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Quasi-degeneracy
• Frustration implies many “compromise” 

states with low energy: entropy persists 
to anomalously low temperature
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• Local moments: Curie-Weiss law at high T

• Frustration parameter:  f = |ΘCW|/TN

• f >>1: wide regime TN < T < |ΘCW|
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Unusual ordered 
states
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FIG. 1: (Color online) (a) Evolution of the temperature dif-
ference between the sample and thermal reservoir due to
the magnetocaloric e!ect at 180 mK, with arrows indicating
the field-sweep directions. (b) Derivative of magnetic torque
with respect to H at temperatures near 400 mK. To pro-
duce a torque, the magnetic field was slightly tilted away
from the c axis toward the b axis, by the angle indicated
for each curve. (c) Magnetic phase diagram deduced from
the magnetocaloric-e!ect data taken at various temperatures.
Circles indicate second-order phase boundaries, whereas other
symbols except the open diamonds indicate first-order bound-
aries. Open diamonds are the positions of the large features
near Hs and do not indicate a phase boundary. Lines are
guides to the eye. Data for H ! 18 T are from Ref. [10],
where open circles are from specific heat.

of the temperature di!erence, thereby revealing the
sign and magnitude of (!M/!T )H. Transitions be-
tween phases appear as deviations from a smoothly vary-
ing "T . First-order phase transitions will also reveal
the release/absorption of latent heat as the sample en-
ters/leaves a lower entropy state. At su#ciently low tem-
peratures, there will also be an additional heat release as
a metastable state gives way to the lower energy stable
state for both field-sweep directions through a first-order
transition.

M/M  =1/ 3

a b

dc

s M/M  =1/ 2s

M/M  =5/ 9s M/M  =2/ 3s

FIG. 2: (Color online) Collinear states on the triangular lat-
tice at M/Ms = 1

3
, 1

2
, 5

9
, and 2

3
. Arrows indicate down spins

antiparallel to the magnetic field. Vertices with no arrows
indicate up spins pointing in the direction of the field, with
broken lines marking rows containing both spins and solid
lines marking rows of only up spins. The A phase may resem-
ble the M/Ms = 1

2
state, albeit not collinear.

Magnetocaloric-e!ect measurements can be made us-
ing swept fields [14], stepped fields [15], or modulated
fields [16]. The resolution and reproducibility of dc field
magnetocaloric measurements have traditionally been
limited by temperature fluctuations, drift, and slow ther-
mal response, all requiring high sweep rates producing
additional heating. In this experiment, we have overcome
these challenges to swept-field measurements through ac-
tively stabilizing the temperature of the thermal reservoir
(sapphire/silver platform), minimizing the heat capac-
ity of the addenda, and reducing the thermal relaxation
time to less than 1 second. The reservoir temperature
was maintained at a constant true temperature using the
algorithm outlined in Ref. [17] to correct for the magne-
toresistance of the sensor.

Magnetic phase transitions appear as anomalies in the
sample temperature as shown in Fig. 1a. The phase di-
agram deduced from our magnetocaloric-e!ect data is
shown in Fig. 1c, along with phase boundaries for fields
H ! 18T from Ref. [10]. Additional evidence for this
diagram is provided by the magnetic-torque data shown
in Fig. 1b. Even for S = 1

2
spins, theory has long as-

sumed that the field region above the uud phase contains
only one coplanar phase [4], at least for the isotropic
Heisenberg hamiltonian. We find instead a remarkable
cascade of phases in this field region. The boundaries
between these ordered phases are nearly vertical, indi-
cating that the phase diagram is primarily determined
by the zero-temperature energies, not the entropies, of
di!erent states. We are witnessing a cascade of quantum
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Quantum spin liquids

 





highly entangled 
quantum states, 
topological order, 

etc.

Needs not only frustration but 
also strong quantum effects:

small spin?
unusual interactions?
low dimensionality?

what is needed is in fact 
poorly understood
...but we are learning



Quantum spin liquids

 





highly entangled 
quantum states, 
topological order, 

etc.

exotic excitations:
fractional excitations

spinons
emergent monopoles

artificial photons
fermions

applications in 
quantum computing!
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Materials
Triangular lattices

Cs2CuCl4, Cs2CuBr4

as shown in Figure 3a. The monovalent anion, X!1, has no contribution to electronic conduc-

tion or magnetism. In the conducting layer, the ET molecules form dimers, which are arranged

in a checkerboard-like pattern (Figure 3b). From the band structure point of view, two ET

highest occupied molecular orbitals (HOMOs) in a dimer are energetically split into bonding

and antibonding orbitals, each of which forms a conduction band due to the interdimer transfer

integrals (12). The two bands are well separated so that the relevant band to the hole filling is

the antibonding band, which is half-filled with one hole accommodated by one antibonding

orbital. The dimer arrangement is modeled to an isosceles-triangular lattice characterized by

two interdimer transfer integrals, t and t0 (Figure 3c) of the order of 50 meV, whose anisotropy,

t0/t, depends on the anion X.

2.2. Criticality of Mott Transition in ET Compounds

The competition of kinetic energy and correlation energy, which are characterized by band-

width W and on-site Coulomb energy U, gives rise to Mott transition between wave-like

itinerant electrons and particle-like localized electrons. Because the Mott transition is a metal-

insulator transition without symmetry breaking, the first-order transition expected at low tem-

peratures can have a critical endpoint at a finite temperature, as in the gas-liquid transition

(Figure 1a). This feature of the Mott phase diagram was first deduced by the reduction of

Hubbard Hamiltonian to the so-called Blume-Emery-Griffiths model (13) and then extensively

discussed in terms of dynamical mean field theory (DMFT) (14), which showed that the Mott

transition belongs to the Ising universality class (15). It is well established that the k-(ET)2X
family is situated in the vicinity of Mott transition (9, 16–24). To explore the phase diagram

beyond the conceptual one, and to uncover the critical behavior of Mott transition, experiments

on a single material under precisely controlled pressure and temperature are required.

The compound studied is k-(ET)2Cu[N(CN)2]Cl, which is a Mott insulator (25) with a

sizable anisotropy of triangular lattices; the t0/t value is 0.75 or 0.44, according to the tight-

binding calculation of molecular orbital or first-principles calculation (26), respectively. The

resistivity measurements of k-(ET)2Cu[N(CN)2]Cl under continuously controllable He-gas

pressure unveiled the Mott phase diagram (27–30), where the first-order transition line dividing

the insulating and metallic phases has an endpoint around 40 K (Figure 4). The presence of

the critical endpoint was proved in spin and lattice degrees of freedom as well; namely,

nuclear magnetic resonance (NMR) (31), ultrasonic velocity (32, 33), and expansivity (34).

The bending shape of the phase boundary reflects the entropy difference between the insulating

t
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Figure 3

Structure of k-(ET)2X. (a) Side and (b) top view of the layer and (c) modeling the in-plane structure into an isosceles-triangular lattice
with two kinds of transfer integrals.
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Experimental Realization of Spin-12 Triangular-Lattice Heisenberg Antiferromagnet

Yutaka Shirata1, Hidekazu Tanaka1, Akira Matsuo2, and Koichi Kindo2
1
Department of Physics, Tokyo Institute of Technology,

Meguro-ku, Tokyo 152-8551, Japan

2
Institute for Solid State Physics,

University of Tokyo, Kashiwa, Chiba 277-8581, Japan

We report the results of magnetization and specific heat measurements on Ba3CoSb2O9, in which
the magnetic Co2+ ion has a fictitious spin- 12 , and show evidence that a spin- 12 Heisenberg anti-
ferromagnet on a regular triangular lattice is actually realized in Ba3CoSb2O9. We found that the
entire magnetization curve including the one-third quantum magnetization plateau is in excellent
agreement with theoretical calculations at a quantitative level.

Exploring the ground state of a frustrated quantum
magnet has been one of the main subjects of condensed
matter physics1–3. A long theoretical debate reached a
consensus that a two-dimensional (2D) spin- 12 TLHAF
has an ordered ground state of the 120� spin structure
with an extremely small sublattice magnetization4–7. Al-
though the zero-field ground state is qualitatively the
same as that for the classical spin, the ground state in
a magnetic field H cannot be determined uniquely only
from the classical model. The classical equilibrium con-
dition is given by S1 +S2 +S3 = gµBH/(3J) with the
sublattice spin Si. Because there are an infinite num-
ber of spin states that satisfy this condition, the classi-
cal ground state is continuously degenerate. The ground
state of a small spin TLHAF in a magnetic field is es-
sentially determined by the quantum fluctuation energy.
A remarkable quantum e�ect is that an up-up-down spin
state, which appears in a magnetic field for the classical
model, can be stabilized in a finite magnetic field range,
so that the magnetization curve has a plateau at one-
third of the saturation magnetization8–14.

The nature of the quantum mechanical ground state
in a magnetic field is strongly reflected in the magnetiza-
tion process. The magnetization process for a 2D spin-
1
2 TLHAF, which exhibits the most pronounced quan-
tum e�ect, was calculated energetically by means of spin
wave theory9,11, coupled cluster method12 and exact di-
agonalization13,14. The calculated magnetization curves
are greatly di�erent from that for the classical spin. How-
ever, experimental verification of the theoretical results
has not been conducted at a quantitative level.

Experimentally, Cs2CuCl415, Cs2CuBr416,17 and �-
(BEDT-TTF)2Cu2(CN)318 have been actively investi-
gated as spin- 12 TLHAFs. However, the triangular lat-
tice in these substances is not regular but distorted, and
thus, the exchange interaction is spatially anisotropic.
Cs2CuCl4 and Cs2CuBr4 also exhibit a large antisym-
metric interaction of the Dzyaloshinsky-Moriya (DM)
type. Although the quantum magnetization plateau has
been actually observed in Cs2CuBr416,17, the magnetiza-
tion process is anisotropic and the magnetization plateau
is not observed for a magnetic field perpendicular to the
triangular lattice plane. In this letter, we present the

results of magnetization and specific heat measurements
on Ba3CoSb2O9 and provide evidence that Ba3CoSb2O9

closely approximates to the ideal spin- 12 TLHAF.

CoO6

Sb2O9

Ba

ab

c B
AO

C

FIG. 1: (Color online) Crystal structure of Ba3CoSb2O9.
The blue single octahedron is a CoO6 octahedron centred by
Co2+ and the face-sharing Sb2O9 double octahedron is shaded
ochre. Magnetic Co2+ ions form a regular triangular lattice
in the ab plane. Dotted lines denote the chemical unit cell.

Figure 1 shows the crystal structure of Ba3CoSb2O9.
This substance crystallizes in a highly symmetric hexag-
onal structure, P63/mmc, which is closely related to
the hexagonal BaTiO3 structure19,20. The structure
is composed of a single CoO6 octahedron and a face-
sharing Sb2O9 double octahedron, which are shaded blue
and ochre, respectively. Magnetic Co2+ ions form reg-
ular triangular lattice layers parallel to the ab plane,
which are separated by the nonmagnetic layer of the
Sb2O9 double octahedron and Ba2+ ions. Therefore,
the interlayer exchange interaction is expected to be
much smaller than the intralayer exchange interaction.
However, Ba3CoSb2O9 undergoes magnetic ordering at
TN � 3.8 K owing to the weak interlayer interaction20.
Because of the high symmetric crystal structure, the an-
tisymmetric DM interaction is absent between the first-,
second- and third-neighbor spins in the triangular lattice
and between all spin pairs along the c axis.
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Mendels group’s samples were pre-
pared at Edinburgh and at CEMES–
CNRS, Toulouse, France.

The experiments all show fairly con-
clusively that the spin-! kagome lattice
behaves as a spin liquid: Its spins do not
develop conventional antiferromagnetic
order down to temperatures as low as 
50 mK. The jury is still out, however, on
whether the putative quantum spin liq-
uid shows any exotic behavior. Interpre-
tation is difficult first of all because only
microcrystalline samples are available;
researchers have not yet been able to
grow crystals larger than a few microns.
Furthermore, even small amounts of im-
purities can affect the low-temperature
behavior and prevent ordering that
might otherwise have occurred.  

Lee comments that his group and
others are still in the early stages of
studying this material. With more expe-
rience, they hope to have a better handle
on impurities and begin to define more
precisely the low-temperature physics 
of the spin-! kagome materials.  

Quantum spin liquid 
Anderson’s 1973 paper looked at a
model in which one spin-!  particle (an
electron in the outer orbit of a magnetic
atom) is fixed at each vertex of a trian-
gular lattice and interacts antiferro-
magnetically with its neighbors. On a
square lattice, such spins order into a
Néel state, freezing into a spin solid
with alternating spins. But the triangu-
lar lattice frustrates the attempts to
order (see the article on geometrical
frustration by Roderich Moessner and
Arthur Ramirez in PHYSICS TODAY,
February 2006, page 24). 

Anderson proposed an alternative
state. He pictured a state consisting of
singlet-bond pairs, such as the configu-
ration shown in figure 1a. That config-
uration is far from unique because 
each spin has an equal probability 
of forming singlet pairs with any of 
its neighbors. Anderson defined a
resonating-valence bond state as a lin-
ear combination of all the configura-
tions that one can get by different
pairings. 

Since Anderson’s work, a team led by
Claire Lhuillier from the Pierre and
Marie Curie University in Paris found
that a triangular spin-! lattice with only
nearest-neighbor interactions can reach
an ordered state with spins on any given
triangle oriented at 120° to one another.7
Still, triangular lattices with more com-
plicated interactions remain candidates
for a quantum spin liquid. Most promis-
ing of all is the 2D spin-!  kagome lat-
tice because its vertex-sharing geometry

gives it a higher degree of frustration
than a triangular lattice and because
quantum fluctuations are particularly
strong for a low spin. 

The excitations in the spin-liquid pic-
ture result from breaking spin pairs. This
creates two single spins (spinons, with
spin s = !) that move around inde-
pendently of one another, much as elec-
trons move in a metal—even though the
material is still an insulator. By contrast,
the fundamental excitations in a mag-
netically ordered Néel state are s= 1
spin waves, known as magnons.

Theorists have studied two types of
spin liquids: those with an energy gap
and those without. In most of the for-
mer types of spin liquid, singlet bonds
form between nearby spins, and these
cost energy to break. Studies indicate
that such gapped excitations behave
much like particles, although they may
have fractional quantum numbers. The
system may have a topological order,
such as that found in the fractional
quantum Hall states.

In gapless spin liquids, there are sin-
glet bonds connecting pairs of spins that
can be spatially well separated, as well
as shorter-range pairs. Since it costs
much less energy to break the bond be-
tween widely separated spins, the spin
liquid may be gapless. This possibility,
only appreciated in recent years, is quite
intriguing. Normally, one expects a sys-
tem with a spontaneously broken sym-
metry, such as an antiferromagnet, to be
gapless: It costs little energy to excite
spin waves in the system. But a spin liq-
uid would be a gapless system with no
broken symmetry. What protects such a
system from developing a gap? 

Gapless spin liquids have been
called critical or algebraic spin liquids
because their properties are expected to
exhibit some of the same power-law de-
pendencies as those found near a criti-
cal point. The excitations might be de-
scribed by an extended wavefunction
rather than as a single particle. Theo-
rists are just starting to explore what the
properties of such a system might be.

For the spin-! kagome lattice with
nearest-neighbor interactions, Lhuil-
lier’s group, joined by Hans-Ulrich
Everts and colleagues from the Leibnitz
University in Hanover in Germany, nu-
merically calculated the energy spec-
trum and predict that there is a contin-
uum of low-lying singlet states and a
very small gap (if any) to a spin triplet
continuum.8 The big question for ex-
perimentalists is whether this predic-
tion is verified in real materials. 

Experimental signatures
The initial experiments on the newly syn-
thesized kagome material primarily ad-
dressed two questions: Does the system
remain disordered down to low temper-
atures and does it have a spin gap? 

To check for long-range magnetic
order, the group led by MIT’s Lee looked
in the neutron-scattering spectrum for
Bragg peaks. As noted by Collin Bro-
holm of the Johns Hopkins University,
however, it’s not always easy to see
Bragg peaks from a spin-! magnet in a
powder. To address this concern, the
MIT team showed that they could see
Bragg peaks in a powder sample of a
cousin of herbertsmithite that is known
to have magnetic order, but did not see
them in a similarly prepared powder of

Figure 2. Herbertsmithite, or ZnCu3(OH)6Cl2. (a) Side view shows two groups
of three copper atoms (blue) along with chlorine (green), oxygen (red), hydro-
gen (white), and zinc (orange). (b) Top view, looking down on copper planes,
reveals the kagome structure. The vertex-sharing triangles are indicated in
gray. (Adapted from ref. 3.)
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FIG. 1: (a) Crystal structure of vesignieite BaCu3V2O8(OH)2
viewed along the a axis (left) and perpendicular to the ab
plane (right). (b) Powder XRD pattern of a polycrystalline
sample of vesignieite taken at room temperature. Peak indices
are given by assuming a monoclinic unit cell of a = 10.273 Å,
b = 5.907 Å, c = 7.721 Å and ! = 116.29!.

can be a suitable compound for realizing spin-1/2
KAFMs. The thermodynamic properties of vesignieite
are studied and compared with those of the previous
kagome compounds.

Vesignieite BaCu3V2O8(OH)2 is a natural mineral re-
ported about a half century ago [11]. It crystallizes in a
monoclinic structure of the space group C2/m with lat-
tice parameters of a = 10.271 Å, b = 5.911 Å, c = 7.711 Å,
! = 116.42! [12]. This structure consists of Cu3O6(OH)2
layers, made up of edge-shared CuO4(OH)2 octahedra
and separated by VO4 tetrahedra and Ba2+ ions (Fig.
1 (a)). Cu2+ ions form a nearly perfect kagome lattice,
though there are two crystallographic sites for them, as
in volborthite. The distortion of a Cu triangle from the
regular one is negligible (! 0.2%) with the distances be-
tween two Cu atoms being 2.962 Å (Cu1-Cu2) and 2.956
Å (Cu2-Cu2) [12]. Thus, the spatial anisotropy in J
may be much smaller than that in volborthite. More-
over, vesignieite is expected to be free of antisite disor-
der, the same as volborthite, because it contains no ions
chemically similar to Cu2+. From these structural and
chemical features, we expect that vesignieite can be an
ideal model system for the spin-1/2 KAFM to be com-
pared with herbertsmithite and volborthite.

A polycrystalline sample of BaCu3V2O8(OH)2 was
prepared by the hydrothermal method. 0.1 g of the mix-
ture of Cu(OH)2 and V2O5 in 3:1 molar ratio and 0.3
g of Ba(CH3COO)2 were put in a Teflon beaker placed
in a stainless-steel vessel. The vessel was filled up to 60
volume % with H2O, sealed and heated at 180 !C for
24 h. Sample characterization was performed by powder
x-ray di!raction (XRD) analysis using Cu-K" radiation.
Magnetic and thermodynamic properties were measured
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FIG. 2: (a) Temperature dependence of magnetic susceptibil-
ity " of vesignieite BaCu3V2O8(OH)2 polycrystalline sample
measured on heating at a magnetic field of 0.1 T. The filled
circles, open circles, and broken line represent ", "bulk, and
"imp, respectively. The solid curve on the " data between 2
and 10 K represents a Curie-Weiss (CW) fit, and that between
150 and 300 K represents a fit to the kagome lattice model
obtained by high-temperature series expansion (HTSE) [13],
which yields J/kB = 53 K and g = 2.16. The inset shows
""1, where the solid line between 200 and 300 K represents a
CW fit, which gives #W = !77 K and pe! = 1.98 µB/Cu. (b)
Temperature dependence of field-cooled and zero-field-cooled
" measured in various magnetic fields up to 5 T.

in MPMS and PPMS (Quantum Design). All the peaks
observed in the powder XRD pattern were indexed to re-
flections based on a monoclinic structure with the lattice
constants a = 10.273 Å, b = 5.907 Å, c = 7.721 Å, !
= 116.29! (Fig. 1 (b)), confirming that our sample is
single-phase vesignieite [11, 12]. The peaks are consider-
ably broad, indicating a small particle size on the order
of a few nm estimated using the Scherrer equation.

The temperature dependences of magnetic susceptibil-
ity # and inverse susceptibility #"1 of vesignieite are
shown in Fig. 2 (a). #"1 exhibits a linear tempera-
ture dependence above 150 K, interpreted as Curie-Weiss
magnetism. A Curie-Weiss fit to the data between 200
and 300 K yields a moderately large negative $W = "77
K and an e!ective moment pe! = 1.98 µB/Cu, which
is slightly larger than the spin-only value expected for
S = 1/2. The exchange coupling J and Lande g-factor
g are estimated to be J/kB = 53 K and g = 2.16, by

herbertsmithite volborthite vesignieite
ZnCu3(OH)6Cl2

Typeset with jpsj2.cls <ver.1.2> Full Paper

High-field Phase Diagram and Spin Structure of Volborthite Cu3V2O7(OH)2·2H2O

Makoto Yoshida!, Masashi Takigawa†, Ste!en Krämer1, Sutirtha Mukhopadhyay1, Mladen Horvatić1,
Claude Berthier1, Hiroyuki Yoshida2, Yoshihiko Okamoto, and Zenji Hiroi

Institute for Solid State Physics, University of Tokyo, Kashiwa, Chiba 277-8581, Japan
1Laboratoire National des Champs Magnetique Intenses, LNCMI - CNRS (UPR3228), UJF, UPS and INSA, BP 166, 38042

Grenoble Cedex 9, France
2Superconducting Materials Center, National Institute for Materials Science (NIMS), 1-1 Namiki, Tsukuba, Ibaraki

305-0044, Japan

We report results of 51V NMR experiments on a high-quality powder sample of volborthite
Cu3V2O7(OH)2·2H2O, a spin-1/2 Heisenberg antiferromagnet on a distorted kagome lattice.
Following the previous experiments in magnetic fields B below 12 T, the NMR measurements
have been extended to higher fields up to 31 T. In addition to the already known two ordered
phases (phases I and II), we found a new high-field phase (phase III) above 25 T, at which
the second magnetization step has been observed. The transition from the paramagnetic phase
to the antiferromagnetic phase III occurs at 26 K, which is much higher than the transition
temperatures from the paramagnetic to the lower field phases I (B < 4.5 T) and II (4.5 < B
< 25 T). At low temperatures, two types of the V sites are observed with di!erent relaxation
rates and line shapes in phase III as well as in phase II. Our results indicate that both phases
II and III exhibit a heterogeneous spin state consisting of spatially alternating two Cu spin
systems, one of which exhibits anomalous spin fluctuations contrasting with the other showing
a conventional static order. The magnetization of the latter system exhibits a sudden increase
upon entering into phase III, resulting in the second magnetization step at 26 T. We discuss
possible spin structure in phase III.

KEYWORDS: kagome lattice, frustration, volborthite, Cu3V2O7(OH)2·2H2O, NMR, spin structure, phase
diagram, high-field

1. Introduction
The kagome lattice, a two-dimensional (2D) network of

corner-sharing equilateral triangles, is known for strong
geometrical frustration. In particular, the ground state
of the quantum S = 1/2 Heisenberg model with a
nearest-neighbor antiferromagnetic (AF) interaction on
the kagome lattice is believed to show no long-range
magnetic order. Theories have proposed various ground
states such as spin liquids with no broken symme-
try with1) or without2) a spin-gap or symmetry break-
ing valence-bond-crystal states.3) Real materials, how-
ever, have secondary interactions, which may stabilize
a magnetic order. E!ects of the Dzyaloshinsky-Moriya
(DM) interaction,4) spatially anisotropic exchange inter-
actions,5–7) and longer range Heisenberg interactions8)
have been theoretically investigated. In the classical sys-
tem, it is known that order-by-disorder e!ect9) or DM
interaction10) favors long-range order with the

!
3 "

!
3

pattern or the Q = 0 propagation vector, respectively.
On the experimental side, intensive e!orts have been

devoted to synthesize materials containing S = 1/2 spins
on a kagome lattice.11–14) Candidate materials known to
date, however, depart from the ideal kagome model in one
way or another such as disorder, structural distortion,
anisotropy, or longer range interactions. For example,
herbertsmithite ZnCu3(OH)6Cl2 realizes a structurally
ideal kagome lattice12) and exhibits no magnetic order
down to 50 mK.15) However, chemical disorder replac-

!E-mail address: yopida@issp.u-tokyo.ac.jp
†E-mail address: masashi@issp.u-tokyo.ac.jp

ing 10% of Cu2+ spins with nonmagnetic Zn2+ ions16)
significantly disturbs the intrinsic properties at low tem-
peratures.17,18)

Volborthite Cu3V2O7(OH)2·2H2O has distorted
kagome layers formed by isosceles triangles. Conse-
quently, it has two Cu sites and two kinds of exchange
interactions (J and J " ) as shown in Fig. 1. The Cu2
sites form linear chains, which are connected through
the Cu1 sites. The magnetic susceptibility ! obeys the
Curie-Weiss law ! = C/(T + "W ) above 200 K with "W

Fig. 1. (Color online) Schematic structure of volborthite pro-
jected onto the a-b plane. The H and O sites are not shown.
The V sites are located both below and above the Cu kagome
layers. The upper and lower V sites are related by inversion with
respect to the Cu sites, hence all V sites are equivalent.
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Conventional and unconventional orderings in the jarosites

A. S. Wills!

Département de Recherche Fondamentale sur la Matière Condensée, SPSMS, CEA Grenoble, 38054 Grenoble, France.
(February 1, 2008)

The jarosites make up the most studied family of kagomé antiferromagnets. The flexibility of the
structure to substitution of the A and B ions allows a wide range of compositions to be synthesised
with the general formula AB3(SO4)2(OH)6 (A = Na+, K+, Ag+, Rb+, H3O

+, NH+
4 , 1

2
Ba2+, and

1

2
Pb2+; B = Fe3+, Cr3+, and V3+). Additional chemical tuning of the exchange between layers is

also possible by substitution of the (SO4)2! groups by (SeO4)2! or (CrO4)2!. Thus, a variety of
S = 5/2, 3/2, and 1 systems can be engineered to allow study of the e!ects of frustration in both
the classical and more quantum limits. Within this family both conventional long-ranged magnetic
order and more exotic unconventional orderings have been found. This article reviews the di!erent
types of magnetic orderings that occur and examines some of the parameters that are their cause.

PACS numbers: 75.25.+z, 75.30.Et, 75.30.Gw, 75.50.Ee, 75.50.Lk.

I. INTRODUCTION.

Research in frustrated magnetic systems follows two
main directions. In the first, the e!ects of frustration
are studied in systems that show otherwise conventional
behaviour. Rather than being simply a study of the ‘soft
modes’ that are characteristic of frustrated magnetism,
these investigations can reveal fundamental di!erences
in magnetic properties and their causes. The other,
and frequently more pursued, direction is the search for,
and study of, new and unconventional types of magnetic
ground states. Particular e!ort in the study of frustrated
magnetism is made on systems where the magnetic ions
make up the kagomé and pyrochlore geometries. This is
because the frustration of their triangular motifs is am-
plified by the vertex sharing topology, and is at such a
degree that the conventional Néel -type of long-range or-
der is not expected to occur even at T = 0 in the S = 1

2

nearest-neighbour systems.
In this article a review is made of the observed mag-

netic properties of di!erent members of the jarosite fam-
ily. These present examples of systems in which the
kagomé lattice of magnetic ions can be decorated by ions
with a variety of spin states. They therefore provide ac-
cess to the e!ects of frustration in classical and more
quantum regimes, as evidenced in the low-temperature
properties of both the members that possess long-ranged
spin structures, and of those that show more unconven-
tional orderings (Table I).

II. THE ALUNITE AND JAROSITE FAMILIES

In mineralogical terms, the jarosites are a subfam-
ily of the alunite group. This is a series of composi-
tions with the formula AB3(SO4)2(OH)6 (where A =
Na+, K+, Ag+, Rb+, H3O+, NH+

4 , 1
2
Ba2+, and 1

2
Pb2+;

and B=Al3+ and Fe3+); alunite itself has the formula

KAl3(SO4)2(OH)6 .15 While in mineralogy the jarosities
are the Fe members of this series, the term has been ex-
panded by physicists to include the magnetic members of
this series, i.e. those where B=Fe3+, Cr3+ and V3+.11–13

Thus, within the jarosites series the spin states can be tai-
lored by chemical methods. Diamagnetic dilution studies
can also be made in which a non-magnetic ion, such as
Al3+, Ga3+, or In3+, is substituted onto the B site.16,11 In
addition to this versitility in engineering various kagomé
systems, control can also be exercised over the details of
the interplane magnetic exchange by replacement of the
SO2"

4 ion by CrO2"
4 , or SeO2"

4 .16

FIG. 1. The crystal structure of jarosite, KFe3(SO4)2(OH)6.

1

KFe3(OH)6(SO4)2

S=5/2
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IrO6

Ln

O!

pyrochlore oxides

1

BO6

A

probably the most studied, followed by the zirconates,
but many are still poorly represented in the literature.
Both the titanate and zirconate pyrochlores were first
reported by Roth !1956". Since then, over 1000 papers
have been published on the two families.

C. Metal-insulator transitions in the oxide pyrochlores

Two types of metal-insulator !MI" transitions occur in
the oxide pyrochlore family. First are those that, as a
function of a thermodynamic variable !e.g., temperature,
magnetic field, or pressure", change their transport prop-
erties, for example, Tl2Mn2O7 !Fujinaka et al., 1979".
Second, there is the series of compounds where the
room temperature character changes from metal to in-
sulator as the rare-earth ion changes, for example, the
molybdate !Greedan et al., 1986" or iridate series
!Yanagishima and Maeno, 2001". There appears to be
little controversy over the first class of MI transition;
however, for the second type the exact position of this
transition is a topic of debate. For example, in the mo-
lybdenum pyrochlore series, studies of their bulk prop-
erties have indicated a strong correlation between the
magnetism and electrical transport properties, i.e., in
early studies the ferromagnets were found to be metallic
while the paramagnets were insulating !Greedan et al.,
1987; Ali et al., 1989". Indeed, the dependence of the
lattice constant a0 on the A3+ radius showed a distinct
break at the MI boundary !see Fig. 7". In some subse-
quent studies, however, Gd2Mo2O7 is clearly insulating
!Cao et al., 1995; Kézsmárki et al., 2004". The initial stud-
ies were carried out on polycrystalline samples, pre-
pared between 1300 and 1400 °C and, in at least one
case, in a CO/CO2 “buffer gas” mixture which fixes the
oxygen partial pressure during synthesis !Greedan et al.,
1986". Several subsequent studies have used single crys-
tals grown by various methods above 1800 °C, including
melt and floating zone growths !Raju and Gougeon,
1995; Moritomo et al., 2001; Kézsmárki et al., 2004".

While the polycrystalline samples have been fairly well
characterized, including elemental analysis, thermal
gravimetric weight gain and measurement of the cubic
lattice constant a0, this is less true of the single crystals.
The differences between polycrystalline and single-
crystalline samples can be monitored most simply using
the unit cell constant as shown in Fig. 8 in which unpub-
lished data !Raju and Gougeon, 1995" for a selection of
single crystals of Gd2Mo2O7 are plotted. Note that as a0
increases the samples become more insulating. In all
cases, a0 for the crystals exceeds that for the metallic,
polycrystalline sample which is 10.337!1" Å. From accu-
rate structural data for the powders and single crystals, it
has been determined that the increase in a0 correlates
with an increase in the Mo-O distance as shown in Fig. 8.
The most likely origin of this systematic increase is the
substitution of the larger Mo3+ for Mo4+ which can arise
from oxygen deficiency in the crystals, resulting in the
formula Gd2Mo2!2x

4+Mo2x
3+O7!x. Note that other defect

mechanisms, such as vacancies on either the A or Mo

Possible A-site elements
and B site elements

FIG. 6. !Color online" Ele-
ments known to produce the
!3+ ,4+ " cubic pyrochlore ox-
ide phase.
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FIG. 7. Variation in unit cell constant and physical properties
of the series A2Mo2O7 with the A3+ radius. From Ali et al.,
1989.
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A2IrO3: honeycomb 
Kitaev model?

Na4Ir3O8: 
hyperkagomé QSL?

Ba2YMoO6 : 
frustrated FCC 

lattice

Other structures of 
frustrated magnets
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Ising systems
• Ising models

• Physically occurs when single ion has a 
doublet ground state and only one 
component couples strongly

• Requires significant spin-orbit coupling: 
some rare earths, Co, ...
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Wannier
• Triangular lattice Ising AF H = J

X

hiji

�i�j

�i = ±1

1 frustrated 
bond per 
triangle

Wannier (1950): ⌦ = eS/kB S ⇡ 0.34NkB



Spin ice
• Spins in Ho2Ti2O7, Dy2Ti2O7 have Ising 

doublets with dominant NN coupling Jzz 
enforcing classical 2in-2out “ice rules” for 
T < 1K

H ⇡ Jzz
X
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Spin ice
• rare earth pyrochlores Dy2Ti2O7, 

Ho2Ti2O7 with Ising doublet ground 
states

Local physics: L+S = J
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Spin ice
• Spins in Ho2Ti2O7, Dy2Ti2O7 have Ising 

doublets with dominant NN coupling Jzz 
enforcing classical 2in-2out “ice rules” for T 
< 1K



Spin ice
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Figure 3 | Specific heat versus temperature of Dy2Ti2O7 in zero field.
Previous experimental results had no signature of an upturn below 0.6 K
(refs 2,8–11). The Dy nuclear hyperfine contribution (dashed line) is
insignificant at these temperatures30.
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Figure 4 | Specific heat and entropy for single-crystal Dy2Ti2O7 versus
temperature. a, Specific heat divided by temperature, c(T)/T, was
integrated from 0.34 to 12 K, where data from ref. 8 were used above 1 K.
b, The resulting cumulative entropy does not plateau at Pauling’s residual
value, as was previously reported2. Inset shows low-temperature detail.

to approximately 105 s at 0.34 K. These timescales are also
consistent with the Arrhenius behaviour observed with magnetic
measurements14–16, which provides compelling evidence that spin
relaxation is responsible for the slow thermal relaxation. Our
measurements became restricted by long timescales below 0.34 K
(0.45 K for the powder sample), where the material can require >1
week of equilibration. These timescales should provide guidance
for any experiment (for example, µSR or neutron scattering)
aimed at probing equilibrium characteristics of Dy2Ti2O7 in
this temperature range.

We have shown, contrary to popular understanding from the
body of experimental work so far, that thermally equilibrated,
nominally stoichiometric Dy2Ti2O7 does not possess Pauling’s
entropy at zero temperature (Fig. 4). Furthermore, the absence
of a low-temperature plateau in the entropy at Pauling’s value
provides powerful evidence that the spin-ice state in Dy2Ti2O7
disappears once the long internal equilibration times of thismaterial
are accounted for. By measuring over short timescales, earlier
investigations that obtain Pauling’s residual entropy were able to
capture spin-ice-like properties even at the lowest temperatures.We
conclude that the ground state of thermally equilibratedDy2Ti2O7 is
not a degenerate manifold of spin-ice states, and therefore its effect
on spin-ice andmonopole characteristics calls for further study.

The question still remains: what is the true ground state of
spin ice? Although the MDG model does agree qualitatively with
our results, it may be improved by the inclusion of perturbative
spin exchanges beyond the nearest neighbour29. The mechanisms
responsible for spin dynamics leading up to an ordered state
may be attributable to cluster-like processes involving six or more
spins, instead of the less energetically favourable single-monopole
event12,13. Compelling evidence for this type of process has already
been suggested by quantum mechanical models of spin ice, where
the Pauling degeneracy is lifted by a ground state formed through
the coherent superposition of classical spin-ice configurations6.
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published online 7 April 2013
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• Spins in Ho2Ti2O7, Dy2Ti2O7 have Ising 
doublets with dominant NN coupling Jzz 
enforcing classical 2in-2out “ice rules” for T 
< 1K



Ice correlations
• “Pinch points” show that 2in-2out 

constraint holds

experiment theoryT. Fennell et al, 2009
Ho2Ti2O7



Monopoles

stolen (by somebody else on youtube) 
from Steve Bramwell

3in:1out defects act 
like monopoles, and 

can move almost 
freely
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Heisenberg systems
• Typically for closed shells - i.e. 

configurations w/o orbital degeneracy - of 
3d transition metal ions, SOC effects are 
weak: good approximate spin-rotation 
symmetry

H =
1

2

X

ij

Jij ~Si · ~Sj + · · ·
single-ion and exchange 
anisotropy, ≲ 10% level



• Spins must sum to zero

Triangular lattice



Triangular lattice

Degrees of freedom: 2



Triangular lattice

Degrees of freedom: 2+1



Triangular lattice

Degrees of freedom: 2+1



Reality: 120° state

• Semi-classical ordered state has been verified for S=1/2 
spins by exact diagonalization and other numerics.

• best estimate Ms = 0.205 ±0.015 

• compare full moment Ms=0.5, spin wave theory gives 
Ms=0.24

(c.f. Ms = 0.3 on 
square lattice)



Cs2CuCl4, Cs2CuBr4

• Spatially anisotropic triangular lattices

J

J’J’
“chains”

J’/J =  0.34       Cs2CuCl4
0.5-0.7   Cs2CuBr4

zero-field ground states are 
incommensurate spirals



INS

• Scattering in a material with “standard” 
magnon excitations:

neutron

K,Ω 

K-k,Ω -ω

k,ω
magnon S=1 leads to a sharp peak

at ω=ε(k)



INS

• If excitations are spinons with S=1/2, 
neutron creates a pair of excitations

neutron

spinon S=1/2

K,Ω 

K-k,Ω -ω

k,ω
magnon S=1

k-k’,ω-ω’

k’,ω’

broad peak with 
ω=ε(k’)+ε(k-k’)

Tools needed to accurately measure continuum scattering!



Cs2CuCl4
• INS

R. Coldea et al, 2001,2003

Excitations of zero field state are very 
similar to spinons of 1d Heisenberg chain

(M. Kohno, O. Starykh, LB 2007) J

J’ J’ chains nearly 
decouple due 
to frustration 

despite large J’



 Cs2CuBr4

• Magnetization plateau

nice cartoon...but:
• this is not classical ground state
• the length of moments is not full
• really stabilized by combination of 
frustration and quantum effects

Seen in various other frustrated magnets

T. Ono et al, 2003

According to the classical molecular field theory,22,23 a
transition from a helical spin structure to a fan structure can
occur when an external field is applied in the easy plane. The
helix-fan transition is accompanied by a jump in magnetiza-
tion, and not by the plateau. Examples of this include the
recently observed phase transition in RbCuCl3 for a mag-
netic field perpendicular to the c axis.24,26 At low tempera-
tures, RbCuCl3 has a monoclinic structure, which is closely
related to the crystal structure of CsCuCl3.27,28 The exchange
interaction along the c axis is ferromagnetic, and interactions

FIG. 8. Magnetic field vs temperature phase diagrams for
Cs2CuBr4 for !a" H!a , !b" H!b , and !c" H!c . The gray lines are the
guides for the eyes.

FIG. 9. Magnetization curves for Cs2CuBr4 measured at T
!0.4 K for H!a , H!b , and H!c . The values of the magnetization
are shifted by 0.4#B . The inset shows dM /dH vs H around the
magnetization plateau for H!b and H!c .

FIG. 10. The magnetization curve and dM /dH vs H for H!b
measured in magnetic fields up to 20 T.
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 Cs2CuBr4

• Magnetization plateau

nice cartoon...but:
• this is not classical ground state
• the length of moments is not full
• really stabilized by combination of 
frustration and quantum effects

Seen in various other frustrated magnets

ervoir. At temperatures T!1.17 K the transitions between
the UUD and other phases, which are incommensurate states
according to neutron diffraction12 and 133Cs NMR,15 appear
as peaks and dips in the temperature traces. At 0.24 and
0.13 K, the two lowest temperatures of the experiment, the
transitions become clearly hysteretic: features indicating
transitions during up sweeps are shifted relative to those dur-
ing down sweeps; in addition, all transitions appear as peaks
irrespective of the field-sweep direction, indicating heating
due to irreversibility. These two signatures of hysteresis un-
ambiguously indicate that the transitions between the UUD
and incommensurate phases are first order, as previously sug-
gested by magnetization and elastic-neutron data.13 No de-
tectable hysteresis exists for T"0.63 K. One possible expla-
nation is that at these higher temperatures the nucleation rate
of a new phase at each transition field exceeds the field-
sweep rate.

The transition from the high-temperature, paramagnetic
phase to the antiferromagnetically ordered phases appears as
a peak in the specific heat at all magnetic fields up to 20 T,
the highest field of the present study. As shown in Fig. 2, the
peak height at the transition is nearly the same throughout
the incommensurate phases, whereas it is larger and strongly
field dependent in the UUD phase, reaching a maximum at
13.7 T. The unusually large height and sharp high-
temperature edge of the peak at this field suggest that, like
the incommensurate-UUD transition, the paramagnetic-UUD
transition is first order. The robustness of this transition ar-
gues against a proximity of this system to the exotic phases
recently proposed.26

From the positions of the specific-heat peaks and the
sharp features in the magnetocaloric-effect temperature
traces, we obtain the magnetic phase diagram shown in Fig.
3. Below 0.7 K, the phase boundaries of the UUD phase are
nearly horizontal, indicating !via the magnetic Clausius-
Clapeyron relation" a very small entropy difference between

this phase and the incommensurate phases. The critical fields
extrapolated to T=0 are Hc1=12.9 T and Hc2=14.3 T,
slightly lower than the values 13.1 and 14.4 T obtained from
the magnetization curve.13

Above 0.7 K, the width of the UUD phase decreases
slightly with increasing temperature, indicating that this
phase has a smaller entropy than the incommensurate phases.
The UUD phase is thus seen to owe its existence to an
energy-lowering mechanism rather than to thermal fluctua-
tions, which would decrease the free energy by raising the
entropy. That the reduced energy of the UUD state in com-
parison with the incommensurate phases more than compen-
sates for its slightly lower entropy is confirmed by a bulge of
the UUD phase into the paramagnetic phase. According to
spin-wave theory,9 this energy lowering is due to quantum
fluctuations. The shapes of the observed phase boundaries

12.5 13.0 13.5 14.0 14.5

1.13 K

0.63 K

0.13 K

0.85 K

0.24 K
4 mK

!T

H (T)

FIG. 1. !Color online" Magnetocaloric effect of Cs2CuBr4 in
fields along the c axis: temperature difference #T between sample
and thermal reservoir during 0.2 T/min upward and downward field
sweeps !thick and thin lines, respectively". Traces at different tem-
peratures are offset for clarity. The overall separation between up-
and down-sweep traces at the lowest temperatures is an uninterest-
ing nuclear-spin effect.
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FIG. 2. !Color online" Magnetic specific heat of Cs2CuBr4 in
zero magnetic field and in fields along the c axis. A small phonon
contribution, 7.94T3 mJ/K mol, has been subtracted by scaling the
specific heat of Cs2ZnBr4 !Ref. 13". The lines are guides to the eye.
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FIG. 3. !Color online" Phase diagram of Cs2CuBr4 in magnetic
fields along the c axis, as deduced from magnetocaloric-effect
!squares" and specific-heat !circles" measurements. Lines indicating
the phase boundaries are guides to the eye.
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ACr2O4 spinels

• pyrochlore lattice

• Cr3+: S=3/2 
Isotropic moment

• Dominant AF 
nearest-neighbor 
exchange
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Degeneracy

• Heisenberg model

• Ground state constraint: total spin 0 per 
tetrahedron

• Quantum mechanically: not possible
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Classical spin liquid

• Unusual “ring” 
correlations seen in 
CdCr2O4 

• Understood as arising 
from clusters of 
correlated spins

Although direct structural probes are unavailable for quantum
Hall samples, we can monitor the correlated spin state in a
frustrated magnet by scattering neutrons from it9. Neutrons carry
a magnetic dipole moment, and are subject to forces from atomic-
scale field gradients. The resulting pattern of quasi-elastic scattering
versus wavevector transfer, Q! k i 2 k f ; is the sample-averaged
Fourier transform of spin configurations within a coherence volume
of order (100 Å)3 given by the instrumental resolution. Here ki and
kf are the de Broglie wavevectors associated with the incident and
scattered neutrons, respectively. Magnetic peaks generally sharpen
with decreasing temperature as the correlation length, y, increases.
For un-frustrated La2CuO4 (ref. 10), the half-width at half-maxi-
mum (HWHM), k"T# ! y"T#21; becomes indistinguishable from
zero below amicroscopic energy scale, the Curie–Weiss temperature
jQCWj. In contrast, for frustrated ZnCr2O4 (Fig. 2), k remains finite
evenbelow jQCWj, and extrapolates to a finite value asT=jQCWj! 0:

The finite low-temperature correlation length in ZnCr2O4 signals
the emergence of confined nanometre-scale spin clusters. Rather
than being associated with temperature-dependent short-range
order above a phase transition, the wavevector dependence of the
low-temperature intensity (Fig. 3a, b) can be interpreted as a spin
cluster form factor. As opposed to the form factor for an atomic
spin, the cluster form factor vanishes for Q ! 0, which is evidence
that clusters carry no net spin11. Further analysis is complicated by
the anisotropy of spin clusters, which can occur in four different
orientations for a cubic crystal. Rather than Fourier-inverting the
data, we therefore compare them to the orientationally averaged
Fourier transform of potential spin clusters. Individual tetrahedra
would be prime candidates, as they constitute the basic motif of the
pyrochlore lattice. However, a tetrahedron is too small to account
for the features observed (Fig. 3a, b). The next-smallest symmetric
structural unit is the hexagonal loop formed by a cluster of six
tetrahedra (Fig. 4a). Two spins from each tetrahedron occupy the
vertices of a hexagon, while the other two spins from each tetra-
hedron belong to different hexagons. Averaging over the four
different hexagon orientations in the pyrochlore lattice, the square
of the antiferromagnetic hexagon spin-loop form factor can be

written as

jF6"Q#j2 / sin
p

2
h· cos

p

2
k2 cos

p

2
l
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$ sin
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2
k· cos

p

2
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2
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p

2
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2
h2 cos

p

2
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The magnetic neutron scattering intensity would follow I0"Q# !
jF6"Q#j2jF"Q#j2; where F(Q) is the magnetic form factor for Cr3$.
The excellent qualitative agreement between model and data in Fig. 3
provides compelling evidence that neutrons scatter from antiferro-
magnetic hexagonal spin clusters rather than individual spins. In
effect, ZnCr2O4 at low temperatures is not a system of strongly
interacting spins, but a ‘protectorate’ of weakly interacting spin-
loop directors. (The term ‘protectorate’ was introduced8 to describe
stable states of matter in strongly correlated many-body systems. As
antiferromagnetic hexagonal spin loops appear to be stable composite
degrees of freedom for the pyrochlore lattice, we call the correspond-
ing low-temperature state of the frustrated magnet a protectorate.)
Thermal and quantum fluctuations that violate collinearity

within the hexagons should induce residual interactions between
directors. Such interactions may account for the inelasticity of the
scattering, the director correlations reflected in the greater sharp-
ness of the experimental features in Figs 2 and 3, and the increase of
k with T, which indicates gradual disintegration of the directors.
What is the basis for the emergence of spin-loop directors as the

effective degrees of freedom in this frustrated magnet? Fig. 4 shows
the spins surrounding a hexagon in the pyrochlore lattice. Spin
configurations that satisfy all interactions are characterized by the
connected vectors of Fig. 4b. Although the spin configuration

Figure 2 Temperature dependence of the inverse correlation length, k"T # ! y"T #21:

(Temperature is given in units of the Curie–Weiss temperature, Q CW.) The data were

derived from antiferromagnetic neutron scattering peaks by fitting to resolution-

convoluted lorentzians. The triangles and circles are the lorentzian HWHMs along the

(h 5/4 5/4) direction for \q! 1meV; obtained with seven and eleven analyser blades,

respectively. k does not vanish as T=jQCWj! 0; but extrapolates to a value that is close
to the HWHM associated with the squared form factor for antiferromagnetic hexagon spin

loops (dashed line). Inset, raw data for ZnCr2O4 at T ! 15 K. The bar shows the

experimental resolution. The solid line is a resolution convoluted two-dimensional

lorentzian; the dashed line is the squared hexagon spin-loop form factor convoluted with

resolution.

Figure 3 Wavevector dependence of the inelastic neutron scattering cross-section for
ZnCr2O4. a,b, Colour images of inelastic neutron scattering intensities from single crystals

of ZnCr2O4 in the (hk0) and (hkk) symmetry planes obtained at T ! 15 K for \q! 1meV:
The data are a measure of the dynamic form factor for self-organized nanometre-scale

spin clusters in the material. c,d, Colour images of the form factor squared calculated for

antiferromagnetic hexagon spin loops averaged over the four hexagon orientations in the

spinel lattice. The excellent agreement between model and data identifies the spin

clusters as hexagonal spin loops.
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Ordering

• Illustrates sensitivity 
of frustrated 
systems to weak 
perturbations

• Spin-lattice 
coupling
• Further exchange
• Spin-orbit effects
• Quantum 

corrections

ZnCr2O4

CdCr2O4

HgCr2O4

S.H. Lee + many others
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Kagome lattice

Degrees of freedom: 3



Kagome lattice

Degrees of freedom: 3+1+...



Kagome lattice

• Degrees of freedom: ~ N .  Much less likely to order.



S=1/2 kagomé AF
• DMRG calculations give overwhelming 

evidence for QSL ground state 

4

site of !0.43237(4). This agrees fairly well with the se-
ries expansion energy for this cylinder and !, !0.431(1).
This supports the idea that the series expansion gives
a reasonable estimate of the energy of the HVBC phase
at ! = 1 in two dimensions: !0.433(1),16 as does the
MERA HVBC energy, !0.4322,17 which is a rigorous
upper bound. MERA produces a rigorous upper bound
because it generates a wavefunction for the infinite 2D
system and evaluates its energy exactly (up to floating
point round-o! errors).17

IV. GROUND STATE ENERGIES

It is possible to generate rigorous upper bounds on the
ground state energy of the infinite 2D system from our
results for finite open systems. Consider an open cluster
C which can be “tiled” to fill all of 2D, with no sites left
out, and having an even number of sites NC . We take
as a 2D variational ansatz a product wavefunction, the
product being over all the tiles, where we use our best
variational wavefunction for C (call it |C", with energy
EC) as the ansatz for each tile. The energy of any of
the missing bonds connecting di!erent tiles is zero, since
#C|"Si|C" = 0 for any spin i. Therefore the energy per
site of this simple product wavefunction is EC/NC .
This approach is crude and converges slowly with the

cluster size, with an error proportional to one over the
width. Nevertheless, the SL energy is su"ciently low
that we have been able to obtain a new rigorous upper

bound on the 2D energy: E(2D)
0 < !0.4332. This was

obtained with a width-12 open strip (which looks like
XC12 unrolled) withNC = 576, keepingm = 5000 states.
The interior of this cluster had the uniform valence bond
pattern expected for a spin liquid.

TABLE I: Ground state energies and gaps for infinitely long
cylinders of various circumferences, c. The third column
indicates whether the diamond pattern fits perfectly on the
cylinder.

(c/2)2 Cylinder DF E/N Singlet Gap Triplet Gap

3 XC4 no !0.4445

4 YC4 yes !0.4467

7 YC5-2 no !0.43791 0.0108(1) 0.083(1)

9 YC6 no !0.43914 0.0345(5) 0.142(1)

12 XC8 yes !0.43824(2) 0.050(1) 0.1540(6)

13 YC7-2 no !0.43760(2) 0.020(1) 0.055(4)

16 YC8 yes !0.43836(2) 0.0497(6) 0.156(2)

19 XC10-1 no -0.4378(2)

21 YC9-2 no !0.4377(2) 0.032(3) 0.065(5)

25 YC10 no !0.4378(2) 0.041(3) 0.070(15)

28 XC12-2 yes !0.4380(3) 0.054(9) 0.125(9)

36 YC12 yes !0.4379(3)
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FIG. 4: Comparison of energies per site for various lattices
and methods. For cylinders, the horizontal axis in this plot
is the inverse circumference in units of inverse lattice spac-
ings. For tori,18,25–27 the smallest circumference was used.
In one case we show Lanczos energies for two di!erent sized
(36 and 42 sites) tori that have the same circumference.26,27

The MERA17 and our DMRG upper bound results apply di-
rectly to an infinite two dimensional system, as does the series
HVBC result16 that is plotted on the axis. The torus DMRG
energies18 are also upper bounds on the true ground state
energies for those tori.

Our DMRG results are presented in Table I. The
ground state energies are also plotted and compared to
other calculations in Fig. 4. The DMRG energies are
consistent with the Lanczos results25–27 and well below
the energies of MERA17 and the series expansions for the
HVBC.16 We note that the previous DMRG result18 is
close to the true ground state26 for the circumference 6
torus. The entanglement across a cut that separates a
circumference 6 torus into two parts should be roughly
the same as across a cut that separates a circumference 12
cylinder. We find that circumference 12 is presently our
limit for obtaining good ground state energy estimates
on cylinders. Thus it is perhaps not surprising that the
DMRG results for tori18 give substantial overestimates of
the ground state energies for circumferences larger than
6. But these estimates may alternatively be viewed as
variational upper bounds obtained with DMRG.
The XC8 cylinder (1/c $ 0.14) allows a direct com-

parison of the energies between the HVBC series and our
DMRG: the DMRG energy is lower by 0.004(1), and the
series result for XC8 is near the 2D result. The corre-
sponding torus shows much larger finite size e!ects in the
HVBC series,16 but the true finite size e!ects between
the tori and cylinders are quite small, as seen by the
nearly identical results from Lanczos on tori and DMRG
on cylinders when we use the largest available torus at
each circumference.25–27 This is consistent with the small
correlation length apparent in Fig. 1. We conclude that
our widest cylinders would have minimal finite size ef-
fects even if the system were in the HVBC phase; in the

© Steve White
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Herbertsmithite
ZnCu3(OH)6Cl2

2

confirmed using an x-ray di!ractometer equipped with an
area detector. A plastic holder was designed and made
for securing the crystal for susceptibility measurements
with magnetic field applied perpendicular (!p) or paral-
lel (!z) to the crystalline c axis. The background from
the plastic holder was measured to be negligibly small
relative to the signal from the sample. In Fig. 2(a), the
quantities !zT and !pT for temperatures between 2 and
330 K are plotted (where we assume ! = M/H in the
linear regime). The quantity !powderT , measured on a
polycrystalline collection of several dozen random orien-
tated crystals from the same batch, is plotted along with
!averageT = 1

3
(!z + 2!p)T , the calculated powder av-

erage. The latter two collapse onto the same curve as
expected, pointing to the reliability of the single crystal
measurements.
In Fig. 2(b), the anisotropy ratio of the magnetic sus-

ceptibility calculated as !z/!p is plotted. As tempera-
ture is increased from 2 to 330 K, the ratio increases from
0.96 to 1.12 monotonically. The presence of anisotropy
in the susceptibility agrees qualitatively with susceptibil-
ity measurements on aligned powders18 and recent µSR
measurements on single crystals17. In Fig. 2(c), magne-
tization measurements taken at T = 5 and 300 K are
plotted as a function of applied field. At T = 5K, the
anisotropy ratio is close to unity and the two curves over-
lap for the entire field range. At T = 300 K, there is a
clear anisotropy with the c axis being the higher suscep-
tibility direction. The observed magnetic anisotropy is
independent of the applied field.
The high quality of the susceptibility data allows for

further analysis to better understand the intrinsic be-
havior of the interacting spins on the kagome layers.
The primary results of this paper are shown in Fig. 3.
For the susceptibility data at high temperatures, Curie-
Weiss fits were performed for each data set taken at var-
ious fields. The Curie-Weiss temperatures and g factors
determined from the fits (which take into account the
corrections based on high-temperature series expansion
calculations19,20) are plotted in Fig. 3(a). For both field
orientations, the Curie-Weiss temperatures and g factors
increase slightly upon lowering the applied field below
µ0H ! 0.2 T. At µ0H = 1 T, the anisotropy ra-
tio for the g-factor is gz/gp = 1.10. A similar g fac-
tor anisotropy, though slightly smaller, has been deduced
from ESR work21 on powders.
It is important to separate out the anisotropy of the

Cu moments intrinsic to the kagome planes from that
related to the impurity spins. The experimentally mea-
sured magnetic susceptibility originates from both the
kagome plane and the weakly interacting Cu2+ impuri-
ties on the interlayer sites. Assuming that the intrinsic
kagome susceptibility becomes much smaller than the im-
purity contribution as T " 0 K, consistent with recent
NMR measurement on single crystal samples22, we model
the impurity susceptibility with a Curie-Weiss law where
"CW ! 1.3 K23. The best fit gives an estimated 10%
Cu2+ ions which occupy the interlayer sites for this non-
deuterated sample. Then, by assuming a temperature
independent anisotropy for the impurities, the impurity

FIG. 2: (color online) (a) Magnetic susceptibility, plotted as
MT/H = !T , measured under an applied field of µ0H = 1 T
which was oriented both perpendicular to and along the c-
axis. The data from a powder sample are also plotted and
compared to the “average” of the single crystal results, as de-
scribed in the text. (b) The anisotropy !z/!p of the measured
susceptibility plotted as a function of temperature. (c) Mag-
netization versus field measurements at T = 5 K and 300 K.
The vertical scale for each temperature is indicated by the
arrow.

contribution to the susceptibility can be subtracted re-
vealing the anisotropy of the intrinsic kagome spins. The
only remaining free parameter is the anisotropy ratio for
the impurities (!z/!p)imp, and in our analysis, we use
the value (!z/!p)imp = 1.

The deduced anisotropy of the susceptibility for the
intrinsic kagome spins is plotted in Fig. 3(b). The main
observation, which is relatively insensitive to the model
parameters, is that !z/!p for the intrinsic susceptibility
is a monotonically increasing function of temperature for
T > 150 K. This provides useful information on the im-
portance of additional terms in the spin Hamiltonian, as
we discuss further below. Moreover, since we have de-
duced the anisotropy of the g factor resulting from the
Curie-Weiss analysis, we can correct for this in deter-
mining the !z/!p ratio for the intrinsic kagome spins.
The g-factor corrected data are also plotted in Fig. 3(b).
At low temperatures (below # 5 K) where the impurity
contribution dominates the susceptibility, the measured
ratio for !z/!p is actually less than 1. If we assume a

no phase transition to 
mK temperature, 
despite J ~ 200K
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Other interactions
• Even for 3d ions, SOC gives ~ 10% DM and 

anisotropy (|g-2| ~ D/J).  Weak terms can have 
big effects in frustrated systems!VOLUME 88, NUMBER 13 P H Y S I C A L R E V I E W L E T T E R S 1 APRIL 2002
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FIG. 3. (a) Magnon energies vs field in the saturated phase.
Solid lines are fits to a linear behavior as expected for DSz !
21 eigenstates with g factor ga ! 2.18!1". !0, 0.447, 1"6 label
the two magnon modes resolved at the minimum gap in scans
such as in Fig. 2(c). (b) Amplitude of perpendicular ordered
moment Sc in the cone phase vs field. Solid line is a power-law
fit. (c) Incommensuration (e ! Q-0.5) vs field (solid line is a
guide to the eye). Inset: magnetization vs field [8] (T ! 30 mK)
compared with a linear behavior (solid line). (d) Superposition
of contrarotating magnons v2

2Q and v2
1Q [7] of different am-

plitudes (large and small circle) gives the elliptical order in bc
plane shown schematically for odd layers in (e) (arrows are or-
dered spins). Even layers have an opposite sense of rotation.

as illustrated in Fig. 3(e). In fact this order corresponds
exactly to the simultaneous condensation of contrarotating
magnons v2

2Q and v2
1Q [see Fig. 3(d)] with gap closure at

BC; a mean-field calculation [6,7] of this state gives an el-
liptical cone with asymmetry !cosuQ 1 sinuQ"#!cosuQ 2
sinuQ" ! 1.52!6" in agreement with the observed ratio
Sb#Sc ! 1.55!10" just below BC . The asymmetry is a
combined effect of interlayer coupling J 00 and alternation
of D6 between layers and rapidly decreases as the field
is lowered due to increased interparticle interactions and
fluctuations, Sb#Sc ! 1.1!1" below 7 T.

The effect of fluctuations and interactions on the or-
der as field decreases is quantified in Figs. 3(b)–3(c):
Figure 3(b) shows the off-diagonal order parameter Sc.

Close to BC it is described by a power law (solid line)
Sc $ jBC 2 Bjb with b ! 0.33!3", significantly below
the value b ! 0.5 expected for mean-field (3D) BEC [5].
The magnetization Sa obtained from susceptibility mea-
surements [8] is plotted in the inset of Fig. 3(c). It shows
that the boson density is not linear versus jBC 2 Bj but
rather shows a deviation that may be logarithmic [9]; and
finally the wave vector of the condensate Q ! 0.5 1 e!B"
is plotted in Fig. 3(c). Q varies strongly with field indicat-
ing that magnon-magnon interactions are important even at
low density and renormalize the condensate wave vector.
The above features deviate significantly from mean-field
(3D) behavior [10] and could be associated with the 2D
nature of the magnons. In two dimensions interactions can
qualitatively change the scaling behavior such as by in-
troducing nonlinear, log corrections to the magnetization
curve [9].

In summary, we have determined the Hamiltonian of
the quasi-2D quantum magnet Cs2CuCl4 using a new
experimental method and show that it is a 2D anisotropic
triangular system. We also measured transverse (off-
diagonal) order with field below saturation, an example of
Bose-Einstein condensation of magnons. Our methods are
general and could be used to reveal exchanges and quan-
tum renormalizations for systems as diverse as random
magnets, quantum antiferromagnets, and spin glasses.
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temperature transition the anomalies of M /B !d!M /B" /dT"
indicated by open arrows in Fig. 9 are steps !peaks" rather
than kinks !steps".

The phase diagrams for the B #b and c axis constructed
using the anomalies discussed above are shown in Fig. 10.
The new data agree with and complement earlier low-field
neutron diffraction results !open triangles".1 Apart from the
phase transition boundaries identified above we have also
marked the cross-over line between the paramagnetic and
antiferromagnetic SRO region, determined by the location of
the peak in the temperature dependence of the magnetization
such as in Fig. 1!a". The peak position Tmax decreases with
the increasing field and disappears above Bc, indicating the
suppression of antiferromagnetic correlations by the mag-
netic field. For the field along the b and c axis the phase
diagrams are much more complicated than that for B #a
which shows only one cone phase up to the saturation
field.4,12 For B #b three new phases appear above the spiral
phase. Two of these phases occupy small areas of the B!T
phase diagram. For B #c four new phases are observed in
addition to the spiral and elliptical phases.

We note that the absence of an observable anomaly in the
temperature dependence of the magnetization upon crossing
the phase transitions near certain fields !6 T along b and 5 T
along c" is consistent with Ehrenfest relation and is related to
the fact that the transition boundary Tc!B" is near flat around
those points. The relation between the shape of the phase
boundary and the anomaly in M!T" was discussed by
Tayama et al.13 and is

!$dM

dT
% = !

dTc

dB
!$C

T
% , !2"

where !!X" is the discontinuity of quantity X, C is the spe-
cific heat, and Tc is the field-dependent critical temperature
of the second order phase transition. This shows that the
discontinuity in dM /dT vanishes when dTc /dB=0, i.e., when
the phase boundary is flat in the field. This is indeed the case
for 6 T #b and at 5 T #c !see Fig. 10", and here only a kink
and no discontinuity is seen in dM /dT.

IV. CONCLUSIONS

We have studied the magnetic phase diagrams of
Cs2CuCl4 by measuring magnetization and specific heat
at low temperatures and high magnetic fields. The low-field
susceptibility in the temperature range from below the broad
maximum to the Curie-Weiss region is well des-
cribed by high-order series expansion calculations for the
partially frustrated triangular lattice with J! /J=1/3 and
J=0.385 meV. The extracted ground state energy in the zero
field obtained directly from integrating the magnetization
curve is nearly a factor of 2 lower compared to the classical
mean-field result. This indicates strong zero-point quantum
fluctuations in the ground state, captured in part by including

FIG. 9. Magnetization normalized by the applied field M /B
!thick solid lines, left axis" and its derivative d!M /B" /dT !thin solid
lines, right axis" as a function of temperature for B #c. Vertical ar-
rows indicate anomalies.

FIG. 10. B!T phase diagrams of Cs2CuCl4 for the B#b and c
axis. Data points of open circles !magnetization", squares !specific
heat", and triangles &neutrons !see Ref. 1"' connected by solid lines
indicate phase boundaries. Solid circles show the positions of the
maximum in the temperature dependence of the magnetization and
indicate a crossover from paramagnetic to SRO. “E” on the phase
diagram for the B #c axis denotes the elliptical phase !see Ref. 1".

TOKIWA et al. PHYSICAL REVIEW B 73, 134414 !2006"

134414-6

B∥a: only one phase B⊥a: many phases

Y. Tokiw
a et al, 2006

e.g. 
Cs2CuCl4
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Other interactions
• Orbital degeneracy

• Warning: many ions have orbital 
degeneracy

d orbitals eg: x2-y2, 3z2-r2

t2g: yz, xz, xy

e.g. octahedral symmetry

Ni3+: S=1/2 but 2 orbital states



Other interactions
• Orbital degeneracy

• Warning: many ions have orbital 
degeneracy (e.g. typically Ti,V,Co,Mn,Fe)

• Full exchange hamiltonian becomes “Kugel-
Khomskii”-like

plus orbital-lattice interaction (Jahn-Teller)
plus spin-orbit coupling

H =
X

hiji

h
J ~Si · ~Sj +Kµ⌫T

µ
i T

⌫
j + Lµ⌫T

µ
i T

⌫
j
~Si · ~Sj

i



Other interactions
• Strong SOC systems

• If there is a large L component of J, 
interactions often become very anisotropic
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“Kitaev” terms in 
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FIG. 1. (a) Image and (b-d) stack plot of the RIXS data recorded with qab along high symmetry lines and qc fixed at ⇡
3 .

Brillouin zone of the undistorted tetragonal unit cell (black square) and the magnetic cell (blue square) is shown with the
notation following the convention for the tetragonal unit cell, as, for instance, in La2CuO4. (e) RIXS spectra measured at four
di↵erent qc’s with qab fixed at (⇡,⇡). The qc’s of 0, ⇡/3, 2⇡/3, and ⇡ correspond approximately to l=25.65, 26.5, 27.35, and
28.25, respectively. The red lines indicate the approximate peak positions at qc=0 and ⇡.

Å�1, respectively. By using a high resolution monochro-
mator and improving the quality of the analyzer, the en-
ergy resolution has been improved by more than a factor
of four since we recently reported RIXS measurement on
the single layer iridate Sr2IrO4 [4].

Figure 1(a) and 1(b)-(d) show the image and stack
plots, respectively, of the RIXS spectra recorded with in-
plane momentum transfer qab along high symmetry lines
and qc fixed at ⇡

3 . Three main features in the spectra
are: (A) elastic/quasi-elastic peaks near the zero energy,
(B) an intense and dispersive band in the range 90� 160
meV, and (C) a rather weak and broad feature above
the dipersive band suggestive of two-magnon states. By
comparing to the recent RIXS data [4] and theoretical
study [17] on the single layer Sr2IrO4, it is evident that
feature B with similar overall energy scale and momen-
tum dependence of the intensity (see also Fig. 2) is a sin-
gle magnon excitation. With this assignment, however,

two anomalies are apparent: the acoustic branch appears
to be absent, and the magnon gap is unusually large even
for an optical mode. Typically, two branches of magnetic
modes, acoustic and optical, are observed in other bilayer
systems such as bilayer manganites [18] and cuprates [19].
To identify the acoustic branch, we scanned along the
qc direction fixing qab=(⇡,⇡) where the maximal bilayer
splitting is expected, as shown in Fig. 1(e). At qc=⇡ (0),
only the acoustic (optical) branch has finite intensity, in
accordance with the intuitive notion that magnons em-
anate from magnetic Bragg spots. At intermediate qc,
the spectrum is contributed to by both branches with a
gradual shift in spectral weight from one branch to the
other. We see an upward shift of ⇡5 meV as qc is varied
from ⇡ to 0. Thus, it is seen that the acoustic branch also
has a large gap and is nearly degenerate with the opti-
cal branch. The small splitting of the two branches im-
plies strongly frustrated inter-layer interactions, which,

giant magnon gap in Sr3Ir2O7

Jackeli+Khalliulin, 2009 J. Kim et al, 2012



Other interactions
• Strong SOC systems

• If there is a large L component of J, 
interactions often become very anisotropic
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generic for rare earth pyrochlores

Jzz = 0.17±0.04 meV

J± = 0.05±0.01 meV

Jz± = 0.14±0.01 meV

J±± = 0.05±0.01 meV

Yb2Ti2O7

K. Ross et al, 2011



Quantum spin ice

0.0 0.1 0.2 0.3 0.4
0.0

0.2

0.4

0.6

0.8

J±êJzz

J z
±
êJ zz

FM

AFMCFM

QSL

Yb2Ti2O7

Quantum spin ice exists materials Yb2Ti2O7, Pr2Zr2O7 are 
being actively studied...more materials?
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Summary
• Frustrated magnets are a source of 

remarkably diverse behavior

• Complex and exotic ordered phases

• Even more subtle Quantum Spin Liquids

• Frustration brings sensitivity to small 
effects: detailed characterization of 
structure, orbitals, magnetism, and 
excitations are needed for understanding


