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Lesson Plan*

• Introduction: basic magnetism, empirical 
signs of frustration

• Classical Ising systems and spin ice

• Heisenberg systems and quantum effects

• A biased materials survey

• Quantum spin liquids 

*Subject to change according to my whims



Heisenberg Systems

• If spin-orbit is a weak perturbation, a 
magnet will have approximate Heisenberg 
symmetry

• In 1/2-filled shell, the physics is described 
to a first approximation by a simple 
Heisenberg model

H =
1
2

!

ij

Jij
!Si · !Sj



Heisenberg Systems

• Unlike the Ising model, this is not 
intrinsically classical

• However, it turns out that the semi-
classical “spin wave” expansion tends to 
work well even for small S 
(unfortunately!)

• We may still ask about the degeneracy in 
the classical limit

H =
1
2

!

ij

Jij
!Si · !Sj



Classical degeneracies

• In the Heisenberg model, the degrees of 
freedom are continuous, so we cannot 
count discrete states

• Instead, we can e.g. count the number of 
continuous parameters that specify the 
ground state manifold (i.e. its dimension)



• Spins must sum to zero

Example: triangular 
lattice



Example: triangular 
lattice

Degrees of freedom: 2



Example: triangular 
lattice

Degrees of freedom: 2+1



Example: triangular 
lattice

Degrees of freedom: 2+1



Kagome lattice

Degrees of freedom: 3



Kagome lattice

Degrees of freedom: 3+1+...



Kagome lattice

• Degrees of freedom: ~ N 



Luttinger-Tisza Method

• A systematic method for finding classical 
ground states in many models

• Idea: |Si|=1 constraint makes minimization of H 
difficult.  So let’s relax this constraint to instead 
∑i |Si|^2 = N and minimize.  Then afterward we 
can check our solutions for those which satisfy 
|Si|=1.

• Minimization of Heisenberg Hamiltonian is then 
simple because it is quadratic! 



Luttinger-Tisza Method

• Lagrange multiplier

• Minimize

• Bloch theorem

• where ui depends only upon the basis site

H̃ =
1
2

!

ij

Jij
!Si · !Sj ! "(

!

i

|!Si|2 !N)

!

j

Jij
!Sj = "!Si

!Si = !uie
iq·ri



Luttinger-Tisza Method
• Simplest case: Bravais lattice

• ui independent of i

• get just a band λ(q) = λ(-q)

• It is easy to solve the |Si|=1 constraints

• This is a coplanar spiral with spins in the u-v 
plane.

• The ground states are just those with minimal 
λ(q)

!Si = û cos[q · ri] + v̂ sin[q · ri] û · v̂ = 0



Luttinger-Tisza Method

• Examples

lattice minima

FCC lines (1d)

diamond* surface (2d)

kagome flat band (2d)

pyrochlore flat band (3d)

*not a Bravais lattice but you can still make it work



What does this tell us?
• Fluctuations typically stronger if degeneracy is larger

• Can easily study thermal fluctuation effects via 
Monte Carlo

• But the physics is rather different in many ways from 
the Ising models

• Fluctuations out of the ground state manifold are 
always possible because they are smooth

• Quantum effects are not really very small at low 
T: formally they contribute to the energy at O(JS) 
compared to the classical energy O(JS2).



Quantum effects?
• Simplest approach is spin-wave theory: 1/S expansion for 

ground state properties

• e.g. triangular lattice

• correction is already pretty small for S=1

• Numerics: ED, DMRG, QMC, series

• Best estimates for triangular lattice Ms ≈ 0.205 ± 0.015

• compare to spin waves Ms = 0.24: pretty good!

Ms = |!�Si"| = S # 0.2613 +
0.0055

S
+ · · ·



Difficulties with spin 
waves

• Hard to use for T>0 properties

• (not too surprising since classical model 
is nontrivial at T>0)

• e.g. specific heat - where is the peak?

Cm/T

TTp

Tp/|!CW | ! 0.17

Tp/|!CW | ! 0.27

S=∞
S=1/2

Suppressed by 
quantum fluctuations?



Difficulties with spin 
waves

• In frustrated magnets, classical degeneracy 
leads to divergences in linear spin wave 
theory

• Naively, there are zero energy spin wave 
modes, in which the spins fluctuate into 
nearby degenerate ground states

• This leads to vanishing energy 
denominators in perturbation theory



Difficulties with spin waves
• This can be fixed, formally, by nonlinear spin wave 

theory in which anharmonic terms are treated 
self-consistently (see C. Henley and others) - 
magnet is always ordered at large S

• As a result, spin-wave theory is non-analytic, e.g.

• These corrections are large for S=1/2

• We may hope for more quantum ground state

Ms = { S - c ln (S)
S - c Sa,     0<a<1/2

FCC
kagome/pyrochlore



What to do? 

• We can discuss various methods for a very 
long time.  The fact is that there is no 
simple recipe for solving this sort of hard 
problem.

• I will instead discuss some interesting 
physical examples and some of the ways in 
which we have understood them



Materials Survey

• B-site spinels: Heisenberg pyrochlores

• A-site spinels: non-geometrical frustration

• Cs2CuCl4: dimensional reduction in an 
anisotropic triangular system

• FeSc2S4: spin-orbital quantum criticality



What do we look for?
• Is it an insulator?
• Is it a magnet? Curie law 
• Signs of frustration
• f>>1: 

• ΘCW (χ)
• TN: signs of transition in χ, Cv, ...

• low T entropy, low energy excitations
• Cv, 1/T1,...

• Identify the states
• nature of correlations?
• ordering if it occurs

• Compare with some theoretical expectations



AB2X4 spinels

• One of the most 
common mineral 
structures

• Common valence:

• A2+,B3+,X2-

• X=O,S,Se

A

X

B

cubic Fd3m



Deconstructing the 
spinel

• A atoms: diamond lattice

• Bipartite: not 
geometrically frustrated

A



Deconstructing the 
spinel

• B atoms: pyrochlore

• decorate the plaquettes of 
the diamond lattice

B



ACr2O4 spinels

• pyrochlore lattice

• S=3/2 Isotropic moment

• X=O spinels: B-B 
distance close enough 
for direct overlap

• dominant AF nearest-
neighbor exchange



H=0 Susceptibility

• Frustration:

χ

T

Zn Cd Hg

ΘCW 

(K)

TN (K)

f

-390 -70 -32

12 7.8 5.8

33 9 6 H. Ueda et al



Degeneracy

• Heisenberg model

• Ground state constraint: total spin 0 per 
tetrahedron

• Quantum mechanically: not possible

H =
!

!ij"

!Si · !Sj =
1
2

!

t

"
!

i#t

!Si

#2

+ const.



Classical spin liquid

• No LRO (Reimers)



Classical spin liquid

• No LRO (Reimers)

• Dipolar correlations 

following. The pyrochlore lattice consists of corner shar-
ing tetrahedra, and the Hamiltonian can be rewritten, up
to a constant, as H ! "1=2#P!"

P

i!!Si#2, where the sum
in parentheses runs over all four spins at the corners of a
given tetrahedron, !, and the outer sum is over all
tetrahedra. Hence, the ground states (minimum energy
configurations) are such that for each tetrahedron and
each spin component ",

X

i2!

S"i ! 0: (1)

This can be turned into a manifest conservation law on
the dual—bipartite diamond—lattice, the sites of which
are given by the centers of the tetrahedra while the spins
sit at the midpoints of its bonds.

First, we orient each bond, #, by defining a unit vector
ê#, which points along the bond from one sublattice to the

other; see Fig. 2. Next we define N vector fields on each
bond, B"

# ! S"# ê#, where S"# denotes the spin on bond #.
The ground state constraint (1) implies that each B"

separately forms a set of solenoidal fields at T ! 0, r $
B" ! 0. (Here and in the following, we label spin com-
ponents by Greek superscripts, sublattices by Greek sub-
scripts, and the components of Cartesian 3-vectors by
Roman subscripts.)

For N ! 1, spin flips connecting two ground states
correspond to reversing the direction of a closed loop of
‘‘magnetic flux,’’ B; evidently, B averages to zero over
such a flippable cluster of spins. Upon coarse graining, a
high density of flippable clusters (and therefore a large
number of ground states) translates into a small (well-
averaged) coarse-grained ~B. We now posit that this fea-
ture carries through to N > 1, so that states with small
values of ~B" will in general be (entropically) favored.
This is captured most simply by introducing a weight
functional, $:

$%f~B""x#g& / exp
!

'K
2

Z

d3x
X

"
"~B"#2

"

(2)

provided the solenoidal constraint is implemented; K is
the stiffness constant and the integral runs over all of
space. (If we solve the constraint by introducing a vector
potential for each component, B" ! r(A", we are led
to the Maxwell action.)

From this we can deduce the long-distance correlators,

h ~B"
i "x# ~B%

j "0#i / &"%
3xixj ' r2&ij

r5
; (3)

which are dipolar as advertised [15]. Note that the 1=r3

algebraic long-distance behavior does not lead to a loga-
rithmic peak in the structure factor: its leading contribu-
tion is canceled by the oscillatory dipolar form of the
angular integral [11]. There is no divergence of fluctua-
tions at any given wave vector.

This argument does not take into account thermal
fluctuations out of the ground state manifold. These are
gapped, and thus unimportant for T ! 0, for N ! 1.
However, for continuous spins they endow each micro-

FIG. 2 (color online). The centers of the tetrahedra define
(the two sublattices of) the diamond lattice, denoted by black
and gray dots. Vectors ê# define orientation of the diamond
bonds, and the four sublattices of the pyrochlore lattice.
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FIG. 1 (color online). Top: %hhk& structure factor for N ! 1
[dark ! low intensity; the x (y) axis corresponds to h (k)
ranging from '2 to 2]. Middle: Ising correlations at T ! 0
(bottom: Heisenberg, at T=J ! 0:005) from Monte Carlo simu-
lations (symbols) compared to T ! 0 large-N correlations
(lines): G0

11"x# ! hS1"x#S1"0#i, for two inequivalent directions,
[101] and [211], multiplied by the cube of the distance, x3. Error
bars are around 5( 10'6x3 (5( 10'5x3). Different system
sizes L as indicated. There is no fitting parameter.
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(Youngblood+Axe,Henley, Isakov et al...)



Classical spin liquid

• Unusual “ring” 
correlations seen in 
CdCr2O4 . Related?

• does not seem to be 
pinch point structure

• it has been proposed 
that other interactions 
are responsible

Although direct structural probes are unavailable for quantum
Hall samples, we can monitor the correlated spin state in a
frustrated magnet by scattering neutrons from it9. Neutrons carry
a magnetic dipole moment, and are subject to forces from atomic-
scale field gradients. The resulting pattern of quasi-elastic scattering
versus wavevector transfer, Q! k i 2 k f ; is the sample-averaged
Fourier transform of spin configurations within a coherence volume
of order (100 Å)3 given by the instrumental resolution. Here ki and
kf are the de Broglie wavevectors associated with the incident and
scattered neutrons, respectively. Magnetic peaks generally sharpen
with decreasing temperature as the correlation length, y, increases.
For un-frustrated La2CuO4 (ref. 10), the half-width at half-maxi-
mum (HWHM), k"T# ! y"T#21; becomes indistinguishable from
zero below amicroscopic energy scale, the Curie–Weiss temperature
jQCWj. In contrast, for frustrated ZnCr2O4 (Fig. 2), k remains finite
evenbelow jQCWj, and extrapolates to a finite value asT=jQCWj! 0:

The finite low-temperature correlation length in ZnCr2O4 signals
the emergence of confined nanometre-scale spin clusters. Rather
than being associated with temperature-dependent short-range
order above a phase transition, the wavevector dependence of the
low-temperature intensity (Fig. 3a, b) can be interpreted as a spin
cluster form factor. As opposed to the form factor for an atomic
spin, the cluster form factor vanishes for Q ! 0, which is evidence
that clusters carry no net spin11. Further analysis is complicated by
the anisotropy of spin clusters, which can occur in four different
orientations for a cubic crystal. Rather than Fourier-inverting the
data, we therefore compare them to the orientationally averaged
Fourier transform of potential spin clusters. Individual tetrahedra
would be prime candidates, as they constitute the basic motif of the
pyrochlore lattice. However, a tetrahedron is too small to account
for the features observed (Fig. 3a, b). The next-smallest symmetric
structural unit is the hexagonal loop formed by a cluster of six
tetrahedra (Fig. 4a). Two spins from each tetrahedron occupy the
vertices of a hexagon, while the other two spins from each tetra-
hedron belong to different hexagons. Averaging over the four
different hexagon orientations in the pyrochlore lattice, the square
of the antiferromagnetic hexagon spin-loop form factor can be

written as

jF6"Q#j2 / sin
p

2
h· cos

p

2
k2 cos

p

2
l

! "n o2

$ sin
p

2
k· cos

p

2
l2 cos

p

2
h

! "n o2

$ sin
p

2
l· cos

p

2
h2 cos

p

2
k

! "n o2

The magnetic neutron scattering intensity would follow I0"Q# !
jF6"Q#j2jF"Q#j2; where F(Q) is the magnetic form factor for Cr3$.
The excellent qualitative agreement between model and data in Fig. 3
provides compelling evidence that neutrons scatter from antiferro-
magnetic hexagonal spin clusters rather than individual spins. In
effect, ZnCr2O4 at low temperatures is not a system of strongly
interacting spins, but a ‘protectorate’ of weakly interacting spin-
loop directors. (The term ‘protectorate’ was introduced8 to describe
stable states of matter in strongly correlated many-body systems. As
antiferromagnetic hexagonal spin loops appear to be stable composite
degrees of freedom for the pyrochlore lattice, we call the correspond-
ing low-temperature state of the frustrated magnet a protectorate.)
Thermal and quantum fluctuations that violate collinearity

within the hexagons should induce residual interactions between
directors. Such interactions may account for the inelasticity of the
scattering, the director correlations reflected in the greater sharp-
ness of the experimental features in Figs 2 and 3, and the increase of
k with T, which indicates gradual disintegration of the directors.
What is the basis for the emergence of spin-loop directors as the

effective degrees of freedom in this frustrated magnet? Fig. 4 shows
the spins surrounding a hexagon in the pyrochlore lattice. Spin
configurations that satisfy all interactions are characterized by the
connected vectors of Fig. 4b. Although the spin configuration

Figure 2 Temperature dependence of the inverse correlation length, k"T # ! y"T #21:

(Temperature is given in units of the Curie–Weiss temperature, Q CW.) The data were

derived from antiferromagnetic neutron scattering peaks by fitting to resolution-

convoluted lorentzians. The triangles and circles are the lorentzian HWHMs along the

(h 5/4 5/4) direction for \q! 1meV; obtained with seven and eleven analyser blades,

respectively. k does not vanish as T=jQCWj! 0; but extrapolates to a value that is close
to the HWHM associated with the squared form factor for antiferromagnetic hexagon spin

loops (dashed line). Inset, raw data for ZnCr2O4 at T ! 15 K. The bar shows the

experimental resolution. The solid line is a resolution convoluted two-dimensional

lorentzian; the dashed line is the squared hexagon spin-loop form factor convoluted with

resolution.

Figure 3 Wavevector dependence of the inelastic neutron scattering cross-section for
ZnCr2O4. a,b, Colour images of inelastic neutron scattering intensities from single crystals

of ZnCr2O4 in the (hk0) and (hkk) symmetry planes obtained at T ! 15 K for \q! 1meV:
The data are a measure of the dynamic form factor for self-organized nanometre-scale

spin clusters in the material. c,d, Colour images of the form factor squared calculated for

antiferromagnetic hexagon spin loops averaged over the four hexagon orientations in the

spinel lattice. The excellent agreement between model and data identifies the spin

clusters as hexagonal spin loops.

letters to nature

NATURE |VOL 418 | 22 AUGUST 2002 | www.nature.com/nature 857© 2002        Nature  Publishing Group

Broholm et al



Ordering

• Many perturbations 
important for ordering:

• Spin-lattice coupling

• Further exchange

• Spin-orbit effects

• Quantum corrections

ZnCr2O4

CdCr2O4

HgCr2O4

S.H. Lee + many others

JH Chung et al, 2005



Magnetization Plateaus

• Classically: M = Ms H/Hs

• Plateau indicates 3:1 
structure

H. Ueda at al, 2005/6



Magnetization Plateaus
• Plateau mechanism:

• spin-lattice coupling favors collinearity

• Order on plateau may be selected by

• spin-lattice

• quantum effects (nice application of Ising+XY model)

• further neighbor coupling

• Prediction: all these mechanisms favor the same state

• This is due to the high degree of constraints on the 3:1 
states - different interactions projected into the 3:1 states 
give the same “pseudopotential” (familiar from LLL 
physics)



Magnetization Plateaus

• “R”  (Ryuichi) state
 16 

 

2

FIG. 1: (Color online) (a) A schematic diagram of the [111]
and [11̄0] horizontal scattering plane that was used for our
neutron scattering measurements. The external pulsed mag-
netic field, H , was applied horizontally 7! away from the [111]
direction as shown by an arrow. The open circles represent
commensurate wave vector positions, and the filled circles
represent the (0,!,1) incommensurate magnetic Bragg posi-
tions observed for zero magnetic field. (b) Our elastic neu-
tron scattering data taken with H = 0 at 2 K along the
(1.04+h,!1.04+h,h) as shown by an arrow in (a).

spin-lattice coupling. Studying other Cr spinels has how-
ever been impossible because of their high critical fields
that are beyond the current steady magnet technology
available at neutron facilities. Very recently, a pulsed
magnet capability that can go up to 30 T has been imple-
mented at neutron facilities, opening up a new research
opportunity in this field.

Here, we report our elastic neutron scattering mea-
surements on CdCr2O4 under the pulsed magnetic field
to study its half-magnetization plateau phase. We show
that for H > Hc1 = 28 T the incommensurate mag-
netic peaks disappear while new peaks appear with the
characteristic wave vector of Qm =(1,0,0) but not at the
(2,2̄,0) point. This clearly demonstrates that the half-
magnetization plateau phase of CdCr2O4 has the same
P4332 magnetic structure as that of HgCr2O4. Our re-
sults suggest that the observed P4332 state might be the
generic ground state of the field-induced phase of the
Cr-spinels, despite their di!erent crystal and magnetic
structures observed at H = 0.

A single crystal that has a shape of a thin plate (!4
mm"4 mm"0.2 mm) and weighs !40 mg was used. Since
natural Cd has a large neutron absorption cross section,
a single crystal enriched with 114Cd isotope was used
for our measurements. The elastic neutron scattering
experiments were carried out on the thermal neutron
triple-axis spectrometers IN22 at Institut Laue-Langevin
(ILL). The incident and final neutron energies were fixed
to Ei=34.8 meV. Contamination from higher-order neu-
trons was e!ectively eliminated by a PG filter. The 40
mg single crystal was mounted with the [111] and [11̄0]
axes in the horizontal scattering plane. A small magnet
coil made of CuAg wire was mounted surrounding the
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FIG. 2: (Color online) Time dependence of the magnetic field
(solid red lines) and neutron counts (filled circles) measured at
(1.0675, !1.0125, 0.0275) and (1, !1, 0) reflections at the ini-
tial temperature T=2.5 K. The corresponding magnetic field
is shown on the right y-axis. The measurements were per-
formed over 200 and 150 magnetic field pulses for (1.0675,
!1.0125, 0.0275) and (1, !1, 0) reflections, respectively, and
the data were summed. Binning times were 200 and 80 µs
for (1.0675, !1.0125, 0.0275) and (1, !1, 0) reflections, re-
spectively. The vertical dotted lines are drawn at the times
corresponding nominally to the critical field, Hc = 28 T. The
horizontal dashed lines represent the background levels de-
termined at wave vectors away from the reflection positions.
The gray thick lines are guide for eyes.

crystal on a cryostat insert and the apparatus was cooled
in a standard 4He cryostat. [22, 23, 24] The magnet coil
in the cryostat was connected to a transportable capac-
itor bank that resided outside the cryostat. A half-sine
shaped pulsed magnetic field of 8 msec duration was gen-
erated by using a capacitor bank.[25] The magnetic field
was measured by a set of pick-up coils installed around
the sample. The magnet coil limited the accessible scat-
tering angle below 30!, which allowed us to reach only
two commensurate reflections at (1, #1,0) and (2, #2,0),
and incommensurate peaks around (1, #1,0). The pulsed
measurements were performed more than 100 times at
each reflection to obtain reasonable statistics.

At zero magnetic field, CdCr2O4 shows a spiral mag-
netic order with a single characteristic wave vector of
Qm = (0, !, 1) or (!,0,1) where ! ! 0.09, accompanied
by a tetragonal distortion below TN = 7.8 K. [10, 26]
Thus, the incommensurate (IC) wave vectors within the
accessible scattering angle of 30! are (1,#1 ± !,0) and
(1±!,#1,0). Even though these peaks are out of the
scattering plane separated by ! 0.025 Å"1, they could be
detected in our measurements because the full-width-of-
the-half-maximum of the vertical instrumental resolution
was 0.144 Å"1. We performed elastic scans around the
(1, #1,0) point, and found superlattice peaks at four po-

HgCr2O4: Matsuda et al, 2007 CdCr2O4: Matsuda et al, 2009



A-site spinels
• Spectrum of materials

1 900

FeSc2S4

10 205

CoAl2O4

MnSc2S4

MnAl2O4

CoRh2O4 Co3O4

V. Fritsch et al. PRL 92, 116401 (2004); N. Tristan et al. PRB 72, 174404 (2005); T. Suzuki et al. (2006)

s = 5/2

s = 3/2

Orbital 
degeneracy

s = 2

Naively unfrustrated

f =
|!CW |

TN



Why frustration?

• Roth, 1964: 2nd and 3rd 
neighbor exchange not 
necessarily small
• Exchange paths:  A-X-

B-X-B comparable
• Minimal model

• J1-J2 exchange
J1

J2



Ground state evolution
• Coplanar spirals 

q
0 1/8

Neel

J2/J1

J2/J1 = 0.2 J2/J1 = 0.4 J2/J1 = 0.85 J2/J1 = 20

Spiral surfaces:



Monte Carlo

f = 11 at J2/J1 
= 0.85

MnSc2S4



Phase Diagram

0

Spiral spin 
liquid paramagnet

MnSc2S4

J3

!CWTN

ObD

ObJ3

• Entropy and J3 compete 
to determine ordered 
state

• Spiral spin liquid regime 
has intensity over entire 
spiral surface



• Diffuse scattering

• Ordered state

• (qq0) spiral

• Specific heat?

Comparison to Expt.
Expt. Theory

agrees with theory 
for FM J1

A. Krimmel et al, 2006



Cs2CuCl4
• Spatially anisotropic 

triangular lattice

• Cu2+ spin-1/2 spins

• couplings:

H =
1
2

!

ij

"
Jij

!Si · !Sj ! !Dij · !Si " !Sj

#

J=0.37meV
J’=0.3J

D=0.05J

!D = Dâ

R. Coldea et al



Neutron scattering
• Coldea et al, 2001/03: a 2d spin liquid?

Very broad spectrum 
similar to 1d (in some 
directions of k space).  
Roughly fits power law.

Fit of “peak” dispersion to 
spin wave theory requires 
adjustment of J,J’ by 40% - in 
opposite directions! 



Dimensional reduction?

• Frustration of interchain coupling makes it 
less “relevant”

• First order energy correction vanishes

• Leading effects are in fact O[(J’)4/J3]!



Dimensional reduction?

• Frustration of interchain coupling makes it 
less “relevant”

• First order energy correction vanishes.

• Numerics: J’/J < 0.7 is “weak”

Weng et al, 
2006

Very different from spin 
wave theory

Very weak inter-chain 
correlations



Excitations
• In a 1d spin chain, the elementary excitations are 

spinons

• You can see that the spinon is like a domain wall

• It has in this sense a “string”, but this does not 
confine the spinon because the string’s boundary is 
just its endpoint



• Build 2d excitations from 1d spinons

• Exchange:

• Expect spinon binding to lower inter-chain 
kinetic energy

• Use 2-spinon Schroedinger equation

Excitations
J !

2
!
S+

i S"
j + S"

i S+
j

"



Broad lineshape: “free spinons”
• “Power law” fits well to free spinon result
• Fit determines normalization

J’(k)=0 here



Bound state
• Compare spectra at J’(k)<0 and J’(k)>0:

  Curves: 2-spinon theory w/ experimental resolution  Curves: 4-spinon RPA w/ experimental resolution



Transverse dispersion

Bound state and 
resonance

Solid symbols: experiment
Note peak (blue diamonds) coincides 

with bottom edge only for J’(k)<0



Spectral asymmetry

• Comparison:

 Vertical lines: J’(k)=0.



Orbital degeneracy in 
FeSc2S4

• Chemistry:

• Fe2+: 3d6

• 1 hole in eg level

• Spin S=2

• Orbital pseudospin 1/2

• Static Jahn-Teller does 
not appear
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Atomic Spin Orbit
• Separate orbital and spin degeneracy can be 

split!

• Energy spectrum: singlet GS with gap = λ

• Microscopically,

• Naive estimate λ ≈ 25K λ
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Spin orbital singlet

• Ground state of λ>0 term:

• Due to gap, there is a stable SOS phase for 
λ >> J.

Sz=0 ! 1!
2 Sz=2( Sz=-2+ )



Exchange

• Inelastic neutrons show 
significant dispersion 
indicating exchange

• Bandwidth ≈ 20K is of 
similar order as ΘCW and 
estimated λ

• Gap (?) 1-2K

• Small gap is classic 
indicator of incipient 
order
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cally long-range ordered state of the Mn2+ moments.10 For
FeSc2S4, however, !H!T" remarkably exceeds the bulk sus-
ceptibility "!T", indicating an additional broadening mecha-
nism. The inset shows the relative linewidth !H!T" /H0 vs
"!T" with the temperature T as an implicit parameter. In the
case of magnetic broadening, !H!T" /H0 vs "!T" is expected
to scale with the irradiation frequencies #0 /2$ and/or ap-
plied fields H0.13 Toward low values of !H!T" /H0 and ",
i.e., high temperatures, the leveling off of !H!T" /H0 for dif-
ferent #0 /2$ and/or H0 indicates that a frequency and/or
field independent broadening mechanism is active and the
relative linewidth !H!T" /H0 cannot be explained based on
magnetic effects only.

Therefore, we attribute this contribution of !H to the in-
teraction between the electric quadrupole moment Q of the
probing nuclei and an EFG at the scandium site !B site".
Indeed, the drastic increase of !H resembles the temperature
dependence of the EFG at the A site deduced from the quad-
rupole splitting in Mössbauer experiments,17 where the enor-
mous increase of the EFG toward lower temperatures has
been explained taking into account the effects of second or-
der spin-orbit coupling and random strains on the vibronic e
doublet ground state.17 Dielectric spectroscopy indicates that
the orbital reorientation drastically slows down and is well
below 1 MHz for T%75 K.6 Hence, viewed from the time
scale set by the NMR experiment, the charge distribution of
orbitals appears to be almost frozen in producing a static
EFG at the probing nuclear site.

Figure 4 presents the temperature dependences of the
spin-spin relaxation rates 1 /T2!T" of FeSc2S4 and MnSc2S4.
At high temperatures both compounds exhibit temperature
independent rates and almost identical values of 1 /T2 result-
ing from exchange narrowing due to fast spin fluctuations.
Lowering the temperature, the spin-spin relaxation in the
manganese compound diverges and shows a peak at TN as is
usually observed in antiferromagnets !AFM".18 A fit of a
critical behavior 1 /T2& #!T!TN" /TN$!' with TN=2 K and

'=0.23 !for 2%T%70 K" is shown in the inset of Fig. 4.
This value roughly meets the theoretical prediction '=0.3
for a three-dimensional !3D" Heisenberg AFM.19 But it has
clearly to be stated that critical exponents are only defined
near TN and in zero magnetic fields. In contrast, the spin-spin
relaxation rate 1 /T2!T" in the iron compound decreases to-
ward low temperatures, exhibits a minimum at around 10 K,
and slightly increases again at lowest temperatures. As there
is no long-range magnetic order in FeSc2S4,5,20 this increase
of 1 /T2!T" for T%10 K does not indicate the vicinity of a
magnetically ordered state, but more likely is due to a release
of the exchange narrowing mechanism as orbital fluctuations
or orbital glassiness6 weaken the exchange interaction to-
ward low temperatures.

Finally, the temperature dependences of the spin-lattice
relaxation rates 1 /T1!T" are shown in Fig. 5. In MnSc2S4,
1 /T1!T" exhibits the common behavior of long-range ordered
AFMs with a divergent relaxation rate at the magnetic order-
ing temperature TN=2 K. At high temperatures, 1 /T1!T" lev-
els off at a constant value of 1 /T1%0.6 ms!1 which is
slightly below the value reported recently.10 In FeSc2S4,
1 /T1!T" at elevated temperatures is temperature independent
with a value of 1 /T1%3 ms!1, strongly enhanced when com-
pared to MnSc2S4. In the case of a predominant nuclear re-
laxation mechanism provided by fluctuations of localized
spins, 1 /T1!T" in the high-temperature limit is 1 /T1(

=&2$!)g*BAhf /z!"2z!S!S+1" / !3#ex" with the exchange fre-
quency of local spins #ex=kB '+CW ' / #,&zS!S+1" /6$.10,21

The constants z=4 and z!=6 define the numbers of
exchange-coupled local spins and that of local spins interact-
ing with the probing nuclei, respectively.10 From a plot K
versus " !not shown" we checked that MnSc2S4 as well as
FeSc2S4 exhibit the same value of the hyperfine coupling
constant Ahf%3 kOe/*B. Due to the lower spin value and
the higher value of the Curie-Weiss temperature in the case
of FeSc2S4, the relaxation rate in the high-temperature limit

FIG. 4. !Color online" Spin-spin relaxation rates 1 /T2!T" of
FeSc2S4 !circles" and MnSc2S4 !triangles" at 90 MHz. Inset: the
line is a fit of a divergent behavior !TN=2 K" for MnSc2S4 !see
text".

FIG. 5. !Color online" Spin-lattice relaxation rates 1 /T1!T" of
FeSc2S4 !circles" and MnSc2S4 !triangles" at 90 MHz. Inset:
Arrhenius plot of 1 /T1!T" for FeSc2S4. The solid line fits an acti-
vated behavior 1 /T1&exp!!! /kBT" with !=0.2 meV.
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Exchange

• Heisenberg interactions

• Rather classical (S=2)

• favors spiral ground states

• but competes with spin-orbit interaction

(J1 - J2)H = 1
2

!

ij

Jij
!Si · !Sj



Minimal Model

• Neutron scattering 
suggests peak close to 
2π(100)

• Indicates J2 >> J1
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Expect MFT good in 3+1 dimensions

Hmin = J2

!

!!ij""

Si · Sj + HSO



Quantum Critical Point

• Mean field phase diagram

λ/J2

T

2π(100) AF
Ferro OO

16

SO singlet

FeSc2S4



Predictions
• Large T=0 susceptibility (estimated)

• Scaling form for (T1T)-1 ∼  f(Δ/T)

• Specific heat Cv ∼ T3 f(Δ/T)

• Possibility of pressure-induced ordering

• Magnetic field suppresses order - opposite 
to dimer antiferromagnet (e.g. TlCuCl3)

✓

✓

✓



Next: Quantum Spin 
Liquids



Some other interesting 
materials


