Physics 115C
Homework 4

Problem 1

(a) In the Heisenberg picture, the dynamical equation is the Heisenberg equation of motion:
for any operator (Qg, we have

dQp 1 0Qu
R AT
where the partial derivative is defined as
aQ_H _ eth/h%e—th/h
ot ot
where (g is the Schrodinger operator. If we're interested in the evolution of the lowering
operator of the simple harmonic oscillator, we let ) = a, and we get

1
dg—f = E[QH’ H ]
To evaluate the commutator, let’s express the Hamiltonian in terms of the Heisebnerg
raising and lowering operators. To do so, recall that in the Schrodinger picture, the
Hamiltonian for the simple harmonic oscillator was

1
H = hw (CLECLS—F 5)

Now, let’s multiply the Hamiltonian by unity in the form
1 — pifit/h—iHt/h

Using the fact that the Hamiltonian commutes with any function of itself, we get

H=1-H
— QiHt/h—iHt/h T

_ 6th/hI{e—th/ﬁ

_ hweth/h (CLTSCLS + 5) e—th/fL

= hw <ez‘Ht/haTSase—z‘Ht/h + %)



Cleverly inserting another factor of unity between the ladder operators, we get

H = hw (eth/haTSeth/heth/hageth/h + %)
t 1
= hw aH(t)aH(t) + 5
where we recognized the relationship between the Schrodinger and Heisenberg operators

th/ﬁaS —iHt/h

ag(t) =e e

and likewise for a'. The next thing we’ll need are the commutation relations for az
and a}{. In the Schrodinger picture, we know that

lag, aTS] =1
Multiplying on the left by e’#*/" and the right by e /" we get

eth/h[ T]e—th/h _ eth/he—th/h

Cbs, CLS
GiHt/h (asag _ agas) e—iHt/h _
Again inserting unity between the operators, we get

<eth/haSe—th/heth/haTse—th/h _ eth/haTSe—th/heth/hase—th/h) 1

(an(al () = afy(an(®) = 1
Thus we obtain the so-called equal-time commutation relation

lan(t), aly(t)] = 1

(it is crucial that the times be equal, for otherwise our arguments above wouldn’t have
worked!). We are now ready to calculate the explicit time-evolution of ay. We had the

equation of motion
da H 1

1~ —lay, H
a e
Writing

H = hw (a},(t)aH(t) + %)

and using our equal-time commutation relations, we find that

[H,ay] = hw [aH(t),aL(t)aH(t) + %}

— hw [aH(t), a}l(t)aH(t)}

=t (aly (1) lasr (). an (O] + [an(t), ay(8)] an(®))
= hwag(t)



(The first commutator in the second-to-last line vanishes trivially, since ay(t) commutes
with itself). Thus the Heisenberg equation of motion gives

Bt o (a1
= —iway(t)
This is a simple differential equation: its solution is
ag(t) = ag(0)e ™"
To get the initial condition ay(0), we go back to the definition of the Heisenberg operator:

aH(t) — 6z’Ht/hase—th/h

We see easily then that
ap(0) = ag

and therefore we have the simple relationship

—iwt

ay(t) = age

To get the corresponding time-evolution of al,, we could simply take the adjoint of a(t),
but let’s work it out explicitly for practice. This time, we have

= L]

ar  in LM
1 ; ; 1
= Ehw aH(t)7aH(t)aH(t)+§

Thus we find that

or

as expected.

That the Hamiltonian is time-independent in the Heisenberg picture follows trivially
from our work in part (a) above, where we showed that the Hamiltonian is in fact the



same in both pictures (since it commutes with both e
can show it explicitly using the results we just found:

H = hw (aTH(t)GH(t) + %)

= hw (aLemaSem + —)

2
1
= hw (CLLCLS + 5)

iHt/h

and e

—z‘Ht/h,)

. However, we

So indeed, the individual time dependencies in ay and aL cancel themselves out to give

a time-independent Hamiltonian.



Problem 2

(a) The Biot-Savart law states that in magnetostatics, the magnetic field created by an
infinitesimal current element Id€ at position r’ is

o Ide x (r — 1)
S Am -3

dB(r)

Now, this formula is only true in magnetostatics (i.e. for a steady line current), so
technically, it does not apply to our case. The reason is that for a changing current,
we need to take into account retardation: since information can’t travel faster than the
speed of light, it takes time for the information about the changing current to propagate
from 7’ to r. However, assuming that this effect can be neglected (i.e. if we work in the
nonrelativistic regime), then for a moving point charge we can approximate the moving
current element as Idf = qu, and we find that the magnetic field created by a point
charge moving with velocity v at position 7’ is

B(T)N@q'vx(r—r’)

e P (when v/c < 1)

(Incidentally, even if we wanted the full relativistic formula, we couldn’t get it from
the given information. To get the exact answer, we’'d need to know the trajectory of
the particles, but all we're given are their position and velocity at some instant, so the
nonrelativistic formulas are all we can get). Using this formula, we can calculate the
magnetic field each particle feels due to the other. First, we have

vlzvlzi'
V2 =12y

r1—T2=4dy
The magnetic field that particle 1 feels due to particle 2 is thus

_ Mo gqua X (r1 —72)

B, =

12 47 |7‘1—7‘2|3
Mo qU2 . .
==y X
47Td2y 4
=0

Does this make sense? Sure! Particle 2 effectively creates a current pointing up along
the y-axis, so the magnetic field lines (by the right-hand rule) should be going around
the y-axis. But particle 1 is right on the y-axis, where there is no magnetic field from
particle 2.



Next, the magnetic field that particle 2 feels due to particle 1 is

_ Ho U1 X (7‘2 —7‘1)
Ar |rg — 13
Ho qU1 A

= —— X (—
iz (=9

Mo qU1
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B:,

This makes sense too: particle 1 looks like a current traveling along the z-axis, so
the magnetic field lines go around the z-axis, and so along the negative y-axis (where
particle 2 is), the magnetic field should be pointing in the negative z-direction, as we
found.

Finally, we need to calculate the electric field between the charges. This one’s easy, since
in the nonrelativistic regime, we just use Coulomb’s law:

1 q
B q .
12 47eq d2y
1 q
B — q .
21 Ireq d2y

To find the force on each particle, we just use the Loretz force law:
F =q(E+vxB)
The force on particle 1 is then

F, =q(E;x+ v, X Bys)

Next,

F, = q (E5 + vy X By)
oL, megquva.
1 47reod2y ir @z 7

1 ¢* . poq*vivg,
e

_47T60d2y At d?
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Clearly, these forces are in violation of Newton’s third law: the elecric forces between
the particles are indeed equal and opposite, but the magnetic forces are not.



(b) In special relativity, kinetic energy (actually, total energy, but they just differ by a
constant) is the time component of the momentum four-vector. The spatial components
are (no surprise) the spatial momentum. Thus the momentum four-vector is

p" = (E/c,p)

where the index u takes the values 0, 1, 2, 3 (or ¢, z,y, z, if you prefer). The extra
factor of ¢ is simply needed so that all the components of p* have units of momentum.
Likewise, the scalar potential ¢ is the time component of a four-vector whose spatial
components are the vector potential A. The four-vector potential is thus

A" = (¢/c, A)

Again, the factor of ¢ is necessary to give all the components units of A. At this point,
we recognize that the conservation equation

d (1
— | =mv® + =0
dt (2 q¢)
is simply the time-component of the four-vector conservation equation

d
o P A" =0

(I switched from time coordinate ¢ to proper time 7 to emphasize the covariant nature
of the equation; in the nonrelativistic limit, 7 ~ ¢ and therefore d/dr =~ d/dt). All we
have to do now is extract the spatial components of the conservation equation to get

d
d—T(P‘H]A)—O

In the nonrelativistic limit, p ~ mwv, d/dr ~ d/dt, and thus we get

d
E(mv—i-qA):O

Of course, this wasn’t at all a proof; we simply motivated the above equation based
on relativistic covariance. However, it is relatively simple to prove it from the Hamil-
tonian formalism. Recall that the (classical) Hamiltonian for a particle moving in an
electromagnetic field is
B = Planon |
2m
where Peanon i the canonical momentum:

Pcanon = MU + qA



The Hamilton-Jacobi equations of motion tell us that

dpcanon _ a_H
dt Oz

d
pr (mv+qA) =—-V¢

In the presence of no external electric fields (as is required for conservation of momen-

tum), V¢ = 0, and we obtain the desired conservation equation.

Our job is to evaluate the expression

d

— (mv + qA

7 qA)

for each particle. Individually, these will not necessarily be equal to zero, because each
particle feels an external electrical force (the Coulomb force from the other particle).
However, the combined two-particle system does not feel any external electrical force,
and therefore we expect that the total momentum conservation law should hold:

d d
— (mwy + qA1) + — (mvy + qAs) =0

dt dt
Let’s begin by evaluating
d dAqs
— (mw Aiz) = ma
dt(m 1+ qA) =ma; +q o
drt dA
F1 + q—l 112
dt dr} 1=0.19=—dj
dA
= F| + qu] 1.12
d,rl 7‘1=0,T2=—dy
where I used Newton’s second law to write F' = ma, and used the chain rule to
write dA/dt = (dA/dr?)(dri/dt) (remember that there’s an implied sum over the in-
dex i = z,y, 2); the derivative is to be evaluated at the positions r; = 0,7, = —dJ.

Since v; = v12, we get

dA12
dl‘l

d
a0 (mwvy + qA12) = F1 + qu;

r1=0,r0=—dy

The problem is now to calculate the vector potential felt by particle 1 due to parti-
cle 2, Aj5. There is no unique choice for the vector potential (because of gauge freedom),
but a handy choice for the (nonrelativistic) vector potential due to a point charge with
velocity v at position 7’ is

Ho qU
A(r) ==
(r) A7 |r — 7|
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Thus

Ho qus
Ap=—7——"—
47 |’I"1 —T'2|
_ Hoqvs
47 r

where I've now left the distance between particles 1 and 2 a variable r (instead of fixed d)
because I'll be differentiating with respect to it; in particular,

r= \/($1 —22)2 + (y1 — y2)? + (21 — 22)?
We now have

dAis

d
— (mwvy + qA1) = F1 + quy

dt dl‘l r1=0,r2=—dy
2
. Mo o d 1 .
= Y+ gy ——— Y
2
Ameg d aT dX1 T | Z0 py=—dg
1 (12 ~ o Mo o Ty — X1 A
= —Y+ —q v
Amey d? 41 [ P m:_@y
where I used the fact that
d 1 . To — X1
der 18
Now, note that at r; = 0 and ry = —dy, we have x5 — 21 = 0, and therefore the second
term just evaluates to zero. Thus
d 1 ¢
— (mwv Ap)=———1
dt( 1+ qAm) Irey d2y

As promised, momentum is not conserved for this single particle, because of the electric
force from the second particle (had we ignored electric forces and only dealt with mag-
netic forces, then this expression would indeed have been zero). Now, on to the second
particle:

d dAs;
Bl Aor) —
pm (mwsg + qAs) = may + q o
dri dA
=F, +q—> ?1
dt dr} 1=0.19=—dj
. dA
= F, + qu; Z.Ql
d’l“2 r1=0,r0=—d§
Using vy = 127, we get
d dA
i (mwg + qA2) = F5 + quo p 21
t Y2 r1=0,r0=—dy




This time, we have
0 qui
Ay = fo_ 9%
4 |7’2 — T'1|
_ Hogu
4 r

Thus

d dA
— (mwy + qAg) = F> + quo 21

dt dy2 7‘1:0,T2:—di
dmeg RN T dr? T AYo 1|y —0.ry=—dp
47eq d? 4 d? 4rt 2 [ O ro=—dj

But at ry =0 and 7y = —dy, y1 —y» = d and r = d, so

d L ¢® . poq*vive . o d
il Ao) = — 1 5 _ Ko 5o FO 2 il
dt (mov> + ¢ 4a1) 47eg d2y 47 d? T 47Tq 12 d3aj
1 ¢
 Ayey d2

Note that the contributions from the magnetic fields do indeed cancel out, leaving just
the electric field stuff; again, if we were to ignore the Coulomb force and just focus on
the magnetic fields, we would have found that the “complete” momentum was conserved
for just this one particle.

Combining these results, we find that

d d
E (m'vl + un) + E (m'02 + qA21) =0

So the “complete” momentum is indeed conserved when considering the entire two-
particle system, because there are no external electrical forces acting on it.
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Problem 3

Let’s first think about this system physically. Before we change the magnetic field, the
system consists of a stationary ring and static magnetic and electric fields. In general, elec-
tromagnetic fields can carry momentum (linear and angular), but because of the rotational
symmetry of the system, we expect the electromagnetic fields to carry no total momentum.

When we increase the magnetic field, there is a corresponding increase of magnetic flux
through the ring. The conductor will oppose this increase in flux by generating a current to
oppose it; if we take the +z direction parallel to the magnetic field, then the ring will generate
a current rotating clockwise when viewed from above (depending on whether the ring is
conducting or insulating, it may remain stationary or begin to rotate, but either way the
charge carriers will carry some mechanical angular momentum). This will be accompanied
by a net angular momentum, which we expect will be cancelled out by a corresponding
change in the angular momentum of the electromagnetic field.

Looking back at our equations, our goal is to show that

d

dt (T X pcanon) =0

Using our expression for the canonical momentum, we want to show that

Cft(mfr><'v~|—qr><A)—0

or
d

dt (
The left-hand side of the above equation represents the change in angular momentum of the
ring, while the right-hand side represents the change in the angular momentum stored in the
electromagnetic field, as discussed.
To show that this equality is true, let’s begin by working on the left-hand side, i.e. by
working out the change in the angular momentum of the ring. From the angular version of
Newton’s second law, dL/dt = T, we have that

mrxv):—%(qrxA)

pr (mr xv)="T

So the left-hand side is nothing more than the torque exerted on the ring during the change
in the magnetic field. Next, if we integrate Maxwell’s equation

oB
VXE——E

over the area inside the ring and apply Stokes’ theorem, we get Faraday’s law:

[N
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where ® is the magnetic flux through the loop, and the integral is taken around the loop.
The area of the loop is mR?, so the change in the flux is

dd 0B

alY » 2

at ot
(I'll denote the change in the magnetic field by dB in time 0t, rather than use dB and dt,
just to make clear what’s a derivative and what’s just an ordinary fraction). Thus from

Faraday’s law, we have

]{E ~dl = —7TR25—B
ot

Now, the force on a segment d¢ of the ring is dF' = Edq, where dqg = qd¢/27 R is the charge
of the segment (the charge per unit length is ¢/27R). The torque on this small segment is
thus

dr = |r x dF|
= RdF
REqdl
" 2R

=~ L g
2w

The total torque is thus

q
= — ¢ Ed
T o 14

But Faraday’s law tells us what the line integral of the electric field around the loop is; using
our previous result (and momentarily ignoring overall minus signs, which we’ll restore later),
we find that the total torque is

q
=— ¢ Edl
T 2T

_ qR*B
26t

One final issue: we need the wector torque, not just its magnitude. To figure out which
direction the torque points, recall that we had set up our coordinate system so that the z-
axis is parallel to B. Now, an increase in the magnetic field will induce a current in the ring
to try to oppose it: thus positive charges in the ring will travel clockwise as viewed from
above. By the right-hand rule, the torque necessary to induce this motion of the charges
must point in the negative z-direction; or, alternatively, in the —d B direction, so the vector

torque is
1 ,0B
T=—= —
21 st
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(Note that if the sign of the charges is changes or the field is decreased instead of increased,
the direction of 7 changes appropriately). In conclusion, we have found that the change in
the mechanical angular momentum of the ring is

1 ,0B

E(mTX’IJ):—iRE

Alrighty. Next, we move on to calculating the change in the angular momentum stored
in the fields:

< ar % 4)

To calculate this quantity, we’ll need to pick a gauge for A. For our constant magnetic field,
a gauge choice with a nice rotational symmetry well-adapted to this problem is the Coulomb
gauge V- A = 0. In this gauge, we can write the vector potential for a uniform and constant
magnetic field as

A = lB X r
2
Then we obtain
A
%(QTXA):qrxcg—t

1 dB
= 5qr X (E X r)
L )
= 559" % (0B x )
(Since the radius of the ring doesn’t change during the process, I freely carried time de-
riviatives through any 7s). Now, d B points along the axis of the ring, while = points
perpendicular to it; by the right-hand rule, d B x r will have magnitude RéB and point
along a counterclockwise tangent to the circle (again, as viewed from above). This, too, is
perpendicular to 7, so r x (6B x ) will have magnitude R*JB and point along the axis of
the circle, in the d B direction. Thus

rx (6B xr)=R6B

(this can also be computed by evaluating the cross products by brute force, but with or-
thogonal vectors like we have here, it’s easier to just figure out via the right-hand rules).
Then

13



and thus, lo and behold, we have shown explicitly that

chanon _ d
o —a(mrxvjtqrxA)
d d
za(mrxv)jta(qrxA)
1 ,0B 1 ,0B
= _gR’=— 4 ZgR?=——
27 S5t TR T

Remarkably, even though the mechanical angular momentum of the charges in the ring and
the angular momentum stored in the EM fields were not conserved separately, the grand
total canonical angular momentum was indeed conserved. Cool!
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Problem 4

To start, let’s calculate the resonant frequency for a transition from the ground state to the
first excited state of this infinite square well. This is given by

Ey — By

h
4B - B

h
3Kk,
T
B 3m2h
~ 2mI?

Plugging in our numbers (with m the mass of an electron), we get

W12 =

Wi ~ 1.714 x 10" rad/s

This is very close to the three driving frequencies we’re asked to consider, which means
this perturbation should excite a resonance between these two energy levels. Now, let’s get
calculating: from first-order perturbation theory, the probability of transitioning from the
ground state to the first excited state is |ci2|*, where

T
C12 = 012 — %/ e {2 (9l HY |1 dt
0

where in our case T'=1 x 10715 s, and the perturbing Hamiltonian is
H' = Vyx coswt
Let’s begin by calculating the matrix element:

(2| H'|1) = Vycoswt (2| z|1)

2 [* 2
= Vycos wtz/o T sin (%x) sin (%x) dx
The integral should be familiar to you from 115A (I did it on Homework 4 this past fall, if
you took it this year). It comes out to be

/L . (27 ) <7r ) p 8L?
X S11 —X | SIn |\ —=x r = ——-=
0 L L 972

2 8L
(2| H'|1) = =V, coswt—

L 9n2
16WL

T2

and thus

0s wt
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This will give

16V L [T .
Cl2 = il / e ME=EVYh g ot di
0

h 9m?
16:VoL [T _.
— 9Z 2[;1 / e~ w12t oot dt
™ 0
16iVoL [T Lot L (it | it
— pETS /0 e 125(6 +e )dt
. T
_ 892‘/375 / (emilwiamw)t 4 gmiliztelty gy
™ 0
» T
_ 82‘/;)[/ |: ' 1 e_i(w12_w)t + ;e—i(wlz-ﬁ-w)t}
Im2h | —i(wiz — w) —i(wz +w) 0

8iVy L e—z’(wlg—w)T -1 e—i(w12+w)T -1
= . + .
9m2h ( —i(w12 — w) —i(w12 + w) )
At this point, we could go ahead and square this expression exactly, but we can make our
lives easier by remembering that we're close to resonance, i.e. that our driving frequency w

is close to the resonant frequency wis. In particular, wis — w <K wis + w, so the first term in
the above expression dominates, and we can go ahead and drop the second term. Thus near

resonance,
8‘/0[1 e—i(wlg—w)T -1

97T2h Wi — W

Ciog =
The transition probability is then

Py = |C12|2

8VoL e i) ]
Om2h wp—w

B (8%L>2 (efi(wnfw)T . 1) (e’i(wlgfw)T . 1)

2

~
~

Om2h (w12 —w)?
B (8&/@)2 2 — 2cos((wyz — w)T)
9Im2h (w12 — w)?
B (16VOL)2 sin? (w12 — w)T/2)
972h (wig — w)?

Now, we had Vp =1 x 1072 e¢V/m, and L = 1 x 107 m, so
(16VOL

=T ) ~ 2.74 x 10° rad/s

SO

P 2.74 x 103 rad/s

)2sm2<<wn —W)T)2)
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Now, let’s start plugging in our numbers. First, we have w = 1.537 x 10 rad/s, so

2.74 x 10° rad/s
Py = <( /

2
in?(((1.714 — 1. 10% 1.0 x 1071 8)/2
1.714 — 1.537) x 10 rad/S) s (L7 537) x 107 rad/s)(1.0 x 107 5)/2)

Py~ 1872 x 1074
Next, for w = 1.691 x 10" rad/s, we have

( 2.74 x 10% rad/s
12 =

2
in?(((1.714 — 1.691) x 10" rad/s)(1.0 x 107*° 8)/2
(1.714 — 1.691) x 1055 rad/s) sin (1.7 691) x 107 rad/s)(1.0 x 1077 5)/2)

Py~ 1.877 x 107
Finally, for w = 1.706 x 10'® rad/s, we have

2.74 x 10° rad/s
Py = (( /

2
in?(((1.714 — 1. 10" rad/s)(1.0 x 1071% 8)/2
1.714 — 1.706) x 105 rad/s) sin (L7 706) > 107 rad/s)(1.0 x 107 5)/2)

Py ~ 1.877 x 107

Note that these probabilities are almost identical. That’s because near resonance (and for
small enough T'), we can expand

sin?((wyy — w)T/2) = 1(wu — w)?T?

W

giving

SVoLT\?
P =~
2 ( 972h )

So near resonance, the transition probability attains its maximum value (for fixed 7'), and
depends only on T' (but not not w).
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