal conductivity s5 1/r under
B5 0.05 T along the [111] direction. No hysteresis is found between the
results obtained in the ZFC and FC sequences. c, Temperature dependence of
the nonlinear susceptibility x3 (Supplementary Information) (left axis), and
magnetic specific heat Cm (right axis) under zero field, adapted from ref. 22.
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• Striking Pr2Ir2O7 experiments

Usually, the AHE arises in ferromagnets because the spontaneous
magnetization breaks the TRS macroscopically even in the absence of
applied magnetic field. The dominant part of the AHE in moderately
dirty ferromagneticmetals can be captured by the band-intrinsicmech-
anism4,16. The adiabatic motion of electrons under an electric field E
(ref. 17) acquires the Berry phase18 because of the relativistic spin-orbit
interaction and the net spin polarization. This phase acts as a mac-
roscopic fictitious magnetic field b that bends the orbital motion of
electrons like the Lorentz force does due to a realmagnetic fieldB. Thus,
it causes theAHEcharacterizedby a finiteHall conductivitysHatB5 0.

In general, however, the source of the fictitious magnetic field b,
namely, the condition for observing the AHE at B5 0, is not
restricted to the magnetization, but to the macroscopically broken
TRS19, which means that the time-reversal operation cannot be com-
pensated by any other symmetry operations of the crystal (Sup-
plementary Information). In particular, the scalar spin chirality in
non-coplanar ferromagnets or canonical spin glasses can also pro-
duce the fictitious field and thus the AHE4,5,12,13,20, as indeed has been
observed in Nd2Mo2O7 (ref. 5), AuMn (refs 6, 7), and MnSi (refs 9,
10). In these pioneering works, however, the spin chirality is not the
primary order parameter, but only accompanies a chiral spin texture
of a magnetic dipole LRO or is induced by the applied magnetic field.
Thus, it has remained an important open issue to find a possible
chiral spin-liquid phase3 by probing the macroscopically broken
TRS through the AHE at zero magnetic field.

Here, we report the discovery of a TRS-broken phase in the absence
of bothmagnetic dipole order and spin freezing in the thermodynamic
measurements, suggesting a chiral spin-liquid state. In particular, we
observed a spontaneous Hall effect in the absence of uniform mag-
netization within experimental accuracy in the metallic cooperative
paramagnet Pr2Ir2O7 above its spin freezing temperature, as indicated
by the bifurcation of the susceptibility. Both the experiment and the
theory suggest that a chiral spin-liquid phase is inducedbymelting of a
spin ice, because the quantum fluctuations of the Pr 4f magnetic
moments21 were stronger than in dipolar spin-ice systems14,15.

The pyrochlore iridate Pr2Ir2O7 has an antiferromagnetic Curie–
Weiss temperature HW<220K, mainly due to the correlations
among,111. 4f Isingmagneticmoments of Pr31 ions, which point
either inwards to or outwards from the centre of the Pr tetrahedron
(Fig. 1b and c)22,23. Ir 5d conduction electrons are weakly correlated
and remain in a Pauli paramagnetic state22. They mediate the RKKY
interaction between Pr 4f moments via the Kondo coupling. The
absence of any sharp anomalies indicating conventional magnetic
LRO in the measurements of specific heat, magnetic susceptibility,
and muon spin relaxation (mSR)22,24 signals strong geometrical frus-
tration15. Only a spin freezing is observed in the magnetic suscepti-
bility below Tf< 0.3 K, which is two orders of magnitude lower than
jHWj< 20K (ref. 22) (Fig. 2a). Therefore, below jHWj, the 4f
moments probably remain in a cooperative paramagnetic state down
to at least Tf< 0.3 K (refs 22, 24).

First, we show our main experimental evidence for the broken TRS
found in the states where neither magnetic dipole LRO nor spin freez-
ing is observed in thermodynamic measurements. Figure 2a presents
the temperature dependence of the Hall conductivity sH(T) (defined
in the figure caption)measuredat a low field of 0.05Tapplied along the
[111] direction. The zero-field-cooled and the field-cooled data of
sH(T) and thus the Hall resistivity rH(T) (Supplementary Fig. 1)
bifurcate at TH< 1.5K, a temperature which is nearly an order of
magnitude higher than Tf< 0.3K, although the longitudinal conduc-
tivity s(T) (Fig. 2b, inset) and resistivity r(T) (Supplementary Fig. 1)
does not exhibit any detectable bifurcation. The bifurcation in sH(T)
suggests the emergence of a spontaneous component. To avoid a
(partial) cancellation of sH due to a domain formation, we have per-
formed field sweep measurements up to 7T at various temperatures.
Corresponding to the above bifurcation found in sH(T), the field
dependence of sH(B) forBjj[111] atT,TH< 1.5K shows a hysteresis
between field up and down sweeps, which is accompanied by a finite

remnant Hall conductivity at B5 0 (Fig. 3a, inset). In sharp contrast,
the field dependence of the magnetization M(B) shows no hysteresis
within our experimental accuracy (,1023mB) at T,TH, and only a
small hysteresis at T,Tf (Fig. 3b, inset). Our observations on
sH(B5 0,T) andM(B5 0,T) at various temperatures are summarized
in Fig. 2b. This is evidence of a remarkable separation between the two
temperature scales TH and Tf. Upon cooling, the TRS is broken spon-
taneously and macroscopically at TH without any apparent LRO of
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Figure 2 | Temperature dependence of the magnetic and transport
properties of Pr2Ir2O2. a, Temperature dependence of the Hall conductivity
sH (left axis) and the direct-current susceptibility x5M/H (right axis)
under a magnetic field of B5 0.05 T along the [111] direction. e.m.u.,
electromagnetic unit. Here, Hall conductivity is given by sH52rH/
(rH

21 r2), where rH is the Hall resistivity and r is the longitudinal
resistivity. Both the zero-field-cooled (ZFC) and field-cooled (FC) results are
plotted. Vertical dashed lines denoteTH< 1.5 K andTf< 0.3 K, respectively.
b, Temperature dependence of the remnant Hall conductivity sH(B5 0)
(left axis) and remnant magnetization M(B5 0) (right axis) at zero field,
obtained after a field sweep down from 7T in the hysteresis loop
measurements (Supplementary Information). The inset shows the
temperature dependence of the longitudinal conductivity s5 1/r under
B5 0.05 T along the [111] direction. No hysteresis is found between the
results obtained in the ZFC and FC sequences. c, Temperature dependence of
the nonlinear susceptibility x3 (Supplementary Information) (left axis), and
magnetic specific heat Cm (right axis) under zero field, adapted from ref. 22.
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Hall conductivity with 
“zero” magnetization

small

How much Hall 
conductivity does small 

M produce?

Anomalous Hall Effect



• Exchange/Zeeman field couples to

• Standard scaling argument

• Essentially

�†Jz� ⇠ �†�12�

⇠ H
1

z��12 ⇡ H .51

K � b�1F(Hbz��12)

�H ⇠ M1/2

Hall effect strong even when M is small

Scaling

Strikingly different 
than standard 
scattering models, for 
which Hall conductivity 
is proportional to M or 
M^2.



• Consider momentum along field direction

• Crossing is protected and becomes double 
Weyl point
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carries ΔJz=2:
couples to (kx+iky)2

How does this work?

similar physics occurs with AIAO order



Double Weyl Points

edge states propagate in this range of kz
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~B = ~rk ⇥ ~A

~rk · ~B = 2⇡[�(k �K)� �(k +K)]

• Berry gauge field and flux

• Monopoles

Gives Weyl points 
topological stability



Double Weyl Points

kz

⇥µBµ = 2�(k �K)� 2�(k +K)

edge states propagate in this range of kz

0

K ≈ (m H)1/2



Perturbations

LAB
M

Weyl



Perturbations

LAB
M

Weyl TI

strain
Both these effects can 
be easily seen just by 
solving the 4x4 “Dirac 
matrix” hamiltonian 
with these 
perturbations.  Simple 
algebra!



Quantum criticality
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FIG. 3. a) The main panel shows the resistivity, and field cooled (FC) and zero field cooled (ZFC)
susceptibilities for Eu-227, while the insert the spontaneous muon oscillation frequency. Data adapted
from Refs. 80 and 81. b) Phase diagram for the pyrochlore iridates R-227 based on transport and
magnetism measurements. (This is a supplemented and modified version of the diagram found in Ref. 78.)
The R-elements that do not have a local magnetic moment are emphasized in bold magenta. The only
non-lanthanide, R = Y, is denoted by a square.

manifold. Therefore, the SOC � splits the t
2g

spinful manifold into a higher energy J
e↵

= 1/2

doublet and a lower J
e↵

= 3/2 quadruplet. In an ionic picture, since Ir4+ has 5 d-electrons, the

J
e↵

= 1/2 doublet is half-filled, and only this orbital is involved in the low energy electronic

structure. More generally, if trigonal splitting is included, the J
e↵

= 3/2 levels are split and mixed

with the J
e↵

= 1/2 ones. In the general case, there is a highest Kramers doublet, whose character

varies with the ratio of SOC to trigonal splitting, between a J
e↵

= 1/2 doublet and a S = 1/2 one.

A band structure view is complementary to the ionic picture as we now discuss. If only the

highest doublet is involved, we expect 4 two-fold degenerate bands near the Fermi energy, as

there are 4 Ir per unit cell. As discussed by Wan et al.

46 and Yang et al.,51 it is instructive to

consider their structure at the � point. Due to cubic symmetry, the 8 Bloch states at this point

decompose into 2 two-dimensional irreducible representations (irreps) and 1 four-dimensional irrep.

By electron counting, these bands should be half-filled, so that if the order of these irreps, in terms

of degeneracies, is 2-2-4 or 4-2-2, a band insulating state may occur, while if the order is 2-4-2,

the 4-dimensional irrep must be half-filled and hence the system cannot be gapped at the band

structure level (see the lowest panel of Figure 5(b)). The former situation was obtained by Ref. 7

based on a phenomenological but ad-hoc Hubbard model for small U . They found a transition from

a semi-metallic ground state to a TI one with increasing the ratio of SOC to hopping. Subsequently,

by ab initio methods, Wan et al. found46 the latter, 2-4-2, ordering of irreps in Y-227. In this case,

a TI is impossible, but other topological phases can occur with increasing correlations. For those

How does magnetic order onset?

QCP?

Imported Author Today, 6:43 PM
 Now I want to move from the PM phase to the 
point at which magnetic order onsets

QCPs in metals are of course an old and important 
subject.  Still, this system offers new aspects.

Slater-like view: this is a magnetic transition
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Field theory: Ising monopolar order parameter ɸ
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M = Γ4,5 is completely determined by symmetry
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Coulomb is also important

Because the screening is 
incomplete, the Coulomb 
interaction is important, 
just as in the LAB phase



Quantum criticality

Fermi surface (Hertz)
Landau damping

mismatch with electron dispersion

Semimetal
��1 ⇠ q2 + |!|/q ��1 ⇠ q +

p
|!|

matched to electrons

electrons scatter weakly electrons scatter strongly



Quantum criticality

Semimetal
��1 ⇠ q +

p
|!|

matched to electrons
electrons scatter strongly

• Systematic RG 
treatment in 1/N 
expansion

• Extreme deviations 
from MFT

h�i ⇠ (rc � r)2

(x logs)

e.g.



Quantum criticality

Semimetal
��1 ⇠ q +

p
|!|

matched to electrons
electrons scatter strongly

• Order parameter 
fluctuations drive 
electron spectrum to 
extreme anisotropy limit - 
rare example where a 
QCP “remembers” the 
crystal symmetry
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Quantum criticality

Semimetal
��1 ⇠ q +

p
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matched to electrons
electrons scatter strongly

• Order parameter 
fluctuations drive 
electron spectrum to 
extreme anisotropy limit - 
rare example where a 
QCP “remembers” the 
crystal symmetry
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irrelevant

(this leads to additional logarithms that 
actually help make the problem more soluble)

h111i



Quantum criticality

Semimetal
��1 ⇠ q +

p
|!|

matched to electrons
electrons scatter strongly

• Order parameter 
fluctuations drive electron 
spectrum to extreme 
anisotropy limit - rare 
example where a QCP 
“remembers” the crystal 
symmetry

• Both long-range Coulomb 
and order parameter 
fluctuations are important
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stable RG fixed point in 1/N expansion

Happy now Matt?
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FIG. 3. a) The main panel shows the resistivity, and field cooled (FC) and zero field cooled (ZFC)
susceptibilities for Eu-227, while the insert the spontaneous muon oscillation frequency. Data adapted
from Refs. 80 and 81. b) Phase diagram for the pyrochlore iridates R-227 based on transport and
magnetism measurements. (This is a supplemented and modified version of the diagram found in Ref. 78.)
The R-elements that do not have a local magnetic moment are emphasized in bold magenta. The only
non-lanthanide, R = Y, is denoted by a square.

manifold. Therefore, the SOC � splits the t
2g

spinful manifold into a higher energy J
e↵

= 1/2

doublet and a lower J
e↵

= 3/2 quadruplet. In an ionic picture, since Ir4+ has 5 d-electrons, the

J
e↵

= 1/2 doublet is half-filled, and only this orbital is involved in the low energy electronic

structure. More generally, if trigonal splitting is included, the J
e↵

= 3/2 levels are split and mixed

with the J
e↵

= 1/2 ones. In the general case, there is a highest Kramers doublet, whose character

varies with the ratio of SOC to trigonal splitting, between a J
e↵

= 1/2 doublet and a S = 1/2 one.

A band structure view is complementary to the ionic picture as we now discuss. If only the

highest doublet is involved, we expect 4 two-fold degenerate bands near the Fermi energy, as

there are 4 Ir per unit cell. As discussed by Wan et al.

46 and Yang et al.,51 it is instructive to

consider their structure at the � point. Due to cubic symmetry, the 8 Bloch states at this point

decompose into 2 two-dimensional irreducible representations (irreps) and 1 four-dimensional irrep.

By electron counting, these bands should be half-filled, so that if the order of these irreps, in terms

of degeneracies, is 2-2-4 or 4-2-2, a band insulating state may occur, while if the order is 2-4-2,

the 4-dimensional irrep must be half-filled and hence the system cannot be gapped at the band

structure level (see the lowest panel of Figure 5(b)). The former situation was obtained by Ref. 7

based on a phenomenological but ad-hoc Hubbard model for small U . They found a transition from

a semi-metallic ground state to a TI one with increasing the ratio of SOC to hopping. Subsequently,

by ab initio methods, Wan et al. found46 the latter, 2-4-2, ordering of irreps in Y-227. In this case,

a TI is impossible, but other topological phases can occur with increasing correlations. For those

Power-laws: specific heat, 
susceptibility, transport...



non-quasiparticle behavior

kkk
ω

S(k,ω)

more work needed from theory and experiment

spin structure factor 
and ARPES spectral 
function calculations 

underway

heavy damping where 
magnetic and electronic 
dispersions match.  
Continuum at smaller k.
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FIG. 3. a) The main panel shows the resistivity, and field cooled (FC) and zero field cooled (ZFC)
susceptibilities for Eu-227, while the insert the spontaneous muon oscillation frequency. Data adapted
from Refs. 80 and 81. b) Phase diagram for the pyrochlore iridates R-227 based on transport and
magnetism measurements. (This is a supplemented and modified version of the diagram found in Ref. 78.)
The R-elements that do not have a local magnetic moment are emphasized in bold magenta. The only
non-lanthanide, R = Y, is denoted by a square.

manifold. Therefore, the SOC � splits the t
2g

spinful manifold into a higher energy J
e↵

= 1/2

doublet and a lower J
e↵

= 3/2 quadruplet. In an ionic picture, since Ir4+ has 5 d-electrons, the

J
e↵

= 1/2 doublet is half-filled, and only this orbital is involved in the low energy electronic

structure. More generally, if trigonal splitting is included, the J
e↵

= 3/2 levels are split and mixed

with the J
e↵

= 1/2 ones. In the general case, there is a highest Kramers doublet, whose character

varies with the ratio of SOC to trigonal splitting, between a J
e↵

= 1/2 doublet and a S = 1/2 one.

A band structure view is complementary to the ionic picture as we now discuss. If only the

highest doublet is involved, we expect 4 two-fold degenerate bands near the Fermi energy, as

there are 4 Ir per unit cell. As discussed by Wan et al.

46 and Yang et al.,51 it is instructive to

consider their structure at the � point. Due to cubic symmetry, the 8 Bloch states at this point

decompose into 2 two-dimensional irreducible representations (irreps) and 1 four-dimensional irrep.

By electron counting, these bands should be half-filled, so that if the order of these irreps, in terms

of degeneracies, is 2-2-4 or 4-2-2, a band insulating state may occur, while if the order is 2-4-2,

the 4-dimensional irrep must be half-filled and hence the system cannot be gapped at the band

structure level (see the lowest panel of Figure 5(b)). The former situation was obtained by Ref. 7

based on a phenomenological but ad-hoc Hubbard model for small U . They found a transition from

a semi-metallic ground state to a TI one with increasing the ratio of SOC to hopping. Subsequently,

by ab initio methods, Wan et al. found46 the latter, 2-4-2, ordering of irreps in Y-227. In this case,

a TI is impossible, but other topological phases can occur with increasing correlations. For those

we can view doping as a probe of 
the emergent anisotropy

BUT it is also a way to tune the 
magnetic transition.

Will probably talk more about this 
on Monday



Conclusions
• The paramagnet electronic structure of A2Ir2O7 may realize 

a strongly correlated analog of HgTe

• This nodal electronic state supports exotic quantum 
criticality

• The analogy suggests interesting possibilities for strain and 
confinement studies in films

• Next steps: include rare earth spins, transport

•  Wanted: Postdoc with experience in electronic structure and/or 
many body methods to work on quantum criticality in oxide 
heterostructures of titanates, iridates...


