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S=1/2 Triangular lattice

• Nice example with strong quantum renormalizations

• All phases encountered are ordered, short-range entangled 
states

• BUT most are different from those of the classical model

• And excitations are highly renormalized from linear spin waves

J

J’
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According to the classical molecular field theory,22,23 a
transition from a helical spin structure to a fan structure can
occur when an external field is applied in the easy plane. The
helix-fan transition is accompanied by a jump in magnetiza-
tion, and not by the plateau. Examples of this include the
recently observed phase transition in RbCuCl3 for a mag-
netic field perpendicular to the c axis.24,26 At low tempera-
tures, RbCuCl3 has a monoclinic structure, which is closely
related to the crystal structure of CsCuCl3.27,28 The exchange
interaction along the c axis is ferromagnetic, and interactions

FIG. 8. Magnetic field vs temperature phase diagrams for
Cs2CuBr4 for !a" H!a , !b" H!b , and !c" H!c . The gray lines are the
guides for the eyes.

FIG. 9. Magnetization curves for Cs2CuBr4 measured at T
!0.4 K for H!a , H!b , and H!c . The values of the magnetization
are shifted by 0.4#B . The inset shows dM /dH vs H around the
magnetization plateau for H!b and H!c .

FIG. 10. The magnetization curve and dM /dH vs H for H!b
measured in magnetic fields up to 20 T.

MAGNETIZATION PLATEAU IN THE FRUSTRATED . . . PHYSICAL REVIEW B 67, 104431 !2003"

104431-5

Magnetization 
plateau
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Spin gap stabilized by quantum zero point fluctuations



Planar orders
CHEN, JU, JIANG, STARYKH, AND BALENTS PHYSICAL REVIEW B 87, 165123 (2013)
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FIG. 4. (Color online) Second derivative of the ground-state
energy with respect to R, for different values of magnetization. These
plots are used to locate the phase boundaries in Fig. 3.

commensurate momenta Q = (4π/3,2π/3) and (2π/3,4π/3),
respectively. This defines the “C planar” regions in Fig. 3.

III. SEMICLASSICAL BEHAVIOR IN THE
ISOTROPIC CASE

A. Two-dimensional model

The isotropic model J ′ = J has been extensively studied
in two dimensions, and it is believed that a semiclassical
description, with weak quantum fluctuations included via spin
wave theory, is qualitatively correct in this case.3 We find that
the semiclassical analysis largely carries over to the TST, with
small modifications to allow for one-dimensional fluctuations.
Therefore, we review the established semiclassical results first.

In the classical limit, where spins are described as O(3) vec-
tors, the isotropic problem is known to display an “accidental”
degeneracy in a nonzero applied magnetic field.14 This can be
seen from the fact that this model can be rewritten as

H = J

2

!

△

"
S△ − h

3J
ẑ
#2

, (5)

where S△ = S1 + S2 + S3 is the sum of the spins on a triangle,
and the sum is over all triangles on the lattice. The ground-state
configuration is given by the constraint

S△ − h

3J
ẑ = 0. (6)

ẑ

cos θx̂ + sin θŷ

ẑ

cos θx̂ + sin θŷ

(a) (b) ẑ(c)

FIG. 5. (Color online) Degenerate classical spin configurations
in the isotropic limit. With the magnetic field taken in the z direction,
(a) shows the “V” configuration above the 1

3 plateau, (b) depicts the
“Y” phase below the 1

3 plateau, while (c) shows the cone (or umbrella)
state.

At zero magnetization, this constraint is solved by placing all
spins in a plane, with the three spins in each triangle at 120◦

angles to one another in a three-sublattice structure. A specific
ground state is specified by three angles, e.g., two determining
the plane of the spins and one determining the angle within the
plane. All such states are related by O(3) spin symmetry; so,
this is a symmetry-demanded degeneracy. A previous DMRG
study15 on the 2D model also confirms the three-sublattice
structure.

In a nonzero field, the ground states retain a three-sublattice
structure, with three arbitrary angles remaining to determine
the specific ground state. However, the presence of the
field reduces the O(3) symmetry to O(2) [or U(1)], and
only one of these angular degrees of freedom is symmetry
demanded. The remaining two angular degrees of freedom
constitute an accidental degeneracy. Two simple states within
the degenerate manifold are the coplanar and umbrella ones,
shown in Fig. 5.

As first shown by Chubukov and Golosov,3 this accidental
degeneracy is lifted by quantum fluctuations. They showed
by a 1/S spin wave expansion that the degeneracy is lifted in
favor of the coplanar states. Additionally, they demonstrated
the existence of the 1

3 plateau, in which the spins adopt a three-
sublattice “up-up-down” structure. Away from the plateau, the
coplanar state retains a three-sublattice structure with ordering
wave vector Q = (4π/3,0), or Q = (4π/3,2π/3).3,4,16 Below
the plateau, the three spins form a “Y” with one spin
antiparallel to the field and two spins with equal positive
projection to the field but at opposite angles from each other.
This can be viewed as a deformation of the 120◦ state with
spins in a plane containing the magnetic field. Here, the spin
configurations can be parametrized by

⟨S+
r ⟩ = aeiθ sin(Q · r),

(7)$
Sz

r

%
= b − c cos2(Q · r),

where θ is an arbitrary angle specifying the plane of the spins,
while a,b,c are constants dependent upon the field magnitude.
Since Q · r = 2π (2x + y)/3, we see from Eq. (7) that when
2x + y is a multiple of 3, one of the spin is aligned with the
magnetic field. Above the plateau, one finds instead a “V”
configuration, with two spins identical and the third chosen to
give zero moment normal to z. In this case, we have

⟨S+
r ⟩ = aeiθ cos(Q · r)

(8)$
Sz

r

%
= b − c cos2(Q · r).

165123-4
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Classical ground state is always umbrella-like, but 
quantum fluctuations almost completely remove this

umbrellacone/umbrella



SDW
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Non-uniform spin lengths
non-classical!

SDW states can be considered soliton lattices, 
and are very natural for quasi-1d systems

Only spin nematic states are missing - see 
Takigawa-san’s talk later this morning
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Entanglement
• Quantifies dependence of state of one 

subsystem on another

A B

Classically: A+B are 
dependent

Quantumly: A+B are 
entangled

p(A,B) 6= p(A)p(B)

 (A,B) 6=  (A) (B)



Entanglement 
entropy

• Quantifying entanglement

• reduced density matrix

• entropy

⇢A = TrB | ih |

S = �TrA[⇢A ln ⇢A]

“If you cannot measure B, how much information about A is lost?”

Example: singlet | i = 1p
2
(| "A#Bi � | #A"Bi)

⇢A =

✓
1
2 0
0 1

2

◆

S(A) = ln 2

maximum entanglement of 1 spin



Spin-orbital 
entanglement

• A local example like this can occur in 
quantum magnets with strong spin-orbit 
coupling and orbital degeneracy

• c.f. Vanadates

d orbitals

V3+: S=1 but 3 orbital states

eg

t2g

octahedral 
coordination



Spin-orbital 
entanglement

• A local example like this can occur in 
quantum magnets with strong spin-orbit 
coupling and orbital degeneracy

• My favorite example: FeSc2S4

d orbitals

Fe2+ : S=2 but 2 orbital states

tetrahedral 
coordination

a little bit old work, but I 
think it is a nice example, 
and also there are some 
new experiments



Spin-orbital 
entanglement

• Spin and orbital states couple and can

• Ground state of HSOC is entangled

HSOC = �L · S

HSOC = ��

✓
1p
3
⌧x

⇥
S2x � S2y

⇤
+ ⌧z


S2z �

S(S + 1)

3

�◆
 t2g degeneracy

eg degeneracy

| i = | i1p
2
|Sz = 0i �1

2
(|Sz = 2i+ |Sz = �2i)| i

entanglement of spin+orbitals: S(A) = ln 2



Entanglement versus 
Order

H = J
X

hiji

Si · Sj � �
X

i

ĥSOC(i)

• A titanic struggle 
between two powerful 
forces, similar to a 
famous battle here in 
Okinawa

In reality, there is a competition in FeSc2S4, 
between the forces of order (exchange) and 
the forces of entanglement (SOC).  This 
competition could go either way.  The point 
where the battle is won or lost is a QCP.

This is similar to a certain famous battle 
that those of you of a certain age surely 
know about which happened in Okinawa.  A 
clash of titanic forces.



Entanglement versus 
Order

H = J
X

hiji

Si · Sj � �
X

i

ĥSOC(i)

• A titanic struggle 
between two powerful 
forces, similar to a 
famous battle here in 
Okinawa

Godzilla vs. Mechagodzilla, Okinawa, 1974



Quantum Critical 
Point

• SOC competes with exchange

λ/J2

T

antiferromagnet 
with orbital order

16

SO singlet

FeSc2S4

h~�Qi 6= 0



QCP
• INS

• consistency with heat capacity and 
NMR 1/T1

Neutron scattering in FeSc2S4: Spin liquid state

Opening of a spin gap in FeSc2S4

A. Krimmel et al., Phys. Rev. Lett. 94, 237402, 2005

soft triplon 
excitation of 

proximate AF order

gap at k=(1/2,0,0) 
~ 1-2K



Optics
• Optics can measure directly both SOC-

split “excitonic” states and quantum 
critical continuum (2-triplons)

gapped 
excitation of 
spin-orbital 

singlet

nearly linear 
background

L.	  Mi&elstädt,	  	  M.	  Schmidt,	  	  Zhe	  Wang,	  	  F.	  Mayr,	  	  V.	  Tsurkan,	  	  P.	  
Lunkenheimer,	  	  J.	  Deisenhofer,	  L.	  Balents,	  and	  A.	  Loidl,	  in	  preparaFon



Background
• Continuum absorption arises from two-

triplon excitations
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S-O-entanglement

• Also important in many 
4d+5d double perovskites

• Same mechanism for 
QCPs invoked recently 
by Khaliullin for 4d4 and 
5d4 systems, e.g. Ir5+

• SO-entangled states 
common in iridates, c.f. 
Jackeli

Excitonic Magnetism in Van Vleck–type d4 Mott Insulators

Giniyat Khaliullin
Max Planck Institute for Solid State Research, Heisenbergstrasse 1, D-70569 Stuttgart, Germany

(Received 31 July 2013; published 5 November 2013)

In Mott insulators with the t42g electronic configuration such as of Re3þ, Ru4þ, Os4þ, and Ir5þ ions,

spin-orbit coupling dictates a Van Vleck–type nonmagnetic ground state with an angular momentum

J ¼ 0, and the magnetic response is governed by gapped singlet-triplet excitations. We derive the

exchange interactions between these excitons and study their collective behavior on different lattices.

In perovskites, a conventional Bose condensation of excitons into a magnetic state is found, while an

unexpected one-dimensional behavior supporting spin-liquid states emerges in honeycomb lattices, due to

the bond directional nature of exciton interactions in the case of 90# d-p-d bonding geometry.

DOI: 10.1103/PhysRevLett.111.197201 PACS numbers: 75.10.Jm, 75.25.Dk, 75.30.Et

Many transition metal (TM) compounds fall into a cate-
gory of Mott insulators where strong correlations suppress
low-energy charge dynamics, but there remains rich phys-
ics due to unquenched spin and orbital magnetic moments
that operate at energies below the charge (Mott) gap.
Depending on the spin-orbital structure of of constituent
ions and the nature of the chemical bonding of neighboring
d orbitals, the TM oxides host a great variety of magnetic
phenomena [1] ranging from classical orderings to quan-
tum spin and orbital liquids.

In broad terms, the magnetism of localized electrons in
Mott insulators is governed by several factors: intraionic
Hund’s rules that form local spin S and orbital Lmoments;
spin-orbit coupling (SOC) that tends to bind them into a
total angular momentum J ¼ Sþ L; crystal fields which
split d levels and suppress the L moment, acting thereby
against SOC; and, finally, intersite superexchange (SE)
interactions which establish a long-range coherence
between spins and orbitals.

In Mott insulators with d orbitals of eg symmetry, like
manganites and cuprates, the L moment is fully quenched
in the ground state (GS), and one is left with spin-only
magnetism. In contrast, TM ions with threefold t2g orbital
degeneracy possess an effective orbital angular momentum
L ¼ 1, and a complex interplay between unquenched SOC
and SE interactions emerges.

In TM oxides with an odd number of electrons on the
d shell, S and J are half-integer; hence, the ionic GS is
Kramers degenerate and magnetically active. The main
effect of SOC in this case is to convert the original
exchange interactions among S and L moments into an
effective J Hamiltonian operating within the lowest
Kramers J manifold. The t2g orbital L interactions are
bond dependent and highly frustrated [2]; consequently,
the J Hamiltonians inherit this property, too. In short, SOC
replaces S and L moments by J that obeys the same spin-
commutation rules, but resulting magnetic states may
obtain a nontrivial structure, as found for d5ðJ ¼ 1=2Þ
[3–10] and d1ðJ ¼ 3=2Þ [11,12] compounds. Similar

SOC effects can be realized also in non-Kramers d2 oxides
[13,14] with J ¼ 2.
A conceptually different situation can be encountered in

Mott insulators with TM ions of Van Vleck–type, i.e.,
when SOC imposes a nonmagnetic GS with J ¼ 0 and
the magnetism is entirely due to virtual transitions to
higher levels with finite J. Such ‘‘nonmagnetic’’ Mott
insulators are natural for 4d and 5d TM ions with the t42g
configuration, e.g., Re3þ, Ru4þ,Os4þ, and Ir5þ. These ions
realize a low-spin S ¼ 1 state because of moderate Hund’s
coupling JH (compared to 10Dq octahedral splitting), and,
at the same time, SOC !ðS &LÞ is strong enough to stabi-
lize the J ¼ 0 state gaining energy ! relative to the excited
J ¼ 1 triplet. Since the singlet-triplet splitting for these
ions !' 50–200 meV [15,16] is comparable to SE energy
scales 4t2=U' 50–100 meV, we may expect magnetic
condensation of Van Vleck excitons. This brings us to
the ’’singlet-triplet’’ physics widely discussed in the litera-
ture in various contexts: magnon condensation in quantum
dimer models [17–21], bilayer magnets [22], excitons in
rare-earth filled skutterudites [23–25], a curious case of eg
orbital FeSc2S4 [26], spin-state transition in Fe pnictides
[27], etc. The underlying physics and, hence, the energy
scales involved in the present case are of course different
from the above examples.
In this Letter, we develop a microscopic theory of the

magnetism for Van Vleck-type d4 Mott insulators. First, we
derive an S and L based SE Hamiltonian and map it onto
a singlet-triplet low-energy Hilbert space. We then show,
taking perovskite lattices as an example, how an excitonic
magnetic order, magnons, and the amplitude (’’Higgs’’)
modes do emerge in the model. Considering the model
on a honeycomb lattice, we reveal the emergent one-
dimensional dynamics of Van Vleck excitons and discuss
possible implications of this observation.
The spin-orbital superexchange.—Kugel-Khomskii-

type interactions between t42g ions are derived in a standard

way, by integrating out oxygen-mediated d-p-d electron
hoppings. We label dyz, dzx, and dxy orbitals by a, b, and c,

PRL 111, 197201 (2013) P HY S I CA L R EV I EW LE T T E R S
week ending

8 NOVEMBER 2013

0031-9007=13=111(19)=197201(5) 197201-1 ! 2013 American Physical Society
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Spatial entanglement
• Spin-orbital entanglement in FeSc2S4 is 

local 

• We can also have entanglement 
between separated spins/orbitals/etc.

| i = ⌦i| ii



 





Valence bond solid = spin 
dimer state
• entanglement between 
some neighbors
• but still a product state 
(of blocks)



Long-range 
entanglement

• Some states cannot be approximated 
as a product of any finite blocks

• More precisely, a state is long-range 
entangled if it cannot be smoothly 
deformed into a product state

+ + … � = c2c1Anderson’s 
RVB

can be considered the defining feature 
of a Quantum Spin Liquid (QSL)



• Entanglement permits unusual excitations

• Canonical example: spinon (S=1/2, Q=0)

• motion of spinon requires rearranging 
singlets

• In a classical state this leaves a defect trail 
behind the spinon, but in the QSL state 
rearranged singlets are already in the 
superposition

Superposition



Classes of QSLs

• Topological QSLs

• full gap

• U(1) QSL

• gapless emergent “photon”

• Algebraic QSLs

• Relativistic CFT (power-laws)

• Spinon Fermi surface QSL



 





TQFT/Z2 
gauge 
theory

compact 
U(1) gauge 

theory

QED3

QED3 
w/ μ>0



Neutron scattering
• Spinons should appear as continuum in INS

• Technology to measure continuum is very 
timely

neutron

spinon S=1/2

K,Ω 

K-k,Ω -ω

k,ω
magnon S=1

k-k’,ω-ω’

k’,ω’

broad peak with 
ω=ε(k’)+ε(k-k’)



Area law
• The entanglement entropy within ground 

states of local quantum systems scales 
with the area of the boundary of A 
(sometimes with logarithmic corrections)

BA S(A) ⇠ cLd�1 ⌧ Ld

Now you may ask: is a 
QSL more entangled than 
a simple ordered state?



Area law
• The entanglement entropy within ground 

states of local quantum systems scales 
with the area of the boundary of A 
(sometimes with logarithmic corrections)

BA

most entanglement is local 

S(A) ⇠ cLd�1 ⌧ Ld

n.b. excited states are 
different



Topological 
Entanglement Entropy
• The area law means that the dominant term in EE 

usually cannot diagnose long-range entanglement

2006

S(L) ⇠ ↵L� �

entanglement negativity

Positive ɣ is an obstruction to deforming 
to an disentangled state with α = 0

In gapped states, ɣ is quantized and 
a universal property = TEE



Kagome lattice

Degrees of freedom: 3



Kagome lattice

Degrees of freedom: 3+1+...



Kagome lattice

• Degrees of freedom: ~ N .  Much less likely to order.



Kagome
• Hamiltonian

• Courtesy of Steve White:

H = J1
X

hiji

Si · Sj + J2
X

hhijii

Si · Sj

J1

J2
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site of −0.43237(4). This agrees fairly well with the se-
ries expansion energy for this cylinder and λ, −0.431(1).
This supports the idea that the series expansion gives
a reasonable estimate of the energy of the HVBC phase
at λ = 1 in two dimensions: −0.433(1),16 as does the
MERA HVBC energy, −0.4322,17 which is a rigorous
upper bound. MERA produces a rigorous upper bound
because it generates a wavefunction for the infinite 2D
system and evaluates its energy exactly (up to floating
point round-off errors).17

IV. GROUND STATE ENERGIES

It is possible to generate rigorous upper bounds on the
ground state energy of the infinite 2D system from our
results for finite open systems. Consider an open cluster
C which can be “tiled” to fill all of 2D, with no sites left
out, and having an even number of sites NC . We take
as a 2D variational ansatz a product wavefunction, the
product being over all the tiles, where we use our best
variational wavefunction for C (call it |C⟩, with energy
EC) as the ansatz for each tile. The energy of any of
the missing bonds connecting different tiles is zero, since
⟨C|S⃗i|C⟩ = 0 for any spin i. Therefore the energy per
site of this simple product wavefunction is EC/NC .
This approach is crude and converges slowly with the

cluster size, with an error proportional to one over the
width. Nevertheless, the SL energy is sufficiently low
that we have been able to obtain a new rigorous upper

bound on the 2D energy: E(2D)
0 < −0.4332. This was

obtained with a width-12 open strip (which looks like
XC12 unrolled) withNC = 576, keepingm = 5000 states.
The interior of this cluster had the uniform valence bond
pattern expected for a spin liquid.

TABLE I: Ground state energies and gaps for infinitely long
cylinders of various circumferences, c. The third column
indicates whether the diamond pattern fits perfectly on the
cylinder.

(c/2)2 Cylinder DF E/N Singlet Gap Triplet Gap

3 XC4 no −0.4445

4 YC4 yes −0.4467

7 YC5-2 no −0.43791 0.0108(1) 0.083(1)

9 YC6 no −0.43914 0.0345(5) 0.142(1)

12 XC8 yes −0.43824(2) 0.050(1) 0.1540(6)

13 YC7-2 no −0.43760(2) 0.020(1) 0.055(4)

16 YC8 yes −0.43836(2) 0.0497(6) 0.156(2)

19 XC10-1 no -0.4378(2)

21 YC9-2 no −0.4377(2) 0.032(3) 0.065(5)

25 YC10 no −0.4378(2) 0.041(3) 0.070(15)

28 XC12-2 yes −0.4380(3) 0.054(9) 0.125(9)

36 YC12 yes −0.4379(3)
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FIG. 4: Comparison of energies per site for various lattices
and methods. For cylinders, the horizontal axis in this plot
is the inverse circumference in units of inverse lattice spac-
ings. For tori,18,25–27 the smallest circumference was used.
In one case we show Lanczos energies for two different sized
(36 and 42 sites) tori that have the same circumference.26,27

The MERA17 and our DMRG upper bound results apply di-
rectly to an infinite two dimensional system, as does the series
HVBC result16 that is plotted on the axis. The torus DMRG
energies18 are also upper bounds on the true ground state
energies for those tori.

Our DMRG results are presented in Table I. The
ground state energies are also plotted and compared to
other calculations in Fig. 4. The DMRG energies are
consistent with the Lanczos results25–27 and well below
the energies of MERA17 and the series expansions for the
HVBC.16 We note that the previous DMRG result18 is
close to the true ground state26 for the circumference 6
torus. The entanglement across a cut that separates a
circumference 6 torus into two parts should be roughly
the same as across a cut that separates a circumference 12
cylinder. We find that circumference 12 is presently our
limit for obtaining good ground state energy estimates
on cylinders. Thus it is perhaps not surprising that the
DMRG results for tori18 give substantial overestimates of
the ground state energies for circumferences larger than
6. But these estimates may alternatively be viewed as
variational upper bounds obtained with DMRG.
The XC8 cylinder (1/c ∼ 0.14) allows a direct com-

parison of the energies between the HVBC series and our
DMRG: the DMRG energy is lower by 0.004(1), and the
series result for XC8 is near the 2D result. The corre-
sponding torus shows much larger finite size effects in the
HVBC series,16 but the true finite size effects between
the tori and cylinders are quite small, as seen by the
nearly identical results from Lanczos on tori and DMRG
on cylinders when we use the largest available torus at
each circumference.25–27 This is consistent with the small
correlation length apparent in Fig. 1. We conclude that
our widest cylinders would have minimal finite size ef-
fects even if the system were in the HVBC phase; in the

a Z2 state?
see Yuan Wan later today!

S. Yan et al, 
2010

We also consider the static spin structure factor Sð ~qÞ ¼
1
N

P
ije

i ~q$ð ~ri%~rjÞh ~Si $ ~Sji, ~q in units of basis vectors ( ~b1, ~b2) of
the reciprocal lattice. The spectral weight is concentrated
evenly around the edge of the extended Brillouin zone,
with not very pronounced maxima on the corners of the
hexagon (Fig. 3). Results for large cylinders agree well
with ED results for tori up to 36 sites [44]. All our Sð ~qÞ are
in accordance with the prediction for a Z2 QSL [27].

We also find antiferromagnetically decaying, almost
direction-independent dimer-dimer correlations, for
which, again, an exponential fit is favored [Fig. 4(b)], in
agreement with a singlet gap. Our data do not support the
algebraic decay predicted [23] for an algebraic QSL.

Chiral correlation functions [40] hCijkClmni ¼
h ~Si $ ð ~Sj & ~SkÞ $ ~Sl $ ð ~Sm & ~SnÞi, where the loops consid-
ered are elementary triangles, did not show significant
correlations for any distance or direction and decay expo-
nentially (Fig. 5), faster than the spin-spin correlations.
Expectation values of single loop operators Cijk vanish, as
expected for finite size lattices. Chiral correlators for other
loop types and sizes decay even faster. Our findings do not
support chiral spin liquid proposals [21,22,34].

Topological entanglement entropy.—To obtain direct
evidence regarding a topological state, we consider the
topological entanglement entropy [73–75]. For the ground
states of gapped, short-ranged Hamiltonians in 2D, entan-
glement entropy scales as S ’ c, if we cut cylinders
into two, with corrections in the case of topological
ground states [76]. We examine Renyi entropies S! ¼
ð1% !Þ%1log2tr"

!, 0 ' !<1, where " is a subsystem
density matrix. Scaling is expected as S! ’ #c% $, where
# is an !-dependent constant. $, the topological entangle-
ment entropy, is independent of! [77–79] and depends only
on the total quantum dimensionD as $ ¼ log2ðDÞ [73,74].
In our mappings, DMRG gives direct access to density
matrices of cylinder slices. We calculate S! for cylinders
of fixed c and extrapolate in L%1 to L ! 1; a linear
extrapolation in c ! 0 yields $. Results are 1D mapping
independent. We show intermediate values of ! (Fig. 6),
which all show a clearly finite value of $, with a value very
consistent with $ ¼ 1; large-! results agree. Small-!
results are unreliable, as DMRG does not capture the tail

FIG. 3 (color online). Two static structure factors Sð ~qÞ; kx, ky
in units of reciprocal lattice basis vectors. Results are indepen-
dent of the choice of 1D mapping (not shown).
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• DMRG calculations for the quantum kagome 
lattice

γDMRG=0.698(8)

γth=ln(2)=0.693

Rather strong evidence 
from theory that GS of 
J1-J2 kagome AF (J2/J1 
between 0 and 0.1) is a 
gapped RVB spin liquid of 
Z2 type.  



Herbertsmithite
ZnCu3(OH)6Cl2

2

confirmed using an x-ray diffractometer equipped with an
area detector. A plastic holder was designed and made
for securing the crystal for susceptibility measurements
with magnetic field applied perpendicular (χp) or paral-
lel (χz) to the crystalline c axis. The background from
the plastic holder was measured to be negligibly small
relative to the signal from the sample. In Fig. 2(a), the
quantities χzT and χpT for temperatures between 2 and
330 K are plotted (where we assume χ = M/H in the
linear regime). The quantity χpowderT , measured on a
polycrystalline collection of several dozen random orien-
tated crystals from the same batch, is plotted along with
χaverageT = 1

3
(χz + 2χp)T , the calculated powder av-

erage. The latter two collapse onto the same curve as
expected, pointing to the reliability of the single crystal
measurements.
In Fig. 2(b), the anisotropy ratio of the magnetic sus-

ceptibility calculated as χz/χp is plotted. As tempera-
ture is increased from 2 to 330 K, the ratio increases from
0.96 to 1.12 monotonically. The presence of anisotropy
in the susceptibility agrees qualitatively with susceptibil-
ity measurements on aligned powders18 and recent µSR
measurements on single crystals17. In Fig. 2(c), magne-
tization measurements taken at T = 5 and 300 K are
plotted as a function of applied field. At T = 5K, the
anisotropy ratio is close to unity and the two curves over-
lap for the entire field range. At T = 300 K, there is a
clear anisotropy with the c axis being the higher suscep-
tibility direction. The observed magnetic anisotropy is
independent of the applied field.
The high quality of the susceptibility data allows for

further analysis to better understand the intrinsic be-
havior of the interacting spins on the kagome layers.
The primary results of this paper are shown in Fig. 3.
For the susceptibility data at high temperatures, Curie-
Weiss fits were performed for each data set taken at var-
ious fields. The Curie-Weiss temperatures and g factors
determined from the fits (which take into account the
corrections based on high-temperature series expansion
calculations19,20) are plotted in Fig. 3(a). For both field
orientations, the Curie-Weiss temperatures and g factors
increase slightly upon lowering the applied field below
µ0H ≃ 0.2 T. At µ0H = 1 T, the anisotropy ra-
tio for the g-factor is gz/gp = 1.10. A similar g fac-
tor anisotropy, though slightly smaller, has been deduced
from ESR work21 on powders.
It is important to separate out the anisotropy of the

Cu moments intrinsic to the kagome planes from that
related to the impurity spins. The experimentally mea-
sured magnetic susceptibility originates from both the
kagome plane and the weakly interacting Cu2+ impuri-
ties on the interlayer sites. Assuming that the intrinsic
kagome susceptibility becomes much smaller than the im-
purity contribution as T → 0 K, consistent with recent
NMR measurement on single crystal samples22, we model
the impurity susceptibility with a Curie-Weiss law where
ΘCW ≃ 1.3 K23. The best fit gives an estimated 10%
Cu2+ ions which occupy the interlayer sites for this non-
deuterated sample. Then, by assuming a temperature
independent anisotropy for the impurities, the impurity

FIG. 2: (color online) (a) Magnetic susceptibility, plotted as
MT/H = χT , measured under an applied field of µ0H = 1 T
which was oriented both perpendicular to and along the c-
axis. The data from a powder sample are also plotted and
compared to the “average” of the single crystal results, as de-
scribed in the text. (b) The anisotropy χz/χp of the measured
susceptibility plotted as a function of temperature. (c) Mag-
netization versus field measurements at T = 5 K and 300 K.
The vertical scale for each temperature is indicated by the
arrow.

contribution to the susceptibility can be subtracted re-
vealing the anisotropy of the intrinsic kagome spins. The
only remaining free parameter is the anisotropy ratio for
the impurities (χz/χp)imp, and in our analysis, we use
the value (χz/χp)imp = 1.

The deduced anisotropy of the susceptibility for the
intrinsic kagome spins is plotted in Fig. 3(b). The main
observation, which is relatively insensitive to the model
parameters, is that χz/χp for the intrinsic susceptibility
is a monotonically increasing function of temperature for
T > 150 K. This provides useful information on the im-
portance of additional terms in the spin Hamiltonian, as
we discuss further below. Moreover, since we have de-
duced the anisotropy of the g factor resulting from the
Curie-Weiss analysis, we can correct for this in deter-
mining the χz/χp ratio for the intrinsic kagome spins.
The g-factor corrected data are also plotted in Fig. 3(b).
At low temperatures (below ∼ 5 K) where the impurity
contribution dominates the susceptibility, the measured
ratio for χz/χp is actually less than 1. If we assume a

no phase transition to 
mK temperature, 
despite J ~ 200K
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A complication

Refining the Spin Hamiltonian in the Spin- 12 Kagome Lattice Antiferromagnet
ZnCu3ðOHÞ6Cl2 Using Single Crystals

Tianheng Han,1,* Shaoyan Chu,2 and Young S. Lee1,†

1Department of Physics, Massachusetts Institute of Technology, Cambridge, Massachusetts 02139, USA
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We report thermodynamic measurements of the S ¼ 1
2 kagome lattice antiferromagnet ZnCu3ðOHÞ6Cl2,

a promising candidate system with a spin-liquid ground state. Using single crystal samples, the magnetic

susceptibility both perpendicular and parallel to the kagome plane has been measured. A small,

temperature-dependent anisotropy has been observed, where !z=!p > 1 at high temperatures and

!z=!p < 1 at low temperatures. Fits of the high-temperature data to a Curie-Weiss model also reveal

an anisotropy. By comparing with theoretical calculations, the presence of a small easy-axis exchange

anisotropy can be deduced as the primary perturbation to the dominant Heisenberg nearest neighbor

interaction. These results have great bearing on the interpretation of theoretical calculations based on the

kagome Heisenberg antiferromagnet model to the experiments on ZnCu3ðOHÞ6Cl2.

DOI: 10.1103/PhysRevLett.108.157202 PACS numbers: 75.30.Gw, 75.10.Kt, 75.40.Cx, 75.50.Ee

The quantum spin liquid, a fundamentally new state of
matter whose ground state does not break conventional
symmetries, has generated much interest in condensed
matter physics [1,2]. It has long been realized that the
S ¼ 1

2 Heisenberg antiferromagnet on the kagome lattice
(composed of corner sharing triangles) is an ideal system in
which to look for spin-liquid physics due to the high degree
of frustration, small spin, and low dimensionality.
Herbertsmithite, the x ¼ 1 end member of the family
Zn paratacamite [ZnxCu4$xðOHÞ6Cl2], is arguably one of
the best candidate systems to study quantum spin liquids
[3]. With weak interplane coupling, it consists of kagome
planes of Cu2þ ions separated by layers of nonmagnetic
Zn2þ ions, depicted in Fig. 1(a). The current experimental
evidence is consistent with the presence of a spin-liquid
ground state in this material [4–7]. The Hamiltonian of
herbertsmithite consists of a Heisenberg exchange term,
with possible perturbations such as a Dzyaloshinskii-
Moriya (DM) interaction [8–11] and exchange anisotropy
[12]. With a Cu-O-Cu antiferromagnetic superexhange
interaction of approximately 17 meV, no magnetic transi-
tion or long range ordering has been observed down to T ¼
50 mK [4,5,13]. It is important to perform measurements
on single crystal samples so that comparisons can be made
to theoretical calculations assuming different perturbations
to the Hamiltonian [10,11], such as a DM interaction and
exchange anisotropy, to determine the presence and mag-
nitude of such perturbations. Resolving this issue is all the
more pressing in light of recent theoretical work
which strongly points to a spin-liquid ground state for the
S ¼ 1=2 kagome lattice with isotropic (Heisenberg) ex-
change [14].

Recently, large single crystal samples of the parataca-
mite family, including herbertsmithite, have been synthe-
sized [15]. A powder sample was first synthesized inside a

sealed quartz tubing and transported under a temperature
gradient in a three zone furnace for crystallization. The
high quality of the crystals was confirmed by inductively
coupled plasma metal analysis, x-ray diffraction, neutron
diffraction, polarized optics, and thermodynamic measure-
ments. Anomalous synchrotron x-ray diffraction confirmed
the absence of antisite disorder where Zn2þ ions appear on
the Cu sites in the kagome layer [16]. Rather, the main
source of disorder is the presence of a small fraction of
excess Cu2þ ions within the Zn interlayers. Raman spec-
troscopy provides further support of a gapless spin-liquid
ground state [6] while "SR points to an easy-axis anisot-
ropy parallel to the c axis for magnetization [17]. In this
Letter, the magnetic susceptibility and specific heat have
been investigated with fields applied both within and nor-
mal to the kagome plane. The roles of an easy-axis ex-
change anisotropy, a Dzyaloshinskii-Moriya interaction,

FIG. 1 (color online). (a) Structure of herbertsmithite with
Cu2þ (big brown spheres) and Zn2þ (small red spheres) dis-
played. The Cu-Cu bonds (thick black solid lines) are all
equivalent as are the Cu-Zn bonds (thin green dotted lines).
(b) The oriented single crystal sample (mass ¼ 55:5 mg)
of herbertsmithite used in the magnetic susceptibility
measurements.

PRL 108, 157202 (2012) P HY S I CA L R EV I EW LE T T E R S
week ending

13 APRIL 2012

0031-9007=12=108(15)=157202(5) 157202-1 ! 2012 American Physical Society

Zn

Cu

defect spins due to Cu on Zn sites

These appear to be “weakly” coupled to kagome 
layers, but clearly affect the low field, low T physics.  

Robust properties not affected by these defects? 
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FIG. 6: Specific heat of a single crystal annealed in oxygen
gas for 10 days (blue circles), compared to a non-annealed
slice of the same crystal (black triangles), as well as the pow-
der sample from Ref. 18 (red x’s).

a293K = 10.034 Å for the crushed crystal. It is unclear as
to why there is a discrepancy in the stoichiometric lattice
spacing. However, we note that if one assumes a system-
atic error in the lattice spacing determination, perhaps
due to instrumental e↵ects, the di↵erence between the
lattice spacing of the crushed crystal and the sintered
powder (the latter taken to be stoichiometric) would co-
incide with x = 0.032 according to Figure 3 of Ref 30.
This is in fairly good agreement with the refined value of
x=0.046. We also note that for a nominally stoichiomet-
ric Yb2Ti2O7 powder sample reported on elsewhere,43

the room temperature lattice spacing was found to be
10.024(1) Å. This is in better agreement with the values
found here for the sintered powder sample.

We checked the lattice spacing of an additional sin-
gle crystal of Yb2Ti2O7, which has been characterized
by low temperature specific heat. This single crystal was
post-annealed in flowing oxygen for 10 days, at 1000� C.
The specific heat curve is are shown in Fig. 6, and com-
pared to the powder sample from Ref. 18. Consistent
with other crystals of Yb2Ti2O7, the specific heat curve
of the annealed single crystal shows two relatively broad
anomalies. This probably rules out both lattice strain
and oxygen deficiency as the causes of the sample depen-
dence, both of which would be expected to be relieved
by the heat treatment, since it does not significantly im-
prove the sharpness and homogeniety of the speicifc heat
anomaly in the crystals. Furthermore, the lattice param-
eter for the annealed sample, a = 10.0310(7), is consis-
tent with that found for the CC sample studied here by
neutron powder di↵raction (Figure 5).

3. Atomic Displacement Parameters

Aside from capturing the relative peak intensity
changes in the powder di↵raction pattern for the crushed
crystal, the stu↵ed model also suppresses the anoma-
lously high ADPs that are refined for the Ti site in the
stoichiometric model. The right hand side of Figure 5
shows one component of the ADPs on each site as a
function of temperature, for both powder and crushed
crystal samples. A general increase in ADPs is expected
for a more disordered sample, and this is born out by the
small increase observed in ADPs at the Yb and O sites
for both structural models refined for the crushed crys-
tal. However, the Ti site sees a more dramatic increase
in ADPs in the crushed crystal when the stoichiometric
model is used, signalling that there are problems with the
model on that site in particular. In general, ADP values
are often found to compensate for problems in the as-
sumed model, as they e↵ecively account for a “smearing”
of scattering weight around a particular position, chang-
ing the e↵ective scattering length. This can occur be-
cause of temperature increase or static distortions (both
are legitimate sturctural e↵ects), or because the wrong
e↵ective scattering length is used in the model. Using
the stu↵ed model instead, which places some ytterbium
on the titanium site, brings the titanium ADPs down to
approximately the same levels as the other sites. This is
another indication that the crushed crystal is actually a
lightly stu↵ed pyrochlore.

B. Susceptibility

Inverse susceptibilty as a function of temperature, col-
lected at a constant magnetic field of 0.2T, is plotted
for both SP and CC samples in Fig. 7. The top inset
shows the full temperature range over which data was
collected. The inverse susceptibility is clearly non-linear
over the full temperature range, 2K to 300K; this has
been noted already in the literature (Refs. 43 and 44).
Population at the 10% level of the 680K crystal field exci-
tation may be partially responsible for the non-linearity
at high temperatures. However, even the lower tempera-
ture behavior (below 30K) is slightly non-linear, which is
known to be a result of the magnetic anisotropy present
in Yb2Ti2O7.44 Fitting the data from 2K to 30K to a
Curie-Weiss law without taking these anisotropies into
account, we extract an e↵ective moment of 3.14µ

B

for
the SP sample, and 3.43µ

B

for the CC, consistent with
an increased number of moments in the latter sample.
The Curie-Wiess temperatures were ✓

CW

= 152mK for
the CC sample, and ✓

CW

= 490mK for the SP sample.
Taken at face value, this implies that the CC sample is
slightly more anti-ferromagnetic in nature than the SP
sample, though the average interaction is still ferromag-
netic. We comment that fitting from 2K to 10K, as was

[110] magnetic Field-Induced   

Long Range Order in Yb2Ti2O7 

Sharp spin waves at all wavevectors indicate that the system has entered 

a long range ordered phase induced by modest [110] magnetic fields 

K.A. Ross et al (2009)

bandwidth ~ 
1meV~ 10K

magnetic 
transition at 

~ 250mK

Magnetic dynamics should be 
fully quantum at these 

temperatures

Here is the data that originally piqued my 
interest in this problem.  One of the 
characteristics of a QSL is the dominance 
of continuum weight in the spin spectrum.  
This is due to multi-spinon excitations.  

YTO looks like this...somewhat

(weak ferromagnetism?)



Quantum Pyrochlores
• Symmetry constrains form of 

generic Hamiltonian for 
Kramer’s doublets
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Quantum spin ice

⇥⇥ ·⇥b = 0

⇤S � ⇤b

• Imaginary field lines fluctuate quantum 
mechanically

QSL simulates artificial quantum electrodynamics
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Excitations

• Where spin ice realizes “emergent 
magnetostatics”, the U(1) QSL is “emergent 
compact quantum electrodynamics”

• coherent propagating monopoles = 
“spinons”

• dual (electric) monopoles 

• artificial photon: gapless!

• Consistent with observed continuum?
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Beyond perturbation 
theory



Emergent “Photon”

• Unlike other QSLs, the U(1) state in three 
dimensions supports a sharp gapless mode 
(in addition to spinons)

3

FIG. 2: (Color online). An illustration of the simplest tunnelling
process between different spin-ice configurations. The ice rules dic-
tate that each tetrahedron within the lattice has two spins which point
“in”, and two which point “out”. Where these spins form a closed
loop on a hexagonal plaquette — here shaded red — the sense of
each spin within the loop can be reversed to give a new configuration
which also obeys the ice rules.

where

δHµ = µ
!

!

"

|!⟩⟨! |+ |"⟩⟨" |
#

. (5)

This makes it possible to fine-tune the model to an exactly sol-
uble Rokhsar-Kivelson (RK) point g = µ, where the ground
state wave is an equally-weighted sum of all possible ice
(dimer) configurations46. The authors then argued, by con-
tinuity, that a quantum liquid phase would occur for a finite
range of parameters µ # 1 bordering on the RK point43,44.
The most striking feature of this quantum liquid is “light”.

The ice rules constraint Eq. (1) is most conveniently resolved
as

B(r) = ∇×A(r) , (6)

and the new feature which enters where there is tunnelling be-
tween ice configurations is the fluctuation in time of the gauge
field A(r). In conventional electromagnetism, this gives rise
to an electric field

E(r) = −
∂A(r)

∂t
. (7)

The bold conjecture of Moessner and Sondhi43, put on a mi-
croscopic footing by Hermele et al.44, and Castro-Neto et
al.45, was that tunnelling between dimer (ice) configurations
could give rise to a state governed by the Maxwell action

SMaxwell =
1

8π

$

dtd3r

%

E(r)2 − c2B(r)2
&

(8)

Such a state would automatically support linearly-dispersing
transverse excitations of the gauge fieldA— “photons”, with
a speed of “light” c. On the lattice, such a magnetic photon
would have a dispersion ω(k) of the form illustrated in Fig. 3.

FIG. 3: (Color online). Ghostly magnetic “photon” excitation as
it might appear in an inelastic neutron scattering experiment on a
quantum spin ice realising a quantum ice ground state. The photon
dispersion ω(k) is taken from lattice gauge theory developed in Sec-
tion II C of this paper, convoluted with a Gaussian representing the
finite energy resolution of the instrument. The intensity of scattering
vanishes as I ∝ ω(k) at low energies.

Moreover, the fact that the spins now fluctuate in time, as
well as space, introduces an additional power of k in spin cor-
relations44,45,

⟨Sµ(−k)Sν(k)⟩quantum ∝ k

'

δµν −
kµkν
k2

(

, (9)

which serves to eliminate the pinch points seen in neutron
scattering [Fig. 1(b)]47 . More formally, this theory is a com-
pact, frustrated U(1) gauge theory on a diamond lattice, and
we will refer to the liquid state it describes as the quantum
U(1) liquid below.
The degree of fine-tuning involved in these arguments

might seem to render them of purely academic interest. How-
ever the idea of a quantum U(1) liquid found strong support
in finite-temperature quantum Monte Carlo simulations of an
ice-type model of frustrated charge order on the pyrochlore
lattice48. Subsequently, it has proved possible to determine
the ground state phase diagrams of both the quantum dimer
model on diamond lattice, and the quantum ice model of Her-
mele et al., from zero-temperature quantumMonte Carlo sim-
ulations47,49,50. Both models contains extended regions of a
quantum liquid phase, connecting to the RK point. In both
cases, this quantum liquid has low energy excitations which
are described by a lattice analogue of quantum electromag-
netism47,49,50. Significantly, in the case of the quantum ice
model, this quantum liquid phase encompasses the “physical”
point of the model µ = 0, and so does not require any fine-
tuning [Fig. 4]47.
The theoretical possibility of a three-dimensional spin-

liquid state with excitations described by a lattice analogue
of quantum electromagnetism is now well-established. What
remains is to connect these ideas with experiments. The pur-
pose of this paper is therefore to set out predictions for the
correlations which would be measured in neutron scattering
experiments, if such a state were realised in a spin-ice ma-
terial. For concreteness, we work with the minimal lattice

O. Benton et al, 2012

Similar to a spin wave but:

• Is purely transverse
• Intensity vanishes as ω→0
• Has no anisotropy gap

+ gapped spinon continuum

Nice numerical studies of 
QSI models by Nic 
Shannon’s group
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What next?
Particularly appealing is 
the notion that YTO 
might be in the CFM 
state?  

In general we would like 
to make this theory more 
quantitative, so it can be 
applied more broadly



Weak FMism?
2

nificantly the first-order behavior occurs below the peak
in the specific heat where only a deviation in the suscep-
tibility is observed.

Three samples were measured: i) a compacted pow-
der sample, ii) a crushed powder sample mixed with Cu
grease to ensure a good thermal coupling, both obtained
from the same synthesis; iii) a single crystal, with the
magnetic field applied along the [100] and [110] axes.
These samples are the same as those used in Ref. 1 (and
Ref. 2, 5 in the case of the single crystal). Magnetization
and a.c. susceptibility measurements were performed
down to 70 mK on SQUID magnetometers equipped with
dilution refrigerators developed at the Institut Néel [27].
At 70 mK, the magnetization of all the samples reaches
about 1.7 µB/Yb above 60 kOe [28]. The susceptibility
follows a Curie-Weiss law down to 1.5 K [28], consis-
tent with previous results above 2 K [4–7]. Below 1.5 K,
the susceptibility still increases with the temperature de-
creasing but deviates from the Curie-Weiss law. Then at
250 mK for the powder (165 mK for the single crystal),
the magnetization M increases abruptly and reaches a
plateau at low temperature. This very sharp increase im-
mediately suggests a magnetic transition, especially as it
matches approximately with the anomaly in specific heat
[1].

In an ordered ferromagnetic state, a system has a spon-
taneous magnetization and the initial intrinsic suscepti-
bility is expected to diverge. The measured value of the
bulk susceptibility is then equal to the inverse of the de-
magnetizing factor N . For the four measurements per-
formed (two powder samples and two orientations of a
single crystal), the measured M/H value (which can be
considered as the susceptibility in such small fields) is
roughly equal to the estimated value of 1/N [28]. This
result shows that a spontaneous magnetization exists in
Yb2Ti2O7 below the specific heat anomaly, thus imply-
ing the existence of an ordered ferromagnetic component
in the system. It also suggests that the specific heat
anomaly is associated with a magnetic transition. Anal-
ysis of the M vs H curves at low field gives an estimation
of the ordered moment between 0.35 and 0.8 µB/Yb, with
a main component along the [100] direction, which im-
plies that a fraction of the moment is still fluctuating in
the ordered phase [28]. The obtained orientation might
indicate that the magnetic structure is similar to the one
determined in the related compound Yb2Sn2O7 [9].

A detailed study of the magnetization around the tran-
sition has been performed. To ensure accurate results,
measurements had to be performed with well controlled
temperature regulation and extremely slow cooling and
warming rates. The protocol was the following: i) reg-
ulate at a given temperature. ii) take a large number
of measurements (between 40 and 100) so that the mag-
netization reaches equilibrium at this temperature. iii)
change temperature with a step of 5 mK, or 2 mK de-
pending on the measurements. The temperature was
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FIG. 1: (color online) M/H vs T for the single crystal in an
applied fied H = 5 Oe parallel to the [100] axis at the prox-
imity of the transition. The temperature was swept in steps
of 5 mK and 100 extractions were made at each temperature
(⇠ 30 min at each temperature). Inset: isotherm as a func-
tion of time t at T = 155 mK when warming (red circles)
and when cooling (blue squares). The lines are fitted to the

exponential : M
H
(t) =

Meq

H
� �M

H
exp(�t/⌧). When warming

⌧ = 207 s,
Meq

H
= 0.260 emu.cm�3 and �M

H
= �6.58 ⇥ 10�3

emu.cm�3. When cooling ⌧ = 165 s,
Meq

H
= 0.249 emu.cm�3

and �M
H

= 1.08⇥ 10�2 emu.cm�3.

ramped between 80 - 400 mK, cooling and warming the
sample. The equivalent ramping rate is between 9 and
18 mK/h. The obtained magnetization as a function of
temperature for the single crystal is shown in figure 1: it
can be seen that, at the transition, at a fixed tempera-
ture, a strong relaxation occurs. As shown in the inset of
the figure where the magnetization is plotted as a func-
tion of time, at 155 mK, the equilibrium value is reached
after times as long as 600 s.
Figure 2a shows the equilibrium values of the magne-

tization at the transition (obtained from figure 1) as a
function of temperature for the single crystal. It can be
seen that a small hysteresis is present (which is much
narrower than for a fast temperature sweep), indicating
a first-order like behavior. Also shown is the specific heat
data on the same crystal. A subtle change of slope oc-
curs in the magnetization at the peak in specific heat,
while the first-order transition develops below this peak.
The bump observed at ⇡180 mK before the sharp in-
crease is not present in the magnetization of the powder
sample as shown in figure 2b and might be due to a sam-
ple inhomogeneity, a consequence of di�culties in sample
preparation [25, 26].
From the magnetization, it appears, that the first-

order transition occurs around 150 mK in this single crys-
tal. The transition extends over about 20 mK and the
hysteresis width is about 3 mK. For the powder sample,

Mapping the first-order magnetic transition in Yb
2

Ti
2

O
7

E. Lhotel,1, ⇤ S. R. Giblin,2 M. R. Lees,3 G. Balakrishnan,3 L. J. Chang,4 and Y. Yasui5
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Institut Néel, CNRS & Université Joseph Fourier, BP 166, 38042 Grenoble Cedex 9, France
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Department of Physics, University of Warwick, Coventry CV4 7AL, United Kingdom
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Department of Physics, Meiji University, Kawasaki 214-8571, Japan

The very nature of the ground state of the pyrochlore compound Yb2Ti2O7 is much debated, as
experimental results demonstrate evidence for both a disordered or a long-range ordered ground
state. Indeed, the delicate balance of exchange interactions and anisotropy is believed to lead to
competing states, such as a Quantum Spin Liquid state or a ferromagnetic state which may originate
from an Anderson-Higgs transition. We present a detailed magnetization study demonstrating a
first order ferromagnetic transition at 245 mK and 150 mK in a powder and a single crystal sample
respectively. Its first-order character is preserved up to applied fields of ⇠ 200 Oe. The transition
stabilizes a ferromagnetic component and involves slow dynamics in the magnetization. Residual
fluctuations are also evidenced, the presence of which might explain some of the discrepancies
between previously published data for Yb2Ti2O7.

PACS numbers: 75.40.Cx, 75.60.Ej, 64.60.Ej, 75.30.Kz

Magnetism a↵ected by geometrical frustration is an
active field due to the ability generate new and unusual
magnetic phases [1]. In this context, the pyrochlore ox-
ide materials R2M2O7 (R=rare earth, M=metal) form a
very rich family in which a large diversity of new physics
can be explored [2]. Specifically, the rare-earth ions lie
on the vertices of corner sharing tetrahedra, forming the
highly frustrated pyrochlore lattice. Depending on the
rare-earth element, the anisotropy of the spins as well as
the exchange and dipolar interactions can be varied so
that di↵erent model Hamiltonians can be studied within
this structure. One of the most spectacular realizations
is the spin-ice phase (R=Dy,Ho, M=Ti) [3, 4] in which
the local spin arrangement obeys the ice-rule (two spins
point into and two spins point out of every tetrahedron
in the structure) and which possesses a macroscopically
degenerate ground state. This state is induced by the
strong uniaxial anisotropy along the local <111> axes of
the tetrahedra, combined with a resultant ferromagnetic
interaction. With these ingredients and in the presence
of strong transverse fluctuations, a new magnetic state is
expected to be stabilized, the quantum spin ice (QSI) in
which exotic excitations are predicted [5–7].

Yb2Ti2O7 has been proposed as a good candidate for
stabilizing the QSI state [8, 9]. Indeed, the exchange in
Yb2Ti2O7 is highly anisotropic, with a strong ferromag-
netic component akin to the Ising exchange of spin ice
[8, 10, 11], despite an XY-like anisotropy perpendicular to
the local < 111 > directions [4, 13]. At low temperature,
using a model Hamiltonian with anisotropic exchange pa-
rameters deduced from experiments, a first-order phase
transition towards a long-range ferromagnetic order is
predicted [2, 9, 15, 16].

Experimentally, the existence of a long-range magnetic
ordering in this compound is debated, suggesting a fragile

ground state with respect to perturbations. In an early
study, a peak was observed around 210 mK in the specific
heat of a polycrystalline sample [17]. It was later shown
to be associated with an abrupt slowing-down of the fluc-
tuations in the low temperature phase thus suggesting a
first-order transition [18].

Below the transition, depending on the nature of the
samples (single crystal or polycrystal) and the crystal
growth conditions, di↵erent results have been obtained.
Some neutron scattering measurements demonstrate fer-
romagnetic long-range order (LRO) [2, 5] while others do
not [20–22]. A discrepancy is also observed in muon spin
relaxation measurements (µSR) where an anomaly at the
transition is present [1, 18] or not [24]. In the meantime,
it was shown that the peak in specific heat strongly de-
pends on the samples [25, 26] so that the presence of a
transition towards a long-range order might depend on
the sample quality.

It has been suggested that the specific heat anomaly,
however, does not necessarily correspond to a magnetic
ordering [24, 25]. It is therefore essential to probe another
thermodynamic quantity, which should be more sensitive
to the magnetic nature of the transition: the magneti-
zation. In this letter, we show that the magnetization
of Yb2Ti2O7 presents a first-order transition in both a
powder sample and a single crystal which was shown to
develop additional magnetic intensity on structural peaks
[2]. The first-order nature of the transition suggested in
previous studies [2, 18, 24] is proved by the existence of
a small thermal hysteresis (of a few millikelvin width).
The transition is accompanied by strong time-dependent
e↵ects. The magnetization value below the transition
temperature is consistent with the stabilization of a ferro-
magnetic ordering with a reduced spontaneous moment,
suggesting a strongly fluctuating spin component. Sig-
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Yb2Ti2O7 may be ferromagnetic

But:
• Ordered moment is very small (0.3-0.8µB)
• No spin waves are observed in INS 

arXiv:1405.2704v1

possibly a signature of Coulomb ferromagnet?



Numerics?
Energy

Jxy/Jz

ED

projected BCS 
(= Z2 QSL)

U(1)1 state

U(1)2 state

Numerical work on 3d quantum spin models is 
challenging!  Early results suggest multiple QSL 

states in the frustrated XXZ model.

It will be difficult to 
determine phase 
boundaries

Bryan 
Clark



quantum-ness

spin ice

competing 
interactions

quasi-degeneracy

spin nematicspin density wave

magnetization plateaux

skyrmions

quantum spin liquids

strong spin orbital couplingKondo effect

Fully classical

Local quantum 
fluctuations

Quantum 
entanglement

can be described by rigid 
spins or Landau theory

Some of the concepts may 
apply to more quantum 
situations but they are 
essentially classical ideas

states (some exotic) with 
local order parameters but 
cannot be (typically) 
described by rigid spins

states or phenomena 
where entanglement - 
quantum superposition 
- is the essential 
ingredient

large quantum renormalizations

Quantum magnetism

quantum criticality



Quantum criticality
11
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FIG. 3. a) The main panel shows the resistivity, and field cooled (FC) and zero field cooled (ZFC)
susceptibilities for Eu-227, while the insert the spontaneous muon oscillation frequency. Data adapted
from Refs. 80 and 81. b) Phase diagram for the pyrochlore iridates R-227 based on transport and
magnetism measurements. (This is a supplemented and modified version of the diagram found in Ref. 78.)
The R-elements that do not have a local magnetic moment are emphasized in bold magenta. The only
non-lanthanide, R = Y, is denoted by a square.

manifold. Therefore, the SOC � splits the t
2g

spinful manifold into a higher energy J
e↵

= 1/2

doublet and a lower J
e↵

= 3/2 quadruplet. In an ionic picture, since Ir4+ has 5 d-electrons, the

J
e↵

= 1/2 doublet is half-filled, and only this orbital is involved in the low energy electronic

structure. More generally, if trigonal splitting is included, the J
e↵

= 3/2 levels are split and mixed

with the J
e↵

= 1/2 ones. In the general case, there is a highest Kramers doublet, whose character

varies with the ratio of SOC to trigonal splitting, between a J
e↵

= 1/2 doublet and a S = 1/2 one.

A band structure view is complementary to the ionic picture as we now discuss. If only the

highest doublet is involved, we expect 4 two-fold degenerate bands near the Fermi energy, as

there are 4 Ir per unit cell. As discussed by Wan et al.

46 and Yang et al.,51 it is instructive to

consider their structure at the � point. Due to cubic symmetry, the 8 Bloch states at this point

decompose into 2 two-dimensional irreducible representations (irreps) and 1 four-dimensional irrep.

By electron counting, these bands should be half-filled, so that if the order of these irreps, in terms

of degeneracies, is 2-2-4 or 4-2-2, a band insulating state may occur, while if the order is 2-4-2,

the 4-dimensional irrep must be half-filled and hence the system cannot be gapped at the band

structure level (see the lowest panel of Figure 5(b)). The former situation was obtained by Ref. 7

based on a phenomenological but ad-hoc Hubbard model for small U . They found a transition from

a semi-metallic ground state to a TI one with increasing the ratio of SOC to hopping. Subsequently,

by ab initio methods, Wan et al. found46 the latter, 2-4-2, ordering of irreps in Y-227. In this case,

a TI is impossible, but other topological phases can occur with increasing correlations. For those
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FIG. 3. a) The main panel shows the resistivity, and field cooled (FC) and zero field cooled (ZFC)
susceptibilities for Eu-227, while the insert the spontaneous muon oscillation frequency. Data adapted
from Refs. 80 and 81. b) Phase diagram for the pyrochlore iridates R-227 based on transport and
magnetism measurements. (This is a supplemented and modified version of the diagram found in Ref. 78.)
The R-elements that do not have a local magnetic moment are emphasized in bold magenta. The only
non-lanthanide, R = Y, is denoted by a square.
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based on a phenomenological but ad-hoc Hubbard model for small U . They found a transition from

a semi-metallic ground state to a TI one with increasing the ratio of SOC to hopping. Subsequently,
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Multiple scales
• Ir conduction electrons and rare 

earth moments have very 
different energy scales

W ⇠ U ⇠ � � JK

11

(a)

⇥
⇥

⇥
⇥ ⇥ ⇥

⇥ ⇥

⇥

⇥

��

LuYb
Ho
Y
DyTbGdEu Sm

Nd

Pr

MetalNon⇥Metal

Magnetic Ins.

100 105 110 115
0

50

100

150

200

R3� ionic radius �pm⇥

T
�K⇥

MetalMetalNon

Pr

Nd

Sm
GdTbDyHoYbLu

Y

Eu

Magnetic Ins.

(b)

FIG. 3. a) The main panel shows the resistivity, and field cooled (FC) and zero field cooled (ZFC)
susceptibilities for Eu-227, while the insert the spontaneous muon oscillation frequency. Data adapted
from Refs. 80 and 81. b) Phase diagram for the pyrochlore iridates R-227 based on transport and
magnetism measurements. (This is a supplemented and modified version of the diagram found in Ref. 78.)
The R-elements that do not have a local magnetic moment are emphasized in bold magenta. The only
non-lanthanide, R = Y, is denoted by a square.

manifold. Therefore, the SOC � splits the t
2g

spinful manifold into a higher energy J
e↵

= 1/2

doublet and a lower J
e↵

= 3/2 quadruplet. In an ionic picture, since Ir4+ has 5 d-electrons, the

J
e↵

= 1/2 doublet is half-filled, and only this orbital is involved in the low energy electronic

structure. More generally, if trigonal splitting is included, the J
e↵

= 3/2 levels are split and mixed

with the J
e↵

= 1/2 ones. In the general case, there is a highest Kramers doublet, whose character

varies with the ratio of SOC to trigonal splitting, between a J
e↵

= 1/2 doublet and a S = 1/2 one.
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highest doublet is involved, we expect 4 two-fold degenerate bands near the Fermi energy, as

there are 4 Ir per unit cell. As discussed by Wan et al.
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decompose into 2 two-dimensional irreducible representations (irreps) and 1 four-dimensional irrep.

By electron counting, these bands should be half-filled, so that if the order of these irreps, in terms

of degeneracies, is 2-2-4 or 4-2-2, a band insulating state may occur, while if the order is 2-4-2,

the 4-dimensional irrep must be half-filled and hence the system cannot be gapped at the band

structure level (see the lowest panel of Figure 5(b)). The former situation was obtained by Ref. 7

based on a phenomenological but ad-hoc Hubbard model for small U . They found a transition from

a semi-metallic ground state to a TI one with increasing the ratio of SOC to hopping. Subsequently,
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rare earth moments important

Ir quantum criticality

Yesterday Udagawa-san 
concentrated on the 
latter, and I will just talk 
about the former.  Of 
course we’d like to include 
both, but this remains 
challenging.
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gp
N

� aM a +
r

2
�

2

�

+
iep
N
' a a +

1

2
(r')2

Coulomb

semimetal AIAO Ising antiferromagnetism

order parameter



Quantum criticality

Fermi surface (Hertz)
Landau damping

mismatch with electron dispersion

Semimetal
��1 ⇠ q2 + |!|/q ��1 ⇠ q +

p
|!|

matched to electrons
electrons scatter weakly electrons scatter strongly
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More details needed

kkk

ω

S(k,ω)

a preliminary plot of collective magnetic response

spin structure factor 
and ARPES spectral 
function calculations 

underway

From theory and experiment



quantum-ness

spin ice

competing 
interactions

quasi-degeneracy

spin nematicspin density wave

magnetization plateaux

skyrmions

quantum spin liquids

strong spin orbital couplingKondo effect

Fully 
classical

Local quantum 
fluctuations

Quantum 
entanglement

large quantum renormalizations

quantum criticality
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Thank you.


