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• Spin-orbit and interactions

• Iridates

• Minimal model 

• Coulomb effects: NFL

• Perturbations and AHE



Spin-Orbit Coupling

• Once an afterthought in solid state physics 
(c.f. Ashcroft-Mermin), SOC is now a 
recognized driving force for new phenomena

• Band-like systems: topological insulators, Weyl 
semimetals, anomalous Hall effect, Majorana 
fermions...

• Localized systems: (quantum) spin ice, 
Heisenberg-Kitaev model, multiferroics,...

interactions 
unnecessary

interactions 
crucial
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Many ideas

• Topological Mott Insulator
• Fractional Topological Insulator
• Topological Kondo Insulator

...

All gapped, insulating phases.  What about 
correlated conductors?

D. Pesin+LB, 2010



Correlated metals
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FIG. 3. The filling (x) dependence of the T linear coefficient
of low-temperature specific heat (y, closed circles) and nearly
temperature-independent spin susceptibility (g) at 300 K (open
circles). In the upper part, the Wilson ratio, g/y normalized by
3pjf/z kp, is plotted vs x.

RH observed in Sr~ La Ti03 implies that the Fermi
liquid picture [10] may be applied up to the verge of the
metal-insulator transition in this three-dimensional sys-
tem. The observed filling dependence of R~ in Sr~—-
La Ti03 is in contrast with the case of hole-doped lay-
ered cuprate compounds, e.g. , La2 Sr Cu04, where the
Hall coefticient remains positive in the region of
0 & x &0.2 (or the filling range, 0.8 & 1 —x & 1.0) [11].
That the system verges on the metal-insulator transi-

tion with x manifests itself in other measurable quanti-
ties. In Fig. 3 we show x variation of the T linear slope
(y) of electronic specific heat in Sri — La„Ti03 by closed
circles. The heat capacity (c) in the sample was mea-
sured by the adiabatic heat pulse method with a calibrat-
ed Ge thermometer. The values of y could be unambigu-
ously determined from the well-defined intercepts of the
c/T vs T plots which show straight lines without any up-
turn or downturn behavior as T 0. Then, the renor-
malized density of states at the Fermi level N(EF) can be
deduced using the relation y=(x /3)kliN(EF). As is
evident in the figure, N(EF) in Sri-„La„Ti03 increases
with x and shows a critical enhancement as the end
(x = I ) insulator is approached.
Spin susceptibility (g) data at 300 K in the metallic

phase are also plotted in Fig. 3 by open circles. (The con-
tribution due to the core diamagnetism was subtracted
from the raw data of magnetic susceptibility. ) g in the
metallic phase is nearly temperature independent typical
of Pauli paramagnetism. It is remarkable that data of
both y and g show quite a parallel behavior. In fact, the
Wilson ratio (g/y in units of 3pii/x kii) is nearly con-

stant (-2) against x, as shown in the upper part of Fig.
3. The results indicate absence of Stoner enhancement
even when the system approaches the Mott insulator with
increase of x. This may be in accord with the Brink-
man-Rice picture [12] for the half-filled Hubbard model.
According to the Fermi liquid model (FLM) [13], y

and g can be expressed by the relations

y=(m*/mg) y+1

and

g=(m*/m )g /(1+Fthm) .

Here, m~, y, and g represent the respective values
for a noninteracting electron system and Fo the standard
notation of the Landau parameter [13]. In the case of
the isotropic (spherical) Fermi surface, p for the
noninteracting system (and hence both of y and g )
scale(s) with the filling such as ccx'~. A solid line
shown in Fig. 3 represents the reference for x' . Devia-
tion of the observed N(EF) from this reference line be-
comes readily appreciable above x =0.5 and increases
with x as the Mott insulator (x =1) is approached. This
is in contrast with the fact that the Hall coe%cient (RH)
shows the filling dependence (ixx ') which is identical
with the uncorrelated case. In terms of FLM the filling-
dependent increase of y and g is ascribed to enhancement
of the eA'ective mass m* of correlated electrons [13]. [In
this case, Fr'i must be nearly constant (——0.5) against
the filling x.] The critical mass enhancement as observed
is obviously due to the eAect of electron correlation which
becomes significant with x and causes the Mott-
Hubbard-type insulation at the end (x =1) filling. In
other words, the barely metallic behavior near x =1 is
characterized not by decrease of the carrier density but
by increase of the elTective mass (and perhaps also the
scattering rate) of carriers.
The enhancement of m * with the band filling in

strongly correlated electron systems has been theoretical-
ly asserted on the basis of the exact solution of the one-
dimensional Hubbard model [14] and numerical studies
on the two-dimensional Hubbard model [15] as well as
the slave boson approach for the three-band (Cu-0
plane) Hubbard model [16]. To the best of our know-
ledge, however, the present result is the first experimental
confirmation of such a critical behavior for the real
three-dimensional Mott-Hubbard system. The theories
[13,14] have predicted the critical behavior that m *
ix (1—x) '. The observed enhancement of m* above
x =0.6 appears not to be as steep as by the theoretical
predictions for the one- or two-dimensional Hubbard
model.
Keeping the above in mind, we may argue the trans-

port data shown in Fig. 1 in terms of FLM. The efIect of
electron correlation also causes the increase of the
scattering rate of quasiparticles near FF. For a large
class of metals with strong correlation, in particular
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I. INTRODUCTION

In their report on the Conference on the Conduction of
Electricity in Solids held in Bristol in July 1937, Peierls and
Mott wrote ‘‘Considerable surprise was expressed by several
speakers that in crystals such as NiO in which the d band of
the metal atoms were incomplete, the potential barriers be-
tween the atoms should be high enough to reduce the con-
ductivity by such an enormous factor as 1010’’ (Mott and
Peierls, 1937). The ‘‘surprise’’ was quite understandable. The
quantum mechanical description of electrons in solids— the
band theory, developed in the late 1920s (Bethe, 1928;
Sommerfeld, 1928; Bloch, 1929)—offered a straightforward
account for distinctions between insulators and metals.
Furthermore, the band theory has elucidated why interactions
between 1023 cm!3 electrons in simple metals can be readily
neglected, thus validating inferences of free electron models.
According to the band theory NiO (along with many other
transition-metal oxides) are expected to be metals in conflict
with experimental findings. The term ‘‘Mott insulator’’ was
later coined to identify a class of solids violating the above
fundamental expectations of band theory. Peierls and Mott
continued their seminal 1937 report by stating that ‘‘a rather
drastic modification of the present electron theory of metals
would be necessary in order to take these facts into account’’
and proposed that such a modification must include Coulomb
interactions between the electrons. Arguably, it was this brief
paper that has launched systematic studies of interactions and
correlations of electrons in solids. Ever since, the quest to
fully understand correlated electrons has remained in the
vanguard of condensed matter physics. More recent inves-
tigations showed that strong interactions are not specific to
transition-metal oxides. A variety of d- and f-electron inter-
metallic compounds as well as a number of !-electron or-
ganic conductors also revealed correlations. In this review we
attempt to analyze the rich physics of correlated electrons
probed by optical methods focusing on common attributes
revealed by diverse materials.

Central to the problem of strong correlations is an interplay
between the itineracy of electrons in solids originating from
wave function hybridization and localizing effects often
rooted in electron-electron repulsion (Millis, 2004).
Information on this interplay is encoded in experimental
observables registering the electron motion in solids under
the influence of the electric field. For that reason experimental
and theoretical studies of the electromagnetic response are

indispensable for the exploration of correlations. In Mott
insulators Coulomb repulsion dominates over all other pro-
cesses and blocks electron motion at low temperatures and
energies. This behavior is readily detected in optical spectra
revealing an energy gap in absorption. If a conducting state is
induced in a Mott insulator by changes of temperature and/or
doping, then optical experiments uncover stark departures
from conventional free electron behavior.

Of particular interest is the kinetic energy K of mobile
electrons that can be experimentally determined from the sum
rule analysis of optical data (see Sec. II.D) and theoretically
from band-structure calculations. As a rule, experimental
results for itinerant electronic systems are in good agreement
with the band-structure findings leading to Kexp=Kband ’ 1 in

simple metals (see Fig. 1). However, in correlated systems,
strong Coulomb interaction which has spin and orbital com-
ponents (Slater, 1929) impedes the motion of electrons,
leading to the breakdown of the simple single-particle picture
of transport. Thus, interactions compete with itinerancy of
electrons favoring their localization and specifically suppress
the Kexp=Kband value below unity (see Fig. 1). This latter

aspect of correlated systems appears to be quite generic and
in fact can be used as a working definition of correlated
electron materials. Correlation effects are believed to be at
the heart of many yet unsolved enigmas of contemporary
physics including high-Tc superconductivity (see Sec. V.A.1),
the metal-insulator transition (see Sec. IV), electronic phase
separation (see Sec. IV.F), and quantum criticality (see
Sec. III.E).

Optical methods are emerging as a primary probe of
correlations. Apart from monitoring the kinetic energy, ex-
perimental studies of the electromagnetic response over a
broad energy range (see Sec. II.A) allow one to examine all
essential energy scales in solids associated with both elemen-
tary excitations and collective modes (see Sec. III).
Complementary to this are insights inferred from time-
domain measurements allowing one to directly investigate

FIG. 1 (color online). The ratio of the experimental kinetic energy
and the kinetic energy from band theory Kexp=Kband for various

classes of correlated metals and also for conventional metals. The
data points are offset in the vertical direction for clarity. From
Qazilbash, Hamlin et al., 2009.
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Non-Fermi Liquids

Valla et al, 1999

Bi2Sr2CaCuO8+x

Doiron-Leyraud + Taillefer, 2012

Custers et al, 2003
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Pyrochlore iridates

• Series of materials shows systematic MITs

• Ir4+ has λ≈0.5eV
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T -linear contribution in C!T " is known to be attributed to
spin wave excitations for one-dimensional antiferromagnets;
it is di!cult for the pyrochlore lattice to induce a T -linear
contribution. As another possible origin for T -linear
contribution in C!T " in the insulating state, Anderson
localization may be considered.35) Further investigation is
required to reveal the origin of the T -linear contribution.

Now we will discuss the Ln dependence of the entropy
associated with the MIT (!S). To estimate !S, a smooth
polynomial was fitted to the data outside the region of the
anomaly; these fitting lines (broken line) for Ln = Nd, Sm,
and Eu are shown in Figs. 5(a), 6(a), and 6(b), respectively.
The background contribution was subtracted from the raw
data; the electronic portions of the C=T (!C=T ) for
Ln = Sm and Eu are shown in the inset. By integrating
!C=T , we obtained !S # 0:47, 2.0, and 1.4 J/(K$mole) for
Ln = Nd, Sm, and Eu, respectively. !S is much smaller
than 2R ln 2. If we assume that a localized 5d electron from
Ir4% ions with S # 1=2 causes a conventional magnetic
transition, we can expect a change in entropy of 2R ln 2 #
11:5 J/(K$mole). The reduction in the amount of change in
entropy is considered to be caused by a short-range ordering
due to frustration or a reduction in magnetic moment due to
the itinerancy of 5d electrons. Next, recently, the Raman
scattering spectra of Ln2Ir2O7 for Ln = Nd, Sm, and Eu
have been measured.36) Below TMI, new peaks appear for
Ln = Sm and Eu, but no remarkable change is seen for
Ln = Nd. The result indicates that Sm2Ir2O7 and Eu2Ir2O7

accompany a structural change with MIT, but this does not
occur with Nd2Ir2O7. Therefore, the !S for Ln = Sm and
Eu involve the lattice contribution. Indeed, !S for Ln = Nd
is smaller than those for Ln = Sm and Eu. If we consider
this !S in Ln = Nd to be caused by only the electronic
contribution without the lattice contribution, we can estimate
the electronic specific heat coe!cient above TMI ! # 14mJ/
(K2$mole) by the relation ! # !S=TMI. As Sm2Ir2O7 and
Eu2Ir2O7 are both semimetallic from the behaviors of their
"!T " and S!T ", it is speculated that the ! for Ln = Sm and
Eu are smaller than that for Ln = Nd.

3.5 Phase diagram
Figure 7 shows the phase diagram of Ln2Ir2O7, which is

based on the Ln3% ionic radius dependence of TMI; the ionic
radius of Ln3% is for an 8-coordination-number site. TMI

monotonically increases as the ionic radius of Ln3%

decreases. Obviously, TMI does not depend on the de Gennes
factor !gJ & 1"2J!J % 1" or the magnetism of Ln3%. This
MIT is not associated with the magnetic ordering of Ln3%.
For T > TMI, Ln = Pr and Nd are metallic. Then, Ln = Sm,
Eu and Gd are semimetallic and Ln = Tb, Dy, and Ho are
semiconducting. Ln = Pr is a unique metal located near the
critical point of MIT. In this figure, the extrapolation
between Ln = Nd and Pr is based on a recent result for
resistivity in the solid solution (Pr1&xNdx)2Ir2O7.

37) From
the result, the substitution of Pr by 20% Nd leads to MIT
at around 3K; below TMI, the increasing resistivity in this
sample is suppressed, and resistivity reaches a finite value at
lower temperatures.

Next, we discuss the phase diagram of Ln2Ir2O7 in
comparison with that of other rare-earth pyrochlore oxides.
The phase diagrams of Ln2Mo2O7 [Mo4%: (4d)2] have

already been reported.38–40) Now, we point out the di"erence
in the phase diagram between Ir and Mo pyrochlore oxides.
As is described in the introduction, as the ionic radius of
Ln3% decreases, the electrical conductivity in Ln2Mo2O7

becomes semiconducting. Interestingly, the magnetic transi-
tion of Ln2Mo2O7 goes from the spin glass insulating state
(Ln = Gd, Tb, Dy, and Ho) to the ferromagnetic metallic
state (Ln = Eu, Sm, and Nd) as the ionic radius of Ln3%

increases; the ferromagnetic transition comes from 4d
electrons. Although the spin glass transition temperature Tg
is independent of Ln (Tg ' 20K), the ferromagnetic
transition temperature increases as the ionic radius of Ln3%

increases. In addition, semiconducting Ln2Ru2O7 [Ru4%:
(4d)4] shows the frustrated AFM transition originating from
4d electrons.41) The Néel temperature TN monotonically
increases from TN # 84K for Ln = Yb to TN # 160K for
Ln = Pr as the ionic radius of Ln3% increases. The present
result shows that the magnetic transition (or MIT) in
Ln2Ir2O7 decreases as the ionic radius of Ln3% increases.
Then, the opposite dependence of the ionic radius of Ln3% on
the magnetic transition temperature is realized in Ln2Ir2O7.
It is speculated that the di"erence in their phase diagrams is
due to the feature of the 5d electron system, which has a
strong spin–orbit interaction and a reduced on-site Coulomb
repulsion in comparison with the 4d electron system.21)

Further theoretical study is needed to understand this phase
diagram in Ln2Ir2O7.

4. Conclusions

We report the physical properties (resistivity, thermo-
electric power, magnetization, and specific heat) of Ln2Ir2O7

for Ln = Nd, Sm, Eu, Gd, Tb, Dy, and Ho. Ln2Ir2O7 for
Ln = Nd, Sm, and Eu show MITs at 33, 117, and 120K,
respectively. In this study, we revealed that Ln2Ir2O7 for
Ln = Gd, Tb, Dy, and Ho exhibit MITs at 127, 132, 134,
and 141K, respectively. These MITs in Ln2Ir2O7 has
some common features: They are second-order transitions
since no thermal hysteresis or no discontinuous change
in their physical properties is observed at TMI. Under
the FC condition, a weak ferromagnetic component
('10&3 #B/f.u.) caused by 5d electrons from Ir is observed
below TMI. The entropy associated with MIT supports the

Fig. 7. (Color online) Phase diagram of Ln2Ir2O7 based on Ln3% ionic
radius dependence of TMI.

K. MATSUHIRA et al.J. Phys. Soc. Jpn. 80 (2011) 094701 FULL PAPERS
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K. Matsuhira et al, 2011
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Now we will discuss the Ln dependence of the entropy
associated with the MIT (!S). To estimate !S, a smooth
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occur with Nd2Ir2O7. Therefore, the !S for Ln = Sm and
Eu involve the lattice contribution. Indeed, !S for Ln = Nd
is smaller than those for Ln = Sm and Eu. If we consider
this !S in Ln = Nd to be caused by only the electronic
contribution without the lattice contribution, we can estimate
the electronic specific heat coe!cient above TMI ! # 14mJ/
(K2$mole) by the relation ! # !S=TMI. As Sm2Ir2O7 and
Eu2Ir2O7 are both semimetallic from the behaviors of their
"!T " and S!T ", it is speculated that the ! for Ln = Sm and
Eu are smaller than that for Ln = Nd.

3.5 Phase diagram
Figure 7 shows the phase diagram of Ln2Ir2O7, which is

based on the Ln3% ionic radius dependence of TMI; the ionic
radius of Ln3% is for an 8-coordination-number site. TMI

monotonically increases as the ionic radius of Ln3%

decreases. Obviously, TMI does not depend on the de Gennes
factor !gJ & 1"2J!J % 1" or the magnetism of Ln3%. This
MIT is not associated with the magnetic ordering of Ln3%.
For T > TMI, Ln = Pr and Nd are metallic. Then, Ln = Sm,
Eu and Gd are semimetallic and Ln = Tb, Dy, and Ho are
semiconducting. Ln = Pr is a unique metal located near the
critical point of MIT. In this figure, the extrapolation
between Ln = Nd and Pr is based on a recent result for
resistivity in the solid solution (Pr1&xNdx)2Ir2O7.

37) From
the result, the substitution of Pr by 20% Nd leads to MIT
at around 3K; below TMI, the increasing resistivity in this
sample is suppressed, and resistivity reaches a finite value at
lower temperatures.

Next, we discuss the phase diagram of Ln2Ir2O7 in
comparison with that of other rare-earth pyrochlore oxides.
The phase diagrams of Ln2Mo2O7 [Mo4%: (4d)2] have

already been reported.38–40) Now, we point out the di"erence
in the phase diagram between Ir and Mo pyrochlore oxides.
As is described in the introduction, as the ionic radius of
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tion of Ln2Mo2O7 goes from the spin glass insulating state
(Ln = Gd, Tb, Dy, and Ho) to the ferromagnetic metallic
state (Ln = Eu, Sm, and Nd) as the ionic radius of Ln3%

increases; the ferromagnetic transition comes from 4d
electrons. Although the spin glass transition temperature Tg
is independent of Ln (Tg ' 20K), the ferromagnetic
transition temperature increases as the ionic radius of Ln3%

increases. In addition, semiconducting Ln2Ru2O7 [Ru4%:
(4d)4] shows the frustrated AFM transition originating from
4d electrons.41) The Néel temperature TN monotonically
increases from TN # 84K for Ln = Yb to TN # 160K for
Ln = Pr as the ionic radius of Ln3% increases. The present
result shows that the magnetic transition (or MIT) in
Ln2Ir2O7 decreases as the ionic radius of Ln3% increases.
Then, the opposite dependence of the ionic radius of Ln3% on
the magnetic transition temperature is realized in Ln2Ir2O7.
It is speculated that the di"erence in their phase diagrams is
due to the feature of the 5d electron system, which has a
strong spin–orbit interaction and a reduced on-site Coulomb
repulsion in comparison with the 4d electron system.21)

Further theoretical study is needed to understand this phase
diagram in Ln2Ir2O7.

4. Conclusions

We report the physical properties (resistivity, thermo-
electric power, magnetization, and specific heat) of Ln2Ir2O7

for Ln = Nd, Sm, Eu, Gd, Tb, Dy, and Ho. Ln2Ir2O7 for
Ln = Nd, Sm, and Eu show MITs at 33, 117, and 120K,
respectively. In this study, we revealed that Ln2Ir2O7 for
Ln = Gd, Tb, Dy, and Ho exhibit MITs at 127, 132, 134,
and 141K, respectively. These MITs in Ln2Ir2O7 has
some common features: They are second-order transitions
since no thermal hysteresis or no discontinuous change
in their physical properties is observed at TMI. Under
the FC condition, a weak ferromagnetic component
('10&3 #B/f.u.) caused by 5d electrons from Ir is observed
below TMI. The entropy associated with MIT supports the

Fig. 7. (Color online) Phase diagram of Ln2Ir2O7 based on Ln3% ionic
radius dependence of TMI.
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Pr2Ir2O7

• “Frustrated Kondo lattice”

• NFL power laws in χ, cv, χ3, ρ

normalizing the AF interaction to j!Wj ! 1:7 K. Below
j!Wj, the underscreened moments show spin-liquid behav-
ior as indicated by the lnT dependence of the susceptibility
and the T1=2 dependence of the specific heat, as predicted
for a frustrated Kondo lattice [6,7].

Single crystals of Pr2Ir2O7 of 1 mm3 in size were grown
using a flux method for the first time at Kyoto [9]. A
standard four-probe method was employed for resistivity
measurements. Magnetotransport measurements were per-
formed at the NHMFL dc field facility using a sample
rotator. Specific heat CP was measured by the thermal
relaxation method down to 0.35 K. Magnetization mea-
surements between 1.8 and 350 K were performed using a
commercial SQUID magnetometer. Magnetization be-
tween 0.07 and 2.5 K and at fields up to 13 T was measured
by the Faraday balance method using a dilution refrigerator
at ISSP [10]. Single crystal four-axis x-ray diffraction
analysis performed at LSU confirmed a well-ordered py-
rochlore structure with Fd-3m symmetry with a !
10:3940"4# !A (300 K) and 10.3850(4) Å (105 K) [9].
Energy dispersive x-ray analysis measurements found no
trace of impurities.

The metallic transport of Pr2Ir2O7 is shown in Fig. 1.
No anisotropy was found with respect to the current
direction. The resistivity ""T# steeply decreases on cool-
ing and saturates at a large residual resistivity "0 $
360 #" cm. On the other hand, a carrier density of 2:6%
1020 cm&3 (1:8%=Pr ), estimated from our preliminary
Hall effect measurements at low T, yields a mobility of
$70 cm2=V sec for a single carrier model. This confirms
the high quality of our single crystals, and shows that the
low carrier density is the origin of the large "0.

The crystal electric field (CEF) scheme of Pr3' has been
determined by inelastic neutron scattering measurements
at 5 K [11]. Our analysis reveals the following two points:
(i) nine multiplet levels of Pr3' split into a ground-state
doublet, three excited-singlets (162, 1218, 1392 K) and
two excited doublets (580, 1044 K); and (ii) the #3 ground-
state doublet is magnetic with local h111i Ising anisotropy
whose strength is $160 K. Because of the large separation
between CEF levels, the magnetism discussed below
comes solely from the ground doublet.

The inverse susceptibility "$& $0#&1"T# is shown in
Fig. 1. No anisotropy is found under a field of 0.1 T
applied along (100), (110), and (111). $0!1:25%
10&3 emu=mole-Pr is determined by a Curie-Weiss (CW)
analysis above 100 K using the formula $ ! $0 ' C="T &
T*#. This agrees with the sum of the Van Vleck term ($vv!
7:0%10&4 emu=mole-Pr), as estimated from the above
CEF scheme, and a Pauli paramagnetic term ($p $ 5:0%
10&4 emu=mole-Ir) from the Ir 5d-conduction electrons,
as in the metallic phase of "Y;Ca#2Ir2O7 [12]. The effective
moment gJ

!!!!!!!!!!!!!!!!!!!!!
Jz"Jz ' 1#

p
! 3:06#B for the ground doublet

is lower than the Pr3' multiplet value (3:62#B) due to the
CEF. The AF Weiss temperature T* ! &20:0 K is most
likely due to the RKKY interactions of the 4f moments for

the following three reasons. (i) CW analysis of the suscep-
tibility $CEF"T# computed using the above CEF scheme
indicates a negligibly small CEF contribution ('0:77 K) to
T* (Fig. 1). (ii) Single-ion Kondo coupling cannot be as
large as 20 K. In fact, few Pr-based compounds show
Kondo effect because of Hund coupling in the Pr3' 4f2

configuration which strongly reduces the Kondo tempera-
ture TK [13]. Moreover, the low carrier concentration
should also considerably decrease TK [14]. (iii) The 4f
moment superexchange and dipolar interactions in insulat-
ing pyrochlore magnets are normally of the scale of $1 K.
Actually, T* ! '0:35 K for Pr2Sn2O7, an insulating ana-
log of Pr2Ir2O7 [15]. Thus, a several orders of magnitude
stronger T* indicates that it is due to the RKKY interaction.

Normally, one expects a Pr-based low carrier system like
Pr2Ir2O7 to be deep in a magnetic regime, and to exhibit
magnetic LRO at the intersite interaction scale jT*j, if the
system has no magnetic frustration [16]. Remarkably,
however, no anomalies due to a magnetic transition were
detected in $"T#, except for freezing at Tf ! 120 mK
(Fig. 2). A large ratio jT*j=Tf ! 170 is a strong indication
of frustrated magnetism in Pr2Ir2O7. In addition, an
anomalous lnT dependence of $"T# was observed over a
decade of T between Tf and 1.4 K. This diverging $"T# as
T ! 0 K, combined with an exact pyrochlore lattice sym-
metry, confirmed by single crystal x ray, excludes the
possibility that the non-Kramers ground doublet is split
into nonmagnetic singlets. Instead, this lnT dependence,
distinct from the mean-field CW behavior, indicates that
the 4f moments are strongly fluctuating even at T + jT*j
owing to the magnetic frustration, forming a liquidlike
short-range order. In addition, the zero-field-cooled
(ZFC) $"T# only levels off below Tf as set by a bifurcation
of the field-cooled and ZFC curves (inset of Fig. 2).
Normally for spin glasses, the ZFC curve is expected to
show a steep decrease below Tf because most spins get
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FIG. 2 (color online). dc susceptibility $"T# as a function of
lnT under a field of 20 mT along (111). The lnT dependence is
indicated by the solid line. Low T dependence under various
fields is shown in the inset in a linear scale. Both field-cooled
(FC) and zero-field-cooled (ZFC) data are shown.

PRL 96, 087204 (2006) P H Y S I C A L R E V I E W L E T T E R S week ending
3 MARCH 2006

087204-2

Nakatsuji et al, 2006

Y. Machida et al, 2010

large anomalous 
Hall effect with 
unmeasurably 

small 
magnetization

Usually, the AHE arises in ferromagnets because the spontaneous
magnetization breaks the TRS macroscopically even in the absence of
applied magnetic field. The dominant part of the AHE in moderately
dirty ferromagneticmetals can be captured by the band-intrinsicmech-
anism4,16. The adiabatic motion of electrons under an electric field E
(ref. 17) acquires the Berry phase18 because of the relativistic spin-orbit
interaction and the net spin polarization. This phase acts as a mac-
roscopic fictitious magnetic field b that bends the orbital motion of
electrons like the Lorentz force does due to a realmagnetic fieldB. Thus,
it causes theAHEcharacterizedby a finiteHall conductivitysHatB5 0.

In general, however, the source of the fictitious magnetic field b,
namely, the condition for observing the AHE at B5 0, is not
restricted to the magnetization, but to the macroscopically broken
TRS19, which means that the time-reversal operation cannot be com-
pensated by any other symmetry operations of the crystal (Sup-
plementary Information). In particular, the scalar spin chirality in
non-coplanar ferromagnets or canonical spin glasses can also pro-
duce the fictitious field and thus the AHE4,5,12,13,20, as indeed has been
observed in Nd2Mo2O7 (ref. 5), AuMn (refs 6, 7), and MnSi (refs 9,
10). In these pioneering works, however, the spin chirality is not the
primary order parameter, but only accompanies a chiral spin texture
of a magnetic dipole LRO or is induced by the applied magnetic field.
Thus, it has remained an important open issue to find a possible
chiral spin-liquid phase3 by probing the macroscopically broken
TRS through the AHE at zero magnetic field.

Here, we report the discovery of a TRS-broken phase in the absence
of bothmagnetic dipole order and spin freezing in the thermodynamic
measurements, suggesting a chiral spin-liquid state. In particular, we
observed a spontaneous Hall effect in the absence of uniform mag-
netization within experimental accuracy in the metallic cooperative
paramagnet Pr2Ir2O7 above its spin freezing temperature, as indicated
by the bifurcation of the susceptibility. Both the experiment and the
theory suggest that a chiral spin-liquid phase is inducedbymelting of a
spin ice, because the quantum fluctuations of the Pr 4f magnetic
moments21 were stronger than in dipolar spin-ice systems14,15.

The pyrochlore iridate Pr2Ir2O7 has an antiferromagnetic Curie–
Weiss temperature HW<220K, mainly due to the correlations
among,111. 4f Isingmagneticmoments of Pr31 ions, which point
either inwards to or outwards from the centre of the Pr tetrahedron
(Fig. 1b and c)22,23. Ir 5d conduction electrons are weakly correlated
and remain in a Pauli paramagnetic state22. They mediate the RKKY
interaction between Pr 4f moments via the Kondo coupling. The
absence of any sharp anomalies indicating conventional magnetic
LRO in the measurements of specific heat, magnetic susceptibility,
and muon spin relaxation (mSR)22,24 signals strong geometrical frus-
tration15. Only a spin freezing is observed in the magnetic suscepti-
bility below Tf< 0.3 K, which is two orders of magnitude lower than
jHWj< 20K (ref. 22) (Fig. 2a). Therefore, below jHWj, the 4f
moments probably remain in a cooperative paramagnetic state down
to at least Tf< 0.3 K (refs 22, 24).

First, we show our main experimental evidence for the broken TRS
found in the states where neither magnetic dipole LRO nor spin freez-
ing is observed in thermodynamic measurements. Figure 2a presents
the temperature dependence of the Hall conductivity sH(T) (defined
in the figure caption)measuredat a low field of 0.05Tapplied along the
[111] direction. The zero-field-cooled and the field-cooled data of
sH(T) and thus the Hall resistivity rH(T) (Supplementary Fig. 1)
bifurcate at TH< 1.5K, a temperature which is nearly an order of
magnitude higher than Tf< 0.3K, although the longitudinal conduc-
tivity s(T) (Fig. 2b, inset) and resistivity r(T) (Supplementary Fig. 1)
does not exhibit any detectable bifurcation. The bifurcation in sH(T)
suggests the emergence of a spontaneous component. To avoid a
(partial) cancellation of sH due to a domain formation, we have per-
formed field sweep measurements up to 7T at various temperatures.
Corresponding to the above bifurcation found in sH(T), the field
dependence of sH(B) forBjj[111] atT,TH< 1.5K shows a hysteresis
between field up and down sweeps, which is accompanied by a finite

remnant Hall conductivity at B5 0 (Fig. 3a, inset). In sharp contrast,
the field dependence of the magnetization M(B) shows no hysteresis
within our experimental accuracy (,1023mB) at T,TH, and only a
small hysteresis at T,Tf (Fig. 3b, inset). Our observations on
sH(B5 0,T) andM(B5 0,T) at various temperatures are summarized
in Fig. 2b. This is evidence of a remarkable separation between the two
temperature scales TH and Tf. Upon cooling, the TRS is broken spon-
taneously and macroscopically at TH without any apparent LRO of
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Figure 2 | Temperature dependence of the magnetic and transport
properties of Pr2Ir2O2. a, Temperature dependence of the Hall conductivity
sH (left axis) and the direct-current susceptibility x5M/H (right axis)
under a magnetic field of B5 0.05 T along the [111] direction. e.m.u.,
electromagnetic unit. Here, Hall conductivity is given by sH52rH/
(rH

21 r2), where rH is the Hall resistivity and r is the longitudinal
resistivity. Both the zero-field-cooled (ZFC) and field-cooled (FC) results are
plotted. Vertical dashed lines denoteTH< 1.5 K andTf< 0.3 K, respectively.
b, Temperature dependence of the remnant Hall conductivity sH(B5 0)
(left axis) and remnant magnetization M(B5 0) (right axis) at zero field,
obtained after a field sweep down from 7T in the hysteresis loop
measurements (Supplementary Information). The inset shows the
temperature dependence of the longitudinal conductivity s5 1/r under
B5 0.05 T along the [111] direction. No hysteresis is found between the
results obtained in the ZFC and FC sequences. c, Temperature dependence of
the nonlinear susceptibility x3 (Supplementary Information) (left axis), and
magnetic specific heat Cm (right axis) under zero field, adapted from ref. 22.
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Pr2Ir2O7: Theory

• Ir electronic structure: jeff=1/2 bands

• 4*2=8 states: irreps at Γ = 2,2,4 (paramagnetic)
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FIG. 4. (Color online) Semimetallic nature of the state at U =
1.5 eV according to the LSDA + U + SO method. (a) Calculated
energy bands in the plane Kz = 0 with band parities shown; (b) energy
bands in the plane kz = 0.6!/a, where a Weyl point is predicted to
exist. The lighter-shaded plane is at the Fermi level. (c) Locations
of the Weyl points in the three-dimensional Brillouin zone (Ref. 29)
(nine are shown, indicated by the circled + or ! signs).

the parity eigenvalues. Note that all the magnetic structures
considered above preserve inversion (or parity) symmetry. In
the Brillouin zone [see Fig. 4(c)] of the fcc lattice the TRIMs
correspond to the " = (0, 0, 0), and X, Y,Z [=2!/a(1, 0, 0)
and permutations] points and four L points [!/a(1, 1, 1) and
equivalent points]. The TRIM parities of the top four occupied
bands, in order of increasing energy, are shown in Table II.
Note that, although by symmetry all L points are equivalent,
the choice of inversion center at an iridium site singles out one
of them, L". With that choice the parities at L" and the other
three L points are the opposite of one another. The parities
of the all-in/all-out state remains unchanged above U > Uc #
1.8 eV and is shown in the top row under U = 2 eV. This
pattern of parities helps to understand the nature of the phase:
The parities are the same as for a site-localized picture of this
phase, where each site has an electron with a fixed moment
along the ordering direction. Due to the possibility of such a
local description of this magnetic insulator, we term it the Mott
phase.

Intermediate correlations. For the same all-in/all-out mag-
netic configuration, at smaller U = 1.5 eV, the band structure

TABLE II. Calculated parities of states at TRIMs for several
electronic phases of the iridates. Only the top four filled levels are
shown, in order of increasing energy.

Phase " X, Y,Z L" L ($3)
U = 2.0, all-in (Mott) ++++ + ! ! + + ! ! ! !+++
U = 1.5, all-in (Dirac) ++++ + ! ! + + ! ! + !++ !

along high-symmetry lines [see Fig. 3(b)] also appears to be
insulating, and at first sight one may conclude that this is
an extension of the Mott insulator. However, a closer look
using the parities reveals that a phase transition has occurred.
At the L points, an occupied level and an unoccupied level
with opposite parities have switched places. It can readily
be argued that only one of the two phases adjacent to the
U where this crossing happens can be insulating (see the
Appendix). Since the large U phase is found to be smoothly
connected to a gapped Mott phase, it is reasonable to assume
the smaller U phase is the noninsulating one. This is also
borne out by the LSDA + U + SO band structure. A detailed
analysis perturbing about this transition point (also in the k · p
subsection) allows us to show that this phase is expected to be
a Weyl semimetal with 24 Weyl nodes in all.

Indeed, in the LSDA + U + SO band structure at U =
1.5 eV, we find a three-dimensional Dirac crossing located
within the "-X-L plane of the Brillouin zone. This is illustrated
in Fig. 4 and corresponds to the k vector (0.52,0.52,0.3)2!/a.
There also are five additional Weyl points in the proximity of
the point L related by symmetry (three are just inside each of
the two opposite hexagonal faces of the Brillouin zone, which
are identified with one another) When U increases, these points
move toward each other and annihilate all together at the L
point close to U = 1.8 eV. This is how the Mott phase is born
from the Weyl phase. Since we expect that for Ir 5d states the
actual value of the Coulomb repulsion should be somewhere
within the range 1 eV < U < 2 eV, we thus conclude that the
ground state of the Y2Ir2O7 is most likely the semimetallic
state with the Fermi surface characterized by a set of Weyl
points but in proximity to a Mott insulating state. Both phases
can be switched to a normal metal if Ir moments are collinearly
ordered by a magnetic field.

Possible axion insulator phase. At lower values of U a
second gapped phase with special properties may appear. This
phase can be characterized in terms of its magnetoelectric re-
sponse. Recall that in the presence of time-reversal symmetry,
topological insulators are nonmagnetic band insulators with
protected surface states.6 When the surface states are elimi-
nated by adding, for example, magnetic moments only on the
surface, a quantized magnetoelectric response is obtained:13

A magnetic field induces a polarization, P = # e2

2!h
B, with the

coefficient # only defined modulo 2! . The values of # are
limited by time reversal, which transforms # % !# . Apart
from the trivial solution # = 0, the ambiguity in the definition
of # allows also for # = ! , and this occurs in topological
insulators # = ! . In magnetic insulators, # is in general no
longer quantized.30 However, when inversion symmetry is
retained, # is quantized again. An insulator with the value
# = ! may be termed an axion insulator.

What is the appropriate description of the pyrochlore
iridates? As described elsewhere,21 the condition for # = !
insulators with only inversion symmetry, when deduced from
the parities, turns out to be the same as the Fu-Kane formula,
for time-reversal symmetric insulators;31,32 that is, if the total
number of filled states of negative parity at all TRIMs taken
together is twice an odd integer, then # = ! . Otherwise, # = 0.

For the Mott insulator, at large U , the charge physics must
be trivial and so we must have # = 0. Next, since the Weyl
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Weyl semimetal in AF phase

changing the relative magnitude of ta and te. In general, the
pyrochlore oxides have oxygen x parameters ranging from
0.309 to 0.355.40 Since xc=0.3125 for the perfect cubic crys-
tal field, we have to consider both trigonal compression !x
!xc" and elongation !x"xc" cases. According to the naive
crystal-field splitting picture, the on-site energies Ea and Ee
of a1g and eg! states are determined by the magnitude of oxy-
gen x parameters. However, in real materials, the relative
magnitude between Ea and Ee are strongly affected by hy-
bridization with high energy eg orbital states, which are al-
lowed under the trigonal crystal field.43 Therefore, irrespec-
tive of the magnitude of the oxygen x parameter, we have to
investigate both ta / te!1 and te / ta!1 cases on equal footing.

We first consider the case of ta / te!1. In Fig. 5, we plot
the evolution of the band structure as we increase ta / te. For
ta / te#1.7, an accidental band touching occurs at the L point
in the Brillouin zone. Since the two bands touching at the L
point have opposite inversion parities as shown in Table I,
the band crossing induces the exchange of the parities be-
tween the two bands touching at the L point. However, since
we have eight different momentum points within the first
Brillouin zone, which are symmetry equivalent to the L
point, the product of the inversion parities for all occupied
bands is invariant. According to Fu and Kane,9 the product of
the inversion parities of occupied bands determines the Z2
topological invariant #, characterizing the topological prop-
erties of insulators. Therefore, the accidental band touching
does not induce the change in the topological properties of
the insulating states.

Now we consider the opposite limit of te / ta!1. Figure 6
shows the evolution of the band structure as we increase
te / ta. Notice that the band gap at the $ point reduces pro-
gressively as te / ta increases. In particular, when te / ta
= !te / ta"c=2.3, a band inversion occurs at the $ point and the
system becomes metallic. The double degeneracy at the $
point is protected by the lattice point-group symmetry.
Therefore the metallic phase is stable as long as symmetry
breaking fields reducing the lattice symmetry are not intro-
duced. It is interesting that a similar metallic state is

predicted by a recent first-principles calculation on
Y2Ir2O7.44 Although we have used a simplified tight-binding
approach, the overall band structure and degeneracies at the
$ point for the metallic phase are consistent with the predic-
tion of the local-density approximation !LDA" calculation.

The effect of the trigonal crystal fields on the electronic
structure is summarized in the phase diagram shown in Fig.
7. The strong topological insulator !STI" is stable against the
trigonal crystal-field effect for te / ta smaller than the critical
value, !te / ta"c. On the other hand, if te / ta is larger than the
critical value, a metallic phase occurs. The metallic phase is
stable as long as the point-group symmetry of the lattice is
protected.

IV. LATTICE DISTORTION AND METAL-INSULATOR
TRANSITION

In this section we study the fate of the metallic phase
predicted above against external perturbations. Some pyro-
chlore iridates A2Ir2O7 with A=Nd, Sm, and Eu, show metal-
insulator transitions as the temperature decreases.35,36 How-
ever, the nature of the insulating ground state is under
controversy. According to a recent Raman-scattering mea-
surement on these iridium compounds,38 metal-insulator
transitions accompany structural distortions for Sm2Ir2O7
and Eu2Ir2O7. In addition, a recent theoretical study on a toy

TABLE I. Inversion parities of the jeff=1 /2 bands at time-
reversal invariant momenta for %SO=4.0, ta= te=0.5. Here E1&E2
&E3&E4. At the momentum Xi!i=1,2 ,3", the upper !lower" two
bands are degenerate with opposite inversion parities satisfying ''̄
=!1 !'!'̄!=!1".

E1 E2 E3 E4

$!0,0 ,0" + + + +
L0!( ,( ,(" ! ! + !
L1!!( ,( ,(" + + ! +
L2!( ,!( ,(" + + ! +
L3!( ,( ,!(" + + ! +
X1!2( ,0 ,0" ' '̄ '! '̄!
X2!0,2( ,0" ' '̄ '! '̄!
X3!0,0 ,2(" ' '̄ '! '̄!

!! !!XX XX""LL!!!! !!XX XX""LL!!!! !!XX XX""LL!!

E(k)E(k)

(a)(a) (c)(c)(b)(b)t / t =1.0t / t =1.0ee aa t / t =2.2t / t =2.2ee aa t / t =2.5t / t =2.5ee aa

FIG. 6. !Color online" Dispersions of jeff=1 /2 bands under
trigonal crystal field with ta" te. Here we have fixed %SO=4.0, ta
=0.5 but vary te. As te / ta increases the energy gap between the two
bands in the middle reduces. When te / ta#2.3 band inversion oc-
curs at the $ point and the system becomes metallic.

t / tt / tee aa

MetalMetalSTISTISTISTI

(t /t )(t /t )ee aa cc
XX

FIG. 7. !Color online" Phase diagram as a function of the
strength of the local trigonal crystal field represented by te / ta. Note
that a metallic phase occurs when te / ta becomes larger than the
critical value of !te / ta"c!1. The red cross in the middle of two
strong topological insulators !STI" indicates the point where acci-
dental band touching occurs.
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Pr2Ir2O7: Theory

• Ir electronic structure: jeff=1/2 bands

• 4*2=8 states: irreps at Γ = 2,2,4 (paramagnetic)
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changing the relative magnitude of ta and te. In general, the
pyrochlore oxides have oxygen x parameters ranging from
0.309 to 0.355.40 Since xc=0.3125 for the perfect cubic crys-
tal field, we have to consider both trigonal compression !x
!xc" and elongation !x"xc" cases. According to the naive
crystal-field splitting picture, the on-site energies Ea and Ee
of a1g and eg! states are determined by the magnitude of oxy-
gen x parameters. However, in real materials, the relative
magnitude between Ea and Ee are strongly affected by hy-
bridization with high energy eg orbital states, which are al-
lowed under the trigonal crystal field.43 Therefore, irrespec-
tive of the magnitude of the oxygen x parameter, we have to
investigate both ta / te!1 and te / ta!1 cases on equal footing.

We first consider the case of ta / te!1. In Fig. 5, we plot
the evolution of the band structure as we increase ta / te. For
ta / te#1.7, an accidental band touching occurs at the L point
in the Brillouin zone. Since the two bands touching at the L
point have opposite inversion parities as shown in Table I,
the band crossing induces the exchange of the parities be-
tween the two bands touching at the L point. However, since
we have eight different momentum points within the first
Brillouin zone, which are symmetry equivalent to the L
point, the product of the inversion parities for all occupied
bands is invariant. According to Fu and Kane,9 the product of
the inversion parities of occupied bands determines the Z2
topological invariant #, characterizing the topological prop-
erties of insulators. Therefore, the accidental band touching
does not induce the change in the topological properties of
the insulating states.

Now we consider the opposite limit of te / ta!1. Figure 6
shows the evolution of the band structure as we increase
te / ta. Notice that the band gap at the $ point reduces pro-
gressively as te / ta increases. In particular, when te / ta
= !te / ta"c=2.3, a band inversion occurs at the $ point and the
system becomes metallic. The double degeneracy at the $
point is protected by the lattice point-group symmetry.
Therefore the metallic phase is stable as long as symmetry
breaking fields reducing the lattice symmetry are not intro-
duced. It is interesting that a similar metallic state is

predicted by a recent first-principles calculation on
Y2Ir2O7.44 Although we have used a simplified tight-binding
approach, the overall band structure and degeneracies at the
$ point for the metallic phase are consistent with the predic-
tion of the local-density approximation !LDA" calculation.

The effect of the trigonal crystal fields on the electronic
structure is summarized in the phase diagram shown in Fig.
7. The strong topological insulator !STI" is stable against the
trigonal crystal-field effect for te / ta smaller than the critical
value, !te / ta"c. On the other hand, if te / ta is larger than the
critical value, a metallic phase occurs. The metallic phase is
stable as long as the point-group symmetry of the lattice is
protected.

IV. LATTICE DISTORTION AND METAL-INSULATOR
TRANSITION

In this section we study the fate of the metallic phase
predicted above against external perturbations. Some pyro-
chlore iridates A2Ir2O7 with A=Nd, Sm, and Eu, show metal-
insulator transitions as the temperature decreases.35,36 How-
ever, the nature of the insulating ground state is under
controversy. According to a recent Raman-scattering mea-
surement on these iridium compounds,38 metal-insulator
transitions accompany structural distortions for Sm2Ir2O7
and Eu2Ir2O7. In addition, a recent theoretical study on a toy

TABLE I. Inversion parities of the jeff=1 /2 bands at time-
reversal invariant momenta for %SO=4.0, ta= te=0.5. Here E1&E2
&E3&E4. At the momentum Xi!i=1,2 ,3", the upper !lower" two
bands are degenerate with opposite inversion parities satisfying ''̄
=!1 !'!'̄!=!1".

E1 E2 E3 E4

$!0,0 ,0" + + + +
L0!( ,( ,(" ! ! + !
L1!!( ,( ,(" + + ! +
L2!( ,!( ,(" + + ! +
L3!( ,( ,!(" + + ! +
X1!2( ,0 ,0" ' '̄ '! '̄!
X2!0,2( ,0" ' '̄ '! '̄!
X3!0,0 ,2(" ' '̄ '! '̄!

!! !!XX XX""LL!!!! !!XX XX""LL!!!! !!XX XX""LL!!

E(k)E(k)

(a)(a) (c)(c)(b)(b)t / t =1.0t / t =1.0ee aa t / t =2.2t / t =2.2ee aa t / t =2.5t / t =2.5ee aa

FIG. 6. !Color online" Dispersions of jeff=1 /2 bands under
trigonal crystal field with ta" te. Here we have fixed %SO=4.0, ta
=0.5 but vary te. As te / ta increases the energy gap between the two
bands in the middle reduces. When te / ta#2.3 band inversion oc-
curs at the $ point and the system becomes metallic.

t / tt / tee aa

MetalMetalSTISTISTISTI

(t /t )(t /t )ee aa cc
XX

FIG. 7. !Color online" Phase diagram as a function of the
strength of the local trigonal crystal field represented by te / ta. Note
that a metallic phase occurs when te / ta becomes larger than the
critical value of !te / ta"c!1. The red cross in the middle of two
strong topological insulators !STI" indicates the point where acci-
dental band touching occurs.
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Minimal electronic 
model

• k·p expansion near Γ

• 3 symmetry allowed mass parameters 

• Luttinger Hamiltonian

• quadratically dispersing doubly-
degenerate bands

• applies also to inverted band-gap semis
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Interactions

• Very simple scaling

• Coulomb strong for r > aB = 1/(me2)

• Abrikosov, 1970s (!): critical NFL state!
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POSSIBLE EXISTENCE OF SUBSTANCES INTERMEDIATE BETWEEN METALS AND 

DIELECTRICS 

A. A. ABRIKOSOV and S.D. BENESLAVSKII 

L. D. Landau Institute of Theoretical Physics 
Submitted April 13, 1970 

Zh. Eksp. Teor. Fiz. 59, 1280-1298 (October, 1970) 

The question of the possible existence of substances having an electron spectrum without any energy 
gap and, at the same time, not possessing a Fermi surface is investigated. First of all the question 
of the possibility of contact of the conduction band and the valence band at a single point is investiga-
ted within the framework of the one-electron problem. It is shown that the symmetry conditions for 
the crystal admit of such a possibility. A complete investigation is carried out for points in recipro-
cal lattice space with a little group which is equivalent to a point group, and an example of a more 
complicated little group is considered. It is shown that in the neighborhood of the point of contact the 
spectrum may be linear as well as quadratic. 

The role of the Coulomb interaction is considered for both types of spectra. In the case of a linear 
dispersion law a slowly varying (logarithmic) factor appears in the spectrum. In the case of a quad-
ratic spectrum the effective interaction becomes strong for small momenta, and the concept of the 
one-particle spectrum turns out to be inapplicable. The behavior of the Green's functions is deter-
mined by similarity laws analogous to those obtained in field theory with strong coupling and in the 
neighborhood of a phase transition point of the second kind (scaling). Hence follow power laws for 
the electronic heat capacity and for the momentum distribution of the electrons. 

1. INTRODUCTION 

0 NE of the basic assumptions of the Landau lll theory 
of a Fermi liquid is the relationship, according to which 
the limiting momentum of the excitations in an isotropic 
Fermi liquid is determined in the same way as in a gas, 
by the density of the atoms in the liquid, i.e., 
Po = (3JT1l) 113 (where n is the density of particles). Ac-
cording to the work of Luttinger and Ward, laJ with a 
certain amount of alteration this theorem is also appli-
cable to the electronic liquid in metals. Namely, it 
turns out that the total volume, bounded by all Fermi 
surfaces, determines the density of the electrons: 

n = 2(2n)-'(pV, + VF), 

where Vo denotes the volume of an elementary cell of 
the reciprocal lattice, p is an integer, and V F denotes 
the total volume inside all of the Fermi surfaces (from 
the side of smaller energies), referred to a single cell 
of the reciprocal lattice. 

It is not difficult to see that the cited relation is ex-
actly the same as for a noninteracting Fermi system in 
a periodic field. In view of the fact that Vo = (2JT) 3/v, 
where v is the volume of an elementary cell of the crys-
tal, the substance can be dielectric only when the num-
ber of electrons per elementary cell of the crystal is 
even. If in this case the substance nevertheless is a 
metal, then the number of holes must necessarily be 
equal to the number of electrons. For metals with an 
odd number of electrons per cell, on the other hand, 
such compensation cannot occur. 

In this connection the question arises whether sub-
stances can exist in nature which are neither genuine 
metals nor dielectrics in the sense that there are no 
free electrons in them, and at the same time no energy 
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gap is present. One can represent such a substance as 
the limiting case of a metal with a point Fermi surface. 
In the language of the theory of noninteracting particles 
in a periodic field, this corresponds to the case when a 
completely filled valence band touches a completely 
empty conduction band. Indications of the possible exis-
tence of such substances have recently appeared in the 
literature (gray tinl3l and mercury telluridel4l). 

In the present article the conditions under which a 
point Fermi surface may appear in a model of noninter-
acting electrons will be investigated, and the question of 
the influence of the Coulomb interaction of the electrons 
on the energy spectrum in the neighborhood of the 
Fermi point will be considered. 

In the case of interest to us, the maximum of the 
valence band must coincide with the minimum of the 
conduction band. In general an increased symmetry of 
the appropriate point of the reciprocal lattice favors de-
generacy of the energy levels, but it may also occur at 
accidental points. However, here somewhat more is re-
quired, namely, that this point simultaneously corre-
sponds to extrema of the two bands. The occurrence of 
such a situation at an accidental point is an improbable 
special case. In view of this we shall consider only 
"regular" cases, i.e., points of high symmetry. A com-
plete analysis is given in the case when the little group 
of the corresponding point is equivalent to the point 
group, and an example of a more complicated group is 
considered. It turns out that a "Fermi point" is possi-
ble in a whole series of different cases, where in the 
most typical cases the dispersion law in the vicinity of 
such a point will either be linear or quadratic. 

However, in general a model of noninteracting elec-
trons does not correspond to a real electronic liquid. 
In the case of an isotropic liquid with short-range inter-

Calculation of critical indices for zero-gap semiconductors 
A. A. Abrikosov 
L. D. Landau Theoretical Physics Institute, USSR Academy of Sciences 
(Submitted November 19, 1973) 
Zh. Eksp. Teor. Fiz. 66, 1443-1460 (April 1974) 

The indices defining the exponents in the power laws in the Green functions and physical 
characteristics of zero-gap semiconductors of the second kind in the strong-coupling region (i.e., the 
region of energies w<wo, where Wo= m *e 4/21<6 is the exciton binding energy, and momenta k <k 0, 

where k 0= m *e 2/1<0 is the inverse Bohr radius of the exction) are calculated. Two methods are 
applied: expansion in E=4-d (d is the dimensionality of space) and expansion in the "large 
number of components," i.e., in l/II, where II is the polarization operator. In the first approximation 
the two procedures give results that are numerically slightly different but qualitatively similar. It 
follows from the results that there are several energy and momentum regions: (1) the "free region," 
(2) the region Wl<W<WO' kl<k <ko Wo, in which the 
"random-phase approximation" is applicable, i.e., the interaction of the carriers is altered but their 
spectrum is conserved, and (3) the true strong-coupling region w < W1> k < k l' In the regions (2) and 
(3) the results of Abrikosov and Benesiavskil are applicable, with a=v=2 in region (2) and a= 1.76, 
V= 1.92 in region (3). 

1. INTRODUCTION 
It has been shown earlier (cf,[l,2]) that in zero-gap 

semiconductors of the second kind (e .g., a -Sn), a 
strong-coupling regime arises in the vicinity of the 
point of contact of the branches of the spectrum (a point 
of the order of ko = m*e2/ Ko along the momentum axis 
and Wo = along the energy axis, where m* is 
the effective mass and Ko is the dielectric permittivity). 
In this region the Green functions and vertices acquire 
the self-similar form: 

G -, ( k ) -a [ rol roo ] 
-roo k: g (klko) , ' 

f-- - d--roo ( k ) ,_3 .[ ro/roo ] 
k o' ko (klko) , ' (1) 

( k ) a-' [ rol roo ] 
1- k: q (klko)' . 

The indices a and v determine the behavior of phySical 
quantities in the singular region, e.g., their dependence 
on the temperature, magnetic field, frequency, etc. 

In view of the fact that the problem of zero-gap semi-
conductors is methodologically similar to the theory of 
phase transitions, to determine the unknown indices a 
and v it is natural to attempt to apply the methods de-
veloped in recent years by Wilson and Fisher(3] and 
Ferrell and Scalapino [4) and successfully used for the 
analysis of different types of phase transitions. The 
present article is devoted to this question. 

2. CONTINUATION TO NONINTEGER DIMENSIONS 
The calculation of the indices should be performed 

for a specific model. Although the indices do not depend 
on the interaction constant, they can depend on the 
geometry (the little group and specific representation; 
cf,UJ). We shall consider a very realistic situation, 
namely, the case of a-Sn with a diamond-type lattice. 
The bands touch at a point with little group Dh. We 
take a representation corresponding to J = "2; the cor-
responding Hamiltonian and spectrum are well known[I]. 
To simplify matters, we put 3 f3 = I' in the formula in (1]; 
the spectrum then possesses spherical symmetry. The 
Hamiltonian in this case can be written in the form 

(2) 
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whence it can be seen that there is invariance with re-
spect to any rotations. The eigenvalues are doubly de-
generate and equal to 

8",= (f±c) k'. 

Hence it can be seen that a zero-gap spectrum is ob-
tained for c > f, 

(3) 

It was shown in(1] that the zeroth-approximation term 
for the polarization operator is proportional to an inte-
gral that converges like 11k at the lower limit (k is 
the external momentum). It is clear that in four-dimen-
sional space we would have a logarithmic integral. This 
corresponds precisely to the situation in phase transi-
tions. The application of Wilson's methodeS] is associ-
ated with formulation of the problem in a space with a 
noninteger number of dimensions d = 4 - !. In the 
present case, the problem is complicated by the fact 
that operators JiJ. associated with the three-dimensional 
rotation group appear in the Hamiltonian and form ten-
sor combinations with the momentum components. The 
continuation to noninteger dimensions in such a situa-
tion has been effected for the case J = 1 [5], but the 
method used is not applicable for J = r 2. In view of this, 
we shall proceed in the following way. 

We write the second term in the Hamiltonian (2) in 
the form cH" 

and analyze the properties of the operators A v' Ac-
cording to (2), these operators possess the foilowing 
properties: 

-r A",,=O, {A •• , A,'/=-1 (v*/-1), ....... . 
SpA.,=O, A • .'=1, 1.;=3/, (v*/-1); 

(4) 

(5) 

{ AiJ.II' ApO'} = 0 in all other cases. Here there is no 
summation over repeated indices. All these properties 
can be written in the form of a single formula: 

(6) 

Hence it follows that the anticommutator of two Hamil-
tonians H, at different points k is equal to 

{Hdk,), Hdk,)} =3(k,k,)'-k,'k,'. (7) 

Copyright © 1975 American Institute of Physics 709 



Interactions

• Very simple scaling

• Coulomb strong for r > aB = 1/(me2)

• In modern language, Coulomb interaction is 
relevant

• RG treatment needed

• We will update Abrikosov’s treatment, 
extend it, and explore implications

1

mr2
∼ e2

r



RG

• Action

• Scaling

electrostatic 
potential
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• Scaling
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RG

• Action

• Renormalization in d=4-ε expansion
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�
ψ +

c0
2
(∂iϕ)

2
�

electrostatic 
potential

δeδ(1/m)δc0



RG

• Action

• Renormalization in d=4-ε expansion

• Counting:

• Choose z, ηψ, ηφ to keep 3 terms fixed

• Coulomb coupling e and 2 masses flow
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Mass structure

• Following Murakami, 2004

• Where Γa are Dirac matrices and
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Mass structure

• Following Murakami, 2004
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irrelevant under RG
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RG

• Action

• Anomalous dimensions

• Coulomb coupling
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RG

• Action

• Anomalous dimensions

• Result
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stable critical fixed point, not an excitonic instability



LAB phase

• Electron spectral function has algebraic 
singularities and anisotropic scaling with z 
≈1.8

• Responses determined from composite 
operators

[ψ†ψ] = d
[ψ†Γaψ] = d+ η1
[ψ†Γabψ] = d+ η12

η12 ≈ −.16
η1 ≈ −.32

[ψψ] = d+ ηp ηp ≈ .08 > 0

enhanced e-h 
correlations

suppressed 
pairing



LAB phase

• Electron spectral function has algebraic 
singularities and anisotropic scaling with z 
≈1.8

• Power-law responses, e.g.

specific heat: cv ∼ T d/z ≈ T 1.7

susceptibility: χ(T ) ∼ a+ b T (d−z+2η12)/z ≈ a+ b T 0.5

σ(ω, T ) ∼ T 1/zF(ω/T )conductivity:
χ3 = ∂3

M/∂H3
��
H=0

∼ T
−1.7nonlinear susceptibility:



Anomalous Hall Effect

• Recall striking Pr2Ir2O7 experiments

Usually, the AHE arises in ferromagnets because the spontaneous
magnetization breaks the TRS macroscopically even in the absence of
applied magnetic field. The dominant part of the AHE in moderately
dirty ferromagneticmetals can be captured by the band-intrinsicmech-
anism4,16. The adiabatic motion of electrons under an electric field E
(ref. 17) acquires the Berry phase18 because of the relativistic spin-orbit
interaction and the net spin polarization. This phase acts as a mac-
roscopic fictitious magnetic field b that bends the orbital motion of
electrons like the Lorentz force does due to a realmagnetic fieldB. Thus,
it causes theAHEcharacterizedby a finiteHall conductivitysHatB5 0.

In general, however, the source of the fictitious magnetic field b,
namely, the condition for observing the AHE at B5 0, is not
restricted to the magnetization, but to the macroscopically broken
TRS19, which means that the time-reversal operation cannot be com-
pensated by any other symmetry operations of the crystal (Sup-
plementary Information). In particular, the scalar spin chirality in
non-coplanar ferromagnets or canonical spin glasses can also pro-
duce the fictitious field and thus the AHE4,5,12,13,20, as indeed has been
observed in Nd2Mo2O7 (ref. 5), AuMn (refs 6, 7), and MnSi (refs 9,
10). In these pioneering works, however, the spin chirality is not the
primary order parameter, but only accompanies a chiral spin texture
of a magnetic dipole LRO or is induced by the applied magnetic field.
Thus, it has remained an important open issue to find a possible
chiral spin-liquid phase3 by probing the macroscopically broken
TRS through the AHE at zero magnetic field.

Here, we report the discovery of a TRS-broken phase in the absence
of bothmagnetic dipole order and spin freezing in the thermodynamic
measurements, suggesting a chiral spin-liquid state. In particular, we
observed a spontaneous Hall effect in the absence of uniform mag-
netization within experimental accuracy in the metallic cooperative
paramagnet Pr2Ir2O7 above its spin freezing temperature, as indicated
by the bifurcation of the susceptibility. Both the experiment and the
theory suggest that a chiral spin-liquid phase is inducedbymelting of a
spin ice, because the quantum fluctuations of the Pr 4f magnetic
moments21 were stronger than in dipolar spin-ice systems14,15.

The pyrochlore iridate Pr2Ir2O7 has an antiferromagnetic Curie–
Weiss temperature HW<220K, mainly due to the correlations
among,111. 4f Isingmagneticmoments of Pr31 ions, which point
either inwards to or outwards from the centre of the Pr tetrahedron
(Fig. 1b and c)22,23. Ir 5d conduction electrons are weakly correlated
and remain in a Pauli paramagnetic state22. They mediate the RKKY
interaction between Pr 4f moments via the Kondo coupling. The
absence of any sharp anomalies indicating conventional magnetic
LRO in the measurements of specific heat, magnetic susceptibility,
and muon spin relaxation (mSR)22,24 signals strong geometrical frus-
tration15. Only a spin freezing is observed in the magnetic suscepti-
bility below Tf< 0.3 K, which is two orders of magnitude lower than
jHWj< 20K (ref. 22) (Fig. 2a). Therefore, below jHWj, the 4f
moments probably remain in a cooperative paramagnetic state down
to at least Tf< 0.3 K (refs 22, 24).

First, we show our main experimental evidence for the broken TRS
found in the states where neither magnetic dipole LRO nor spin freez-
ing is observed in thermodynamic measurements. Figure 2a presents
the temperature dependence of the Hall conductivity sH(T) (defined
in the figure caption)measuredat a low field of 0.05Tapplied along the
[111] direction. The zero-field-cooled and the field-cooled data of
sH(T) and thus the Hall resistivity rH(T) (Supplementary Fig. 1)
bifurcate at TH< 1.5K, a temperature which is nearly an order of
magnitude higher than Tf< 0.3K, although the longitudinal conduc-
tivity s(T) (Fig. 2b, inset) and resistivity r(T) (Supplementary Fig. 1)
does not exhibit any detectable bifurcation. The bifurcation in sH(T)
suggests the emergence of a spontaneous component. To avoid a
(partial) cancellation of sH due to a domain formation, we have per-
formed field sweep measurements up to 7T at various temperatures.
Corresponding to the above bifurcation found in sH(T), the field
dependence of sH(B) forBjj[111] atT,TH< 1.5K shows a hysteresis
between field up and down sweeps, which is accompanied by a finite

remnant Hall conductivity at B5 0 (Fig. 3a, inset). In sharp contrast,
the field dependence of the magnetization M(B) shows no hysteresis
within our experimental accuracy (,1023mB) at T,TH, and only a
small hysteresis at T,Tf (Fig. 3b, inset). Our observations on
sH(B5 0,T) andM(B5 0,T) at various temperatures are summarized
in Fig. 2b. This is evidence of a remarkable separation between the two
temperature scales TH and Tf. Upon cooling, the TRS is broken spon-
taneously and macroscopically at TH without any apparent LRO of
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Figure 2 | Temperature dependence of the magnetic and transport
properties of Pr2Ir2O2. a, Temperature dependence of the Hall conductivity
sH (left axis) and the direct-current susceptibility x5M/H (right axis)
under a magnetic field of B5 0.05 T along the [111] direction. e.m.u.,
electromagnetic unit. Here, Hall conductivity is given by sH52rH/
(rH

21 r2), where rH is the Hall resistivity and r is the longitudinal
resistivity. Both the zero-field-cooled (ZFC) and field-cooled (FC) results are
plotted. Vertical dashed lines denoteTH< 1.5 K andTf< 0.3 K, respectively.
b, Temperature dependence of the remnant Hall conductivity sH(B5 0)
(left axis) and remnant magnetization M(B5 0) (right axis) at zero field,
obtained after a field sweep down from 7T in the hysteresis loop
measurements (Supplementary Information). The inset shows the
temperature dependence of the longitudinal conductivity s5 1/r under
B5 0.05 T along the [111] direction. No hysteresis is found between the
results obtained in the ZFC and FC sequences. c, Temperature dependence of
the nonlinear susceptibility x3 (Supplementary Information) (left axis), and
magnetic specific heat Cm (right axis) under zero field, adapted from ref. 22.
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Anomalous Hall Effect

• Hall conductivity is a pseudo-vector

• Hall vector K has exactly the same 
symmetries as uniform magnetization M, 
once SOC is included (and it is strong here)

• In general, these should be linearly coupled 
in Landau theory: K ∝ M

σH

µν =
e2

h
�µνλKλ



Anomalous Hall Effect

• Recall striking Pr2Ir2O7 experiments

Usually, the AHE arises in ferromagnets because the spontaneous
magnetization breaks the TRS macroscopically even in the absence of
applied magnetic field. The dominant part of the AHE in moderately
dirty ferromagneticmetals can be captured by the band-intrinsicmech-
anism4,16. The adiabatic motion of electrons under an electric field E
(ref. 17) acquires the Berry phase18 because of the relativistic spin-orbit
interaction and the net spin polarization. This phase acts as a mac-
roscopic fictitious magnetic field b that bends the orbital motion of
electrons like the Lorentz force does due to a realmagnetic fieldB. Thus,
it causes theAHEcharacterizedby a finiteHall conductivitysHatB5 0.

In general, however, the source of the fictitious magnetic field b,
namely, the condition for observing the AHE at B5 0, is not
restricted to the magnetization, but to the macroscopically broken
TRS19, which means that the time-reversal operation cannot be com-
pensated by any other symmetry operations of the crystal (Sup-
plementary Information). In particular, the scalar spin chirality in
non-coplanar ferromagnets or canonical spin glasses can also pro-
duce the fictitious field and thus the AHE4,5,12,13,20, as indeed has been
observed in Nd2Mo2O7 (ref. 5), AuMn (refs 6, 7), and MnSi (refs 9,
10). In these pioneering works, however, the spin chirality is not the
primary order parameter, but only accompanies a chiral spin texture
of a magnetic dipole LRO or is induced by the applied magnetic field.
Thus, it has remained an important open issue to find a possible
chiral spin-liquid phase3 by probing the macroscopically broken
TRS through the AHE at zero magnetic field.

Here, we report the discovery of a TRS-broken phase in the absence
of bothmagnetic dipole order and spin freezing in the thermodynamic
measurements, suggesting a chiral spin-liquid state. In particular, we
observed a spontaneous Hall effect in the absence of uniform mag-
netization within experimental accuracy in the metallic cooperative
paramagnet Pr2Ir2O7 above its spin freezing temperature, as indicated
by the bifurcation of the susceptibility. Both the experiment and the
theory suggest that a chiral spin-liquid phase is inducedbymelting of a
spin ice, because the quantum fluctuations of the Pr 4f magnetic
moments21 were stronger than in dipolar spin-ice systems14,15.

The pyrochlore iridate Pr2Ir2O7 has an antiferromagnetic Curie–
Weiss temperature HW<220K, mainly due to the correlations
among,111. 4f Isingmagneticmoments of Pr31 ions, which point
either inwards to or outwards from the centre of the Pr tetrahedron
(Fig. 1b and c)22,23. Ir 5d conduction electrons are weakly correlated
and remain in a Pauli paramagnetic state22. They mediate the RKKY
interaction between Pr 4f moments via the Kondo coupling. The
absence of any sharp anomalies indicating conventional magnetic
LRO in the measurements of specific heat, magnetic susceptibility,
and muon spin relaxation (mSR)22,24 signals strong geometrical frus-
tration15. Only a spin freezing is observed in the magnetic suscepti-
bility below Tf< 0.3 K, which is two orders of magnitude lower than
jHWj< 20K (ref. 22) (Fig. 2a). Therefore, below jHWj, the 4f
moments probably remain in a cooperative paramagnetic state down
to at least Tf< 0.3 K (refs 22, 24).

First, we show our main experimental evidence for the broken TRS
found in the states where neither magnetic dipole LRO nor spin freez-
ing is observed in thermodynamic measurements. Figure 2a presents
the temperature dependence of the Hall conductivity sH(T) (defined
in the figure caption)measuredat a low field of 0.05Tapplied along the
[111] direction. The zero-field-cooled and the field-cooled data of
sH(T) and thus the Hall resistivity rH(T) (Supplementary Fig. 1)
bifurcate at TH< 1.5K, a temperature which is nearly an order of
magnitude higher than Tf< 0.3K, although the longitudinal conduc-
tivity s(T) (Fig. 2b, inset) and resistivity r(T) (Supplementary Fig. 1)
does not exhibit any detectable bifurcation. The bifurcation in sH(T)
suggests the emergence of a spontaneous component. To avoid a
(partial) cancellation of sH due to a domain formation, we have per-
formed field sweep measurements up to 7T at various temperatures.
Corresponding to the above bifurcation found in sH(T), the field
dependence of sH(B) forBjj[111] atT,TH< 1.5K shows a hysteresis
between field up and down sweeps, which is accompanied by a finite

remnant Hall conductivity at B5 0 (Fig. 3a, inset). In sharp contrast,
the field dependence of the magnetization M(B) shows no hysteresis
within our experimental accuracy (,1023mB) at T,TH, and only a
small hysteresis at T,Tf (Fig. 3b, inset). Our observations on
sH(B5 0,T) andM(B5 0,T) at various temperatures are summarized
in Fig. 2b. This is evidence of a remarkable separation between the two
temperature scales TH and Tf. Upon cooling, the TRS is broken spon-
taneously and macroscopically at TH without any apparent LRO of
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Figure 2 | Temperature dependence of the magnetic and transport
properties of Pr2Ir2O2. a, Temperature dependence of the Hall conductivity
sH (left axis) and the direct-current susceptibility x5M/H (right axis)
under a magnetic field of B5 0.05 T along the [111] direction. e.m.u.,
electromagnetic unit. Here, Hall conductivity is given by sH52rH/
(rH

21 r2), where rH is the Hall resistivity and r is the longitudinal
resistivity. Both the zero-field-cooled (ZFC) and field-cooled (FC) results are
plotted. Vertical dashed lines denoteTH< 1.5 K andTf< 0.3 K, respectively.
b, Temperature dependence of the remnant Hall conductivity sH(B5 0)
(left axis) and remnant magnetization M(B5 0) (right axis) at zero field,
obtained after a field sweep down from 7T in the hysteresis loop
measurements (Supplementary Information). The inset shows the
temperature dependence of the longitudinal conductivity s5 1/r under
B5 0.05 T along the [111] direction. No hysteresis is found between the
results obtained in the ZFC and FC sequences. c, Temperature dependence of
the nonlinear susceptibility x3 (Supplementary Information) (left axis), and
magnetic specific heat Cm (right axis) under zero field, adapted from ref. 22.
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Anomalous Hall Effect

• Recall striking Pr2Ir2O7 experiments

Usually, the AHE arises in ferromagnets because the spontaneous
magnetization breaks the TRS macroscopically even in the absence of
applied magnetic field. The dominant part of the AHE in moderately
dirty ferromagneticmetals can be captured by the band-intrinsicmech-
anism4,16. The adiabatic motion of electrons under an electric field E
(ref. 17) acquires the Berry phase18 because of the relativistic spin-orbit
interaction and the net spin polarization. This phase acts as a mac-
roscopic fictitious magnetic field b that bends the orbital motion of
electrons like the Lorentz force does due to a realmagnetic fieldB. Thus,
it causes theAHEcharacterizedby a finiteHall conductivitysHatB5 0.

In general, however, the source of the fictitious magnetic field b,
namely, the condition for observing the AHE at B5 0, is not
restricted to the magnetization, but to the macroscopically broken
TRS19, which means that the time-reversal operation cannot be com-
pensated by any other symmetry operations of the crystal (Sup-
plementary Information). In particular, the scalar spin chirality in
non-coplanar ferromagnets or canonical spin glasses can also pro-
duce the fictitious field and thus the AHE4,5,12,13,20, as indeed has been
observed in Nd2Mo2O7 (ref. 5), AuMn (refs 6, 7), and MnSi (refs 9,
10). In these pioneering works, however, the spin chirality is not the
primary order parameter, but only accompanies a chiral spin texture
of a magnetic dipole LRO or is induced by the applied magnetic field.
Thus, it has remained an important open issue to find a possible
chiral spin-liquid phase3 by probing the macroscopically broken
TRS through the AHE at zero magnetic field.

Here, we report the discovery of a TRS-broken phase in the absence
of bothmagnetic dipole order and spin freezing in the thermodynamic
measurements, suggesting a chiral spin-liquid state. In particular, we
observed a spontaneous Hall effect in the absence of uniform mag-
netization within experimental accuracy in the metallic cooperative
paramagnet Pr2Ir2O7 above its spin freezing temperature, as indicated
by the bifurcation of the susceptibility. Both the experiment and the
theory suggest that a chiral spin-liquid phase is inducedbymelting of a
spin ice, because the quantum fluctuations of the Pr 4f magnetic
moments21 were stronger than in dipolar spin-ice systems14,15.

The pyrochlore iridate Pr2Ir2O7 has an antiferromagnetic Curie–
Weiss temperature HW<220K, mainly due to the correlations
among,111. 4f Isingmagneticmoments of Pr31 ions, which point
either inwards to or outwards from the centre of the Pr tetrahedron
(Fig. 1b and c)22,23. Ir 5d conduction electrons are weakly correlated
and remain in a Pauli paramagnetic state22. They mediate the RKKY
interaction between Pr 4f moments via the Kondo coupling. The
absence of any sharp anomalies indicating conventional magnetic
LRO in the measurements of specific heat, magnetic susceptibility,
and muon spin relaxation (mSR)22,24 signals strong geometrical frus-
tration15. Only a spin freezing is observed in the magnetic suscepti-
bility below Tf< 0.3 K, which is two orders of magnitude lower than
jHWj< 20K (ref. 22) (Fig. 2a). Therefore, below jHWj, the 4f
moments probably remain in a cooperative paramagnetic state down
to at least Tf< 0.3 K (refs 22, 24).

First, we show our main experimental evidence for the broken TRS
found in the states where neither magnetic dipole LRO nor spin freez-
ing is observed in thermodynamic measurements. Figure 2a presents
the temperature dependence of the Hall conductivity sH(T) (defined
in the figure caption)measuredat a low field of 0.05Tapplied along the
[111] direction. The zero-field-cooled and the field-cooled data of
sH(T) and thus the Hall resistivity rH(T) (Supplementary Fig. 1)
bifurcate at TH< 1.5K, a temperature which is nearly an order of
magnitude higher than Tf< 0.3K, although the longitudinal conduc-
tivity s(T) (Fig. 2b, inset) and resistivity r(T) (Supplementary Fig. 1)
does not exhibit any detectable bifurcation. The bifurcation in sH(T)
suggests the emergence of a spontaneous component. To avoid a
(partial) cancellation of sH due to a domain formation, we have per-
formed field sweep measurements up to 7T at various temperatures.
Corresponding to the above bifurcation found in sH(T), the field
dependence of sH(B) forBjj[111] atT,TH< 1.5K shows a hysteresis
between field up and down sweeps, which is accompanied by a finite

remnant Hall conductivity at B5 0 (Fig. 3a, inset). In sharp contrast,
the field dependence of the magnetization M(B) shows no hysteresis
within our experimental accuracy (,1023mB) at T,TH, and only a
small hysteresis at T,Tf (Fig. 3b, inset). Our observations on
sH(B5 0,T) andM(B5 0,T) at various temperatures are summarized
in Fig. 2b. This is evidence of a remarkable separation between the two
temperature scales TH and Tf. Upon cooling, the TRS is broken spon-
taneously and macroscopically at TH without any apparent LRO of
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Figure 2 | Temperature dependence of the magnetic and transport
properties of Pr2Ir2O2. a, Temperature dependence of the Hall conductivity
sH (left axis) and the direct-current susceptibility x5M/H (right axis)
under a magnetic field of B5 0.05 T along the [111] direction. e.m.u.,
electromagnetic unit. Here, Hall conductivity is given by sH52rH/
(rH

21 r2), where rH is the Hall resistivity and r is the longitudinal
resistivity. Both the zero-field-cooled (ZFC) and field-cooled (FC) results are
plotted. Vertical dashed lines denoteTH< 1.5 K andTf< 0.3 K, respectively.
b, Temperature dependence of the remnant Hall conductivity sH(B5 0)
(left axis) and remnant magnetization M(B5 0) (right axis) at zero field,
obtained after a field sweep down from 7T in the hysteresis loop
measurements (Supplementary Information). The inset shows the
temperature dependence of the longitudinal conductivity s5 1/r under
B5 0.05 T along the [111] direction. No hysteresis is found between the
results obtained in the ZFC and FC sequences. c, Temperature dependence of
the nonlinear susceptibility x3 (Supplementary Information) (left axis), and
magnetic specific heat Cm (right axis) under zero field, adapted from ref. 22.
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How much Hall conductivity 
does small M produce?



Scaling

• Exchange/Zeeman field couples to

• Standard scaling argument

• Essentially

ψ†Jzψ ∼ ψ†Γ12ψ

∼ H
1

z−η12 ≈ H
.51

K ∼ b
−1F(Hb

z−η12)

σH ∼ M1/2

Hall effect strong even when M is small



How does this work?

• Consider momentum along field direction

• Crossing is protected and becomes double 
Weyl point

�2 �1 1 2

�2

�1

1

2

H(k) =
5
4k

2
z − k

2
zJ

2
z

2m
−H(cos θJz + sin θJ3

z )

Jz=-3/2

Jz=+1/2

τz = | 12 ��
1
2 |− |− 3

2 ��−
3
2 |

τ+ = (τx + iτy)/2 = | 12 ��−
3
2 |

carries ΔJz=2:
couples to (kx+iky)2



Double Weyl Points

kz

∂µBµ = 2δ(k −K)− 2δ(k +K)

edge states propagate in this range of kz

0

K ≈ (m H)1/2



Order of magnitude

• Scaling

• Kondo interaction

• estimate from 

• Then

H ∼ JKM

σH ∼ e
2

h

�
mH

�2 S(H/�F )

|ΘCW | ≈ 20K ∼ J2
K/WIr

σxy ∼ 103Ω−1cm−1 ×






�
m
me

�
JK
Ry

√
M, JKM � �F�

m
me

JK√
�FRy

M, JKM � �F
,

easily obtain σxy ∼ 0.1− 10Ω−1cm−1 M = 0.001− 0.01for 
(m ∼ 20me, �F ∼ 10meV, JK ∼ 100K)



General perturbations

• In general, both cubic symmetry breaking 
and time-reversal breaking pertubations are 
relevant

• It is well-known that strain δ>0 converts 
HgTe to a topological insulator

H
� = −δ(J2

z − 5

4
)−H(cos(θ)Jz + sin(θ)J3

z )

[δ] = z − η1 ≈ 2.1 [H] = z − η12 ≈ 1.9
strain exchange/Zeeman field



General perturbations

• In general, both cubic symmetry breaking 
and time-reversal breaking pertubations are 
relevant

• Under RG, these perturbations flow to 
strong values, and we should re-diagonalize 
the free theory

H
� = −δ(J2

z − 5

4
)−H(cos(θ)Jz + sin(θ)J3

z )

[δ] = z − η1 ≈ 2.1 [H] = z − η12 ≈ 1.9
strain exchange/Zeeman field

(We take the irrelevant mass terms to zero)
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Conclusions

• Quadratic band touching with cubic symmetry 
becomes an interesting critical NFL phase - the 
LAB state - when interactions are substantial

• The LAB is a “parent” for interesting semi-
metallic and topological phases, and in 
particular a uniquely strong anomalous Hall 
effect

• Need: more study of transport, feedback on 
local moments, and effects of disorder 


