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Curvature and the Einstein Equation

This is the Mathematica notebookCurvature and the Einstein Equation availablefrom the book website. From a given
metric Oup - it computesthe componentf the following: the inversemetric, g'”, the Christoffel symbolsor affine
connection,

My =5 0Oy Gy + 0y Gy = 0o G,

(0, standdor the partialderivatived /9x*), the Riemanntensor,
Rlyve =8y Ty =05 Ty + T, T, =T, T,
theRiccitensor

Ry =Ry,

the scalarcurvature,

R=g" Ry,

andthe Einsteintensor,

Guw =R — 3 g R

You mustinput the covariantcomponent®f the metrictensorg,, by editingthe relevantinputline in this Mathematica

notebook.You mayalsowish to changehe namesf the coordinatesOnly the nonzerocomponent®f the abovequantities
aredisplayedasthe output.All thecomponentg€omputecdarein thecoordinate basisin whichthe metricwasspecified.

m Clearing thevalues of symbols:

First clearany valuesthat may alreadyhavebeenassignedo the namesof the variousobjectsto be calculated The names
of thecoordinateshatyouwill usearealsocleared.

In[1]:= O ear [coord, netric, inversenetric,
affine, riemann, ricci, scalar, einstein, r, 6, ¢, t]

m Setting the dimension:

Thedimensiom of the spacetimgor spacemustbe set:
In[2]:= n=4

aut[2]= 4

m Defining alist of coordinates:

The examplegiven hereis the Schwarzschildnetric. The coordinatechoiceof Schwarzschilds appropriateor this spheri
cally symmetricspacetime.
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In[3]:= coord = {r, 6, ¢, t}

Qut[3]= {r, 6, ¢, t}

You canchangethe namesf the coordinatedy simply editingthe definition of coord, for exampleto coord ={x, y, z, t},
whenanothersetof coordinatenamesis moreappropriateln this programindicesrangeover1 to n. Thusfor spacetime
theyrangefrom 1to 4 andx* is thesameasx® usedin thetext.

m Definingthe metric:

Input the metricasa list of lists, i.e., asa matrix. You caninput the component®f any metric here,but you mustspecify
themasexplicit functionsof the coordinates.

In[4]:= metric={{(1-2m/r)"(-1), O, 0, 0},
{0, r~2, 0, 0}, {0, O, r*"2Sin[e]"2, 0}, {0, 0, 0, -(L-2m/r)}}

Qut[4] = {{-Klzj, 0, 0, 0}, {0, r2, 0, 0}, {0, 0, r2Sin(e]? 03, {0, 0, O, _1+2r_m}}

r
You canalsodisplaythis in matrix form.

In[5]:= metric // MatrixForm

Qut | 5]// Matri xFor nF

ﬁflfim 0 0 0
0 r? 0 0
0 0 r2Sine)? 0
0 0 0 14 2m

r

= Note

It is importantnotto usethesymbolsj, j, k, |, s, or n asconstantor coordinatesn the metricthatyou specifyabove.The
reasonis thatthefirst five of thosesymbolsareusedassummatioror tableindicesin the calculationaddonebelow,andn is
the dimensionof the spaceFor example,if m were usedasa summationor tableindex below, thenyou would getthe
wrong answelfor the presentnetricbecauséhem in the metricwould betreatedasanindex,ratherthanasthemass.

m Calculatingtheinverse metric:

Theinversemetricis obtainedthroughmatrixinversion.
In[6]:= inversenmetric=Sinplify[lnverse[nmetric]]

2m

20 o, 0, 0}, {0, Gse (9]

2. 0,0}, {0, 0, SET

at[e]= {{1- T

This canalsobedisplayedn matrix form:
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In[7]:= inversenetric // Matri xForm
Qut| 71// Matri xForme
1-2™ 0 0 0
0o & 0 0
2
0 0o &=eb o
0 0 0 e

m Calculating the Christoffel symboals:

The calculationof the component®f the Christoffel symbolsis doneby transcribingthe definition given earlierinto the
notationof Mathematica and usingthe Mathematica functionsD for taking partial derivatives,Sum for summingover
repeatedndices,Table for forming alist of componentsandSimplify for simplifying theresult.

In[8]:= affine:=zaffine=Sinplify[Table[(1/2) »Sum[ (i nversemetric[[i, S]]) *
(D[metric[[s, j11, coord[[k]] ]+
Dlnetric[[s, k]], coord[[j1]1]1-D[netric[[j, k11, coord[[s]]1), {s, 1, n}],
(i, 1, n}y {j,1 n} {(k 1, n}l1

m Displaying the Christoffel symbols:

The nonzeroChristoffel symbolsaredisplayedbelow. You neednot follow the detailsof constructinghe functionsthatwe
usefor that purpose. In the outputthe symbolI'[1,2,3] standsfor I'! »3. Becausahe Christoffel symbolsare symmetric
underinterchangef thelasttwo indices,only theindependentomponentaredisplayed.

In[9]:= listaffine:=Table[lf [UnsaneQ[affine[[i, j, k]], O],
{ToString[T[i, j, k1], affine[[i, j, kI11}1, (i, 1, n}, {j, 1, n}, {(k, 1, j3}1]

In[10]: = Tabl eForm[Partiti on[Del eteCases[Flatten[listaffine], Null], 2], Tabl eSpaci ng-» {2, 2}]

Qut| 10| // Tabl eFor mF

ri1, 1, 1) T

T[1, 2, 2] 2m-r

r[1, 3, 3] (2m-r) Sin[e]?
(1, 4, 4] M2 )

r(2, 2, 1] +

T[2, 3, 3] -Cos [6] Sin[&]
r(3, 3, 1] =S

T[3, 3, 2] Cot [6]

T[4, 4, 1] et

m Calculating and displaying the Riemann tensor:

The component®f the Riemanrtensor R wo» arecalculatedusingthe definition givenabove.

In[11]:= riemann: =riemann = Sinplify[Tabl e[
Dlaffine[[i, j, |11, coord[[k]] ] -D[affine[[i, j, k11, coord[[l]]11]+
Sumfaffine[[s, j, |11 affine[[i, k, s]]-affine[[s, j, k]]affine[[i, |, s]1,
{s, 1, n}],

{i, 1, n}, {, 1 n}, {k 1, n} {I,1 n}1]



curvature.nb

The nonzerocomponentsredisplayedby the following functions.In the output,the symbolR[1, 2, 1, 3] standsfor R 13,
and similarly for the othercomponentsYou canobtainR[1, 2, 3, 1] from R[1, 2, 1, 3] usingthe antisymmetryof the
Riemanntensorunderexchangef the lasttwo indices.The antisymmetryunderexchangeof thefirst two indicesof Ry
is notevidentin the outputbecausehe componentsf R, aredisplayed.

In[12]:= listriemann: =Tabl e[l f [UnsameQ[riemann([[i, j, k, 111, 0],
{ToString[R[i, j, k, 111, riemann[[i, j, k, 111}],
{,1, n}, {g, 1 n}, {k, 1 n} {I, 1 k-1}]

In[13]:= Tabl eForm[Partition[Del eteCases[Flatten[listriemann], Null ], 27,
Tabl eSpaci ng » {2, 2}]

Qut| 13|/ / Tabl eFor e
R[1, 2, 2, 1] T

RI1, 4, 4, 1]  2mezmo
R[2, 1, 2, 1] ™
R(2, 3, 3, 2] 2m5irn:o]2
R[2, 4, 4, 2]  ™m2mr)

R[(3, 1, 3, 1] QTTHT
R[3, 2, 3, 2]  2m

%

m Calculating and displaying the Ricci tensor:

The Ricci tensorR,, wasdefinedby summingthefirst andthird indicesof the Riemanntensor(which hasthefirst index
alreadyraised).

In[14]:= ricci : =
ricci =Sinplify[Tabl e[Sum[riemann[[i, j, i, 111, {i, 1, n}1, {j, 1, n}, {I, 1, n}]1]

Nextwe displaythe nonzerocomponentsin theoutput,R[1, 2] denotesR;,, andsimilarly for theothercomponents.

In[15]:= listricci :=Table[lf [UnsameQ[ricci [[j, |11, 0],
{ToString[R[j, I'11, ricci [[j, 111}¥1, {i, 1, n}, {I, 1, j}I

In[16]:= Tabl eForm[Partition[Del eteCases[Flatten[listricci], Null], 2], Tabl eSpacing - {2, 2}]

Qut| 16| // Tabl eFor me

A vanishingtable(aswith the Schwarzschilanetricexample) meanghatthe vacuumEinsteinequationis satisfied.
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m Calculatingthescalar curvature:

ThescalarcurvatureR is calculatedusingtheinversemetricandthe Ricci tensor.Theresultis displayedn theoutputline.

In[17]:= scalar =Sinplify[Sum[inversemetric[[i, jllricci[[i, 11, {i, 1, n}, {j, 1, n}1]

ut[17]= O

m Calculatingthe Einstein tensor:

TheEinsteintensor,G,, = R, — 5 g, R, is foundfrom thetensorsalreadycalculated.
In[18]:= einstein:=einstein=Sinplify[ricci - (1/2) scalar xnetric]
Theresultsaredisplayedn the sameway asfor the Ricci tensorearlier.

In[19]:= listeinstein:=Table[lf [UnsaneQ[einstein[[j, | 1], 01,
{ToString[G[j, |11, einstein[[j, 11}1., {j, 1, n}, (I, 1, ]3]

In[20]:= Tabl eForm[Partition[Del eteCases[Flatten[listeinstein], Null], 27,
Tabl eSpaci ng » {2, 2}]

Qut| 20[// Tabl eFor nF

A vanishingtablemeanghatthe vacuumEinsteinequationis satisfied!
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