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Theory institute



Models! 

• Def for this talk: “model” = a Hamiltonian 
significantly simpler than realistic electrons
+atoms



Models! 

• Models are wonderful:

• Glorious history: Ising model, Bethe chain, O(n) 
model...

• Enable our primitive classical brains to 
understand something

• Less degrees of freedom means more chance of 
successful simulation

• Not shackled by the constraints of the real world



Just playing around
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exact computation field theory



How to choose?

• Some criteria

• universal

• realistic

• interesting
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How to choose?

• Some criteria

• universal

• realistic

• interesting

• Better: addresses a significant scientific 
problem



Problems

• QCPs in itinerant fermi systems

• Learning to simulate these is an 
important goal for numerics

• c.f. F. Assaad’s talk this afternoon
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Problems

• QCPs in itinerant fermi systems

• Quantum spin liquids (QSLs) 

• Mott insulators with strong spin-orbit 
coupling



Quantum Spin Liquid

• A system of interacting local moments with 
a non-magnetic ground state breaking no 
symmetries

• A ground state exhibiting an emergent 
gauge structure that supports exotic 
excitations with fractional quantum 
numbers and/or non-local emergent 
statistical interactions



Theoretical 
phenomenology

• Resonating valence bonds: singlet pairs

• “long range entanglement”

• Effective field theories of many such states 
can be constructed from slave particle 
methods, and constitute a large family of 
lattice gauge theories

Ψ =



The “landscape”

• The number of distinct Quantum Spin Liquid (QSL)  
phases is huge

• e.g. X.G. Wen has classified hundreds of different QSL 
states all with the same symmetry on the square 
lattice (and this is not a complete list!)

• In principle we should have lots of states to compare 
with experiment

• most of these states are “understood” at least as far 
as their qualitative low temperature thermodynamics



d>1 QSL materialsQ2D organics !-(ET)2X;  spin-1/2 on triangular lattice
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Mendels group’s samples were pre-
pared at Edinburgh and at CEMES–
CNRS, Toulouse, France.

The experiments all show fairly con-
clusively that the spin-! kagome lattice
behaves as a spin liquid: Its spins do not
develop conventional antiferromagnetic
order down to temperatures as low as 
50 mK. The jury is still out, however, on
whether the putative quantum spin liq-
uid shows any exotic behavior. Interpre-
tation is difficult first of all because only
microcrystalline samples are available;
researchers have not yet been able to
grow crystals larger than a few microns.
Furthermore, even small amounts of im-
purities can affect the low-temperature
behavior and prevent ordering that
might otherwise have occurred.  

Lee comments that his group and
others are still in the early stages of
studying this material. With more expe-
rience, they hope to have a better handle
on impurities and begin to define more
precisely the low-temperature physics 
of the spin-! kagome materials.  

Quantum spin liquid 
Anderson’s 1973 paper looked at a
model in which one spin-!  particle (an
electron in the outer orbit of a magnetic
atom) is fixed at each vertex of a trian-
gular lattice and interacts antiferro-
magnetically with its neighbors. On a
square lattice, such spins order into a
Néel state, freezing into a spin solid
with alternating spins. But the triangu-
lar lattice frustrates the attempts to
order (see the article on geometrical
frustration by Roderich Moessner and
Arthur Ramirez in PHYSICS TODAY,
February 2006, page 24). 

Anderson proposed an alternative
state. He pictured a state consisting of
singlet-bond pairs, such as the configu-
ration shown in figure 1a. That config-
uration is far from unique because 
each spin has an equal probability 
of forming singlet pairs with any of 
its neighbors. Anderson defined a
resonating-valence bond state as a lin-
ear combination of all the configura-
tions that one can get by different
pairings. 

Since Anderson’s work, a team led by
Claire Lhuillier from the Pierre and
Marie Curie University in Paris found
that a triangular spin-! lattice with only
nearest-neighbor interactions can reach
an ordered state with spins on any given
triangle oriented at 120° to one another.7
Still, triangular lattices with more com-
plicated interactions remain candidates
for a quantum spin liquid. Most promis-
ing of all is the 2D spin-!  kagome lat-
tice because its vertex-sharing geometry

gives it a higher degree of frustration
than a triangular lattice and because
quantum fluctuations are particularly
strong for a low spin. 

The excitations in the spin-liquid pic-
ture result from breaking spin pairs. This
creates two single spins (spinons, with
spin s = !) that move around inde-
pendently of one another, much as elec-
trons move in a metal—even though the
material is still an insulator. By contrast,
the fundamental excitations in a mag-
netically ordered Néel state are s= 1
spin waves, known as magnons.

Theorists have studied two types of
spin liquids: those with an energy gap
and those without. In most of the for-
mer types of spin liquid, singlet bonds
form between nearby spins, and these
cost energy to break. Studies indicate
that such gapped excitations behave
much like particles, although they may
have fractional quantum numbers. The
system may have a topological order,
such as that found in the fractional
quantum Hall states.

In gapless spin liquids, there are sin-
glet bonds connecting pairs of spins that
can be spatially well separated, as well
as shorter-range pairs. Since it costs
much less energy to break the bond be-
tween widely separated spins, the spin
liquid may be gapless. This possibility,
only appreciated in recent years, is quite
intriguing. Normally, one expects a sys-
tem with a spontaneously broken sym-
metry, such as an antiferromagnet, to be
gapless: It costs little energy to excite
spin waves in the system. But a spin liq-
uid would be a gapless system with no
broken symmetry. What protects such a
system from developing a gap? 

Gapless spin liquids have been
called critical or algebraic spin liquids
because their properties are expected to
exhibit some of the same power-law de-
pendencies as those found near a criti-
cal point. The excitations might be de-
scribed by an extended wavefunction
rather than as a single particle. Theo-
rists are just starting to explore what the
properties of such a system might be.

For the spin-! kagome lattice with
nearest-neighbor interactions, Lhuil-
lier’s group, joined by Hans-Ulrich
Everts and colleagues from the Leibnitz
University in Hanover in Germany, nu-
merically calculated the energy spec-
trum and predict that there is a contin-
uum of low-lying singlet states and a
very small gap (if any) to a spin triplet
continuum.8 The big question for ex-
perimentalists is whether this predic-
tion is verified in real materials. 

Experimental signatures
The initial experiments on the newly syn-
thesized kagome material primarily ad-
dressed two questions: Does the system
remain disordered down to low temper-
atures and does it have a spin gap? 

To check for long-range magnetic
order, the group led by MIT’s Lee looked
in the neutron-scattering spectrum for
Bragg peaks. As noted by Collin Bro-
holm of the Johns Hopkins University,
however, it’s not always easy to see
Bragg peaks from a spin-! magnet in a
powder. To address this concern, the
MIT team showed that they could see
Bragg peaks in a powder sample of a
cousin of herbertsmithite that is known
to have magnetic order, but did not see
them in a similarly prepared powder of

Figure 2. Herbertsmithite, or ZnCu3(OH)6Cl2. (a) Side view shows two groups
of three copper atoms (blue) along with chlorine (green), oxygen (red), hydro-
gen (white), and zinc (orange). (b) Top view, looking down on copper planes,
reveals the kagome structure. The vertex-sharing triangles are indicated in
gray. (Adapted from ref. 3.)
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V5+ !
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No exchange, Cu2+ / V5+ !

ZH et al., JPSJ 70, 3377 (2001) !

NMR probe, V is surrounded by 6 Cu !

Monoclinic, C2/m 

a = 10.607!, b = 5.864!, c = 7.214! 

! = 94.90° 

2.94! 

3.03!  Cu1 – Cu2 

Cu2 – Cu2 

Cu2+ 

V5+ 

O2- 

!Cu2–Cu1–Cu2 = 57.87 

!Cu1–Cu2–Cu2 = 61.06 

•!Good two dimensionality 

•!No disorder between Cu2+ and V5+ ions 

•!Difference between J1 and J2 may be smaller than 20 % 

Ref.) M. A. Lafontaine et al., JSSC85, 220 (1990);  Z. Hiroi et al., JPSJ70, 3377 (2001). 
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FIG. 1: (a) Crystal structure of vesignieite BaCu3V2O8(OH)2
viewed along the a axis (left) and perpendicular to the ab
plane (right). (b) Powder XRD pattern of a polycrystalline
sample of vesignieite taken at room temperature. Peak indices
are given by assuming a monoclinic unit cell of a = 10.273 Å,
b = 5.907 Å, c = 7.721 Å and ! = 116.29!.

can be a suitable compound for realizing spin-1/2
KAFMs. The thermodynamic properties of vesignieite
are studied and compared with those of the previous
kagome compounds.

Vesignieite BaCu3V2O8(OH)2 is a natural mineral re-
ported about a half century ago [11]. It crystallizes in a
monoclinic structure of the space group C2/m with lat-
tice parameters of a = 10.271 Å, b = 5.911 Å, c = 7.711 Å,
! = 116.42! [12]. This structure consists of Cu3O6(OH)2
layers, made up of edge-shared CuO4(OH)2 octahedra
and separated by VO4 tetrahedra and Ba2+ ions (Fig.
1 (a)). Cu2+ ions form a nearly perfect kagome lattice,
though there are two crystallographic sites for them, as
in volborthite. The distortion of a Cu triangle from the
regular one is negligible (! 0.2%) with the distances be-
tween two Cu atoms being 2.962 Å (Cu1-Cu2) and 2.956
Å (Cu2-Cu2) [12]. Thus, the spatial anisotropy in J
may be much smaller than that in volborthite. More-
over, vesignieite is expected to be free of antisite disor-
der, the same as volborthite, because it contains no ions
chemically similar to Cu2+. From these structural and
chemical features, we expect that vesignieite can be an
ideal model system for the spin-1/2 KAFM to be com-
pared with herbertsmithite and volborthite.

A polycrystalline sample of BaCu3V2O8(OH)2 was
prepared by the hydrothermal method. 0.1 g of the mix-
ture of Cu(OH)2 and V2O5 in 3:1 molar ratio and 0.3
g of Ba(CH3COO)2 were put in a Teflon beaker placed
in a stainless-steel vessel. The vessel was filled up to 60
volume % with H2O, sealed and heated at 180 !C for
24 h. Sample characterization was performed by powder
x-ray di!raction (XRD) analysis using Cu-K" radiation.
Magnetic and thermodynamic properties were measured
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FIG. 2: (a) Temperature dependence of magnetic susceptibil-
ity " of vesignieite BaCu3V2O8(OH)2 polycrystalline sample
measured on heating at a magnetic field of 0.1 T. The filled
circles, open circles, and broken line represent ", "bulk, and
"imp, respectively. The solid curve on the " data between 2
and 10 K represents a Curie-Weiss (CW) fit, and that between
150 and 300 K represents a fit to the kagome lattice model
obtained by high-temperature series expansion (HTSE) [13],
which yields J/kB = 53 K and g = 2.16. The inset shows
""1, where the solid line between 200 and 300 K represents a
CW fit, which gives #W = !77 K and pe! = 1.98 µB/Cu. (b)
Temperature dependence of field-cooled and zero-field-cooled
" measured in various magnetic fields up to 5 T.

in MPMS and PPMS (Quantum Design). All the peaks
observed in the powder XRD pattern were indexed to re-
flections based on a monoclinic structure with the lattice
constants a = 10.273 Å, b = 5.907 Å, c = 7.721 Å, !
= 116.29! (Fig. 1 (b)), confirming that our sample is
single-phase vesignieite [11, 12]. The peaks are consider-
ably broad, indicating a small particle size on the order
of a few nm estimated using the Scherrer equation.

The temperature dependences of magnetic susceptibil-
ity # and inverse susceptibility #"1 of vesignieite are
shown in Fig. 2 (a). #"1 exhibits a linear tempera-
ture dependence above 150 K, interpreted as Curie-Weiss
magnetism. A Curie-Weiss fit to the data between 200
and 300 K yields a moderately large negative $W = "77
K and an e!ective moment pe! = 1.98 µB/Cu, which
is slightly larger than the spin-only value expected for
S = 1/2. The exchange coupling J and Lande g-factor
g are estimated to be J/kB = 53 K and g = 2.16, by

herbertsmithite volborthite vesignieite

Na4Ir3O8

Spin Liquid State in the S ! 1=2 Triangular Lattice Ba3CuSb2O9
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The synthesis and characterization of Ba3CuSb2O9, which has a layered array of Cu2" spins in a

triangular lattice, are reported. The magnetic susceptibility and neutron scattering experiments of this

material show no magnetic ordering down to 0.2 K with a !CW ! #55 K. The magnetic specific heat

reveals a T-linear dependence with a " ! 43:4 mJK#2 mol#1 below 1.4 K. These observations suggest

that Ba3CuSb2O9 is a new quantum spin liquid candidate with a S ! 1=2 triangular lattice.

DOI: 10.1103/PhysRevLett.106.147204 PACS numbers: 75.40.Cx, 75.40.Gb, 75.45.+j, 78.70.Nx

One of the current thrusts of modern condensed matter
science has been the realization of an important model
compound known as the quantum spin liquid (QSL)
[1,2]. The existence of these materials, in which magnetic
spins remain quantum disordered in the limit of zero
Kelvin, underpins much of modern condensed matter
theory. Previous studies have shown that QSL ground
states tend to emerge in the geometrically frustrated mate-
rials, in which the interactions among the limited magnetic
degrees of freedom lead to a strong enhancement
of quantum fluctuations. For example, the organic
salts #-$BEDT-TTF%2Cu2$CN%3 [3,4] and
EtnMe4#nSb&Pd$DMIT%2'2 [5–7] with a S ! 1=2 triangu-
lar lattice, and ZnCu3$OH%6Cl2 with a S ! 1=2 kagome
lattice [8,9] are all QSL candidates. While the study of the
QSL state in the organic compounds remains a hot topic,
there are very few inorganic materials identified as model
systems for QSL ground states. Many efforts to synthesize
spin liquids on triangular lattices in inorganic materials
have failed. In this Letter, we unveil a new candidate for a
spin liquid compound—Ba3CuSb2O9—in which Cu2"

species form a geometrically frustrated triangular lattice.
The magnetic susceptibility and neutron scattering experi-
ments on this material show no magnetic ordering down to
0.2 K despite moderately strong antiferromagnetic inter-
actions with J ( 32 K. The magnetic specific heat reveals
a T-linear dependence with a " ! 43:4 mJK#2 mol#1

below 1.4 K, suggesting that a Fermi surface forms at finite
temperatures in this inorganic insulator. These behaviors fit
the predicted signatures of a spin liquid ground state with
low amounts of chemical disorder.

Polycrystalline Ba3CuSb2O9 samples were prepared by
a solid state reaction. Appropriate mixtures of BaCO3,
CuO and Sb2O5 were ground together, pressed into pellets,
and then calcined in air at 1070 )C for several days. The
crystal structure of this 6-H perovskite-related material

with a ! b ! 5:8090 !A and c ! 14:3210 !A can be repre-
sented as a framework consisting of corner-sharing SbO6

octahedra and face-sharing CuSbO9 bioctahedra, as shown
in Figs. 1(a) and 1(b). In the bioctahedra, the Cu and Sb
cations are well ordered [10]. The Cu ions occupy the 2b
Wyckoff site of space group P63mc, and this site forms the
triangular lattice in the ab plane [Fig. 1(c)]. Therefore, the
structure can be seen as a two-dimensional triangular
magnet; i.e., the Cu magnetic triangular lattices are mag-
netically separated by the two nonmagnetic Sb layers
[Fig. 1(b)]. The powder x-ray diffraction (XRD) data of
the as-prepared sample shows a single phase and no chemi-
cal disorder between Cu and Sb down to the few percent-
age level. The distance between two Cu ions in one triangle
from the XRD refinement is uniformly 5.809(1) Å.
The temperature dependence of the dc magnetic suscep-

tibility measured with $0H ! 0:5 T for Ba3CuSb2O9

shows no signature for a magnetic transition above 1.8 K,
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FIG. 1 (color). (a) Schematic crystal structure for
Ba3CuSb2O9; (b) The layer structure along the c axis; (c) The
triangular lattice of Cu2" in the ab plane.
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QSL Models

• Proof of principle examples

• dimers (Moessner/Sondhi, ...)

• XXZ (BFG, Melko et al, ...)

• bosons (Motrunich/Senthil, ...)



QSL Models
• More realistic 

• Heisenberg antiferromagnet 

• popular theories for kagome lattice: predicts 
gapped Z2 or gapless Dirac “algebraic spin 
liquid” state  

• Hubbard/ring exchange models 

• popular theory associates spinon Fermi 
surface state with semi-itinerant regime near 
the Mott transition on the triangular lattice
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Status

• None of the theoretical QSLs is a compelling 
match to experiment, e.g:

• little connection to intermediate to high 
energy physics of experiment

• problems with aspects of low energy 
response

• recent experiments on strong insulator 
Ba3CuSb2O9 suggest behavior previously 
linked to itinerancy may not be



Status

• Role for numerics+field theory:

• Relevant models of QSLs and/or QSL 
candidate materials

• Quantitative comparisons to experiment 
to sharpen the questions
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Mendels group’s samples were pre-
pared at Edinburgh and at CEMES–
CNRS, Toulouse, France.

The experiments all show fairly con-
clusively that the spin-! kagome lattice
behaves as a spin liquid: Its spins do not
develop conventional antiferromagnetic
order down to temperatures as low as 
50 mK. The jury is still out, however, on
whether the putative quantum spin liq-
uid shows any exotic behavior. Interpre-
tation is difficult first of all because only
microcrystalline samples are available;
researchers have not yet been able to
grow crystals larger than a few microns.
Furthermore, even small amounts of im-
purities can affect the low-temperature
behavior and prevent ordering that
might otherwise have occurred.  

Lee comments that his group and
others are still in the early stages of
studying this material. With more expe-
rience, they hope to have a better handle
on impurities and begin to define more
precisely the low-temperature physics 
of the spin-! kagome materials.  

Quantum spin liquid 
Anderson’s 1973 paper looked at a
model in which one spin-!  particle (an
electron in the outer orbit of a magnetic
atom) is fixed at each vertex of a trian-
gular lattice and interacts antiferro-
magnetically with its neighbors. On a
square lattice, such spins order into a
Néel state, freezing into a spin solid
with alternating spins. But the triangu-
lar lattice frustrates the attempts to
order (see the article on geometrical
frustration by Roderich Moessner and
Arthur Ramirez in PHYSICS TODAY,
February 2006, page 24). 

Anderson proposed an alternative
state. He pictured a state consisting of
singlet-bond pairs, such as the configu-
ration shown in figure 1a. That config-
uration is far from unique because 
each spin has an equal probability 
of forming singlet pairs with any of 
its neighbors. Anderson defined a
resonating-valence bond state as a lin-
ear combination of all the configura-
tions that one can get by different
pairings. 

Since Anderson’s work, a team led by
Claire Lhuillier from the Pierre and
Marie Curie University in Paris found
that a triangular spin-! lattice with only
nearest-neighbor interactions can reach
an ordered state with spins on any given
triangle oriented at 120° to one another.7
Still, triangular lattices with more com-
plicated interactions remain candidates
for a quantum spin liquid. Most promis-
ing of all is the 2D spin-!  kagome lat-
tice because its vertex-sharing geometry

gives it a higher degree of frustration
than a triangular lattice and because
quantum fluctuations are particularly
strong for a low spin. 

The excitations in the spin-liquid pic-
ture result from breaking spin pairs. This
creates two single spins (spinons, with
spin s = !) that move around inde-
pendently of one another, much as elec-
trons move in a metal—even though the
material is still an insulator. By contrast,
the fundamental excitations in a mag-
netically ordered Néel state are s= 1
spin waves, known as magnons.

Theorists have studied two types of
spin liquids: those with an energy gap
and those without. In most of the for-
mer types of spin liquid, singlet bonds
form between nearby spins, and these
cost energy to break. Studies indicate
that such gapped excitations behave
much like particles, although they may
have fractional quantum numbers. The
system may have a topological order,
such as that found in the fractional
quantum Hall states.

In gapless spin liquids, there are sin-
glet bonds connecting pairs of spins that
can be spatially well separated, as well
as shorter-range pairs. Since it costs
much less energy to break the bond be-
tween widely separated spins, the spin
liquid may be gapless. This possibility,
only appreciated in recent years, is quite
intriguing. Normally, one expects a sys-
tem with a spontaneously broken sym-
metry, such as an antiferromagnet, to be
gapless: It costs little energy to excite
spin waves in the system. But a spin liq-
uid would be a gapless system with no
broken symmetry. What protects such a
system from developing a gap? 

Gapless spin liquids have been
called critical or algebraic spin liquids
because their properties are expected to
exhibit some of the same power-law de-
pendencies as those found near a criti-
cal point. The excitations might be de-
scribed by an extended wavefunction
rather than as a single particle. Theo-
rists are just starting to explore what the
properties of such a system might be.

For the spin-! kagome lattice with
nearest-neighbor interactions, Lhuil-
lier’s group, joined by Hans-Ulrich
Everts and colleagues from the Leibnitz
University in Hanover in Germany, nu-
merically calculated the energy spec-
trum and predict that there is a contin-
uum of low-lying singlet states and a
very small gap (if any) to a spin triplet
continuum.8 The big question for ex-
perimentalists is whether this predic-
tion is verified in real materials. 

Experimental signatures
The initial experiments on the newly syn-
thesized kagome material primarily ad-
dressed two questions: Does the system
remain disordered down to low temper-
atures and does it have a spin gap? 

To check for long-range magnetic
order, the group led by MIT’s Lee looked
in the neutron-scattering spectrum for
Bragg peaks. As noted by Collin Bro-
holm of the Johns Hopkins University,
however, it’s not always easy to see
Bragg peaks from a spin-! magnet in a
powder. To address this concern, the
MIT team showed that they could see
Bragg peaks in a powder sample of a
cousin of herbertsmithite that is known
to have magnetic order, but did not see
them in a similarly prepared powder of

Figure 2. Herbertsmithite, or ZnCu3(OH)6Cl2. (a) Side view shows two groups
of three copper atoms (blue) along with chlorine (green), oxygen (red), hydro-
gen (white), and zinc (orange). (b) Top view, looking down on copper planes,
reveals the kagome structure. The vertex-sharing triangles are indicated in
gray. (Adapted from ref. 3.)

a b

Monoclinic, C2/m 

a = 10.607! 

b = 5.864! 
c = 7.214! 

! = 94.90°!

Lafontaine et al., J. Solid State Chem. 85, 220 (1990) !

2.94!!3.03! !

~3% !

V5+ !
Cu2+ !

Cu1 !

Cu2 !

V5+ !

J’
!

J
!

J
! J – J – J’ kagome 

No exchange, Cu2+ / V5+ !

ZH et al., JPSJ 70, 3377 (2001) !

NMR probe, V is surrounded by 6 Cu !

Monoclinic, C2/m 

a = 10.607!, b = 5.864!, c = 7.214! 

! = 94.90° 

2.94! 

3.03!  Cu1 – Cu2 

Cu2 – Cu2 

Cu2+ 

V5+ 

O2- 

!Cu2–Cu1–Cu2 = 57.87 

!Cu1–Cu2–Cu2 = 61.06 

•!Good two dimensionality 

•!No disorder between Cu2+ and V5+ ions 

•!Difference between J1 and J2 may be smaller than 20 % 

Ref.) M. A. Lafontaine et al., JSSC85, 220 (1990);  Z. Hiroi et al., JPSJ70, 3377 (2001). 
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FIG. 1: (a) Crystal structure of vesignieite BaCu3V2O8(OH)2
viewed along the a axis (left) and perpendicular to the ab
plane (right). (b) Powder XRD pattern of a polycrystalline
sample of vesignieite taken at room temperature. Peak indices
are given by assuming a monoclinic unit cell of a = 10.273 Å,
b = 5.907 Å, c = 7.721 Å and ! = 116.29!.

can be a suitable compound for realizing spin-1/2
KAFMs. The thermodynamic properties of vesignieite
are studied and compared with those of the previous
kagome compounds.

Vesignieite BaCu3V2O8(OH)2 is a natural mineral re-
ported about a half century ago [11]. It crystallizes in a
monoclinic structure of the space group C2/m with lat-
tice parameters of a = 10.271 Å, b = 5.911 Å, c = 7.711 Å,
! = 116.42! [12]. This structure consists of Cu3O6(OH)2
layers, made up of edge-shared CuO4(OH)2 octahedra
and separated by VO4 tetrahedra and Ba2+ ions (Fig.
1 (a)). Cu2+ ions form a nearly perfect kagome lattice,
though there are two crystallographic sites for them, as
in volborthite. The distortion of a Cu triangle from the
regular one is negligible (! 0.2%) with the distances be-
tween two Cu atoms being 2.962 Å (Cu1-Cu2) and 2.956
Å (Cu2-Cu2) [12]. Thus, the spatial anisotropy in J
may be much smaller than that in volborthite. More-
over, vesignieite is expected to be free of antisite disor-
der, the same as volborthite, because it contains no ions
chemically similar to Cu2+. From these structural and
chemical features, we expect that vesignieite can be an
ideal model system for the spin-1/2 KAFM to be com-
pared with herbertsmithite and volborthite.

A polycrystalline sample of BaCu3V2O8(OH)2 was
prepared by the hydrothermal method. 0.1 g of the mix-
ture of Cu(OH)2 and V2O5 in 3:1 molar ratio and 0.3
g of Ba(CH3COO)2 were put in a Teflon beaker placed
in a stainless-steel vessel. The vessel was filled up to 60
volume % with H2O, sealed and heated at 180 !C for
24 h. Sample characterization was performed by powder
x-ray di!raction (XRD) analysis using Cu-K" radiation.
Magnetic and thermodynamic properties were measured
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FIG. 2: (a) Temperature dependence of magnetic susceptibil-
ity " of vesignieite BaCu3V2O8(OH)2 polycrystalline sample
measured on heating at a magnetic field of 0.1 T. The filled
circles, open circles, and broken line represent ", "bulk, and
"imp, respectively. The solid curve on the " data between 2
and 10 K represents a Curie-Weiss (CW) fit, and that between
150 and 300 K represents a fit to the kagome lattice model
obtained by high-temperature series expansion (HTSE) [13],
which yields J/kB = 53 K and g = 2.16. The inset shows
""1, where the solid line between 200 and 300 K represents a
CW fit, which gives #W = !77 K and pe! = 1.98 µB/Cu. (b)
Temperature dependence of field-cooled and zero-field-cooled
" measured in various magnetic fields up to 5 T.

in MPMS and PPMS (Quantum Design). All the peaks
observed in the powder XRD pattern were indexed to re-
flections based on a monoclinic structure with the lattice
constants a = 10.273 Å, b = 5.907 Å, c = 7.721 Å, !
= 116.29! (Fig. 1 (b)), confirming that our sample is
single-phase vesignieite [11, 12]. The peaks are consider-
ably broad, indicating a small particle size on the order
of a few nm estimated using the Scherrer equation.

The temperature dependences of magnetic susceptibil-
ity # and inverse susceptibility #"1 of vesignieite are
shown in Fig. 2 (a). #"1 exhibits a linear tempera-
ture dependence above 150 K, interpreted as Curie-Weiss
magnetism. A Curie-Weiss fit to the data between 200
and 300 K yields a moderately large negative $W = "77
K and an e!ective moment pe! = 1.98 µB/Cu, which
is slightly larger than the spin-only value expected for
S = 1/2. The exchange coupling J and Lande g-factor
g are estimated to be J/kB = 53 K and g = 2.16, by

herbertsmithite volborthite vesignieite

Spin Liquid State in the S ! 1=2 Triangular Lattice Ba3CuSb2O9
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The synthesis and characterization of Ba3CuSb2O9, which has a layered array of Cu2" spins in a

triangular lattice, are reported. The magnetic susceptibility and neutron scattering experiments of this

material show no magnetic ordering down to 0.2 K with a !CW ! #55 K. The magnetic specific heat

reveals a T-linear dependence with a " ! 43:4 mJK#2 mol#1 below 1.4 K. These observations suggest

that Ba3CuSb2O9 is a new quantum spin liquid candidate with a S ! 1=2 triangular lattice.

DOI: 10.1103/PhysRevLett.106.147204 PACS numbers: 75.40.Cx, 75.40.Gb, 75.45.+j, 78.70.Nx

One of the current thrusts of modern condensed matter
science has been the realization of an important model
compound known as the quantum spin liquid (QSL)
[1,2]. The existence of these materials, in which magnetic
spins remain quantum disordered in the limit of zero
Kelvin, underpins much of modern condensed matter
theory. Previous studies have shown that QSL ground
states tend to emerge in the geometrically frustrated mate-
rials, in which the interactions among the limited magnetic
degrees of freedom lead to a strong enhancement
of quantum fluctuations. For example, the organic
salts #-$BEDT-TTF%2Cu2$CN%3 [3,4] and
EtnMe4#nSb&Pd$DMIT%2'2 [5–7] with a S ! 1=2 triangu-
lar lattice, and ZnCu3$OH%6Cl2 with a S ! 1=2 kagome
lattice [8,9] are all QSL candidates. While the study of the
QSL state in the organic compounds remains a hot topic,
there are very few inorganic materials identified as model
systems for QSL ground states. Many efforts to synthesize
spin liquids on triangular lattices in inorganic materials
have failed. In this Letter, we unveil a new candidate for a
spin liquid compound—Ba3CuSb2O9—in which Cu2"

species form a geometrically frustrated triangular lattice.
The magnetic susceptibility and neutron scattering experi-
ments on this material show no magnetic ordering down to
0.2 K despite moderately strong antiferromagnetic inter-
actions with J ( 32 K. The magnetic specific heat reveals
a T-linear dependence with a " ! 43:4 mJK#2 mol#1

below 1.4 K, suggesting that a Fermi surface forms at finite
temperatures in this inorganic insulator. These behaviors fit
the predicted signatures of a spin liquid ground state with
low amounts of chemical disorder.

Polycrystalline Ba3CuSb2O9 samples were prepared by
a solid state reaction. Appropriate mixtures of BaCO3,
CuO and Sb2O5 were ground together, pressed into pellets,
and then calcined in air at 1070 )C for several days. The
crystal structure of this 6-H perovskite-related material

with a ! b ! 5:8090 !A and c ! 14:3210 !A can be repre-
sented as a framework consisting of corner-sharing SbO6

octahedra and face-sharing CuSbO9 bioctahedra, as shown
in Figs. 1(a) and 1(b). In the bioctahedra, the Cu and Sb
cations are well ordered [10]. The Cu ions occupy the 2b
Wyckoff site of space group P63mc, and this site forms the
triangular lattice in the ab plane [Fig. 1(c)]. Therefore, the
structure can be seen as a two-dimensional triangular
magnet; i.e., the Cu magnetic triangular lattices are mag-
netically separated by the two nonmagnetic Sb layers
[Fig. 1(b)]. The powder x-ray diffraction (XRD) data of
the as-prepared sample shows a single phase and no chemi-
cal disorder between Cu and Sb down to the few percent-
age level. The distance between two Cu ions in one triangle
from the XRD refinement is uniformly 5.809(1) Å.
The temperature dependence of the dc magnetic suscep-

tibility measured with $0H ! 0:5 T for Ba3CuSb2O9

shows no signature for a magnetic transition above 1.8 K,

Sb(1)

Cu

Sb(2)

Cu

a b

c
(b)

Ba Cu

Sb(1) Sb(2)

O

(a)

a
b

c

(c)

a

b

Cu
Cu

5.8 Å

FIG. 1 (color). (a) Schematic crystal structure for
Ba3CuSb2O9; (b) The layer structure along the c axis; (c) The
triangular lattice of Cu2" in the ab plane.
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Ba3CuSb2O9

...
Do we really understand the models 

and materials?



Model Issues
• Unknowns:

• spatial anisotropy

• 3d coupling

• Dzyaloshinskii-Moriya

• itinerancy

• disorder

• Dialog between theory and experiment is necessary 
to sharpen the comparison



Connecting to 
experiment

• Apart from obviously trying to search for 
and study QSL ground states, one can try 
to make other very useful comparisons

• Magnetization process

• Neutron scattering (here we are mostly 
lacking experimental data)



Triangular

2

FIG. 1: (Color online) (a) Evolution of the temperature dif-
ference between the sample and thermal reservoir due to
the magnetocaloric e!ect at 180 mK, with arrows indicating
the field-sweep directions. (b) Derivative of magnetic torque
with respect to H at temperatures near 400 mK. To pro-
duce a torque, the magnetic field was slightly tilted away
from the c axis toward the b axis, by the angle indicated
for each curve. (c) Magnetic phase diagram deduced from
the magnetocaloric-e!ect data taken at various temperatures.
Circles indicate second-order phase boundaries, whereas other
symbols except the open diamonds indicate first-order bound-
aries. Open diamonds are the positions of the large features
near Hs and do not indicate a phase boundary. Lines are
guides to the eye. Data for H ! 18 T are from Ref. [10],
where open circles are from specific heat.

of the temperature di!erence, thereby revealing the
sign and magnitude of (!M/!T )H. Transitions be-
tween phases appear as deviations from a smoothly vary-
ing "T . First-order phase transitions will also reveal
the release/absorption of latent heat as the sample en-
ters/leaves a lower entropy state. At su#ciently low tem-
peratures, there will also be an additional heat release as
a metastable state gives way to the lower energy stable
state for both field-sweep directions through a first-order
transition.

M/M  =1/ 3

a b

dc

s M/M  =1/ 2s

M/M  =5/ 9s M/M  =2/ 3s

FIG. 2: (Color online) Collinear states on the triangular lat-
tice at M/Ms = 1

3
, 1

2
, 5

9
, and 2

3
. Arrows indicate down spins

antiparallel to the magnetic field. Vertices with no arrows
indicate up spins pointing in the direction of the field, with
broken lines marking rows containing both spins and solid
lines marking rows of only up spins. The A phase may resem-
ble the M/Ms = 1

2
state, albeit not collinear.

Magnetocaloric-e!ect measurements can be made us-
ing swept fields [14], stepped fields [15], or modulated
fields [16]. The resolution and reproducibility of dc field
magnetocaloric measurements have traditionally been
limited by temperature fluctuations, drift, and slow ther-
mal response, all requiring high sweep rates producing
additional heating. In this experiment, we have overcome
these challenges to swept-field measurements through ac-
tively stabilizing the temperature of the thermal reservoir
(sapphire/silver platform), minimizing the heat capac-
ity of the addenda, and reducing the thermal relaxation
time to less than 1 second. The reservoir temperature
was maintained at a constant true temperature using the
algorithm outlined in Ref. [17] to correct for the magne-
toresistance of the sensor.

Magnetic phase transitions appear as anomalies in the
sample temperature as shown in Fig. 1a. The phase di-
agram deduced from our magnetocaloric-e!ect data is
shown in Fig. 1c, along with phase boundaries for fields
H ! 18T from Ref. [10]. Additional evidence for this
diagram is provided by the magnetic-torque data shown
in Fig. 1b. Even for S = 1

2
spins, theory has long as-

sumed that the field region above the uud phase contains
only one coplanar phase [4], at least for the isotropic
Heisenberg hamiltonian. We find instead a remarkable
cascade of phases in this field region. The boundaries
between these ordered phases are nearly vertical, indi-
cating that the phase diagram is primarily determined
by the zero-temperature energies, not the entropies, of
di!erent states. We are witnessing a cascade of quantum

Cs2CuBr4: Fortune et al, 2009
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FIG. 10: Schematic phase diagram for the anisotropic trian-
gular lattice in magnetic field, combining 6!6 study as well as
larger cluster studies. We suggest the possibility that the uud
plateau extends across the entire range of anisotropy. The V
phase is commensurate (see Fig. 2) near the isotropic axis
and the plateau but becomes incommensurate at moderate
anisotropy and higher fields. The highly anisotropic region
is not well resolved in our variational study. The low field
regime is also not studied thoroughly in this work, while pre-
vious studies20,23,25 suggest spin liquid state along h = 0 and
! > 0.2.

Figure 10 shows a schematic phase diagram based on
the 6 ! 6 anisotropic study as well as studies on larger
clusters. Here, we address a number of unresolved re-
gions in Fig. 9: limits of the uud plateau, the boundary
between V and spiral, and the boundary between com-
mensurate and incommensurate V . We find that the uud
phase extends much futher and may be even to all !.
Also, a significant portion of the phase diagram at high
fields is occupied by the incommensurate V phase.
We note that our work does not rule out other in-

commensurate phases found in the recent study by Al-
icea. et al9 For example, we were not able to come up
with a good implementation of the incommensurate ex-
tension of the Y state. On the other hand, we did try Bijl-
Jastrow-type wavefunctions for distorted umbrella states
discussed in Ref. 9, which are commensurate supersolids
with incommensurate spiral phase angles. On the 36-site
cluster, these trial states optimized to the incommensu-
rate spiral with uniform boson density, but we have not
explored this thoroughly on larger clusters. Overall, our
results are more conclusive at low densities and much less
at high densities between 1/3 and 1/2.

IV. SUMMARY AND DISCUSSION

We studied the Heisenberg antiferromagnet on the
spatially anisotropic triangular lattice in the field from
a variational perspective. On the isotropic lattice, we

constructed a very simple and physically transparent
permanent-type wavefunction for the uud state at density
1/3. This is a Mott insulator of bosons where we accu-
rately included small charge fluctuations by using appro-
priate localized boson orbitals. The remarkable trial en-
ergy suggests that such approach may be useful in other
Mott insulator contexts. Next, we obtained natural ex-
tensions to nearby V and Y supersolid phases respec-
tively for n <" 1/3 and n >" 1/3, where the physics re-
mains strongly influence by the proximity to n = 1/3.
By connecting to a Bijl-Jastrow-type candidate wave-
function at low density, the coplanar V phase extends
to all n < 1/3 (i.e., up to the saturation field in the spin
model language). Note, however, that at very low density
another coplanar state (!-type) is expected to be very
close,11 and we cannot resolve between the two. On the
higher density side of the plateau (i.e., at lower fields),
the permanent-type Y wavefunction performs well near
the plateau but narrowly loses to the Huse-Elser spiral
candidate at densities close to half-filling (zero field). The
latter result is consistent with other recent works.21,24,26

The success of our isotropic study encouraged us to
extend it to the anisotropic lattice. At density n = 1/3,
we begin with the permanent-type realization of the uud
and then connect to a conceptually similar but techni-
cally di"erent 2-parton realization at higher anisotropy.
Surprisingly, we found that the uud phase remains stable
over a large range of anisotropy. In conjunction with the
same CDW phase found in the decoupled chains limit,10

we suggest that the uud phase may in fact extend across
the entire range of anisotropy. This conjecture can be
tested more rigorously using a DMRG study on finite-
width strips.
In the low boson density region (i.e., at high fields),

the Bijl-Jastrow-type V commensurate supersolid wave-
function is smoothly connected to the incommensurate
version. This state competes with the incommensurate
spiral, and we can accurately compare the two. We found
that the incommensurate V state has lower energy in a
large region of the phase diagram, extending up to a fairly
large value of anisotropy in the very dilute regime (i.e.,
close to the saturation fields). On the other hand, the V
phase remains commensurate near the isotropic axis and
the plateau.
In the high density regime (i.e., at low fields), we at-

tempted to construct an incommensurate Y candidate
using a Bijl-Jastrow-type wavefunction but found that
this construction performs poorly. This low field region
at moderate to high lattice anisotropy calls for more com-
prehensive investigation.
One of the goals we had was to explore possible new

plateaus in the high field regime of Cs2CuBr4. We have
learned that the phase diagram is already very rich even
without considering any additional plateaus. Neverthe-
less, for several densities such as 1/6, 2/9, and 1/4 we
implemented permanent-type wavefunctions for various
proposed CDW from Ref. 7 as well as for some addi-
tional stripe-like orderings, and inevitably found that ei-

Tay, Motrunich 2010

Rich intermediate field features put strong 
constraints on anisotropy, DM



Kagome

Volborthite�

Vesignieite�

Probably not due to 
spatial anisotropy but ... 

Intrinsic for the S-1/2 
KAFM? 

• Plateau or a vicinal slope 
 at ~0.4Ms above Ms/3 

• Small plateau fields�

Commonly to two kagomes:�

Z. Hiroi

H<70T



Problems

• QCPs in itinerant fermi systems

• Quantum spin liquids (QSLs) 

• Mott insulators with strong spin-orbit 
coupling
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Strong SOC

• Strong SOC may sometimes encourage 
quantum spin liquid behavior by

• inducing strong multipolar interactions 
that enhance quantum fluctuations

• creating specific Ising-like couplings that 
are extremely frustrated

• Even more novel spin-orbit coupled states 
are possible in the intermediate correlation 
regime, near the Mott transition
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d>1 QSL materials

κ-(BEDTTTF)2Cu2(CN)3

EtMe3Sb[Pd(dmit)2]2
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Rock salt double perovskites

B
B’

A2BB’O6

fcc lattice

B’

Material B’ ΘCW

Ba2YMoO6 Mo5+ (4d1) -90K to -219K

La2LiMoO6 Mo5+ (4d1) -45K

Sr2MgReO6 Re6+ (5d1) -426K

Sr2CaReO6 Re6+ (5d1) -443K

Ba2CaReO6 Re6+ (5d1) -40K

Ba2LiOsO6 Os7+ (5d1) -40K

Ba2NaOsO6 Os7+ (5d1) -10K to -32K

Cussen et al (2006)
de Vries et al (2010)
Aharen et al (2010)
Wiebe et al (2003)
Wiebe et al (2002)

Yamamura et al (2006)
Stitzer et al (2002)

Erickson et al (2007)



Rock salt double perovskites

B
B’

A2BB’O6

fcc lattice

B’

Material B’ ΘCW

Ba2YMoO6 Mo5+ (4d1) -90K to -219K

La2LiMoO6 Mo5+ (4d1) -45K

Sr2MgReO6 Re6+ (5d1) -426K

Sr2CaReO6 Re6+ (5d1) -443K

Ba2CaReO6 Re6+ (5d1) -40K

Ba2LiOsO6 Os7+ (5d1) -40K

Ba2NaOsO6 Os7+ (5d1) -10K to -32K

λ~100meV

λ~400meV



Rock salt double perovskites

B
B’

A2BB’O6

fcc lattice

B’

Material B’ ΘCW

Ba2YMoO6 Mo5+ (4d1) -90K to -219K

La2LiMoO6 Mo5+ (4d1) -45K

Sr2MgReO6 Re6+ (5d1) -426K

Sr2CaReO6 Re6+ (5d1) -443K

Ba2CaReO6 Re6+ (5d1) -40K

Ba2LiOsO6 Os7+ (5d1) -40K

Ba2NaOsO6 Os7+ (5d1) -10K to -32K

λ~400meV

no order 
down to 2K



Single ion physics
t2g orbitals

yz xz xy
= effective l=1 orbital 
angular momentum
Pt2gL�=2Pt2g = −L�=1

t2g −λL · S

�=1
s= 1

2
j= 1

2

j= 3
2

λ



Quantum fluctuations
• Usually s>1 spins are expected to be rather 

classical - why?

• Exchange induces only jz=±1 transitions

m = 3
2

1
2− 1

2− 3
2

ji · jj = jzi j
z
j + 1

2 (j
+
i j−j + j−i j+j )

ψ(m)
Spin wavefunction is 

peaked around 
classical state



Quantum fluctuations
• Higher order exchange

• Exchange induces Δjz=±1,±2,±3 transitions

m = 3
2

1
2− 1

2− 3
2

ψ(m)
May have much less 

classical state

H ∼ j
+
i j

−
j + (j+i )2(j−j )2 + (j+i )3(j−j )3 + · · ·

c.f. G. Chen et al, PRB 
80,174440 (2010).



T=0 Phase diagram
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Experiments

• Ba2YMoO6 appears the best candidate for a 
QSL in these materials, but the situation is 
unclear at present

• Very recent experiments [JP Carlo et al, 
arXiv:1105.3457] claim to have observed a 
singlet-triplet gap of 29meV suggesting 
some sort of singlet “RVB” ground state



Rare earth pyrochlores

Introduction
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Ir4+: 5d5 Conduction electrons

Ln3+: (4f)n Localized moment
Magnetic frustration

Itinerant electron system 
on the pyrochlore lattice 

Ir[t2g]+O[2p] conduction band

Metal Insulator Transition
(Ln=Nd, Sm, Eu, Gd, Tb, Dy, Ho)

K. Matsuhira et al. : J. Phys. Soc. Jpn. 76 (2007) 043706.
(Ln=Nd, Sm, Eu)

IrO6

Ln

O!

pyrochlore oxides

1

BO6

A

A2B2O7

probably the most studied, followed by the zirconates,
but many are still poorly represented in the literature.
Both the titanate and zirconate pyrochlores were first
reported by Roth !1956". Since then, over 1000 papers
have been published on the two families.

C. Metal-insulator transitions in the oxide pyrochlores

Two types of metal-insulator !MI" transitions occur in
the oxide pyrochlore family. First are those that, as a
function of a thermodynamic variable !e.g., temperature,
magnetic field, or pressure", change their transport prop-
erties, for example, Tl2Mn2O7 !Fujinaka et al., 1979".
Second, there is the series of compounds where the
room temperature character changes from metal to in-
sulator as the rare-earth ion changes, for example, the
molybdate !Greedan et al., 1986" or iridate series
!Yanagishima and Maeno, 2001". There appears to be
little controversy over the first class of MI transition;
however, for the second type the exact position of this
transition is a topic of debate. For example, in the mo-
lybdenum pyrochlore series, studies of their bulk prop-
erties have indicated a strong correlation between the
magnetism and electrical transport properties, i.e., in
early studies the ferromagnets were found to be metallic
while the paramagnets were insulating !Greedan et al.,
1987; Ali et al., 1989". Indeed, the dependence of the
lattice constant a0 on the A3+ radius showed a distinct
break at the MI boundary !see Fig. 7". In some subse-
quent studies, however, Gd2Mo2O7 is clearly insulating
!Cao et al., 1995; Kézsmárki et al., 2004". The initial stud-
ies were carried out on polycrystalline samples, pre-
pared between 1300 and 1400 °C and, in at least one
case, in a CO/CO2 “buffer gas” mixture which fixes the
oxygen partial pressure during synthesis !Greedan et al.,
1986". Several subsequent studies have used single crys-
tals grown by various methods above 1800 °C, including
melt and floating zone growths !Raju and Gougeon,
1995; Moritomo et al., 2001; Kézsmárki et al., 2004".

While the polycrystalline samples have been fairly well
characterized, including elemental analysis, thermal
gravimetric weight gain and measurement of the cubic
lattice constant a0, this is less true of the single crystals.
The differences between polycrystalline and single-
crystalline samples can be monitored most simply using
the unit cell constant as shown in Fig. 8 in which unpub-
lished data !Raju and Gougeon, 1995" for a selection of
single crystals of Gd2Mo2O7 are plotted. Note that as a0
increases the samples become more insulating. In all
cases, a0 for the crystals exceeds that for the metallic,
polycrystalline sample which is 10.337!1" Å. From accu-
rate structural data for the powders and single crystals, it
has been determined that the increase in a0 correlates
with an increase in the Mo-O distance as shown in Fig. 8.
The most likely origin of this systematic increase is the
substitution of the larger Mo3+ for Mo4+ which can arise
from oxygen deficiency in the crystals, resulting in the
formula Gd2Mo2!2x

4+Mo2x
3+O7!x. Note that other defect

mechanisms, such as vacancies on either the A or Mo

Possible A-site elements
and B site elements

FIG. 6. !Color online" Ele-
ments known to produce the
!3+ ,4+ " cubic pyrochlore ox-
ide phase.
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FIG. 7. Variation in unit cell constant and physical properties
of the series A2Mo2O7 with the A3+ radius. From Ali et al.,
1989.
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RMP 2010.
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Local Physics

• 4f electrons are well localized: textbook 
example of Hund’s rules 

• Strong SOC: local J eigenstates split by 
crystal fields

• Result: typically the ground state is a 
doublet

• So there is typically an effective S=1/2 
description - with natural local quantization 
axis
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exchange terms dominate in Yb2Ti2O7, 
Er2Ti2O7, Tb2Ti2O7, Pr2Sn2O7 + ???



T=0 Phase Diagram?
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T=0 Phase Diagram?
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spin ice



Yb2Ti2O7
pyrochlore lattice

[110] magnetic Field-Induced   

Long Range Order in Yb2Ti2O7 

Sharp spin waves at all wavevectors indicate that the system has entered 

a long range ordered phase induced by modest [110] magnetic fields 

• Spin waves appear absent in low field, but 
emerge for B>0.5T

• a low field spin liquid state?

K.A. Ross et al (2009)



Fractionalization

• Generally, a neutron excites two 
monopoles/spinons in the QSL

• This results in two-particle continuum 
scattering, rather than sharp magnons or 
triplons

E

k

c.f. diffuse scattering 
in Yb2Ti2O7?

[110] magnetic Field-Induced   

Long Range Order in Yb2Ti2O7 

Sharp spin waves at all wavevectors indicate that the system has entered 

a long range ordered phase induced by modest [110] magnetic fields 



Spin interactions
• Complete phenomenological Hamiltonian 

extracted from INS with B=5T

K. Ross, L. Savary, 
B. Gaulin, and LB
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A flurry of recen
t theoreti

cal and
experim

ental wo
rk has highligh

ted exotic physics
in the clas-

sical dip
olar spin ice compounds,

Ho2Ti2O7 and Dy2Ti2O7, whi
ch have been shown to exhibit

an

emergent “artifici
al magnetost

atics”, m
anifestin

g as Coulom
bic diffuse spin correlat

ions and parti-

cles behavin
g as diffusive

“magnetic
monopole

s”. Here we discuss
the related

material Y
b2Ti2O7,

and extract
its full set

of Hamiltonian
parameters from high field inelastic

neutron
scatterin

g ex-

periments. These results
show that Yb2Ti2O7 is in fact a highly quantum

analog
of spin ice.

Furtherm
ore we show that the

Hamiltonian
may support

a Coulom
bic quantum

spin liquid ground

state in low field, wh
ich could explain

some puzzling
features

in prior ex
periments. Th

is is the
first

potentia
l sightin

g of a quantum
spin liquid state in a material i

n which the spin Hamiltonian
is

quantita
tively known,

and opens th
e door to

a wide range of fascin
ating phenom

ena that up
to now

have been discusse
d only theoreti

cally.

Rare earth pyrochlo
res display

a diverse
set of fasci-

nating physical
phenom

ena.
1 One of the most interest-

ing aspects
of these materials

from the point of view

of funda
mental ph

ysics is the strong frustrati
on experi-

enced by coupled
magnetic m

oments on this latt
ice. The

best exp
lored materials

exhibitin
g this fru

stration
are the

“spin-ice
” compounds,

Ho2Ti2O7, Dy2Ti2O7, in which

the moments can be regarded
as classical

spins with a

strong easy-axi
s (Ising)

anisotro
py2

,3 . The fr
ustration

of

these moments resu
lts in a remarkable

classical
spin liq-

uid regime exhibitin
g Coulombic correlati

ons and emer-

gent “magnetic
monopole”

excitatio
ns that have now

been studied
extensiv

ely in theory and experim
ent

4–6 .

Strong quantum
effects a

re absen
t in the spin

ice com-

pounds,
but can

be significa
nt in rare earth pyrochlo

res

with easy-pla
ne rather than easy-axi

s anisotro
py. The

materials
Yb2Ti2O7 and Er2Ti2O7 have been identifie

d

as of this type, and it has recently
been argued

that

the spins in these materials
are controlle

d by exchang
e

coupling
rather t

han the long-ran
ge dipolar

interacti
ons

which dominate in spin ice
11,17 . Because

of the strong

spin-orb
it and crystal fi

eld effects, t
he spin dynamics at

low temperature
is dominated by a single Kramers dou-

blet form
ed out of th

e underl
ying J = 7/2 Yb

3+ spins in

Yb2Ti2O7. This can be consider
ed as an effective

spin

S = 1/2 moment, for
which the stronges

t possib
le quan-

tum effects are expected
. This makes these materials

nearly unique e
xamples of s

trongly
quantum

magnets o
n

the highly frustrate
d pyrochlo

re lattice.
They are also

nearly ideal su
bjects for detailed

experim
ental in

vesti-

gation,
existing

as they do in large high purity single

crystals,
and with large magnetic

moments am
enable to

neutron
scatterin

g studies.

Theoret
ical stud

ies have pointed
to the likelihoo

d of

unusual
ground

states of quant
um antiferro

magnets on

the pyrochlo
re lattice.

Most excit
ing is the possibili

ty of

a quantum
spin liquid (QSL) state, w

hich avoids mag-

netic ord
ering and freezing

even at absolu
te zero temper-

FIG. 1. (color online)
The measured

S(Q,ω) at T=30mK,

sliced along various
direction

s in the [HHL] plane
, for both

µ0H=5T (first row) and µ0H=2T (third row). The second

and fourth row show the calculat
ed spectrum

for these two

field strength
s, based

on an anisotro
pic exchang

e model wit
h

five free parameters (see text) that were extracte
d by fitting

to the 5T data set. For
a realistic

comparison
to the data

, the

calculat
ed S(Q,ω) is co

nvoluted
with a gaussian

of full-w
idth

0.09meV. Both the 2T and 5T data sets, com
prised of spin

wave dispersi
ons alon

g five different
direction

s, are describe
d

extremely well by
the same parameters.

ature, an
d whose elementary excitatio

ns carry
fractiona

l

quantum
numbers and

are decidedl
y different

from spin

waves
7 . Intriguin

gly, neutron
scatterin

g measurem
ents

have reported
a lack of magnetic

ordering
and the ab-

sence of spin
waves in Yb2Ti2O7 at low fields

8,9 . In a

recent st
udy, sha

rp spin waves em
erged when a magnetic

field of 0.5T
or larger was applied,

suggesti
ng that the

system transitio
ned into a conventi

onal sta
te9 . The

pos-

Jzz = 0.17±0.04 meV
J± = 0.05±0.01 meV Jz± = 0.14±0.01 meV J±± = 0.05±0.01 meV



Fluctuations

• Comparison with mean field theory fails 
badly at low field

0 1.0 2.0 3.00.0
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xy0

110MFT predicts 
an ordered 
ferromagnet 

here

thermodynamic phase 
transition observed here:

14 times lower temperature 
than mean field Tc
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T=0 Phase Diagram

J±/Jzz

J++/Jzz

Jz±/Jzz

QSL

spin 
ice

U(1) QSL = emergent compact QED
M. Hermele, MPA Fisher, L. Balents, 2004 





Excitations

• Where spin ice realizes “emergent 
magnetostatics”, the QSL is “emergent 
compact quantum electrodynamics”

• coherent propagating monopoles = 
“spinons”

• dual (electric) monopoles 

• artificial photon

Hermele et al, 2004
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• Interesting to place other pyrochlores on 
this phase diagram

• And to check it by numerics!



Intermediate Correlation

U/t

λ/t

metals, band 
insulators

strong SOC 
Mott insulators

• Many 5d transition metal compounds are 
close to Mott transitions, where U~t~λ

+ topological 
insulators

QSL

AF

iridates

Ln2Ir2O7 
Sr2IrO4

Na2IrO3
...



From TBI to MI

• How does a topological insulator evolve 
into a Mott insulator with increasing 
correlations?

• Might a QSL still be favored for 
intermediate correlations?

• If so, it could share some of the character 
of the topological insulator

• One such state is a “topological Mott 
insulator” [Pesin + Balents, (2010)]



Topological Mott 
Insulator

c†ia ∼ b†ifia
neutral fermionic “spinon” 

inherits band topology

gapless surface states are 
neutral: an insulating surface 

with metal-like spin transport



From TBI to MI

TBI AF MI

TBI AF MITBI w/ AF surface

TBI AF MITMI

...

• Many scenarios are possible, and will 
depend upon the details

Hartree-Fock

slave rotor

2

typically gapped. Such a three dimensional electronic
structure has, to our knowledge, not been discussed be-
fore.

A key property of this Dirac semi-metal phase of two
component Dirac fermions, is unusual band topology,
reminiscent of topological insulators. Since the bulk
fermi surface only consists of a set of momentum points,
surface states can be defined for nearly every surface mo-
mentum, and are always found to occur on certain sur-
faces. They take the shape of ‘Fermi arcs’ in the surface
Brillouin zone, that stretch between Dirac points. Hence
we term this phase topological Dirac metal.

We also mention the possibility of an exotic insulat-
ing phase emerging when the Dirac points annihilate in
pairs, as the correlation are reduced. This phase shows
a topological magnetoelectric effect[15], captured by the
magneto-electric parameter θ = π, whose value is pro-
tected by the inversion symmetry. Since it is analogous to
the axion vacuum in particle physics[16], so we call it the
θ = π Axion insulator. Although our LSDA+U+SO cal-
culations find that a metallic phase intervenes before this
possibility is realized, we note that LDA systematically
underestimates gaps, so this scenario could well occur in
reality. Finally, we mention that modest magnetic fields
could induce a reorientation of the magnetic moments,
leading to a metallic phase. Our results are summarized
in the phase diagram Figure 1. Previous studies consid-
ered ferromagnetism [17], and structural distortion [18]
in iridates.

Our calculations suggest that new functionalities such
as controlling electrical properties via magnetic textures,
and field induced metallic states can be realized in these
materials, with implications for spintronics, magneto-
electrical and magneto-optical devices.

METHOD

We perform our electronic structure calculations based
on local spin density approximation (LSDA) to density
functional theory (DFT) with the full–potential, all–
electron, linear–muffin–tin–orbital (LMTO) method[19].
We use LSDA+U scheme[20] to take into account the
electron–electron interaction between Ir 5d electrons and
vary parameter U between 0 and 3 eV for Ir 5d electrons
to see what effects the on site Coulomb repulsion would
bring to the electronic structure of Iridates. In general,
we expect that U can be somewhere between 1 and 2
eV for the extended 5d states. When the A site is a
rare earth element, we also add the Coulomb interac-
tion for the localized 4f electrons and use U = 6 eV.
We use a 24×24×24 k–mesh to perform Brillouin zone
integration, and switch off symmetry operations in order
to minimize possible numerical errors in studies of vari-
ous (non–)collinear configurations. We use experimental
lattice parameters[12] in all set ups.

FIG. 1: Sketch of the phase diagram for pyrochlore iridiates
from our microscopic electronic structure calculation: Hori-
zontal axis corresponds to the increasing interaction among
Ir 5d electrons (the scale is obtained using LSDA+SO+U
method) while the vertical axis corresponds to external mag-
netic field which aligns the moments and triggers a transi-
tion out of the zero field non-collinear ”all-in/all-out” ground
state. We find normal magnetic metal, Mott insulator and
Dirac semi-metal phases, and also possibly an exotic insu-
lator, a magnetic insulator with magneto-electric parameter
θ = π, which we label here as axion insulator.

Throughout, we exploit inversion symmetry which con-
strains the phase diagram, by tracking wavefunction par-
ities at time reversal invariant momenta. Near electronic
phase transitions, a low energy k.p theory is developed
to understand qualitative features of the neighboring
phases. Finally, topological band theory based on mo-
mentum space Berry connections is utilized in deducing
the physical properties of the phases.

MAGNETIC CONFIGURATION

We first study magnetic configuration and discuss our
results for Y2Ir2O7.Since the strength of the spin or-
bit (SO) coupling is large for Ir 5d electrons, and leads
to insulating behavior in Sr2IrO4[3], we perform the
LSDA+U+SO calculations. There are four Ir atoms in-
side the unit cell forming a tetrahedral network as shown
in Fig.1which is geometrically frustrated. Thus, we carry
out several calculations with the initial state to be (i)
ferromagnetic, with moment along (100), (111), (110) or
(120) directions (ii) antiferromagnetic with two sites in
a tetrahedron along and other two pointed oppositely to
the directions above; non-colinear structures (iii) ”all–
in/out” pattern (where all moments point to or away
from the centers of the tetrahedron see Fig 1), (iv) ”2–
in/2–out” (two moments in a tetrahedron point to the
center of this tetrahedron, while the other two moments
point away from the center, i.e. the spin–ice[21] configu-

LDA+U
X. Wan et al (2010)
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