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Thermal conductance of nanostructured phononic crystals
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The thermal conductance of mechanically suspended nanostructures has recently received much attention, in
part due to the recent prediction and observation of the quantum limit for thermal conductance, which is
observed in long, thin insulating beams at very low temperatures@D. E. Angelescu, M. C. Cross, and M. L.
Roukes, Superlattices Microstruct.23, 673 ~1998!; K. Schwab, E. A. Henriksen, J. M. Norlock, and M. L.
Roukes, Nature404, 974 ~2000!; I. G. C. Rego and G. Kirczenow, Phys. Rev. Lett.81, 232 ~1998!; M. P.
Blencowe, Phys. Rev. B59, 4992 ~1999!#. In this brief report, we describe a model calculation where the
simple beam used to calculate quantum conductance@L. G. C. Rego and G. Kirczenow, Phys. Rev. Lett.81,
232~1998!# is replaced by a beam made from an artificial one-dimensional phononic crystal. We find that at the
lowest temperatures and longest thermal-phonon wavelengths, the quantum limit is recovered, while for inter-
mediate temperatures, where the dominant phonon wavelength is of the order of the phononic-crystal repeat
distance, a significant suppression of the conductance is predicted. At higher temperatures the conductance
returns to that of a simple beam.

DOI: 10.1103/PhysRevB.64.172301 PACS number~s!: 65.40.2b, 65.80.1n, 62.25.1g
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The ability to fabricate suspended nanoscale structu
that include temperature-sensitive and electronically ac
devices has allowed the development of highly sensitive
chanical electrometers and calorimeters, and the recent
servation of the quantum of thermal conductance.2,5–7 In
bolometric- and calorimetric-detector applications, the
ergy sensitivity of the detector is ultimately limited by th
nanostructure heat capacityC and the thermal conductanceG
linking the capacitance to a temperature reservoir. In gene
smaller size structures yield smaller heat capacities. The t
mal links, which also act as mechanical supports for the s
pended structure, give increased thermal isolation w
smaller cross sections and larger length-to-diameter as
ratios. An example of a nanoscale bolometer is shown in
1. The device consists of a small block of single-crys
GaAs, suspended by four thin beams from the bulk substr
A pair of superconductor–insulator–normal-metal~Al-I-Cu!
double-tunnel junctions have been patterned on the sur
of the suspended block, and act as heaters and thermom
allowing the measurement of the thermal conductance of
supports; a more complete description of this device w
appear in Ref. 8.

The thermal conductance in this structure is determi
by the conductance of the four thin beams supporting
central block; these comprise a 0.2-mm-thick GaAs beam
with an overlying 0.05-mm-thick superconducting Al elec
trode. Operated well below the superconducting transit
temperature, the thermal conductance is that of an elect
insulator, dominated by the thermal conductance through
delocalized phonon modes connecting thermal reservoir
either end of the beam. The thermal conductanceG is given
by the formula1,3,4,9
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`

Tn~v!
v2e\v/kBT

~e\v/kBT21!2 dv. ~1!

Heren runs over the delocalized phonon modes in the be
andTn(v) is the phonon transmissivity for that mode at fr
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quencyv; each mode has a continuum of transmitting fr
quencies. Most of the modes in a beam have low-freque
cutoffs similar to those for electromagnetic waves in a wa
guide; a simple beam has only four modes that do not h
such cutoffs, one longitudinal, one torsional, and two flexu
modes. At the lowest temperatures, therefore, only these
modes can conduct energy, and if each of these modes
transmissivityT →1, the thermal conductance approache
universal quantum limit:GQ5N(p2kB

2/3h)T, with N54 be-
ing the number of low-frequency modes. In this low
temperature limit, the thermal conductance is independen
the beam length and cross section, and is proportional tT.
This prediction for the thermal conductance has recen

FIG. 1. Electron micrograph of a nanoscale bolometer, comp
ing a pair of Al-I-Cu-I-Al tunnel junctions fabricated on the surfac
of a (23330.2)-mm3 GaAs block, which is suspended by fou
(0.230.234)-mm3 beams from the bulk substrate. Below is
sketch of the geometry including the tunnel junctions, and a hig
simplified thermal model, indicating the heat capacitanceC of the
central block~dominated by that of the normal Cu metal!, and ther-
mal conductanceG for each of the four beams.
©2001 The American Physical Society01-1
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BRIEF REPORTS PHYSICAL REVIEW B 64 172301
been experimentally demonstrated by Schwabet al.2

The prediction for the low-temperature quantum limitGQ
appears to be quite robust. A recent calculation9 includes the
effect of surface roughness on the thermal conductance
simple beam; the roughness causes elastic scattering bet
the allowed phonon modes, including scattering betw
forward-traveling and reverse-traveling phonons. The
thors found that if the roughness has a correlation lengthL,
then phonons with wavelengths much larger than or m
smaller thanL have a transmissivity approaching unity. Th
thermal conductance of a roughened beam is then given
the quantum limit for temperatures low enough that the ch
acteristic phonon wavelength is larger thanL, and returns to
the dependence given by Eq.~1! for temperatures high
enough that the dominant phonon wavelengths are m
smaller thanL. At temperatures between these limits, a mo
erate suppression of the conductance belowGQ is found,
where the scattering is the strongest; this explains the co
sponding suppression seen in the experiment2 at intermediate
temperatures.

In this paper, we investigate the thermal conductance
beams fabricated from beams made from artificial phono
crystals in the absence of scattering. Periodically modula
mechanical structures, which generate classical band s
tures, have been used for some time for applications in
trasound and ultrasonic transducers;10 a description of the
current theoretical and experimental work appears in a
view by Kushwaha.11 The dispersion relationv(k) for
acoustic phonons traveling in a periodically modulated m
terial is found to develop gaps in the transmission spect
at wave vectorsk associated with the modulation wave ve
tor; these gaps should have an effect on the thermal con
tance of a beam fabricated from such a material. We h
calculated the dispersion relations for a periodically mo
lated, quasi-one-dimensional beam using two differ
acoustic models. We find that the resulting band struct
with gaps at frequencies that correspond to the phon
dominant at quite low temperatures, yields significant red
tions in the thermal conductance from the quantum limitGQ
at moderate temperatures. However, the presence of del
ized Bloch states at the lowest phonon frequencies, be
the gap, gives a thermal conductance that approachesGQ at
the lowest temperatures.

Our first model is for the longitudinal acoustic mode in
beam of variable cross section.x being the coordinate alon
the beam length, andA(x) being the~position-dependent!
cross-sectional area, the longitudinal displacementu(x,t)
satisfies the approximate one-dimensional equation12,3

1

cl
2

]2u

]t2 5
]2u

]x2 1
1

A

]A

]x

]u

]x
, ~2!

wherecl is the longitudinal sound speed. We assume a p
odic variation in the cross sectionA, of the form
] ln A(x)/]x5«GsinGx, with amplitude« and wave vectorG
~see inset to Fig. 2!. The solutions to Eq.~2! can be expanded
in the Bloch form with wave vectork and frequencyv,
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n52`

`

Un exp@ i ~k1nG!x1 ivt#. ~3!

In the limit «→0, the terms in Eq.~2! with different n are
decoupled and yield the dispersion relationsv25cl

2(k
1nG)2; these are drawn in Fig. 2 in a repeated-zo
scheme. With nonzero«, these terms become coupled, w
numerically solve the eigenvalue equations Eq.~2!.

We find that gapsDv open in the dispersion spectrum
the Brillouin-zone edgesk56G/2 corresponding to a fre
quencyv05clG/2 in the center of the gap. In Fig. 2 w
show the dispersion relations for the two lowest bands,
the unmodulated («50) beam, and for a range of variation
amplitudes «. This structure therefore forms a one
dimensional phononic crystal, with a forbidden frequen
band centered atv0 , of magnitudeDv/v0>«.

As an example, a beam fabricated from Si with a thic
ness of 0.2mm, can easily be patterned with a modulat
width w varying from 0.1 to 0.5mm with a periodicity of
2p/G50.5mm. The variational amplitude in Eq.~2! is then
«5 2

3 , and the corresponding bandgap is centered atv0
5clG/2533 GHz. The calculation predicts a gap with ban
width Dv522 GHz, taking the sound speedcl54300 m/s.

In our second model we use a scalar phonon model of
type used by Santamore and Cross.9 The scalar phonon dis
placement fieldF(r ,t) satisfies the homogeneous wa
equation with elastic modulusE and densityr,

r
]2F

]t2 5“•~E“F!. ~4!

The beam is now fabricated as a composite structure wi
periodic variation in the density and elastic modulus, so t
E5E(x) andr5r(x), as sketched in Fig. 3. The beam h
width w along they axis and thicknesst alongz. We assume
that the surfaces of the beam are stress-free, so that]F/]n̂
50 for a local surface normaln̂ at z50,t andy50,w.

The solutions to Eq.~4! are separable and have the for

FIG. 2. Calculated dispersion relation for modulation streng
e50, 0.1, 0.25, and 0.5 in the longitudinal acoustic model. The g
Dv for «50.5 is indicated, as is the band-gap center freque
v05clG/2. Eleven bands were included in the calculation, the lo
est two are shown here.
1-2
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BRIEF REPORTS PHYSICAL REVIEW B 64 172301
F~r ,t !5f~x!coskly coskmzeivt ~5!

with transverse wave vectorskl5 lp/w( l 50,1,2,...) andkm
5mp/t(m50,1,2,...). The functionf(x) satisfies

1

r~x! FE~x!kl
21E~x!km

2 2
]

]x
E~x!

]

]xGf5v2f. ~6!

We assume that the elastic modulus has the spatial de
denceE(x)5E0@11« cos(Gx)# with a modulation amplitude
« and wave vectorG; the inverse density has the same ty
of dependence, 1/r(x)5(1/r0)@11d cos(Gx)#, with ampli-
tude d. If « and d are taken to have the same sign, then
increase in elastic modulus is coupled with a decrease
density. The solutions to Eq.~6! have the same form as fo
our previous model with

f~x!5 (
n52`

`

fnei ~kx1nG!x. ~7!

Inserting this form into Eq.~6!, we can calculate the eigen
value solutionsv(kx) for the modes (kx ,l ,m). In the limit
«,d→0, the ‘‘empty-lattice’’ solutionsv25c0

2(kx
21kl

21km
2 )

are found with wave velocityc0
25E0 /r0 . For nonzero« and

d, we solve the coupled equations numerically; the soluti
are plotted in Fig. 3 for the two lowest bands (l ,m)5(0,0)
and (l ,m)5(1,0) as a function of longitudinal wave vecto
kx . In the calculation we have retained terms of second or
«d, which mix wave vectors in bandn with those in bands
n62; dropping these does not significantly change the re
shown in Fig. 3.

We again find that gaps open in the dispersion spectrum
the Brillouin-zone boundariesk56G/2, with the magnitude
for the gap between the lowest two bands approxima
given by Dv/v0>« for d5«. If our composite structure

FIG. 3. ~a! Dispersion relation for empty lattice, showing th
three lowest modes for the scalar model, plotted in an extend
zone scheme. Dashed box shows the region plotted in detail in~b!.
~b! Dispersion relation including the structural modulation, plott
in the reduced-zone scheme. The calculation is for perturba
strengthsd5e50.1, 0.25, 0.5, and 0.75. Black solid and dash
lines are for the (kx ,l ,m)5(kx,0,0) mode, and solid and dashe
gray lines are for the (kx,1,0) mode. The geometric paramete
were w52t and modulation wave vectorG50.6p/t. Inset shows
the geometry for the structure.
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consists of a 0.2-mm-thick beam of Si~E547 GPa, r
52330 kg/m3! combined with Pb ~E516 GPa, r
511 340 kg/m3!, we have «>0.5 and d>0.65, and we
choose a periodicity 2p/G50.5mm. The calculation then
yields a band center atv05c0G/2514 GHz with bandgap
width Dv50.56v058 GHz.

These two approximate methods for calculating the d
persion relation of a one-dimensional phononic crystal yi
rather similar results. We now consider what the implicatio
are for the thermal transport through a beam fabricated w
such a periodic structure. We assume that the beam is a
batically coupled to thermal reservoirs at either end, us
smooth, graduated increases in the cross-sectional areaA to
the bulk solid; we therefore avoid end-to-end phon
resonances,3 and the acoustic mismatch from abrupt ar
transitions.1,13 We calculate the temperature dependence
the thermal conductance for a single low-frequency Blo
mode with transmissivityT~v! equal to 1 forv in the al-
lowed bands, 0,v,v02Dv/2 and v .v01Dv/2, and
zero for v in the forbidden gap region. The result of th
calculation, using Eq.~1!, is shown in Fig. 4~a!, calculated
for temperatures well below the cutoff temperature for t
second mode@the mode (kx,1,0) in the scalar model, Eq
~4!#. In part ~b! of that figure we display the temperatu
dependence including the higher-order modes.

At the lowest temperatures, such that the primary phon
frequency is much smaller than the lower band-gap e
v02Dv/2, the thermal conductance for the single mode
given by the quantum limitGQ . As the temperature is in
creased, the phonon distribution passes through the gap
quencyv0 , and the thermal conductance falls to a minimu
at a temperature roughly given bykBTmin>\v0 /2.7. Above
this temperature, significant numbers of phonons popu
the upper band; at high enough temperatures the result f
simple beam is recovered, with conduction occurri
through a number of cutoff modes. This behavior is rema

d-

n

FIG. 4. ~a! Calculated thermal conductance in units of the qua
tum of thermal conductanceGQ for one mode of a phononic crysta
beam as a function of temperature normalized to the band-gap
ter v0 . The solid line is for a simple beam showing the quantu
valueG/GQ51, and the dotted lines are for phononic crystal bea
with band-gap widthsDv/v050.2, 0.4, 0.6, and 1. The dotted lin
shows~b! Thermal conductance including the higher-order mod
for the simple beam~solid line! and for the same series of modula
tion widthsDv/v0 .
1-3
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BRIEF REPORTS PHYSICAL REVIEW B 64 172301
ably similar, although larger in magnitude, to that calcula
for scattering due to imperfections in the surface of a sim
beam, as shown by Santamore and Cross.9 Here we can tune
the amount by which the conductance is lowered at interm
diate temperatures by increasing the width of the gap,
shift the point of minimum conductance by changing t
crystal-repeat distance. However, at low enough temp
tures the quantum of conductance will always be recove

For our two numerical examples cited above, the mo
lation of the cross-sectional widthw of a Si beam from 0.1 to
0.5 mm yields a minimum in normalized thermal condu
tance at a temperature of 0.25 K, with a reduction by a fac
of 0.7. For the composite modulated beam consisting o
modulated Si/Pb overlayer structure, the normalized cond
tance minimum is at 0.11 K, with a reduction factor of 0.5

We have only considered the thermal conduction throu
effectively one of the four types of conducting modes in t
beam. The other three modes will developed band gap
well, at the same wave vectorskx56G/2, but at somewhat
different center frequenciesv0 due to the different acoustic
sound speeds for these modes, and with different band
e
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Dv due to the different coupling strengths. The total therm
conductance will consist of the superposed conductance
sociated with each mode and will therefore smear somew
the features shown in Fig. 4. However, a significant feat
should still be visible at intermediate temperatures.

In conclusion, we find that the quantum of conductance
quite robust, and for any given phononic crystal the therm
conductance at low enough temperatures will recover to
quantum limit. At moderate temperatures, however, the th
mal conductance can be controllably reduced below
quantum limit, over a range of temperatures set by the f
rication parameters for the phononic crystal. This capabi
may prove useful in bolometric and calorimetric applic
tions.
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