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Outline

✤ Introduction to quantum magnetism on triangular and anisotropic 
triangular lattices

✤ Magnetic order, spin liquid, ...

✤ Cs2CuCl4 , dimensional reduction, and low temperature phases of 
anisotropic triangular lattice antiferromagnets



Frustration and triangles

✤ Simplest idea: pairwise exchange interactions cannot be 
simultaneously satisfied

✤ But this is a bit simplistic, and overstates the problem

“geometric 
frustration”



Triangular Ising model

✤ Wannier (1950): thermodynamic ground state degeneracy

✤ Classical Ising model does not order at any T>0

✤ but very sensitive, and no known examples of this

1 frustrated 
bond per 
triangle

Ω = eS/kB

S ≈ 0.34NkB



Heisenberg Systems

✤ Unlike the Ising model, this is not intrinsically classical

✤ However, it turns out that the semi-classical “spin 
wave” expansion tends to work well even for small S 
(unfortunately!)

✤ We may still ask about the degeneracy in the classical limit

H = J
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✤ Spins must sum to zero

Classical ground state



Classical ground state

Degrees of freedom: 2



Classical ground state

Degrees of freedom: 2+1



Classical ground state

Degrees of freedom: 2+1
order parameter is SO(3) matrix ��Si� = Re
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Quantum Spin Liquid (QSL)

✤ Anderson (1973) proposed Resonating Valence Bond (RVB) state of 
S=1/2 Heisenberg magnets 

✤ Fazekas + Anderson (1974) made first calculations suggesting this 
for the triangular lattice in particular 

✤ Valence bond = spin singlet

|V B� = 1√
2

(| ↑↓� − | ↓↑�)

Ψ =



Reality: 120° state

✤ Semi-classical ordered state has been verified for S=1/2 spins by exact 
diagonalization and other numerics.

✤ best estimate Ms = 0.205 ±0.015 

✤ compare full moment Ms=0.5, spin wave theory gives Ms=0.24



Hubbard Model

✤ If charge fluctuations are strong, reduction to the Heisenberg model is 
not accurate

✤ Calculations (Imada, Motrunich, Lee2) suggest QSL state at 
intermediate t/U (K/J > 0.15)
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κ-(BEDT-TTF)2Cu2(CN)3 and 
EtMe3Sb[Pd(dmit)2]2

✤ Organics proximate to a 
Mott transition

✤ Non-activated transport

✤ Optical pseudogap

Mott Transition from a Spin Liquid to a Fermi Liquid in the Spin-Frustrated Organic Conductor
!-!ET"2Cu2!CN"3
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The pressure-temperature phase diagram of the organic Mott insulator !-!ET"2Cu2!CN"3, a model
system of the spin liquid on triangular lattice, has been investigated by 1H NMR and resistivity
measurements. The spin-liquid phase is persistent before the Mott transition to the metal or super-
conducting phase under pressure. At the Mott transition, the spin fluctuations are rapidly suppressed and
the Fermi-liquid features are observed in the temperature dependence of the spin-lattice relaxation rate
and resistivity. The characteristic curvature of the Mott boundary in the phase diagram highlights a crucial
effect of the spin frustration on the Mott transition.

DOI: 10.1103/PhysRevLett.95.177001 PACS numbers: 74.25.Nf, 71.27.+a, 74.70.Kn, 76.60.2k

Magnetic interaction on the verge of the Mott transition
is one of the chief subjects in the physics of strongly
correlated electrons, because striking phenomena such as
unconventional superconductivity emerge from the mother
Mott insulator with antiferromagnetic (AFM) order.
Examples are transition metal oxides such as V2O3 and
La2CuO4, in which localized paramagnetic spins undergo
the AFM transition at low temperatures [1]. The ground
state of the Mott insulator is, however, no more trivial
when the spin frustration works between the localized
spins. Realization of the spin liquid has attracted much
attention since a proposal of the possibility in a triangular-
lattice Heisenberg antiferromagnet [2]. Owing to the ex-
tensive materials research, some examples of the possible
spin liquid have been found in systems with triangular and
kagomé lattices, such as the solid 3He layer [3], Cs2CuCl4
[4], and !-!ET"2Cu2!CN"3 [5]. Mott transitions between
metallic and insulating spin-liquid phases are an interesting
new area of research.

The layered organic conductor !-!ET"2Cu2!CN"3 is the
only spin-liquid system to exhibit the Mott transition, to
the authors’ knowledge [5]. The conduction layer in
!-!ET"2Cu2!CN"3 consists of strongly dimerized ET
[bis(ethlylenedithio)-tetrathiafulvalene] molecules with
one hole per dimer site, so that the on-site Coulomb
repulsion inhibits the hole transfer [6]. In fact, it is a
Mott insulator at ambient pressure and becomes a metal
or superconductor under pressure [7]. Taking the dimer as a
unit, the network of interdimer transfer integrals forms a
nearly isotropic triangular lattice, and therefore the system
can be modeled to a half-filled band system with strong
spin frustration on the triangular lattice. At ambient pres-
sure, the magnetic susceptibility behaved as the triangular-
lattice Heisenberg model with an AFM interaction energy
J# 250 K [5,8]. Moreover, the 1H NMR measurements
provided no indication of long-range magnetic order down
to 32 mK. These results suggested the spin-liquid state at

ambient pressure. Then the Mott transition in
!-!ET"2Cu2!CN"3 under pressure may be the unprece-
dented one without symmetry breaking, if the magnetic
order does not emerge under pressure up to the Mott
boundary.

In this Letter, we report on the NMR and resistance
studies of the Mott transition in !-!ET"2Cu2!CN"3 under
pressure. The result is summarized by the pressure-
temperature (P-T) phase diagram in Fig. 1. The Mott

Superconductor

(Fermi liquid)

Crossover

(Spin liquid) onset TC

R = R0 + AT2

T1T = const.

(dR/dT)max

(1/T1T)max

Mott insulator

Metal

Pressure (10-1GPa)

FIG. 1 (color online). The pressure-temperature phase diagram
of !-!ET"2Cu2!CN"3, constructed on the basis of the resistance
and NMR measurements under hydrostatic pressures. The Mott
transition or crossover lines were identified as the temperature
where 1=T1T and dR=dT show the maximum as described in the
text. The upper limit of the Fermi-liquid region was defined by
the temperatures where 1=T1T and R deviate from the Korringa’s
relation and R0 $ AT2, respectively. The onset superconducting
transition temperature was determined from the in-plane resis-
tance measurements.
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Specific Heat

✤ Linear specific heat as expected for free fermions - approximately as 
expected for QSL - but very strange for an insulatorLETTERS
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Figure 2 Low-temperature heat capacities of κ-(BEDT-TTF)2Cu2(CN)3. a,b, Data obtained for two samples under magnetic fields up to 8 T in CpT−1 versus T 2 plots.
b contains the data of the typical antiferromagnetic insulators κ-(BEDT-TTF)2Cu[N(CN)2]Cl, deuterated κ-(BEDT-TTF)2Cu[N(CN)2]Br and β�-(BEDT-TTF)2ICl2 for comparison.
The existence of a T-linear contribution even in the insulating state of κ-(BEDT-TTF)2Cu2(CN)3 is clearly observed.

magnetic resonance (NMR) and static susceptibility measurements,

they observed no static order down to 30 mK and concluded that

the spins form a kind of liquid state. The likelihood that a spin-

liquid model is appropriate is strengthened by the prediction of

the resonating-valence-bond (RVB) model of large entropy at low

temperatures and a possible temperature- (T-) linear term due

to the spinon density of states in the heat capacity
3,4

. The heat

capacity is considered as a very sensitive low-energy spectroscopic

method for investigating the low-energy excitations from the

ground state. We can explore a reliable discussion on what kind of

ground state is realized through the entropy with absolute precision

and without any external fields. In this respect, thermodynamic

studies at temperatures as low as possible are necessary and

required for demonstrating the quantum spin-liquid character for

this material.

In Fig. 1, we show the temperature dependence of

the heat capacity of κ-(BEDT-TTF)2Cu2(CN)
3

and other

κ-type BEDT-TTF salts. κ-(BEDT-TTF)2Cu(NCS)
2

is a

superconductor with a transition temperature (Tc) of 9.4 K.

κ-(BEDT-TTF)2Cu[N(CN)
2
]Cl is a Mott insulator with an

antiferromagnetically ordered ground state below the Néel

temperature TN = 27 K. Reflecting the same type of donor

arrangement, the temperature dependencies of the lattice heat

capacities of the samples are similar. The data for another

Mott insulating compound, β�
-(BEDT-TTF)2ICl2, which gives

the highest Tc of 14.2 K among organic superconductors under

an applied pressure of 8.2 GPa (ref. 14), are also shown for

comparison. A slight difference in the lattice contribution

is observed, attributable to the difference of crystal packing,

but the overall temperature dependence resembles that of

the κ-type compounds. Although the overall tendency of the

lattice heat capacity is similar, it should be emphasized that

κ-(BEDT-TTF)2Cu2(CN)
3

shows large heat capacities at low

temperatures as compared with typical Mott-insulating samples.

This fact demonstrates that the spin system retains large entropy

even at low temperatures and is free from ordering owing to the

existence of the frustration.

The temperature dependence of the heat capacity of

κ-(BEDT-TTF)2Cu2(CN)
3

is shown in a Cp T−1
versus T plot

in the inset of Fig. 1. We also show data obtained under an

external magnetic field of 8 T applied perpendicular to the plane,

demonstrating no drastic difference from the 0 T data over the

whole temperature range in the figure. There is no sharp thermal

anomaly indicative of long-range magnetic ordering. This is

consistent with previous NMR experiments
13

. The data at low

temperatures below 2.5 K, shown in Fig. 2, clearly verify the

existence of a linearly temperature-dependent term (the γ term),

even in the insulating salt. The magnitude of γ is estimated at

20 ± 5 mJ K
−2

mol
−1

from the linear extrapolation of the Cp T−1

versus T 2
plot down to T =0 K. However, the low-temperature data

show an appreciable sample dependence. Figure 2a,b shows data for

different samples, (a) and (b), respectively. In the low-temperature

region, sample (a) shows a curious structure in addition to the

finite γ term, which is somewhat field dependent. However, Fig. 2b

does not show such behaviour. The magnetic field dependence seen

in sample (a) is attributable to a possible paramagnetic impurity

and seems to be extrinsic. In fact, the application of a magnetic

field induces a kind of Schottky contribution, which is attributed

to a magnetic impurity of less than 0.5%. The origin of this

contribution is considered to be Cu
2+

contamination in the sample

preparation, as reported by Komatsu et al.15
. We measured several

other samples and found that the data of the better-quality samples

converge to those shown in Fig. 2b, with a small field-dependent

contribution. It should be noted that these samples still possess

a finite Cp T−1
value of about 15 mJ K

−2
mol

−1
, as shown by the

extrapolation of the data down to T = 0 K. The existence of the γ
term in the present insulating state is intrinsic.

The well known Mott insulators κ-(BEDT-TTF)2X

(X = Cu[N(CN)2]Cl, deuterated Cu[N(CN)2]Br) and

β�
-(BEDT-TTF)2ICl2 with three-dimensional antiferromagnetic

ordering show a vanishing γ value, as shown in Fig. 2b

(ref. 16). It is evident that the low-temperature heat capacity of

κ-(BEDT-TTF)2Cu2(CN)
3

is extraordinarily large for an insulating

system. A γ value of the present order (10
1–1.5

mJ K
−2

mol
−1) is

expected, for example, in spin-wave excitations in one-dimensional

antiferromagnetic spin systems with intra-chain couplings of

J/kB = 100–200 K or metallic systems with continuous excitations

around the Fermi surface. However, these are obviously very

different systems from the present two-dimensional insulating

materials. Gapless excitations giving a T-linear contribution to the
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Figure 2 | Thermal conductivity in the low-temperature region. Thermal

conductivity divided by temperature plotted as a function of T
2
below

300mK in zero field (blue for sample A and green for sample B) and at

µ0H= 10 T (red, sample A) applied perpendicular to the basal plane.

Convex and non-T
2
dependent κ/T is observed for both crystals. κ/T of

sample A at 10 T shows a nearly parallel shift from that in zero field. It is

immediately obvious that κ/T for all data vanishes as extrapolating to

T→0K, indicating the absence of the gapless fermionic excitations. This is

in sharp contrast to the specific-heat measurements, which claim the

presence of gapless excitations
4
.

As it is not possible to directly probe the microscopic spin

structure using neutron scattering owing to the compound’s

organic nature, thermodynamic measurements must be adopted to

unveil the low-lying excitation of κ-(BEDT-TTF)2Cu2(CN)3. Very

recent specific-heat measurements of κ-(BEDT-TTF)2Cu2(CN)3

show a large linear temperature-dependent contribution,

γ ∼ 15mJK
−2

mol
−1

(ref. 4), which suggests the presence of

gapless excitations, similar to the electronic specific heat in metals.

This observation provides strong support for several theoretical

models, including a QSL with gapless ‘spinons’, which, like its

1D predecessors are (fermionic) elementary excitations that carry

spin-1/2 and zero charge
2,3
, which are to be compared with

conventional (bosonic) magnons that carry spin-1. However, it is

premature to conclude that the QSL in κ-(BEDT-TTF)2Cu2(CN)3

is gapless from these measurements because the specific-heat data

are plagued by a very large nuclear Schottky contribution below 1K

(ref. 4), whichwould necessarily lead to ambiguity. Incorporation of

a probe that is free from such a contamination is strongly required
22
.

As pointed out in ref. 3, thermal conductivity (κ) measurements

are highly advantageous as probes of elementary excitations in

QSLs, because κ is sensitive exclusively to itinerant excitations and

is totally insensitive to localized entities such as are responsible

for Schottky contributions. The heat is carried primarily by

acoustic phonons (κph) and magnetic contributions (κmag). Indeed,

a large magnetic contribution to the heat current is observed in

low-dimensional spin systems
23,24

.

As shown in Fig. 1, the thermal conductivity exhibits an

unusual behaviour characterized by a hump structure around

T
∗ � 6K. A similar hump is observed in the magnetic part of the

specific heat
4
and NMR relaxation rate

1,10
around T

∗
, although

no structural transition has been detected. These results obviously

indicate that κmag occupies a substantial portion in κ . Various
scenarios, such as a crossover to a QSL state

4
, a phase transition

associated with the pairing of spinons
2
, spin-chirality ordering

25
,

Z2 vortex formation
26

and exciton condensation
27
, have been
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Figure 3 | Comparison between the data and the theory based on the

gapless QSL with a spinon Fermi surface. κ/T data (sample A) in zero

field (blue) plotted together with expected dependence of equation (1). The

green line is for the clean limit (1/τ =0) and brown for a dirty case with the

mean free path as short as 10a, where a(�0.8 nm) is the lattice parameter

of the triangular lattice.

suggested as a possible source of the anomaly at T
∗
and warrant

further studies.

The thermal conductivity at µ0H = 0 and 10 T in the

low-temperature regime (T < 300mK) is shown in Fig. 2. A

striking deviation of κ/T from a T
2
dependence is observed for

both samples; both curves exhibit a convex trend. At such low

temperatures, the mean free path of phonons is as long as the

crystal size and κph/T has a T
2
dependence, which has indeed

been reported in a similar compound κ-(BEDT-TTF)2Cu(NCS)2
(ref. 28). Therefore, the observed non-T

2
dependence, together

with the fact that κ is enhanced by magnetic field, definitely

indicates the substantial contribution of κmag in κ even in this

T range.

The results shown in Fig. 2 provide key information on the

elementary excitations from the QSL state of κ-(BEDT-TTF)2Cu2

(CN)3. Most importantly, it is extremely improbable from the

experimental data that κ/T in the T → 0K regime has a finite

residual value for data of both samples in zero field and that

of sample A under 10 T. (Indeed, a simple extrapolation of both

data in zero field even gives a negative intersect.) These results

lead us to conclude that κ/T vanishes at T = 0K. It should be

stressed that the vanishing κ/T immediately indicates the absence

of low-lying fermionic excitations, in sharp contrast to the finite γ
term reported in the heat capacity measurements

4
. We believe that

the heat capacity measurements incorrectly suggest the presence of

gapless excitation, possibly owing to the large Schottky contribution

at low temperatures.

The present conclusion is reinforced by comparing the data with

the thermal conductivity calculated by assuming a spinon Fermi

surface with gapless excitations
3
, which is given as

κ

T
=

�
�
k
2

B

�
kBT

�F

�2/3

+ mA

k
2

B

1

τ

�−1

1

d
, (1)

where �F is the Fermi energy, m is the electron mass, A is the

unit cell area of the layer, d is the interlayer distance and τ is the

impurity scattering time. Estimating �F = J as in 1D spin systems
29
,

we compare our result with equation (1) as shown in Fig. 3. It is
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✤ Thermal conductivity shows a 
gap

✤ Not consistent with uniform 
RVB state

✤ Consistency with specific heat?

✤ Different behavior seen for 
other organic very recently
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shows clear deviation from the relation Edimer=2tb1 and sug-
gests that Coulomb interaction must be considered. In fact,
with the ratio U / tb16 !i.e., with tb1=240 meV U=1.5 eV" the
peak position is fairly well reproduced, as it gives
Uef f #330 meV. Similar ratios were deduced from spin sus-
ceptibility measurements19 and Hartree-Fock calculations6

!see Table I". Quantum chemistry calculations imply that
for an appropriate description of !-!ET"2X salts the in-
tradimer Coulomb repulsion V !interaction between holes on
neighboring molecules within the same dimer" has to be
considered as well.20,21 With U and V of the same order
of magnitude21 the related extended Hubbard model
!Uef f = $4tb1+U+V! %!U!V"2+16tb1

2 &1/2' /2" yields in a lower
ratio, U / tb1#3. Note that the U value deduced here may be
smaller than the bare on-site Coulomb energy due to the
polarizability of the lattice.

On the lower edge of the dimer peak, several strong pho-
non modes appear for both polarizations !for a detailed
analysis of the phonon modes, see, e.g., Ref. 23". The elec-
tronic part of the conductivity smoothly decreases towards
zero energy without either a well-defined gap or a coherent
metallic contribution. With lowering the temperature the in-
tensity of the dimer peak is gradually increased and slightly

shifted to smaller energies. This tendency is discerned in Fig.
3 between T=300 and 10 K. The detailed temperature de-
pendence focusing on the vicinity of the dimer-peak is given
in the insets, which also show that the conductivity in the
far-infrared region is enhanced with lowering the tempera-
ture although it still vanishes as "!0. This optical weight is
transferred from higher energy through an equal-absorption
point at (0.37 and (0.55 eV in #cc!"" and in #bb!"",
respectively.

In !-!ET"2Cu%N!CN"2&Cl, which has a larger bandwidth
but is still located at the barely insulating side of the phase
diagram, a similar spectral-weight transfer is observed below
room temperature.24 A comparison of the microscopic
parameters for the two !-!ET"2X salts is given in Table I. It
is likely that temperature-induced structural changes affect-
ing the electronic band structure or the intramolecular
excitations are responsible for this tendency rather than
correlation effects.

Below (100 K practically no temperature dependence is
found over the whole spectrum and the pseudogap-like fea-
ture of the optical conductivity seems to be persistent down
to the insulating ground state. The residual conductivity be-
low (0.1 eV cannot be assigned to the multiphonon branch,
while the quality of the crystals makes such a high in-gap
impurity scattering unlikely.

We note that down to T=50 K the same subgap tail
is present in !-!ET"2Cu%N!CN"2&Cl.24 The comparison
between the low-temperature optical conductivity of the
two compounds is given in Fig. 4 for polarization E )c.
In contrast to the negligible temperature dependence
found in !-!ET"2Cu2!CN"3 for T$100 K, in the case of
!-!ET"2Cu%N!CN"2&Cl the pseudogap is turned into a real
gap below (50 K. The onset of the finite charge gap coin-
cides with the enhancement of the antiferromagnetic spin
correlations as reflected in the suppression of the spin
susceptibility.9 This suggests that the charge carriers become
more localized as the antiferromagnetic order develops, es-
pecially when the long-range order is established at TAF
=27 K. On the other hand, in !-!ET"2Cu2!CN"3 with almost

FIG. 3. !Color online" Optical conductivity spectra of
!-!ET"2Cu2!CN"3 at the lowest and highest temperature of the
measurement for E )c and E )b shown in the upper and lower panel,
respectively. The temperature evolution of the dimer peak is
enlarged in the insets.

FIG. 4. !Color" Comparison of the low-temperature optical
conductivity of !-!ET"2Cu2!CN"3 and !-!ET"2Cu%N!CN"2&Cl.
For the former compound, the T=10 K spectrum representative
for the whole T%100 K range is only displayed. The conductivity
spectra for !-!ET"2Cu%N!CN"2&Cl are reproduced from
Ref. 24. The left !right" scale corresponds to !-!ET"2Cu2!CN"3
!!-!ET"2Cu%N!CN"2&Cl".
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We have investigated polarized optical conductivity for the triangular-lattice Mott insulator
!-!ET"2Cu2!CN"3 over the photon-energy range of E=8 meV–5 eV. This compound is located far from the
metal-insulator phase boundary in the bandwidth-controlled phase diagram of !-!ET"2X salts and consequently
strong charge correlations are expected. However, its ground-state optical conductivity spectrum for polariza-
tions within the bc plane shows no distinct charge gap in the energy range investigated, i.e., it is considerably
smaller than "#110 meV, which was previously reported for the barely insulating !-!ET"2Cu$N!CN"2%Cl
$Kornelsen et al., Solid State Commun. 81, 343 !1992"%. We attribute the pseudo-gap-like nature of the optical
spectra to strong spin fluctuations emerging in an isotropic triangular lattice. The midinfrared peak is analyzed
in terms of Coulomb interaction and !-!ET"2Cu2!CN"3 is characterized by intermediate strength of electron
correlation.

DOI: 10.1103/PhysRevB.74.201101 PACS number!s": 71.27.#a, 71.30.#h

Spin frustration in Mott insulator has given rich physics
for the magnetic ground state of strongly interacting elec-
trons. When Coulomb repulsion energy !U" becomes compa-
rable to the bandwidth !W", a metal-to-insulator transition
takes place as observed in a great variety of materials.1 In the
limit of strong correlations !U$W" the single band Hubbard
model can be generally mapped to the Heisenberg model and
the insulator phase shows inherent antiferromagnetic order.
However, the role of spin degrees of freedom in the close
vicinity of the Mott transition remains as an unsolved issue
that is believed to be relevant to the mechanism of supercon-
ductivity appearing on the verge of the Mott boundary in the
organic conductors and the high-Tc cuprates.

The family of organic molecular conductors !-!ET"2X
$ET=bis!ethylenedithio"tetrathiafulvalene and X=mono-
valent anion% have provided a good arena for the study of the
Mott transition in two dimensions.2–5 In the conducting layer,
ET molecules are strongly dimerized and they form a frus-
trated triangular lattice.6 Since the valence of each ET dimer
is +1, the conduction band is effectively half-filled. When the
on-site Coulomb repulsion dominates over the bandwidth,
the system becomes a Mott insulator above a critical ratio
!U /W"c.

The magnetic ground state of a Mott insulator has been
known to be antiferromagnetically ordered when the triangu-
lar lattice is anisotropic, as seen in !-!ET"2Cu$N!CN"2%Cl.7

On the other hand, effects of spin frustration are expected to
emerge for a nearly isotropic triangular lattice with moderate
Coulomb interaction, U /W% !U /W"c.8 This situation is real-
ized in !-!ET"2Cu2!CN"3 where the unusual temperature de-
pendence of the magnetic susceptibility and the absence of
long-range magnetic order indicate a spin-liquid state in this
system.9 By applying hydrostatic pressure or equivalently

increasing the bandwidth, these Mott insulators undergo an
insulator-to-metal transition with an underlying supercon-
ducting phase.10,11 In this Rapid Communication we study
the influence of the strong spin frustration on the low-energy
excitations by optical spectroscopy.

The resistance of !-!ET"2Cu2!CN"3 is semiconductinglike
in the whole temperature region. Although the large !five
orders of magnitude" enhancement of R!T" from room tem-
perature down to 15 K indicates high quality of these single
crystals, the Arrhenius plot in Fig. 1 does not show a simple

FIG. 1. Arrhenius plot of the resistance of a !-!ET"2Cu2!CN"3
single crystal. The gray dashed line at low temperature indicates the
fitting of the gap value according to R!T"=R0 exp!" /2kBT". Inset:
log!R" vs log!T" plot indicative of a power-law behavior of the
resistance in the low-temperature region.
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Challenges
2

FIG. 1: (Color online) (a) Schematic of the BEDT-TTF layer
in !-(BEDT-TTF)2Cu2(CN)3. The dotted ellipsoids repre-
sent dimerized molecules. (b) A triangular lattice of dimers,
where closed circles represent identified with the dimerized
molecules. (c) A triangular lattice of magnetic dipoles (spins).
(d) A triangular lattice of electric dipoles, where open and
closed circles represent positive and negative point charges,
respectively.

temperature below 60 K, and simultaneously begins to
show frequency dependence. As temperature is lowered,
the dielectric constant goes through a broad maximum
at a temperature Tmax depending on the measurement
frequency f , then decreases toward 2.1-2.5. Tmax corre-
sponds to a crossover temperature below which the re-
sponse to the changing electric field begins to lag. The
AC conductivity also starts to show frequency depen-
dence below 60 K as shown in Fig. 2(b).

The dielectric relaxation we observe is indeed uncon-
ventional. First, the charge degrees of freedom is believed
to be insubstantial in the Mott insulator, but the increas-
ing dielectric constant below 60 K indicates the existence
of randomly oriented electric dipoles as shown in Fig.
1(d). Secondly, the dielectric relaxation implies collec-
tive motion of the electric dipoles. If all the dipoles were
independent, the response would be independent of f ,
because kBT ! hf . Third, the frequency dependence of
the peak temperature Tmax(f) implies an inhomogeneous
nature of this dielectric response. As shown in the inset
of Fig. 2, three curves expressed by the Vogel-Fulcher
law f = f0 exp["E0/kB(Tmax " Tc)] for Tc=0 K (solid
curve), 6 K (broken curve) and 9 K (dotted curve) fit the
measured Tmax reasonably.9 This fitting suggests an in-
homogeneous distribution of the domains with Tc ranging
from 0 to 9 K. Similar inhomogeneity is reported in mag-
netic resonance experiments,10,11 and may be related to
the suppression of the long range order of magnetic mo-
ments. We should note that such inhomogeneity in this
case is highly unexpected because the single crystal con-
tains no substantial lattice defects or disorder, as pure
as crystals of other organic salts. In relaxor ferroelectric
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FIG. 2: (Color online) (a) The dielectric constant of a single
crystal of !-(BEDT-TTF)2Cu2(CN)3 along the a-axis (cross-
plane) direction at various frequencies as a function of tem-
perature. The randomly oriented electric dipoles appear be-
low 60 K. (b) The AC electrical conductivity of the same
crystal. The inset shows the relationship between the fre-
quency f and the peak temperature Tmax at which the di-
electric constant goes through a broad maximum. The solid,
broken and dotted curves represent 5! 109 exp("400/Tmax),
6!108 exp["270/(Tmax"6)], and 3!108 exp["220/(Tmax"9)],
respectively.

materials, more than a few percents of the host atoms
are replaced by di!erent atoms, which can be seeds for
the inhomogeneity.9,12

Although no clear phase transition is observed in the
thermodynamic quantities of this material1,5,6 one may
find a trace of a transition temperature.13 Figure 3(a)
shows the inverse dielectric constant as a function of
temperature. These data are plotted after subtracting
the dielectric constant at 1.2 K as the temperature-
independent part. The dielectric constant below 60 K
obeys the Curie-Weiss law, i.e., it is roughly inversely
proportional to T " Tc with Tc =9 K. As shown in Fig.
3(b), around 9 K, the dielectric constant has a cusp that
is almost independent of frequency. As shown in the inset
of Fig. 3(b), the electric displacement D shows no rem-
nant polarization below 9 K, indicating that the ordering
of the electric dipoles is of antiferroelectric type.
Let us discuss a microscopic origin of this antiferro-

✤ Dramatic dielectric anomalies 
observed at T<60K

✤ Points to molecular dipoles in 
individual organic “dimers” - 
not taken into account by RVB 
theory

M. Abdel-Jawad et al, 2010



S=1 Systems

✤ Spin S=1 antiferromagnets allow biquadratic exchange K

✤ This can induce quadrupolar order, or “spin nematic” state

H =
�

�ij�

�
J �Si · �Sj −K(�Si · �Sj)

2
�

nations with real amplitudes d! (such that jdj ! 1)

 jQ"d#i ! dxjxi$ dyjyi$ dzjzi (4)

jQ"d#i is time-reversal invariant, which implies that
hQ"d#jSjQ"d#i ! 0, and it is a zero eigenvalue eigenstate
of the operator "d % S#2. It describes a state where the spin
fluctuates mostly in the directions perpendicular to the
vector d, referred to as the director, which nicely illustrates
the very heart of a spin nematic state: it has no magnetic
moment, but nevertheless breaks SU"2# symmetry due to
the presence of anisotropic spin fluctuations.

Zero-field phase diagram.—First, we construct the var-
iational (mean-field) phase diagram in the variational sub-
space of site-factorized wave functions of the formQ
jjQ"dj#i, allowing complex dj’s [8], and assuming 3-

sublattice long-range order. Without magnetic field, we get
four phases (Fig. 1). Adjacent to the usual ferromagnetic
(FM) phase, which is stabilized for "=2<# < 5"=4, we
find two QP phases. The expectation value of Qi %Qj in the
site-factorized wave function subspace is

 hQi %Qji ! 2jdi % djj2 & 2=3; i ! j: (5)

Since it induces a negative QP exchange, a negative biqua-
dratic exchange tends to drive the directors collinear, lead-
ing to a stabilization of the ferroquadrupolar (FQ) state for
&3"=4<# <!MF

c with !MF
c ! arctan"&2# ' &0:35".

On the other hand, a positive biquadratic term induces a
positive QP exchange, which is minimized with mutually
perpendicular directors. On the triangular lattice, this is not
frustrating since all bonds can be satisfied simultaneously
by adopting a 3-sublattice configuration with, e.g., direc-
tors pointing in the x, y, and z directions, respectively, a
phase that can be called antiferroquadrupolar (AFQ). This
is realized between the SU"3# point and the FM phase
("=4<# < "=2).

For !MF
c < # < "=4, we get the standard 3-sublattice

120(-antiferromagnetic (AFM) phase, but with a peculiar-
ity: the spin length depends on J2=J1. It is maximal
(jhSij ! 1) for J2 ! 0 and vanishes continuously as jhSij /!!!!!!!!!!!!!!!!!!!!!
2J1 & jJ2j

p
at the FQ boundary, where the trial wave

function becomes a QP state with the director perpendicu-
lar to the plane of the spins. Approaching the SU"3# point,
jhSij !

!!!
8

p
=3, and the wave functions on the three sub-

lattices become orthogonal. Actually, at this highly sym-
metric point any orthogonal set of wave functions is a good
variational ground state. It includes the AFQ state as well,
which is connected to the AFM state by a global SU"3#
rotation.

Next, we have performed finite-size exact-
diagonalization calculations on samples with up to 21 sites.
In Fig. 2, we show the size dependence of the correlation
functions associated with the FQ, AFM, and AFQ order.
More specifically, we determine the structure factorsP
j exp)ik % rj*hC0 % Cji, where Cj stands for the spin or

quadrupolar operator at site j and k is the " or K point
in the Brillouin zone for the ferro or antiferro phases,
respectively. As can be clearly seen, the SU"3# point
separates the AFM and AFQ phases, and the # dependence
of the structure factors in the AFQ range is reminiscent of
that reported in the 1D model [9]. The phase boundary
between the FQ and AFM phases is, on the other hand,
strongly renormalized from the mean-field value !MF

c '
&0:35" to about !c ' &0:11" (J2 ' &0:4J1) [10]. We
have also verified the presence of the appropriate Anderson
towers of states in the energy spectrum for the FQ, AFM,
SU"3# AF, and AFQ phase [11]. Let us emphasize that we
found no indication of disordered or liquid phases in that
model.

Quadrupole waves.—Since the usual spin-wave theory
is not adequate to describe the excitations of QP phases, we
use the flavor-wave theory of [12]. We associate 3
Schwinger-bosons a! to the states of Eq. (3) and enlarge
the fundamental representation on a site to a fully sym-
metric SU"3# Young-diagram consisting of an M box long
row. The spin operators are expressed as S#"j# !
&i$#%&ay%"j#a&"j#. Condensing the bosons associated
with the ordering then leads to a Holstein-Primakoff trans-
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FIG. 1 (color online). (a) Zero-field phase diagram. The inner
circle is the variational result; the outer circle the exact-
diagonalization one. The magnetic phases are shaded in gray.
(b) Probabilities of spin fluctuations jhS"n̂#j ij2 in the pure state
 ! jyi (left) and in a state with finite magnetization (right).
jS"n̂#i is the coherent spin state pointing in direction n̂.
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NiGa2S4

✤ Very 2d isotropic S=1 material

✤ Considered a candidate for 
spin-nematic state

S. Nakatsuji et al, 2005

Tsunetsugu et al, 2006; 
Bhattacharjee et al, 2006; 
Läuchli et al, 2006; 
Stoudenmire, LB, 2009



T>0 Heisenberg Systems

✤ Mermin-Wagner theorem implies that 2d Heisenberg magnet cannot 
have magnetic order at T>0 

✤ Non-linear sigma model: ξ ~ exp (c J/T), stiffness=0

✤ smooth crossovers seen in measured quantities

J. Phys. Soc. Jpn. Letter

technique. The lattice is of 48 ! L ! 1536 with periodic boundary conditions.
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Fig. 1. (Color online) Temperature dependence of the specific heat (a) and the susceptibility (b) per

spin. The curves are the fits based on Eqs.(2) and (4). The inset is the Curie-Weiss plot for the

inverse susceptibility.

The specific heat C and the susceptibility ! are shown in Fig.1. The specific heat exhibits

a distinct but rounded peak around T " 0.318, located slightly above Tv. More precise Tv-

value will be determined below in Fig.3 as Tv # 0.285 ± 0.005, together with the "-value,

" = 0.42±0.15. The Curie-Weiss temperature TCW is estimated as TCW # 2.32: See the inset

of Fig.1(b). The C data are then fitted to our theoretical expression Eq.(2) where the regular

part is approximated by the fourth-order polynomial of T . As can be seen from Fig.1(a), the fit

works well with A = 0.66±0.05. The ! data can also be fittable to Eq.(4) with A = 0.74±0.55,

which agrees with the A value determined above from C.

In Fig.2, we show on a semi-log plot the finite-size spin correlation length #L associated

with the 120-degrees structure.17) A scaling relation #2L/#L $ f(#L/L) is expected to hold

for larger L.18) As shown in the inset, the data turn out to scale well in this form for larger

L, yielding a scaling function f(x). Then, following ref.,18) we extrapolate #L to the bulk

correlation length # = #! on the basis of the above scaling relation, the resulting # being

given in Fig.2. The change in the behavior of #(T ) is discernible around T = Tv. The data

can be well fitted to our theoretical expression Eq.(3) with A # 0.94 ± 0.4 and " = 0.42

(fixed), where we fit ln #SW by the fourth-order polynomial of T . Note that, in contrast to

the # data reported in ref.,19) our # data, or its temperature derivative, does not show any

appreciable discontinuity at T = Tv, exhibiting only a weak singularity consistent with an

essential singularity. This di!erence from ref.19) probably comes from the fact that the two-

loop RG formula used in ref.19) in performing an L = % extrapolation is no longer valid

around T = Tv.

In the present model, although the spin correlation length remains finite at T = Tv , it
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Fig. 2. (Color online) Temperature dependence of the finite-size spin correlation length, together

with the bulk one. The inset is a scaling plot, i.e., !2L/!L plotted vs. !L/L.

becomes quite large, ! ! 1700. Our fitting analysis also gives an estimate of the crossover

temperature T! ! 0.294 and the crossover length l! ! 380. It should be noticed, however,

that the value of ! at T = Tv (at T = T!) is a non-universal property depending on the details

of each system.

In the previous studies, as an order parameter characterizing the Z2-vortex transition,

either a Wilson-loop (vorticity function)12) or a vorticity modulus20) has been proposed. Here,

we calculate following Refs.14, 21) the latter quantity, the vorticity modulus v, defined as the

free-energy cost against a vortex formation !F divided by lnL, v = !F/ lnL. In Fig.3, we

show the temperature derivative of the vorticity modulus, -dv/dT , calculated from appropriate

fluctuations. The data exhibit a sharp peak which sharpens with L, suggesting the occurrence

of a phase transition. In the inset, the peak temperature Tpeak(L) is plotted versus 1/ ln(L).

Indeed, Eq.(1) implies a relation Tpeak(L)"Tv # (1/ lnL)1/!. This fit yields Tv = 0.285±0.005

and " = 0.42 ± 0.15, which are the Tv and " values quoted above.

We now wish to discuss possible implications of our results to recent experiments on several

triangular-lattice Heisenberg antiferromagnets. We note S=3/2 NaCrO2 (TCW ! 290K)1, 2)

and S=1 NiGa2S4 (TCW ! 80K)3–7) exhibit a strikingly similar ordering behavior in spite of

the di"erence in their integer/half-integer spin quantum numbers. Indeed, NaCrO2 (NiGa2S4)

exhibit a clear but rounded specific-heat peak at Tpeak = 41K (10K), whereas a transition-

like anomaly is observed at Tf ! 30K (8.5K), a temperature slightly below Tpeak, where the

spin dynamics is rapidly slowed down giving rise to a quasistatic internal field. However, the

spin dynamics probed by NMR, NQR, ESR and µSR is not completely frozen, but the spins

remain slowly fluctuating even below Tf , unlike the conventional AF or the spin glass. Such

a dynamically fluctuating ordered state extends over a wide temperature range, down to 10K

(2K). The spin correlation length determined from neutron scattering is kept finite even at

6/9
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T>0 Heisenberg Systems

✤ Mermin-Wagner theorem implies that 2d Heisenberg magnet cannot 
have magnetic order at T>0 

✤ Kawamura + Miyashita (1984) proposed a “topological transition” 
due to Z2 vortices, point defects of the SO(3) order parameter

✤ existence of phase transition is controversial

J. Phys. Soc. Jpn. Letter

technique. The lattice is of 48 ! L ! 1536 with periodic boundary conditions.
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" = 0.42±0.15. The Curie-Weiss temperature TCW is estimated as TCW # 2.32: See the inset

of Fig.1(b). The C data are then fitted to our theoretical expression Eq.(2) where the regular

part is approximated by the fourth-order polynomial of T . As can be seen from Fig.1(a), the fit

works well with A = 0.66±0.05. The ! data can also be fittable to Eq.(4) with A = 0.74±0.55,

which agrees with the A value determined above from C.

In Fig.2, we show on a semi-log plot the finite-size spin correlation length #L associated

with the 120-degrees structure.17) A scaling relation #2L/#L $ f(#L/L) is expected to hold

for larger L.18) As shown in the inset, the data turn out to scale well in this form for larger

L, yielding a scaling function f(x). Then, following ref.,18) we extrapolate #L to the bulk

correlation length # = #! on the basis of the above scaling relation, the resulting # being

given in Fig.2. The change in the behavior of #(T ) is discernible around T = Tv. The data

can be well fitted to our theoretical expression Eq.(3) with A # 0.94 ± 0.4 and " = 0.42

(fixed), where we fit ln #SW by the fourth-order polynomial of T . Note that, in contrast to

the # data reported in ref.,19) our # data, or its temperature derivative, does not show any

appreciable discontinuity at T = Tv, exhibiting only a weak singularity consistent with an

essential singularity. This di!erence from ref.19) probably comes from the fact that the two-

loop RG formula used in ref.19) in performing an L = % extrapolation is no longer valid

around T = Tv.

In the present model, although the spin correlation length remains finite at T = Tv , it
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becomes quite large, ! ! 1700. Our fitting analysis also gives an estimate of the crossover

temperature T! ! 0.294 and the crossover length l! ! 380. It should be noticed, however,

that the value of ! at T = Tv (at T = T!) is a non-universal property depending on the details

of each system.

In the previous studies, as an order parameter characterizing the Z2-vortex transition,

either a Wilson-loop (vorticity function)12) or a vorticity modulus20) has been proposed. Here,

we calculate following Refs.14, 21) the latter quantity, the vorticity modulus v, defined as the

free-energy cost against a vortex formation !F divided by lnL, v = !F/ lnL. In Fig.3, we

show the temperature derivative of the vorticity modulus, -dv/dT , calculated from appropriate

fluctuations. The data exhibit a sharp peak which sharpens with L, suggesting the occurrence

of a phase transition. In the inset, the peak temperature Tpeak(L) is plotted versus 1/ ln(L).

Indeed, Eq.(1) implies a relation Tpeak(L)"Tv # (1/ lnL)1/!. This fit yields Tv = 0.285±0.005

and " = 0.42 ± 0.15, which are the Tv and " values quoted above.

We now wish to discuss possible implications of our results to recent experiments on several

triangular-lattice Heisenberg antiferromagnets. We note S=3/2 NaCrO2 (TCW ! 290K)1, 2)

and S=1 NiGa2S4 (TCW ! 80K)3–7) exhibit a strikingly similar ordering behavior in spite of

the di"erence in their integer/half-integer spin quantum numbers. Indeed, NaCrO2 (NiGa2S4)

exhibit a clear but rounded specific-heat peak at Tpeak = 41K (10K), whereas a transition-

like anomaly is observed at Tf ! 30K (8.5K), a temperature slightly below Tpeak, where the

spin dynamics is rapidly slowed down giving rise to a quasistatic internal field. However, the

spin dynamics probed by NMR, NQR, ESR and µSR is not completely frozen, but the spins

remain slowly fluctuating even below Tf , unlike the conventional AF or the spin glass. Such

a dynamically fluctuating ordered state extends over a wide temperature range, down to 10K

(2K). The spin correlation length determined from neutron scattering is kept finite even at
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Spatially anisotropic case

✤ Issues:

✤ Is there a QSL state?

✤ Magnetization plateaux in strong magnetic field?

J

J’J’
“chains”



Theories (zero field)

✤ Spin wave theory

✤ DMRG

✤ variational QMC

✤ series expansion

✤ coupled cluster method

J’/J
0 1

? spiral
0.27

0 1
disordered spiral

0.8

0 1
1d SL spiral

0.850.6
2d SL

0 1
spiral

0 1
collinear spiral

0.55 



Materials

✤ Cs2CuCl4 : J’/J = 0.34

✤ Cs2CuBr4 : J’/J = 0.5-0.7

✤ κ-(ET)2X; X=Cu2(CN)3, Cu[N
(CN)2]Cl : J’/J ≥ 1 

✤ X[Pd(dmit)2]2; X= EtMe3Sb, 
EtMe3P, Me4P... : J’/J?

✤ NaTiO2 ?

✤ 3He on graphite?

✤ spiral AF

✤ spiral AF

✤ AF and spin liquid

✤ AFs, spin liquid, dimerized

✤ little studied

✤ spin liquid at 4/7 coverage



Materials

✤ Cs2CuCl4 : J’/J = 0.34

✤ Cs2CuBr4 : J’/J = 0.5-0.7

✤ κ-(ET)2X; X=Cu2(CN)3, Cu[N
(CN)2]Cl : J’/J ≥ 1 

✤ X[Pd(dmit)2]2; X= EtMe3Sb, 
EtMe3P, Me4P... : J’/J?

✤ NaTiO2 ?

✤ 3He on graphite?

✤ spiral AF

✤ spiral AF

✤ AF and spin liquid
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✤ spin liquid at 4/7 coverage

Organics close to the Mott transition.  
Hamiltonian must include charge 

fluctuations, and is not well understood.



Materials

✤ Cs2CuCl4 : J’/J = 0.34
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✤ spiral AF

✤ AF and spin liquid

✤ AFs, spin liquid, dimerized

✤ little studied

✤ spin liquid at 4/7 coverage

Orbital quasi-degeneracy 
probably is important.
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✤ Cs2CuCl4 : J’/J = 0.34

✤ Cs2CuBr4 : J’/J = 0.5-0.7

✤ κ-(ET)2X; X=Cu2(CN)3, Cu[N
(CN)2]Cl : J’/J ≥ 1 

✤ X[Pd(dmit)2]2; X= EtMe3Sb, 
EtMe3P, Me4P... : J’/J?

✤ NaTiO2 ?

✤ 3He on graphite?

✤ spiral AF

✤ spiral AF

✤ AF and spin liquid

✤ AFs, spin liquid, dimerized

✤ little studied

✤ spin liquid at 4/7 coverage

Experimental probes are 
limited, and there are 

competing models.  Likely 
significant multi-spin ring 

exchange is important



Materials

✤ Cs2CuCl4 : J’/J = 0.34

✤ Cs2CuBr4 : J’/J = 0.5-0.7

✤ κ-(ET)2X; X=Cu2(CN)3, Cu[N
(CN)2]Cl : J’/J ≥ 1 

✤ X[Pd(dmit)2]2; X= EtMe3Sb, 
EtMe3P, Me4P... : J’/J?

✤ NaTiO2 ?

✤ 3He on graphite?

✤ spiral AF

✤ spiral AF

✤ AF and spin liquid

✤ AFs, spin liquid, dimerized

✤ little studied

✤ spin liquid at 4/7 coverage



Cs2CuCl4

✤ Cu2+ spin-1/2 spins

✤ Couplings measured by measuring single-
magnon spectrum in polarizing magnetic 
field (9T)

J=0.37meV
J’=0.34J

D=0.053J
R. Coldea et al, 2002
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FIG. 2. (a) Magnetic dispersion relations in the saturated phase
(B ! 12 Tka, T , 0.2 K) along symmetry directions in the 2D
plane [heavy dashed lines in Fig. 1(c)]. Solid and dashed lines
are fits to Eq. (4) with parameters in Table I. (b) Observed inte-
grated inelastic intensity compared with predictions for the fully
polarized eigenstate (solid line). (c) Excitations line shape ob-
served along a constant-wavevector scan at the minimum gap
k ! !0, 1.447, 0". The solid line is a fit to Eqs. (4) and (5)
convolved with the instrumental resolution (horizontal gray bar
indicates the full width at half maximum of the energy resolu-
tion).(d) Relative intensity of the two magnon modes compared
with Eq. (5) (solid line).

J0 in the 2D planes. Considering these bonds only, and
making the approximation that D6 ! !6Da, 0, 0" # D6

a
we obtain using symmetry

H 6
DM !

1
2

X

R
D6

a ? SR

3 $2SR1d1 2 SR1d2 1 SR1d3 1 SR1d4 % , (3)

where the labels d124 refer to Fig. 1(a) and the 6 has
been introduced because there are two distinct layers
shown in Fig. 1(b) which are inverted versions of each
other with DM vectors pointing in opposite directions.
Like the Heisenberg coupling this DM interaction also
conserves Sz

T and plane-wave solutions remain diagonal;
H 6

DMck ! 6Dkck where Dk ! 2Da sin!pk" cos!pl" as
observed. The DM interaction then explains the observed
sinusoidal components of h̄v6

k and the fact that there are
two modes —one for each type of layer.

The fact that Cs2CuCl4 orders three dimensionally
means that there must be an interaction J00

k between
layers. We introduce operators ay

k and by
k that create the

two types of magnons on the different layers. The full
Hamiltonian with DM and interlayer couplings is

H !
X

k
$ay

k by
k %

3

"

h̄Vk 2 J 00
0 1 Dk J 00

2k
J 00

k h̄Vk 2 J 00
0 2 Dk

# "

ak

bk

#

,

where h̄Vk ! gmBB 2 J0 1 Jk is the magnon dispersion
for Dk ! J 00

k ! 0. Diagonalizing this Hamiltonian gives
the new dispersion relations

h̄v6
k ! h̄Vk 2 J 00

0 6
q

D2
k 1 jJ 00

k j2 , (4)

and for the case of interlayer nearest neighbor coupling
[see Fig. 1(b)] [J 00

k ! J 00 cos!ph"e2i2plz ] the relative in-
tensity of the two modes is

I1
k

I2
k

!
1 1 cos!2plz " sin!2uk"
1 2 cos!2plz " sin!2uk"

, (5)

with uk ! tan21$J 00 cos!ph"&!
q

D2
k 1 jJ 00

k j2 1 Dk"% and
where the total inelastic intensity I1

k 1 I2
k is indepen-

dent of wave vector. Here z ! 0.34 is the relative offset
along c between adjacent layers. Fitting the above model
[Eqs. (4) and (5)] to the data yields the excellent fits shown
in Figs. 2(a)–2(d) with the fitted parameters listed in the
first column of Table I and ga ! 2.19!1". The total in-
elastic intensity shown in Fig. 2(b) is nearly independent
of k as predicted. The relative intensity of the two modes
(where they could be resolved) is shown in Fig. 2(d). We
conclude that all other couplings in Cs2CuCl4 are much
smaller. Dipolar energies and g-tensor anisotropies are
small and neglected here.

Upon decreasing field the magnon energies reduce by
the additive Zeeman term gmBB [see Fig. 3(a)]. At the
critical field BC ! 8.44!1" T the gap closes at the dis-
persion minima t 6 Q, Q ! !0.5 1 e"b!, e ! 0.053!1".
At those wave vectors Bragg peaks appear below BC in-
dicating transverse (off-diagonal) long-range order. This
order is an example of BEC in a dilute gas of magnons in-
duced by changing the “chemical potential” jBC 2 Bj [5].
The measured spin order forms an elliptical cone around
the field direction 'SR( ! 6b̂Sb cosQ ? R 1 ĉSc sinQ ?
R 1 âSa (odd/even 6 layers contrarotate) where Sb . Sc

TABLE I. Hamiltonian parameters !B . BC" (see text) versus
the quantum renormalized parameters obtained by fitting B ! 0
results to classical spin-wave theory (from [1]).

Parameter B . BC B ! 0 Renormalization

J (meV) 0.374(5) 0.62(1) 1.65(5)
J 0 (meV) 0.128(5) 0.117(9) 0.91(9)
J 00 (meV) 0.017(2) · · · · · ·
Da (meV) 0.020(2) · · · · · ·

e (rlu) 0.053(1) 0.030(2) 0.56(2)

137203-3 137203-3

chains

diagonals

J’’=0.045J inter-layer

Dzyaloshinskii-Moriya



Dimensional reduction?

✤ Frustration of interchain coupling makes it less “relevant”
✤ First order energy correction vanishes

✤ Interchain correlations are established only at O[(J’)4/J3]!

✤ Other smaller interchain interactions can dominate

✤ Elementary excitations of 1d chains - spinons -  form a good basis 
for excitations of the coupled system



Dimensional reduction?

✤ Numerics show that correlations are weak for J’/J < 0.7 

Weng et al, 
2006

Very different from 
spin wave theory

Very weak inter-chain 
correlations



Broad lineshape: “free spinons”

✤ “Power law” fits well to free spinon result
✤ Fit determines normalization

J’(k)=0 here



Bound state

✤ Compare spectra at J’(k)<0 and J’(k)>0:

  Curves: 2-spinon theory w/ experimental resolution  Curves: 4-spinon RPA w/ experimental resolution



Low energy phases - zoology?
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FIG. 3. (a) Magnon energies vs field in the saturated phase.
Solid lines are fits to a linear behavior as expected for DSz !
21 eigenstates with g factor ga ! 2.18!1". !0, 0.447, 1"6 label
the two magnon modes resolved at the minimum gap in scans
such as in Fig. 2(c). (b) Amplitude of perpendicular ordered
moment Sc in the cone phase vs field. Solid line is a power-law
fit. (c) Incommensuration (e ! Q-0.5) vs field (solid line is a
guide to the eye). Inset: magnetization vs field [8] (T ! 30 mK)
compared with a linear behavior (solid line). (d) Superposition
of contrarotating magnons v2

2Q and v2
1Q [7] of different am-

plitudes (large and small circle) gives the elliptical order in bc
plane shown schematically for odd layers in (e) (arrows are or-
dered spins). Even layers have an opposite sense of rotation.

as illustrated in Fig. 3(e). In fact this order corresponds
exactly to the simultaneous condensation of contrarotating
magnons v2

2Q and v2
1Q [see Fig. 3(d)] with gap closure at

BC; a mean-field calculation [6,7] of this state gives an el-
liptical cone with asymmetry !cosuQ 1 sinuQ"#!cosuQ 2
sinuQ" ! 1.52!6" in agreement with the observed ratio
Sb#Sc ! 1.55!10" just below BC . The asymmetry is a
combined effect of interlayer coupling J 00 and alternation
of D6 between layers and rapidly decreases as the field
is lowered due to increased interparticle interactions and
fluctuations, Sb#Sc ! 1.1!1" below 7 T.

The effect of fluctuations and interactions on the or-
der as field decreases is quantified in Figs. 3(b)–3(c):
Figure 3(b) shows the off-diagonal order parameter Sc.

Close to BC it is described by a power law (solid line)
Sc $ jBC 2 Bjb with b ! 0.33!3", significantly below
the value b ! 0.5 expected for mean-field (3D) BEC [5].
The magnetization Sa obtained from susceptibility mea-
surements [8] is plotted in the inset of Fig. 3(c). It shows
that the boson density is not linear versus jBC 2 Bj but
rather shows a deviation that may be logarithmic [9]; and
finally the wave vector of the condensate Q ! 0.5 1 e!B"
is plotted in Fig. 3(c). Q varies strongly with field indicat-
ing that magnon-magnon interactions are important even at
low density and renormalize the condensate wave vector.
The above features deviate significantly from mean-field
(3D) behavior [10] and could be associated with the 2D
nature of the magnons. In two dimensions interactions can
qualitatively change the scaling behavior such as by in-
troducing nonlinear, log corrections to the magnetization
curve [9].

In summary, we have determined the Hamiltonian of
the quasi-2D quantum magnet Cs2CuCl4 using a new
experimental method and show that it is a 2D anisotropic
triangular system. We also measured transverse (off-
diagonal) order with field below saturation, an example of
Bose-Einstein condensation of magnons. Our methods are
general and could be used to reveal exchanges and quan-
tum renormalizations for systems as diverse as random
magnets, quantum antiferromagnets, and spin glasses.
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temperature transition the anomalies of M /B !d!M /B" /dT"
indicated by open arrows in Fig. 9 are steps !peaks" rather
than kinks !steps".

The phase diagrams for the B #b and c axis constructed
using the anomalies discussed above are shown in Fig. 10.
The new data agree with and complement earlier low-field
neutron diffraction results !open triangles".1 Apart from the
phase transition boundaries identified above we have also
marked the cross-over line between the paramagnetic and
antiferromagnetic SRO region, determined by the location of
the peak in the temperature dependence of the magnetization
such as in Fig. 1!a". The peak position Tmax decreases with
the increasing field and disappears above Bc, indicating the
suppression of antiferromagnetic correlations by the mag-
netic field. For the field along the b and c axis the phase
diagrams are much more complicated than that for B #a
which shows only one cone phase up to the saturation
field.4,12 For B #b three new phases appear above the spiral
phase. Two of these phases occupy small areas of the B!T
phase diagram. For B #c four new phases are observed in
addition to the spiral and elliptical phases.

We note that the absence of an observable anomaly in the
temperature dependence of the magnetization upon crossing
the phase transitions near certain fields !6 T along b and 5 T
along c" is consistent with Ehrenfest relation and is related to
the fact that the transition boundary Tc!B" is near flat around
those points. The relation between the shape of the phase
boundary and the anomaly in M!T" was discussed by
Tayama et al.13 and is

!$dM

dT
% = !

dTc

dB
!$C

T
% , !2"

where !!X" is the discontinuity of quantity X, C is the spe-
cific heat, and Tc is the field-dependent critical temperature
of the second order phase transition. This shows that the
discontinuity in dM /dT vanishes when dTc /dB=0, i.e., when
the phase boundary is flat in the field. This is indeed the case
for 6 T #b and at 5 T #c !see Fig. 10", and here only a kink
and no discontinuity is seen in dM /dT.

IV. CONCLUSIONS

We have studied the magnetic phase diagrams of
Cs2CuCl4 by measuring magnetization and specific heat
at low temperatures and high magnetic fields. The low-field
susceptibility in the temperature range from below the broad
maximum to the Curie-Weiss region is well des-
cribed by high-order series expansion calculations for the
partially frustrated triangular lattice with J! /J=1/3 and
J=0.385 meV. The extracted ground state energy in the zero
field obtained directly from integrating the magnetization
curve is nearly a factor of 2 lower compared to the classical
mean-field result. This indicates strong zero-point quantum
fluctuations in the ground state, captured in part by including

FIG. 9. Magnetization normalized by the applied field M /B
!thick solid lines, left axis" and its derivative d!M /B" /dT !thin solid
lines, right axis" as a function of temperature for B #c. Vertical ar-
rows indicate anomalies.

FIG. 10. B!T phase diagrams of Cs2CuCl4 for the B#b and c
axis. Data points of open circles !magnetization", squares !specific
heat", and triangles &neutrons !see Ref. 1"' connected by solid lines
indicate phase boundaries. Solid circles show the positions of the
maximum in the temperature dependence of the magnetization and
indicate a crossover from paramagnetic to SRO. “E” on the phase
diagram for the B #c axis denotes the elliptical phase !see Ref. 1".

TOKIWA et al. PHYSICAL REVIEW B 73, 134414 !2006"
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Strategy

✤ Quantitative understanding of high energy neutron scattering implies 
that a description in terms of weakly correlated spin chains is 
appropriate

✤ Use the low energy field theory of the decoupled spin chains to study 
the low energy physics when they are coupled

✤ This field theory is critical (i.e. the system is gapless), with conformal 
invariance

✤ Use renormalization group methods to study the coupling



Operators

✤ For example, in zero magnetic field:

✤ N: Néel vector

✤ ε: staggered dimerization

N

ε>0

ε<0



Inter-chain exchange

✤ Translates into operator couplings

✤ e.g. rectangular lattice

✤ Triangular lattice

J’ H
� ∼ J

�
�

dxNy · Ny+1

J

J’J’
H

� ∼ J
�
�

dxNy · ∂xNy+1

reflection symmetry



Power counting

✤ Operators “scale” like L-Δ , with scaling dimension Δ

✤ e.g. Δ(N)=1/2.

✤ Dimensionless coupling, measured with respect to v k ~ v/L: 

✤ e.g. rectangular lattice

✤ “relevant” interaction: generates Néel order at kT~v/L~J’

H
� ∼ J

�
�

dxNy · Ny+1

g�(L) ∼ J �L× L−2∆

v/L
∼ J �

v
L2−2∆ ∼ J �

v
L



Power counting

✤ Operators “scale” like L-Δ , with scaling dimension Δ

✤ e.g. Δ(N)=1/2.

✤ Dimensionless coupling, measured with respect to v k ~ v/L: 

✤ triangular lattice

✤ “marginal” interaction: exponentially weak effects?

H
� ∼ J

�
�

dxNy · ∂xNy+1

g�(L) ∼ J �L× L−2∆−1

v/L
∼ J �

v



Fluctuations

✤ Relevant couplings between second neighbor chains are allowed

✤ Interactions of this type are generated by fluctuations

✤ a nasty calculation shows g2 ~ (J’)4/v3

✤ leads to commensurate, collinear AF order with kTc ~ g2

H
�� ∼ g2

�
dxNy · Ny+2

O. Starykh + LB, 2007



Theories (zero field)

✤ Spin wave theory

✤ DMRG

✤ variational QMC

✤ series expansion

✤ coupled cluster method

J’/J
0 1

? spiral
0.27

0 1
disordered spiral

0.8

0 1
1d SL spiral

0.850.6
2d SL

0 1
spiral

0 1
collinear spiral

0.55 



DM

✤ Cs2CuCl4 has a spiral ground state!

✤ This is due to Dzyaloshinskii-Moriya interactions

✤ This leads to spiral order with 

✤ kT ~ D ~ 0.05J >> (J’)4/v3 ~ (0.3)4J ~ 0.008J

HD = Dẑ · Sx,y ×
�
Sx− 1

2 ,y+1 − Sx+ 1
2 ,y+1

�

HD ∼ D

�
dx ẑ · Ny ×Ny+1



Behavior in a field

✤ The approach is readily generalized to arbitrary magnetic fields

✤ Need to understand the operator content of the Heisenberg chain in a 
field 

✤ Crucial fact: anisotropic correlations

N±

Sz
π±2δ

N =




Nx

Ny

Nz




∆± < 1/2

∆z > 1/2

XY-like correlations transverse to field

incommensurate SDW 
correlations parallel to field

2δ=2πM



Ideal 2d model: J-J’ only

✤ Competition between longitudinal (less frustrated) and transverse 
(less fluctuating) couplings

coneSDWSDW

C
A

F

Hsat H

T

~0.7HsatM = 1
3Msat∼ (J �)4

v3

pl
at

ea
u



Ideal 2d model: J-J’ only

✤ Competition between longitudinal (less frustrated) and transverse 
(less fluctuating) couplings

coneSDWSDW

C
A

F

Hsat H

T

~0.7HsatM = 1
3Msat∼ (J �)4

v3

pl
at

ea
u

up, up, down state



Cs2CuBr4

✤ Isostructural to Cs2CuCl4, but with larger J’/J= 0.5-0.8

✤ Shows a well-formed magnetization plateau at Msat/3

2

FIG. 1: (Color online) (a) Evolution of the temperature dif-
ference between the sample and thermal reservoir due to
the magnetocaloric e!ect at 180 mK, with arrows indicating
the field-sweep directions. (b) Derivative of magnetic torque
with respect to H at temperatures near 400 mK. To pro-
duce a torque, the magnetic field was slightly tilted away
from the c axis toward the b axis, by the angle indicated
for each curve. (c) Magnetic phase diagram deduced from
the magnetocaloric-e!ect data taken at various temperatures.
Circles indicate second-order phase boundaries, whereas other
symbols except the open diamonds indicate first-order bound-
aries. Open diamonds are the positions of the large features
near Hs and do not indicate a phase boundary. Lines are
guides to the eye. Data for H ! 18 T are from Ref. [10],
where open circles are from specific heat.

of the temperature di!erence, thereby revealing the
sign and magnitude of (!M/!T )H. Transitions be-
tween phases appear as deviations from a smoothly vary-
ing "T . First-order phase transitions will also reveal
the release/absorption of latent heat as the sample en-
ters/leaves a lower entropy state. At su#ciently low tem-
peratures, there will also be an additional heat release as
a metastable state gives way to the lower energy stable
state for both field-sweep directions through a first-order
transition.

M/M  =1/ 3

a b

dc

s M/M  =1/ 2s

M/M  =5/ 9s M/M  =2/ 3s

FIG. 2: (Color online) Collinear states on the triangular lat-
tice at M/Ms = 1

3
, 1

2
, 5

9
, and 2

3
. Arrows indicate down spins

antiparallel to the magnetic field. Vertices with no arrows
indicate up spins pointing in the direction of the field, with
broken lines marking rows containing both spins and solid
lines marking rows of only up spins. The A phase may resem-
ble the M/Ms = 1

2
state, albeit not collinear.

Magnetocaloric-e!ect measurements can be made us-
ing swept fields [14], stepped fields [15], or modulated
fields [16]. The resolution and reproducibility of dc field
magnetocaloric measurements have traditionally been
limited by temperature fluctuations, drift, and slow ther-
mal response, all requiring high sweep rates producing
additional heating. In this experiment, we have overcome
these challenges to swept-field measurements through ac-
tively stabilizing the temperature of the thermal reservoir
(sapphire/silver platform), minimizing the heat capac-
ity of the addenda, and reducing the thermal relaxation
time to less than 1 second. The reservoir temperature
was maintained at a constant true temperature using the
algorithm outlined in Ref. [17] to correct for the magne-
toresistance of the sensor.

Magnetic phase transitions appear as anomalies in the
sample temperature as shown in Fig. 1a. The phase di-
agram deduced from our magnetocaloric-e!ect data is
shown in Fig. 1c, along with phase boundaries for fields
H ! 18T from Ref. [10]. Additional evidence for this
diagram is provided by the magnetic-torque data shown
in Fig. 1b. Even for S = 1

2
spins, theory has long as-

sumed that the field region above the uud phase contains
only one coplanar phase [4], at least for the isotropic
Heisenberg hamiltonian. We find instead a remarkable
cascade of phases in this field region. The boundaries
between these ordered phases are nearly vertical, indi-
cating that the phase diagram is primarily determined
by the zero-temperature energies, not the entropies, of
di!erent states. We are witnessing a cascade of quantum

Fortune et al, 2009
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Figure 3. (a) The field derivative of the magnetization and (b) the magnetization as a function of the
external field applied for H ! the a-, b- and c-axes. Measurements have been done at T = 400 mK.

3.2. Neutron scattering

Figure 4(a) shows a typical scan profile along the b"-direction at around T = 60 mK. A
magnetic Bragg reflection appears at Q0 = (0, 0.575, 0). This result indicates that the
magnetic structure is incommensurate with the lattice along the b-axis. The origin of the
incommensuration is attributed to the competition between J1 and J2 (see figure 2). The
ordering vector for Cs2CuCl4 is Q0 = (0, 0.528, 0) [7]. In classical theory, the ordering
vector Q0 = (0, q, 0) is given by cos(!q) = #J2/(2J1). Using this equation, we obtain
J2/J1 = 0.467 for Cs2CuBr4 and J2/J1 = 0.175 for Cs2CuCl4. This result implies that
Cs2CuBr4 is more frustrated than Cs2CuCl4. Of course, since quantum effects cannot be
neglected in the present system, we should determine the exchange interactions from the
magnetic excitation.

With increasing magnetic field parallel to the c-axis, the value of the ordering vector q
increases continuously as shown in figure 4(b). On the other hand, the integrated intensity
decreases gradually up to the transition field Hc1 and shows a jump just after the transition field
Hc1 as shown in figure 4(c). The neutron scattering cross section reflects the spin component
perpendicular to the scattering vector. Since the magnetization process for H ! b and H ! c
is almost the same, it can be deduced that the magnetic moments almost lie in the bc-plane
as observed in Cs2CuCl4 [7]. Thus, the integrated intensity is expected to be increased with
increasing external field, because of the increase of the spin component parallel to the c-axis.
The reason for the decrease of the intensity for H < Hc1 is unclear.

Figure 4(b) shows the external field dependence of the ordering vector Q0 = (0, q, 0)

measured for H ! c-axis. The value of the ordering vector q shows a steep increase just
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FIG. 3. (a) Magnon energies vs field in the saturated phase.
Solid lines are fits to a linear behavior as expected for DSz !
21 eigenstates with g factor ga ! 2.18!1". !0, 0.447, 1"6 label
the two magnon modes resolved at the minimum gap in scans
such as in Fig. 2(c). (b) Amplitude of perpendicular ordered
moment Sc in the cone phase vs field. Solid line is a power-law
fit. (c) Incommensuration (e ! Q-0.5) vs field (solid line is a
guide to the eye). Inset: magnetization vs field [8] (T ! 30 mK)
compared with a linear behavior (solid line). (d) Superposition
of contrarotating magnons v2

2Q and v2
1Q [7] of different am-

plitudes (large and small circle) gives the elliptical order in bc
plane shown schematically for odd layers in (e) (arrows are or-
dered spins). Even layers have an opposite sense of rotation.

as illustrated in Fig. 3(e). In fact this order corresponds
exactly to the simultaneous condensation of contrarotating
magnons v2

2Q and v2
1Q [see Fig. 3(d)] with gap closure at

BC; a mean-field calculation [6,7] of this state gives an el-
liptical cone with asymmetry !cosuQ 1 sinuQ"#!cosuQ 2
sinuQ" ! 1.52!6" in agreement with the observed ratio
Sb#Sc ! 1.55!10" just below BC . The asymmetry is a
combined effect of interlayer coupling J 00 and alternation
of D6 between layers and rapidly decreases as the field
is lowered due to increased interparticle interactions and
fluctuations, Sb#Sc ! 1.1!1" below 7 T.

The effect of fluctuations and interactions on the or-
der as field decreases is quantified in Figs. 3(b)–3(c):
Figure 3(b) shows the off-diagonal order parameter Sc.

Close to BC it is described by a power law (solid line)
Sc $ jBC 2 Bjb with b ! 0.33!3", significantly below
the value b ! 0.5 expected for mean-field (3D) BEC [5].
The magnetization Sa obtained from susceptibility mea-
surements [8] is plotted in the inset of Fig. 3(c). It shows
that the boson density is not linear versus jBC 2 Bj but
rather shows a deviation that may be logarithmic [9]; and
finally the wave vector of the condensate Q ! 0.5 1 e!B"
is plotted in Fig. 3(c). Q varies strongly with field indicat-
ing that magnon-magnon interactions are important even at
low density and renormalize the condensate wave vector.
The above features deviate significantly from mean-field
(3D) behavior [10] and could be associated with the 2D
nature of the magnons. In two dimensions interactions can
qualitatively change the scaling behavior such as by in-
troducing nonlinear, log corrections to the magnetization
curve [9].

In summary, we have determined the Hamiltonian of
the quasi-2D quantum magnet Cs2CuCl4 using a new
experimental method and show that it is a 2D anisotropic
triangular system. We also measured transverse (off-
diagonal) order with field below saturation, an example of
Bose-Einstein condensation of magnons. Our methods are
general and could be used to reveal exchanges and quan-
tum renormalizations for systems as diverse as random
magnets, quantum antiferromagnets, and spin glasses.
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indicated by open arrows in Fig. 9 are steps !peaks" rather
than kinks !steps".

The phase diagrams for the B #b and c axis constructed
using the anomalies discussed above are shown in Fig. 10.
The new data agree with and complement earlier low-field
neutron diffraction results !open triangles".1 Apart from the
phase transition boundaries identified above we have also
marked the cross-over line between the paramagnetic and
antiferromagnetic SRO region, determined by the location of
the peak in the temperature dependence of the magnetization
such as in Fig. 1!a". The peak position Tmax decreases with
the increasing field and disappears above Bc, indicating the
suppression of antiferromagnetic correlations by the mag-
netic field. For the field along the b and c axis the phase
diagrams are much more complicated than that for B #a
which shows only one cone phase up to the saturation
field.4,12 For B #b three new phases appear above the spiral
phase. Two of these phases occupy small areas of the B!T
phase diagram. For B #c four new phases are observed in
addition to the spiral and elliptical phases.

We note that the absence of an observable anomaly in the
temperature dependence of the magnetization upon crossing
the phase transitions near certain fields !6 T along b and 5 T
along c" is consistent with Ehrenfest relation and is related to
the fact that the transition boundary Tc!B" is near flat around
those points. The relation between the shape of the phase
boundary and the anomaly in M!T" was discussed by
Tayama et al.13 and is

!$dM

dT
% = !

dTc

dB
!$C

T
% , !2"

where !!X" is the discontinuity of quantity X, C is the spe-
cific heat, and Tc is the field-dependent critical temperature
of the second order phase transition. This shows that the
discontinuity in dM /dT vanishes when dTc /dB=0, i.e., when
the phase boundary is flat in the field. This is indeed the case
for 6 T #b and at 5 T #c !see Fig. 10", and here only a kink
and no discontinuity is seen in dM /dT.

IV. CONCLUSIONS

We have studied the magnetic phase diagrams of
Cs2CuCl4 by measuring magnetization and specific heat
at low temperatures and high magnetic fields. The low-field
susceptibility in the temperature range from below the broad
maximum to the Curie-Weiss region is well des-
cribed by high-order series expansion calculations for the
partially frustrated triangular lattice with J! /J=1/3 and
J=0.385 meV. The extracted ground state energy in the zero
field obtained directly from integrating the magnetization
curve is nearly a factor of 2 lower compared to the classical
mean-field result. This indicates strong zero-point quantum
fluctuations in the ground state, captured in part by including

FIG. 9. Magnetization normalized by the applied field M /B
!thick solid lines, left axis" and its derivative d!M /B" /dT !thin solid
lines, right axis" as a function of temperature for B #c. Vertical ar-
rows indicate anomalies.

FIG. 10. B!T phase diagrams of Cs2CuCl4 for the B#b and c
axis. Data points of open circles !magnetization", squares !specific
heat", and triangles &neutrons !see Ref. 1"' connected by solid lines
indicate phase boundaries. Solid circles show the positions of the
maximum in the temperature dependence of the magnetization and
indicate a crossover from paramagnetic to SRO. “E” on the phase
diagram for the B #c axis denotes the elliptical phase !see Ref. 1".
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FIG. 3. (a) Magnon energies vs field in the saturated phase.
Solid lines are fits to a linear behavior as expected for DSz !
21 eigenstates with g factor ga ! 2.18!1". !0, 0.447, 1"6 label
the two magnon modes resolved at the minimum gap in scans
such as in Fig. 2(c). (b) Amplitude of perpendicular ordered
moment Sc in the cone phase vs field. Solid line is a power-law
fit. (c) Incommensuration (e ! Q-0.5) vs field (solid line is a
guide to the eye). Inset: magnetization vs field [8] (T ! 30 mK)
compared with a linear behavior (solid line). (d) Superposition
of contrarotating magnons v2

2Q and v2
1Q [7] of different am-

plitudes (large and small circle) gives the elliptical order in bc
plane shown schematically for odd layers in (e) (arrows are or-
dered spins). Even layers have an opposite sense of rotation.

as illustrated in Fig. 3(e). In fact this order corresponds
exactly to the simultaneous condensation of contrarotating
magnons v2

2Q and v2
1Q [see Fig. 3(d)] with gap closure at

BC; a mean-field calculation [6,7] of this state gives an el-
liptical cone with asymmetry !cosuQ 1 sinuQ"#!cosuQ 2
sinuQ" ! 1.52!6" in agreement with the observed ratio
Sb#Sc ! 1.55!10" just below BC . The asymmetry is a
combined effect of interlayer coupling J 00 and alternation
of D6 between layers and rapidly decreases as the field
is lowered due to increased interparticle interactions and
fluctuations, Sb#Sc ! 1.1!1" below 7 T.

The effect of fluctuations and interactions on the or-
der as field decreases is quantified in Figs. 3(b)–3(c):
Figure 3(b) shows the off-diagonal order parameter Sc.

Close to BC it is described by a power law (solid line)
Sc $ jBC 2 Bjb with b ! 0.33!3", significantly below
the value b ! 0.5 expected for mean-field (3D) BEC [5].
The magnetization Sa obtained from susceptibility mea-
surements [8] is plotted in the inset of Fig. 3(c). It shows
that the boson density is not linear versus jBC 2 Bj but
rather shows a deviation that may be logarithmic [9]; and
finally the wave vector of the condensate Q ! 0.5 1 e!B"
is plotted in Fig. 3(c). Q varies strongly with field indicat-
ing that magnon-magnon interactions are important even at
low density and renormalize the condensate wave vector.
The above features deviate significantly from mean-field
(3D) behavior [10] and could be associated with the 2D
nature of the magnons. In two dimensions interactions can
qualitatively change the scaling behavior such as by in-
troducing nonlinear, log corrections to the magnetization
curve [9].

In summary, we have determined the Hamiltonian of
the quasi-2D quantum magnet Cs2CuCl4 using a new
experimental method and show that it is a 2D anisotropic
triangular system. We also measured transverse (off-
diagonal) order with field below saturation, an example of
Bose-Einstein condensation of magnons. Our methods are
general and could be used to reveal exchanges and quan-
tum renormalizations for systems as diverse as random
magnets, quantum antiferromagnets, and spin glasses.
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No!

temperature transition the anomalies of M /B !d!M /B" /dT"
indicated by open arrows in Fig. 9 are steps !peaks" rather
than kinks !steps".

The phase diagrams for the B #b and c axis constructed
using the anomalies discussed above are shown in Fig. 10.
The new data agree with and complement earlier low-field
neutron diffraction results !open triangles".1 Apart from the
phase transition boundaries identified above we have also
marked the cross-over line between the paramagnetic and
antiferromagnetic SRO region, determined by the location of
the peak in the temperature dependence of the magnetization
such as in Fig. 1!a". The peak position Tmax decreases with
the increasing field and disappears above Bc, indicating the
suppression of antiferromagnetic correlations by the mag-
netic field. For the field along the b and c axis the phase
diagrams are much more complicated than that for B #a
which shows only one cone phase up to the saturation
field.4,12 For B #b three new phases appear above the spiral
phase. Two of these phases occupy small areas of the B!T
phase diagram. For B #c four new phases are observed in
addition to the spiral and elliptical phases.

We note that the absence of an observable anomaly in the
temperature dependence of the magnetization upon crossing
the phase transitions near certain fields !6 T along b and 5 T
along c" is consistent with Ehrenfest relation and is related to
the fact that the transition boundary Tc!B" is near flat around
those points. The relation between the shape of the phase
boundary and the anomaly in M!T" was discussed by
Tayama et al.13 and is

!$dM

dT
% = !

dTc

dB
!$C

T
% , !2"

where !!X" is the discontinuity of quantity X, C is the spe-
cific heat, and Tc is the field-dependent critical temperature
of the second order phase transition. This shows that the
discontinuity in dM /dT vanishes when dTc /dB=0, i.e., when
the phase boundary is flat in the field. This is indeed the case
for 6 T #b and at 5 T #c !see Fig. 10", and here only a kink
and no discontinuity is seen in dM /dT.

IV. CONCLUSIONS

We have studied the magnetic phase diagrams of
Cs2CuCl4 by measuring magnetization and specific heat
at low temperatures and high magnetic fields. The low-field
susceptibility in the temperature range from below the broad
maximum to the Curie-Weiss region is well des-
cribed by high-order series expansion calculations for the
partially frustrated triangular lattice with J! /J=1/3 and
J=0.385 meV. The extracted ground state energy in the zero
field obtained directly from integrating the magnetization
curve is nearly a factor of 2 lower compared to the classical
mean-field result. This indicates strong zero-point quantum
fluctuations in the ground state, captured in part by including

FIG. 9. Magnetization normalized by the applied field M /B
!thick solid lines, left axis" and its derivative d!M /B" /dT !thin solid
lines, right axis" as a function of temperature for B #c. Vertical ar-
rows indicate anomalies.

FIG. 10. B!T phase diagrams of Cs2CuCl4 for the B#b and c
axis. Data points of open circles !magnetization", squares !specific
heat", and triangles &neutrons !see Ref. 1"' connected by solid lines
indicate phase boundaries. Solid circles show the positions of the
maximum in the temperature dependence of the magnetization and
indicate a crossover from paramagnetic to SRO. “E” on the phase
diagram for the B #c axis denotes the elliptical phase !see Ref. 1".
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✤ J’’ exchange between triangular 
planes is unfrustrated and not 
suppressed by the field

✤ another strongly relevant 
perturbation

✤ It is only slightly weaker than 
D, and takes over when D is 
washed out by the field



Correlated planes?

✤ Due to small J’’ << J, J’, it is natural to view Cs2CuCl4 in terms of 
correlated b-c planes of spins
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Correlated planes?

✤ But actually, when the magnetic field is in the b-c plane, the spins are 
more correlated in a-b planes perpendicular to the triangular layers!
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Extreme sensitivity

✤ Order in the a-b planes further amplifies the effects of very weak but 
unfrustrated interactions (of 1% of J or so)

✤ Second neighbor exchange J2 

✤ Fluctuation-generated 4-spin interactions

✤ Dzyaloshinskii-Moriya coupling Dc on the chain bonds



Results vs. Experiment

temperature transition the anomalies of M /B !d!M /B" /dT"
indicated by open arrows in Fig. 9 are steps !peaks" rather
than kinks !steps".

The phase diagrams for the B #b and c axis constructed
using the anomalies discussed above are shown in Fig. 10.
The new data agree with and complement earlier low-field
neutron diffraction results !open triangles".1 Apart from the
phase transition boundaries identified above we have also
marked the cross-over line between the paramagnetic and
antiferromagnetic SRO region, determined by the location of
the peak in the temperature dependence of the magnetization
such as in Fig. 1!a". The peak position Tmax decreases with
the increasing field and disappears above Bc, indicating the
suppression of antiferromagnetic correlations by the mag-
netic field. For the field along the b and c axis the phase
diagrams are much more complicated than that for B #a
which shows only one cone phase up to the saturation
field.4,12 For B #b three new phases appear above the spiral
phase. Two of these phases occupy small areas of the B!T
phase diagram. For B #c four new phases are observed in
addition to the spiral and elliptical phases.

We note that the absence of an observable anomaly in the
temperature dependence of the magnetization upon crossing
the phase transitions near certain fields !6 T along b and 5 T
along c" is consistent with Ehrenfest relation and is related to
the fact that the transition boundary Tc!B" is near flat around
those points. The relation between the shape of the phase
boundary and the anomaly in M!T" was discussed by
Tayama et al.13 and is
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where !!X" is the discontinuity of quantity X, C is the spe-
cific heat, and Tc is the field-dependent critical temperature
of the second order phase transition. This shows that the
discontinuity in dM /dT vanishes when dTc /dB=0, i.e., when
the phase boundary is flat in the field. This is indeed the case
for 6 T #b and at 5 T #c !see Fig. 10", and here only a kink
and no discontinuity is seen in dM /dT.

IV. CONCLUSIONS

We have studied the magnetic phase diagrams of
Cs2CuCl4 by measuring magnetization and specific heat
at low temperatures and high magnetic fields. The low-field
susceptibility in the temperature range from below the broad
maximum to the Curie-Weiss region is well des-
cribed by high-order series expansion calculations for the
partially frustrated triangular lattice with J! /J=1/3 and
J=0.385 meV. The extracted ground state energy in the zero
field obtained directly from integrating the magnetization
curve is nearly a factor of 2 lower compared to the classical
mean-field result. This indicates strong zero-point quantum
fluctuations in the ground state, captured in part by including

FIG. 9. Magnetization normalized by the applied field M /B
!thick solid lines, left axis" and its derivative d!M /B" /dT !thin solid
lines, right axis" as a function of temperature for B #c. Vertical ar-
rows indicate anomalies.

FIG. 10. B!T phase diagrams of Cs2CuCl4 for the B#b and c
axis. Data points of open circles !magnetization", squares !specific
heat", and triangles &neutrons !see Ref. 1"' connected by solid lines
indicate phase boundaries. Solid circles show the positions of the
maximum in the temperature dependence of the magnetization and
indicate a crossover from paramagnetic to SRO. “E” on the phase
diagram for the B #c axis denotes the elliptical phase !see Ref. 1".
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inelastic neutron scattering data on Cs2CuCl4 can be cal-
culated starting from known exact results for 1d Heisen-
berg chains. Indeed, numerical approaches in Refs.19–25
showed that, due to frustration, the diagonal interaction
may be as large as J

�
/J < 0.7 while still retaining ap-

proximate quasi-one-dimensionality.
While this approach has been quite successful for

Cs2CuCl4, most notably in directly confronting data
without any adjustable parameters, there remain some
puzzling features in the experiments. One of the most
striking ones is the drastic difference in the low tempera-
ture phase diagrams of the material in magnetic fields
aligned along the three different principle axes of the
crystal. Though some aspects of these differences were
explained in Ref. 14, based upon the “standard” model
in Eq. (1), other glaring discrepancies remain. In this
paper, we resolve these outstanding differences between
theory and experiment by correcting the standard model
of Cs2CuCl4.

It is important to emphasize that the corrections to
Eq. (1) must be small, because the standard model does
an excellent job in explaining a large volume of experi-
mental data. The parameters in Eq. (1) were determined
by high field measurements of single-magnon spectra,16
which leave little room for doubt of their correctness with
relatively small error bars. Moreover, the same model,
used at zero and intermediate fields, is quite success-
ful in reproducing the full inelastic neutron spectrum,
containing both continuum and magnon/triplon (sharp)
contributions.13,15 Nevertheless, in some field orienta-
tions, entirely different low temperature phases are ob-
served in experiment than are predicted by the standard
model. Thus, we must somehow explain major qualita-
tive differences in the ground states of Cs2CuCl4 in a
field by very small corrections to H, of no more than a
few percent!

A key message of this paper is that, indeed, the frus-
tration and quasi-one-dimensionality of this problem can
and do amplify tiny terms in the Hamiltonian to the
point where they actually control the ground state. Sen-
sitivity to small perturbations is of course an often-cited
characteristic of frustrated systems. However, the ex-
tent to which this sensitivity can be fully character-
ized in the problem under consideration here is, to our
mind, unprecedented. Using the methods of bosoniza-
tion, the renormalization group, and chain mean-field
theory (CMFT), we are able to distinctly identify the
hierarchy of emergent low energy scales that control the
very complex ordering behavior of the anisotropic tri-
angular antiferromagnet, in a magnetic field and with a
variety of very weak symmetry-breaking terms.

This paper contains many results, and a thorough pre-
sentation of the methods required to obtain them. To
briefly summarize, we have determined the ground state
phase diagrams for the ideal two-dimensional anisotropic
triangular antiferromagnetic Heisenberg model, and for
the model appropriate to Cs2CuCl4, in all three distinct
field orientations, over most of the range of applied mag-

netic fields. In the former, we find spin density wave
(SDW) and cone states, and in the SDW, a family of
quantized magnetization plateaux. In the latter, we find
several phases, including an incommensurate cone state,
an commensurate coplanar antiferromagnetic state, and
a second incommensurate phase, descended from the an-
tiferromagnetic one. The occurence of these phases de-
pends crucially on the field orientation, and matches well
with experiments on Cs2CuCl4. The associated phase
diagrams in the temperature-magnetic field plane are
shown schematically in Fig. 2. Details of each phase and
its properties can be found in the appropriate section of
the main text.
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FIG. 2: Schematic phase diagrams in the temperature-

magnetic field plane for fields along (a) the a axis, (b) the

b axis, and (c) the c axis. (d) Schematic phase diagram for

the ideal 2d (J-J �
) model. Here we use the abbreviations:

FP = fully polarized state; AF = commensurate antiferro-

magnetic state; IC = incommensurate state; CAF = collinear

antiferromagnetic state; and SDW = spin density wave state.

The shaded areas denote the regions in which Dzyaloshinskii-

Moriya and exchange non-trivially compete. For these re-

gions, we do not have reliable theoretical predictions at this

point.

One noteworthy highlight is that, remarkably, when
the magnetic field is in the b-c plane, the spin correla-
tions impugn the popular interpretation of Cs2CuCl4 as a
two-dimensional “anisotropic triangular lattice” antifer-
romagnet. In fact, in this very wide regime, in the ground
state, the spins are more correlated in the a-c planes, per-
pendicular to the triangular layers, than they are within
those layers! Taking into account these correlations is
crucial to obtaining the proper low temperature phase
diagram. They lead to an enhanced sensitivity to some
very weak second neighbor and effective “biquadratic”
interactions, which are needed to stabilize the antiferro-
magnetic and incommensurate states mentioned above.

The remainder of the paper is organized as follows. In
Sec. II, we present some necessary background, includ-

2

inelastic neutron scattering data on Cs2CuCl4 can be cal-
culated starting from known exact results for 1d Heisen-
berg chains. Indeed, numerical approaches in Refs.19–25
showed that, due to frustration, the diagonal interaction
may be as large as J

�
/J < 0.7 while still retaining ap-

proximate quasi-one-dimensionality.
While this approach has been quite successful for

Cs2CuCl4, most notably in directly confronting data
without any adjustable parameters, there remain some
puzzling features in the experiments. One of the most
striking ones is the drastic difference in the low tempera-
ture phase diagrams of the material in magnetic fields
aligned along the three different principle axes of the
crystal. Though some aspects of these differences were
explained in Ref. 14, based upon the “standard” model
in Eq. (1), other glaring discrepancies remain. In this
paper, we resolve these outstanding differences between
theory and experiment by correcting the standard model
of Cs2CuCl4.

It is important to emphasize that the corrections to
Eq. (1) must be small, because the standard model does
an excellent job in explaining a large volume of experi-
mental data. The parameters in Eq. (1) were determined
by high field measurements of single-magnon spectra,16
which leave little room for doubt of their correctness with
relatively small error bars. Moreover, the same model,
used at zero and intermediate fields, is quite success-
ful in reproducing the full inelastic neutron spectrum,
containing both continuum and magnon/triplon (sharp)
contributions.13,15 Nevertheless, in some field orienta-
tions, entirely different low temperature phases are ob-
served in experiment than are predicted by the standard
model. Thus, we must somehow explain major qualita-
tive differences in the ground states of Cs2CuCl4 in a
field by very small corrections to H, of no more than a
few percent!

A key message of this paper is that, indeed, the frus-
tration and quasi-one-dimensionality of this problem can
and do amplify tiny terms in the Hamiltonian to the
point where they actually control the ground state. Sen-
sitivity to small perturbations is of course an often-cited
characteristic of frustrated systems. However, the ex-
tent to which this sensitivity can be fully character-
ized in the problem under consideration here is, to our
mind, unprecedented. Using the methods of bosoniza-
tion, the renormalization group, and chain mean-field
theory (CMFT), we are able to distinctly identify the
hierarchy of emergent low energy scales that control the
very complex ordering behavior of the anisotropic tri-
angular antiferromagnet, in a magnetic field and with a
variety of very weak symmetry-breaking terms.

This paper contains many results, and a thorough pre-
sentation of the methods required to obtain them. To
briefly summarize, we have determined the ground state
phase diagrams for the ideal two-dimensional anisotropic
triangular antiferromagnetic Heisenberg model, and for
the model appropriate to Cs2CuCl4, in all three distinct
field orientations, over most of the range of applied mag-

netic fields. In the former, we find spin density wave
(SDW) and cone states, and in the SDW, a family of
quantized magnetization plateaux. In the latter, we find
several phases, including an incommensurate cone state,
an commensurate coplanar antiferromagnetic state, and
a second incommensurate phase, descended from the an-
tiferromagnetic one. The occurence of these phases de-
pends crucially on the field orientation, and matches well
with experiments on Cs2CuCl4. The associated phase
diagrams in the temperature-magnetic field plane are
shown schematically in Fig. 2. Details of each phase and
its properties can be found in the appropriate section of
the main text.
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FIG. 2: Schematic phase diagrams in the temperature-

magnetic field plane for fields along (a) the a axis, (b) the

b axis, and (c) the c axis. (d) Schematic phase diagram for

the ideal 2d (J-J �
) model. Here we use the abbreviations:

FP = fully polarized state; AF = commensurate antiferro-

magnetic state; IC = incommensurate state; CAF = collinear

antiferromagnetic state; and SDW = spin density wave state.

The shaded areas denote the regions in which Dzyaloshinskii-

Moriya and exchange non-trivially compete. For these re-

gions, we do not have reliable theoretical predictions at this

point.

One noteworthy highlight is that, remarkably, when
the magnetic field is in the b-c plane, the spin correla-
tions impugn the popular interpretation of Cs2CuCl4 as a
two-dimensional “anisotropic triangular lattice” antifer-
romagnet. In fact, in this very wide regime, in the ground
state, the spins are more correlated in the a-c planes, per-
pendicular to the triangular layers, than they are within
those layers! Taking into account these correlations is
crucial to obtaining the proper low temperature phase
diagram. They lead to an enhanced sensitivity to some
very weak second neighbor and effective “biquadratic”
interactions, which are needed to stabilize the antiferro-
magnetic and incommensurate states mentioned above.

The remainder of the paper is organized as follows. In
Sec. II, we present some necessary background, includ-



Results vs. Experiment

temperature transition the anomalies of M /B !d!M /B" /dT"
indicated by open arrows in Fig. 9 are steps !peaks" rather
than kinks !steps".

The phase diagrams for the B #b and c axis constructed
using the anomalies discussed above are shown in Fig. 10.
The new data agree with and complement earlier low-field
neutron diffraction results !open triangles".1 Apart from the
phase transition boundaries identified above we have also
marked the cross-over line between the paramagnetic and
antiferromagnetic SRO region, determined by the location of
the peak in the temperature dependence of the magnetization
such as in Fig. 1!a". The peak position Tmax decreases with
the increasing field and disappears above Bc, indicating the
suppression of antiferromagnetic correlations by the mag-
netic field. For the field along the b and c axis the phase
diagrams are much more complicated than that for B #a
which shows only one cone phase up to the saturation
field.4,12 For B #b three new phases appear above the spiral
phase. Two of these phases occupy small areas of the B!T
phase diagram. For B #c four new phases are observed in
addition to the spiral and elliptical phases.

We note that the absence of an observable anomaly in the
temperature dependence of the magnetization upon crossing
the phase transitions near certain fields !6 T along b and 5 T
along c" is consistent with Ehrenfest relation and is related to
the fact that the transition boundary Tc!B" is near flat around
those points. The relation between the shape of the phase
boundary and the anomaly in M!T" was discussed by
Tayama et al.13 and is

!$dM

dT
% = !

dTc

dB
!$C

T
% , !2"

where !!X" is the discontinuity of quantity X, C is the spe-
cific heat, and Tc is the field-dependent critical temperature
of the second order phase transition. This shows that the
discontinuity in dM /dT vanishes when dTc /dB=0, i.e., when
the phase boundary is flat in the field. This is indeed the case
for 6 T #b and at 5 T #c !see Fig. 10", and here only a kink
and no discontinuity is seen in dM /dT.

IV. CONCLUSIONS

We have studied the magnetic phase diagrams of
Cs2CuCl4 by measuring magnetization and specific heat
at low temperatures and high magnetic fields. The low-field
susceptibility in the temperature range from below the broad
maximum to the Curie-Weiss region is well des-
cribed by high-order series expansion calculations for the
partially frustrated triangular lattice with J! /J=1/3 and
J=0.385 meV. The extracted ground state energy in the zero
field obtained directly from integrating the magnetization
curve is nearly a factor of 2 lower compared to the classical
mean-field result. This indicates strong zero-point quantum
fluctuations in the ground state, captured in part by including

FIG. 9. Magnetization normalized by the applied field M /B
!thick solid lines, left axis" and its derivative d!M /B" /dT !thin solid
lines, right axis" as a function of temperature for B #c. Vertical ar-
rows indicate anomalies.

FIG. 10. B!T phase diagrams of Cs2CuCl4 for the B#b and c
axis. Data points of open circles !magnetization", squares !specific
heat", and triangles &neutrons !see Ref. 1"' connected by solid lines
indicate phase boundaries. Solid circles show the positions of the
maximum in the temperature dependence of the magnetization and
indicate a crossover from paramagnetic to SRO. “E” on the phase
diagram for the B #c axis denotes the elliptical phase !see Ref. 1".
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inelastic neutron scattering data on Cs2CuCl4 can be cal-
culated starting from known exact results for 1d Heisen-
berg chains. Indeed, numerical approaches in Refs.19–25
showed that, due to frustration, the diagonal interaction
may be as large as J

�
/J < 0.7 while still retaining ap-

proximate quasi-one-dimensionality.
While this approach has been quite successful for

Cs2CuCl4, most notably in directly confronting data
without any adjustable parameters, there remain some
puzzling features in the experiments. One of the most
striking ones is the drastic difference in the low tempera-
ture phase diagrams of the material in magnetic fields
aligned along the three different principle axes of the
crystal. Though some aspects of these differences were
explained in Ref. 14, based upon the “standard” model
in Eq. (1), other glaring discrepancies remain. In this
paper, we resolve these outstanding differences between
theory and experiment by correcting the standard model
of Cs2CuCl4.

It is important to emphasize that the corrections to
Eq. (1) must be small, because the standard model does
an excellent job in explaining a large volume of experi-
mental data. The parameters in Eq. (1) were determined
by high field measurements of single-magnon spectra,16
which leave little room for doubt of their correctness with
relatively small error bars. Moreover, the same model,
used at zero and intermediate fields, is quite success-
ful in reproducing the full inelastic neutron spectrum,
containing both continuum and magnon/triplon (sharp)
contributions.13,15 Nevertheless, in some field orienta-
tions, entirely different low temperature phases are ob-
served in experiment than are predicted by the standard
model. Thus, we must somehow explain major qualita-
tive differences in the ground states of Cs2CuCl4 in a
field by very small corrections to H, of no more than a
few percent!

A key message of this paper is that, indeed, the frus-
tration and quasi-one-dimensionality of this problem can
and do amplify tiny terms in the Hamiltonian to the
point where they actually control the ground state. Sen-
sitivity to small perturbations is of course an often-cited
characteristic of frustrated systems. However, the ex-
tent to which this sensitivity can be fully character-
ized in the problem under consideration here is, to our
mind, unprecedented. Using the methods of bosoniza-
tion, the renormalization group, and chain mean-field
theory (CMFT), we are able to distinctly identify the
hierarchy of emergent low energy scales that control the
very complex ordering behavior of the anisotropic tri-
angular antiferromagnet, in a magnetic field and with a
variety of very weak symmetry-breaking terms.

This paper contains many results, and a thorough pre-
sentation of the methods required to obtain them. To
briefly summarize, we have determined the ground state
phase diagrams for the ideal two-dimensional anisotropic
triangular antiferromagnetic Heisenberg model, and for
the model appropriate to Cs2CuCl4, in all three distinct
field orientations, over most of the range of applied mag-

netic fields. In the former, we find spin density wave
(SDW) and cone states, and in the SDW, a family of
quantized magnetization plateaux. In the latter, we find
several phases, including an incommensurate cone state,
an commensurate coplanar antiferromagnetic state, and
a second incommensurate phase, descended from the an-
tiferromagnetic one. The occurence of these phases de-
pends crucially on the field orientation, and matches well
with experiments on Cs2CuCl4. The associated phase
diagrams in the temperature-magnetic field plane are
shown schematically in Fig. 2. Details of each phase and
its properties can be found in the appropriate section of
the main text.
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FIG. 2: Schematic phase diagrams in the temperature-

magnetic field plane for fields along (a) the a axis, (b) the

b axis, and (c) the c axis. (d) Schematic phase diagram for

the ideal 2d (J-J �
) model. Here we use the abbreviations:

FP = fully polarized state; AF = commensurate antiferro-

magnetic state; IC = incommensurate state; CAF = collinear

antiferromagnetic state; and SDW = spin density wave state.

The shaded areas denote the regions in which Dzyaloshinskii-

Moriya and exchange non-trivially compete. For these re-

gions, we do not have reliable theoretical predictions at this

point.

One noteworthy highlight is that, remarkably, when
the magnetic field is in the b-c plane, the spin correla-
tions impugn the popular interpretation of Cs2CuCl4 as a
two-dimensional “anisotropic triangular lattice” antifer-
romagnet. In fact, in this very wide regime, in the ground
state, the spins are more correlated in the a-c planes, per-
pendicular to the triangular layers, than they are within
those layers! Taking into account these correlations is
crucial to obtaining the proper low temperature phase
diagram. They lead to an enhanced sensitivity to some
very weak second neighbor and effective “biquadratic”
interactions, which are needed to stabilize the antiferro-
magnetic and incommensurate states mentioned above.

The remainder of the paper is organized as follows. In
Sec. II, we present some necessary background, includ-

2

inelastic neutron scattering data on Cs2CuCl4 can be cal-
culated starting from known exact results for 1d Heisen-
berg chains. Indeed, numerical approaches in Refs.19–25
showed that, due to frustration, the diagonal interaction
may be as large as J

�
/J < 0.7 while still retaining ap-

proximate quasi-one-dimensionality.
While this approach has been quite successful for

Cs2CuCl4, most notably in directly confronting data
without any adjustable parameters, there remain some
puzzling features in the experiments. One of the most
striking ones is the drastic difference in the low tempera-
ture phase diagrams of the material in magnetic fields
aligned along the three different principle axes of the
crystal. Though some aspects of these differences were
explained in Ref. 14, based upon the “standard” model
in Eq. (1), other glaring discrepancies remain. In this
paper, we resolve these outstanding differences between
theory and experiment by correcting the standard model
of Cs2CuCl4.

It is important to emphasize that the corrections to
Eq. (1) must be small, because the standard model does
an excellent job in explaining a large volume of experi-
mental data. The parameters in Eq. (1) were determined
by high field measurements of single-magnon spectra,16
which leave little room for doubt of their correctness with
relatively small error bars. Moreover, the same model,
used at zero and intermediate fields, is quite success-
ful in reproducing the full inelastic neutron spectrum,
containing both continuum and magnon/triplon (sharp)
contributions.13,15 Nevertheless, in some field orienta-
tions, entirely different low temperature phases are ob-
served in experiment than are predicted by the standard
model. Thus, we must somehow explain major qualita-
tive differences in the ground states of Cs2CuCl4 in a
field by very small corrections to H, of no more than a
few percent!

A key message of this paper is that, indeed, the frus-
tration and quasi-one-dimensionality of this problem can
and do amplify tiny terms in the Hamiltonian to the
point where they actually control the ground state. Sen-
sitivity to small perturbations is of course an often-cited
characteristic of frustrated systems. However, the ex-
tent to which this sensitivity can be fully character-
ized in the problem under consideration here is, to our
mind, unprecedented. Using the methods of bosoniza-
tion, the renormalization group, and chain mean-field
theory (CMFT), we are able to distinctly identify the
hierarchy of emergent low energy scales that control the
very complex ordering behavior of the anisotropic tri-
angular antiferromagnet, in a magnetic field and with a
variety of very weak symmetry-breaking terms.

This paper contains many results, and a thorough pre-
sentation of the methods required to obtain them. To
briefly summarize, we have determined the ground state
phase diagrams for the ideal two-dimensional anisotropic
triangular antiferromagnetic Heisenberg model, and for
the model appropriate to Cs2CuCl4, in all three distinct
field orientations, over most of the range of applied mag-

netic fields. In the former, we find spin density wave
(SDW) and cone states, and in the SDW, a family of
quantized magnetization plateaux. In the latter, we find
several phases, including an incommensurate cone state,
an commensurate coplanar antiferromagnetic state, and
a second incommensurate phase, descended from the an-
tiferromagnetic one. The occurence of these phases de-
pends crucially on the field orientation, and matches well
with experiments on Cs2CuCl4. The associated phase
diagrams in the temperature-magnetic field plane are
shown schematically in Fig. 2. Details of each phase and
its properties can be found in the appropriate section of
the main text.
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FIG. 2: Schematic phase diagrams in the temperature-

magnetic field plane for fields along (a) the a axis, (b) the

b axis, and (c) the c axis. (d) Schematic phase diagram for

the ideal 2d (J-J �
) model. Here we use the abbreviations:

FP = fully polarized state; AF = commensurate antiferro-

magnetic state; IC = incommensurate state; CAF = collinear

antiferromagnetic state; and SDW = spin density wave state.

The shaded areas denote the regions in which Dzyaloshinskii-

Moriya and exchange non-trivially compete. For these re-

gions, we do not have reliable theoretical predictions at this

point.

One noteworthy highlight is that, remarkably, when
the magnetic field is in the b-c plane, the spin correla-
tions impugn the popular interpretation of Cs2CuCl4 as a
two-dimensional “anisotropic triangular lattice” antifer-
romagnet. In fact, in this very wide regime, in the ground
state, the spins are more correlated in the a-c planes, per-
pendicular to the triangular layers, than they are within
those layers! Taking into account these correlations is
crucial to obtaining the proper low temperature phase
diagram. They lead to an enhanced sensitivity to some
very weak second neighbor and effective “biquadratic”
interactions, which are needed to stabilize the antiferro-
magnetic and incommensurate states mentioned above.

The remainder of the paper is organized as follows. In
Sec. II, we present some necessary background, includ-

a commensurate state stabilized by 
very weak (fluctuation-generated) 4-
spin interactions (and possibly J2)

AF

AF



AF state

✤ The AF state has a period of 4 chains in the triangular plane

✤ consistent with neutron scattering for B ∥ c which observed a 
commensurate state with this periodicity (R. Coldea)

✤ Commensurate state also observed by NMR in this field range (M. 
Takigawa)



Results vs. Experiment

temperature transition the anomalies of M /B !d!M /B" /dT"
indicated by open arrows in Fig. 9 are steps !peaks" rather
than kinks !steps".

The phase diagrams for the B #b and c axis constructed
using the anomalies discussed above are shown in Fig. 10.
The new data agree with and complement earlier low-field
neutron diffraction results !open triangles".1 Apart from the
phase transition boundaries identified above we have also
marked the cross-over line between the paramagnetic and
antiferromagnetic SRO region, determined by the location of
the peak in the temperature dependence of the magnetization
such as in Fig. 1!a". The peak position Tmax decreases with
the increasing field and disappears above Bc, indicating the
suppression of antiferromagnetic correlations by the mag-
netic field. For the field along the b and c axis the phase
diagrams are much more complicated than that for B #a
which shows only one cone phase up to the saturation
field.4,12 For B #b three new phases appear above the spiral
phase. Two of these phases occupy small areas of the B!T
phase diagram. For B #c four new phases are observed in
addition to the spiral and elliptical phases.

We note that the absence of an observable anomaly in the
temperature dependence of the magnetization upon crossing
the phase transitions near certain fields !6 T along b and 5 T
along c" is consistent with Ehrenfest relation and is related to
the fact that the transition boundary Tc!B" is near flat around
those points. The relation between the shape of the phase
boundary and the anomaly in M!T" was discussed by
Tayama et al.13 and is

!$dM

dT
% = !

dTc

dB
!$C

T
% , !2"

where !!X" is the discontinuity of quantity X, C is the spe-
cific heat, and Tc is the field-dependent critical temperature
of the second order phase transition. This shows that the
discontinuity in dM /dT vanishes when dTc /dB=0, i.e., when
the phase boundary is flat in the field. This is indeed the case
for 6 T #b and at 5 T #c !see Fig. 10", and here only a kink
and no discontinuity is seen in dM /dT.

IV. CONCLUSIONS

We have studied the magnetic phase diagrams of
Cs2CuCl4 by measuring magnetization and specific heat
at low temperatures and high magnetic fields. The low-field
susceptibility in the temperature range from below the broad
maximum to the Curie-Weiss region is well des-
cribed by high-order series expansion calculations for the
partially frustrated triangular lattice with J! /J=1/3 and
J=0.385 meV. The extracted ground state energy in the zero
field obtained directly from integrating the magnetization
curve is nearly a factor of 2 lower compared to the classical
mean-field result. This indicates strong zero-point quantum
fluctuations in the ground state, captured in part by including

FIG. 9. Magnetization normalized by the applied field M /B
!thick solid lines, left axis" and its derivative d!M /B" /dT !thin solid
lines, right axis" as a function of temperature for B #c. Vertical ar-
rows indicate anomalies.

FIG. 10. B!T phase diagrams of Cs2CuCl4 for the B#b and c
axis. Data points of open circles !magnetization", squares !specific
heat", and triangles &neutrons !see Ref. 1"' connected by solid lines
indicate phase boundaries. Solid circles show the positions of the
maximum in the temperature dependence of the magnetization and
indicate a crossover from paramagnetic to SRO. “E” on the phase
diagram for the B #c axis denotes the elliptical phase !see Ref. 1".
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inelastic neutron scattering data on Cs2CuCl4 can be cal-
culated starting from known exact results for 1d Heisen-
berg chains. Indeed, numerical approaches in Refs.19–25
showed that, due to frustration, the diagonal interaction
may be as large as J

�
/J < 0.7 while still retaining ap-

proximate quasi-one-dimensionality.
While this approach has been quite successful for

Cs2CuCl4, most notably in directly confronting data
without any adjustable parameters, there remain some
puzzling features in the experiments. One of the most
striking ones is the drastic difference in the low tempera-
ture phase diagrams of the material in magnetic fields
aligned along the three different principle axes of the
crystal. Though some aspects of these differences were
explained in Ref. 14, based upon the “standard” model
in Eq. (1), other glaring discrepancies remain. In this
paper, we resolve these outstanding differences between
theory and experiment by correcting the standard model
of Cs2CuCl4.

It is important to emphasize that the corrections to
Eq. (1) must be small, because the standard model does
an excellent job in explaining a large volume of experi-
mental data. The parameters in Eq. (1) were determined
by high field measurements of single-magnon spectra,16
which leave little room for doubt of their correctness with
relatively small error bars. Moreover, the same model,
used at zero and intermediate fields, is quite success-
ful in reproducing the full inelastic neutron spectrum,
containing both continuum and magnon/triplon (sharp)
contributions.13,15 Nevertheless, in some field orienta-
tions, entirely different low temperature phases are ob-
served in experiment than are predicted by the standard
model. Thus, we must somehow explain major qualita-
tive differences in the ground states of Cs2CuCl4 in a
field by very small corrections to H, of no more than a
few percent!

A key message of this paper is that, indeed, the frus-
tration and quasi-one-dimensionality of this problem can
and do amplify tiny terms in the Hamiltonian to the
point where they actually control the ground state. Sen-
sitivity to small perturbations is of course an often-cited
characteristic of frustrated systems. However, the ex-
tent to which this sensitivity can be fully character-
ized in the problem under consideration here is, to our
mind, unprecedented. Using the methods of bosoniza-
tion, the renormalization group, and chain mean-field
theory (CMFT), we are able to distinctly identify the
hierarchy of emergent low energy scales that control the
very complex ordering behavior of the anisotropic tri-
angular antiferromagnet, in a magnetic field and with a
variety of very weak symmetry-breaking terms.

This paper contains many results, and a thorough pre-
sentation of the methods required to obtain them. To
briefly summarize, we have determined the ground state
phase diagrams for the ideal two-dimensional anisotropic
triangular antiferromagnetic Heisenberg model, and for
the model appropriate to Cs2CuCl4, in all three distinct
field orientations, over most of the range of applied mag-

netic fields. In the former, we find spin density wave
(SDW) and cone states, and in the SDW, a family of
quantized magnetization plateaux. In the latter, we find
several phases, including an incommensurate cone state,
an commensurate coplanar antiferromagnetic state, and
a second incommensurate phase, descended from the an-
tiferromagnetic one. The occurence of these phases de-
pends crucially on the field orientation, and matches well
with experiments on Cs2CuCl4. The associated phase
diagrams in the temperature-magnetic field plane are
shown schematically in Fig. 2. Details of each phase and
its properties can be found in the appropriate section of
the main text.
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FIG. 2: Schematic phase diagrams in the temperature-

magnetic field plane for fields along (a) the a axis, (b) the

b axis, and (c) the c axis. (d) Schematic phase diagram for

the ideal 2d (J-J �
) model. Here we use the abbreviations:

FP = fully polarized state; AF = commensurate antiferro-

magnetic state; IC = incommensurate state; CAF = collinear

antiferromagnetic state; and SDW = spin density wave state.

The shaded areas denote the regions in which Dzyaloshinskii-

Moriya and exchange non-trivially compete. For these re-

gions, we do not have reliable theoretical predictions at this

point.

One noteworthy highlight is that, remarkably, when
the magnetic field is in the b-c plane, the spin correla-
tions impugn the popular interpretation of Cs2CuCl4 as a
two-dimensional “anisotropic triangular lattice” antifer-
romagnet. In fact, in this very wide regime, in the ground
state, the spins are more correlated in the a-c planes, per-
pendicular to the triangular layers, than they are within
those layers! Taking into account these correlations is
crucial to obtaining the proper low temperature phase
diagram. They lead to an enhanced sensitivity to some
very weak second neighbor and effective “biquadratic”
interactions, which are needed to stabilize the antiferro-
magnetic and incommensurate states mentioned above.

The remainder of the paper is organized as follows. In
Sec. II, we present some necessary background, includ-

2

inelastic neutron scattering data on Cs2CuCl4 can be cal-
culated starting from known exact results for 1d Heisen-
berg chains. Indeed, numerical approaches in Refs.19–25
showed that, due to frustration, the diagonal interaction
may be as large as J

�
/J < 0.7 while still retaining ap-

proximate quasi-one-dimensionality.
While this approach has been quite successful for

Cs2CuCl4, most notably in directly confronting data
without any adjustable parameters, there remain some
puzzling features in the experiments. One of the most
striking ones is the drastic difference in the low tempera-
ture phase diagrams of the material in magnetic fields
aligned along the three different principle axes of the
crystal. Though some aspects of these differences were
explained in Ref. 14, based upon the “standard” model
in Eq. (1), other glaring discrepancies remain. In this
paper, we resolve these outstanding differences between
theory and experiment by correcting the standard model
of Cs2CuCl4.

It is important to emphasize that the corrections to
Eq. (1) must be small, because the standard model does
an excellent job in explaining a large volume of experi-
mental data. The parameters in Eq. (1) were determined
by high field measurements of single-magnon spectra,16
which leave little room for doubt of their correctness with
relatively small error bars. Moreover, the same model,
used at zero and intermediate fields, is quite success-
ful in reproducing the full inelastic neutron spectrum,
containing both continuum and magnon/triplon (sharp)
contributions.13,15 Nevertheless, in some field orienta-
tions, entirely different low temperature phases are ob-
served in experiment than are predicted by the standard
model. Thus, we must somehow explain major qualita-
tive differences in the ground states of Cs2CuCl4 in a
field by very small corrections to H, of no more than a
few percent!

A key message of this paper is that, indeed, the frus-
tration and quasi-one-dimensionality of this problem can
and do amplify tiny terms in the Hamiltonian to the
point where they actually control the ground state. Sen-
sitivity to small perturbations is of course an often-cited
characteristic of frustrated systems. However, the ex-
tent to which this sensitivity can be fully character-
ized in the problem under consideration here is, to our
mind, unprecedented. Using the methods of bosoniza-
tion, the renormalization group, and chain mean-field
theory (CMFT), we are able to distinctly identify the
hierarchy of emergent low energy scales that control the
very complex ordering behavior of the anisotropic tri-
angular antiferromagnet, in a magnetic field and with a
variety of very weak symmetry-breaking terms.

This paper contains many results, and a thorough pre-
sentation of the methods required to obtain them. To
briefly summarize, we have determined the ground state
phase diagrams for the ideal two-dimensional anisotropic
triangular antiferromagnetic Heisenberg model, and for
the model appropriate to Cs2CuCl4, in all three distinct
field orientations, over most of the range of applied mag-

netic fields. In the former, we find spin density wave
(SDW) and cone states, and in the SDW, a family of
quantized magnetization plateaux. In the latter, we find
several phases, including an incommensurate cone state,
an commensurate coplanar antiferromagnetic state, and
a second incommensurate phase, descended from the an-
tiferromagnetic one. The occurence of these phases de-
pends crucially on the field orientation, and matches well
with experiments on Cs2CuCl4. The associated phase
diagrams in the temperature-magnetic field plane are
shown schematically in Fig. 2. Details of each phase and
its properties can be found in the appropriate section of
the main text.
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FIG. 2: Schematic phase diagrams in the temperature-

magnetic field plane for fields along (a) the a axis, (b) the

b axis, and (c) the c axis. (d) Schematic phase diagram for

the ideal 2d (J-J �
) model. Here we use the abbreviations:

FP = fully polarized state; AF = commensurate antiferro-

magnetic state; IC = incommensurate state; CAF = collinear

antiferromagnetic state; and SDW = spin density wave state.

The shaded areas denote the regions in which Dzyaloshinskii-

Moriya and exchange non-trivially compete. For these re-

gions, we do not have reliable theoretical predictions at this

point.

One noteworthy highlight is that, remarkably, when
the magnetic field is in the b-c plane, the spin correla-
tions impugn the popular interpretation of Cs2CuCl4 as a
two-dimensional “anisotropic triangular lattice” antifer-
romagnet. In fact, in this very wide regime, in the ground
state, the spins are more correlated in the a-c planes, per-
pendicular to the triangular layers, than they are within
those layers! Taking into account these correlations is
crucial to obtaining the proper low temperature phase
diagram. They lead to an enhanced sensitivity to some
very weak second neighbor and effective “biquadratic”
interactions, which are needed to stabilize the antiferro-
magnetic and incommensurate states mentioned above.

The remainder of the paper is organized as follows. In
Sec. II, we present some necessary background, includ-

an incommensurate state, 
in which the AF order is 

deformed by Dc

AF

AFIC



IC State

✤ Incommensurate state deformed from AF one by spiraling spins in 
opposite directions on even and odd chains

✤ Evidence for incommensurate state seen in NMR (Takigawa)

✤ Neutron data looks very similar to AF state.  However, wavevector of 
incommensurability is expected to be very small (<2%), which may be 
too small to resolve.



Summary

✤ Frustration has strong effects on S=1/2 spatially anisotropic 
triangular antiferromagnets

✤ It greatly enhances the regime of quasi-one-dimensionality

✤ It leads to tremendous sensitivity to weak perturbations, producing 
a very complex phase diagram

✤ Some additional source of fluctuations (other interactions, charge 
fluctuations...) is needed to obtain a true QSL state



Summary

2

inelastic neutron scattering data on Cs2CuCl4 can be cal-
culated starting from known exact results for 1d Heisen-
berg chains. Indeed, numerical approaches in Refs.19–25
showed that, due to frustration, the diagonal interaction
may be as large as J

�
/J < 0.7 while still retaining ap-

proximate quasi-one-dimensionality.
While this approach has been quite successful for

Cs2CuCl4, most notably in directly confronting data
without any adjustable parameters, there remain some
puzzling features in the experiments. One of the most
striking ones is the drastic difference in the low tempera-
ture phase diagrams of the material in magnetic fields
aligned along the three different principle axes of the
crystal. Though some aspects of these differences were
explained in Ref. 14, based upon the “standard” model
in Eq. (1), other glaring discrepancies remain. In this
paper, we resolve these outstanding differences between
theory and experiment by correcting the standard model
of Cs2CuCl4.

It is important to emphasize that the corrections to
Eq. (1) must be small, because the standard model does
an excellent job in explaining a large volume of experi-
mental data. The parameters in Eq. (1) were determined
by high field measurements of single-magnon spectra,16
which leave little room for doubt of their correctness with
relatively small error bars. Moreover, the same model,
used at zero and intermediate fields, is quite success-
ful in reproducing the full inelastic neutron spectrum,
containing both continuum and magnon/triplon (sharp)
contributions.13,15 Nevertheless, in some field orienta-
tions, entirely different low temperature phases are ob-
served in experiment than are predicted by the standard
model. Thus, we must somehow explain major qualita-
tive differences in the ground states of Cs2CuCl4 in a
field by very small corrections to H, of no more than a
few percent!

A key message of this paper is that, indeed, the frus-
tration and quasi-one-dimensionality of this problem can
and do amplify tiny terms in the Hamiltonian to the
point where they actually control the ground state. Sen-
sitivity to small perturbations is of course an often-cited
characteristic of frustrated systems. However, the ex-
tent to which this sensitivity can be fully character-
ized in the problem under consideration here is, to our
mind, unprecedented. Using the methods of bosoniza-
tion, the renormalization group, and chain mean-field
theory (CMFT), we are able to distinctly identify the
hierarchy of emergent low energy scales that control the
very complex ordering behavior of the anisotropic tri-
angular antiferromagnet, in a magnetic field and with a
variety of very weak symmetry-breaking terms.

This paper contains many results, and a thorough pre-
sentation of the methods required to obtain them. To
briefly summarize, we have determined the ground state
phase diagrams for the ideal two-dimensional anisotropic
triangular antiferromagnetic Heisenberg model, and for
the model appropriate to Cs2CuCl4, in all three distinct
field orientations, over most of the range of applied mag-

netic fields. In the former, we find spin density wave
(SDW) and cone states, and in the SDW, a family of
quantized magnetization plateaux. In the latter, we find
several phases, including an incommensurate cone state,
an commensurate coplanar antiferromagnetic state, and
a second incommensurate phase, descended from the an-
tiferromagnetic one. The occurence of these phases de-
pends crucially on the field orientation, and matches well
with experiments on Cs2CuCl4. The associated phase
diagrams in the temperature-magnetic field plane are
shown schematically in Fig. 2. Details of each phase and
its properties can be found in the appropriate section of
the main text.
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FIG. 2: Schematic phase diagrams in the temperature-

magnetic field plane for fields along (a) the a axis, (b) the

b axis, and (c) the c axis. (d) Schematic phase diagram for

the ideal 2d (J-J �
) model. Here we use the abbreviations:

FP = fully polarized state; AF = commensurate antiferro-

magnetic state; IC = incommensurate state; CAF = collinear

antiferromagnetic state; and SDW = spin density wave state.

The shaded areas denote the regions in which Dzyaloshinskii-

Moriya and exchange non-trivially compete. For these re-

gions, we do not have reliable theoretical predictions at this

point.

One noteworthy highlight is that, remarkably, when
the magnetic field is in the b-c plane, the spin correla-
tions impugn the popular interpretation of Cs2CuCl4 as a
two-dimensional “anisotropic triangular lattice” antifer-
romagnet. In fact, in this very wide regime, in the ground
state, the spins are more correlated in the a-c planes, per-
pendicular to the triangular layers, than they are within
those layers! Taking into account these correlations is
crucial to obtaining the proper low temperature phase
diagram. They lead to an enhanced sensitivity to some
very weak second neighbor and effective “biquadratic”
interactions, which are needed to stabilize the antiferro-
magnetic and incommensurate states mentioned above.

The remainder of the paper is organized as follows. In
Sec. II, we present some necessary background, includ-
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