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FRW Models

This notebooknumericallyintegrateghe Friedmanequation(18.78)to find a homogeneousotropiccosmologicaimodel.
The inputsarethe four parametershat specifya FRW model—the Hubble constantHg and the threeQ'’s for radiation,
matter,andvacuumenergy.The programassumesheseparametersre suchthatthe universestartedwith a big bang]cf
Figure18.10].

m Clearing thevariables used:

First, clearall thevariableghatwill beusedin the calculation:

C ear [onT, onm onv, ont, h, Th, x, y, a0, t0, ontrit, yend, ymax]

m Parametersof a FRW moded!:

Four parameterspecifya FRW cosmologicaimodel. First, therearethe threeQ ’'s which arethe ratios of the present
densityto critical densityfor radiation,matter,and vacuumenergy.Thesedimensionlessiumbersare denotedby omr,
omm, andoml respectivelyThesearespecifiedin thefollowing threestatements:

onr = 0. 00008
0. 00008
omm=.3

0.3

onv =.7

0.7

The lastparameteis the Hubbleconstantg, or equivalentlythe Hubbletime To=1/Hg which we denotehereby Th. Ty
has the dimensionsof time. A billion years(Gyr) is a convenientunit of time for cosmologyand To=9.788
h~1 Gyr, whereh = Ho/[100 (km/s)/Mpc].Thus,for Ho=72(km/sec)/Mpc,

h=.72

0.72

Th=9.788/h
13. 5944

It is alsoconveniento definean ). for curvatureasin thetext. Herewe denoteit by omc andits relatedto the other(’s by:
onc :=1-onr -onm-omnmv

Fortheparameterabove
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onc

-0. 00008

m | ntegrating the FRW equation in dimensionlessvariables:

Its convenientto rewrite the FRW equationin termsof dimensionleswariablesasin(18.78).In the text we used
f=Hot=t/Ty, anda=a(t)/a(tp). (Thevalueof a atthe presentimety is thereforealwaysl.) Hereits’s notationallycon
vhientto write x for f, andy for a. The FRW equationis thenthe sameasthat of a non-relativistiparticlemovingin a
potentialU(y) wherey is the particle’sposition andx is thetime.

Uly_1:=(1/2) (-ont /y"2 -omm/y -onvy”"2)
Thatis, the FRW equation(18.78)becomes:
(dy/dx)°= Qc(Qr, Qm, Q)-2U(Y; O, O, Q)

We plot this U(y) out to a valuey=yend, alsoshowinga horizontalline at the valueofQ./2. (You might haveto change
yend andedit PlotRangein theShow statemenbelowto getaninformativeplot.)

yend = 3

3

plotu:=Plot [Uy], {y, 0, yend}, AxesLabel -» {"y", "U'}, D splayFunction-ldentity]
plotont :=Plot [ont /2, {y, 0., yend}, DisplayFunction->Ildentity]

Show[pl ot u, pl otont, Pl ot Range » {{0, yend}, {0, -3}},
Di spl ayFunction -> $Di spl ayFuncti on]
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- Graphics =
To solvefor a big bangFRW model(onethatstartsata=0 or y=0) is equivalento carryingouttheintegral:

XY)= [ 196(Qr, O, ) =2UW; Qr, O, )17 dw *)

X[y_l:=Nntegrate[(onc -2U[w])" (-1/2), {w, O, y}]
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That'stheanswerWe will plot somespecificcasesn the nextsubsection.

For valuesof (). abovethe maximumof the potentialthe expansioris unboundedn time; for valuesthatarebelowthe
expansions boundedandthe universerecollapses.Thevaluejust at the maximumdividesthesetwo behaviorsWe denote
thatvalueby omcrit.

crit := FindM ni mum[-2 U[yy], {YyYy, -.5}]
omcrit :=1f[onmv >.000001, -crit[[1]], O]

oncrit

-0. 752218

For boundedcaseghe integrationin (*) canextendonly to the first turning point wherethe denominatowvanishes. This
representshe expansiorof a universeup to its maximumscalefactorymax. Sincetheintegralis singularat the turning
pointit is necessaryo stopit justabit beforeby smallfractione .

eps =. 0001

0. 0001

The following list of statementsooksfor the turning pointwhichis the smallestpositivevalueof y whereQ./2=U(tp). This
is relevantonly for closedmodelswhereQ./2 < Unax. (If the programfails to identify the corretturning point, its possible
thatyou mighthaveto inserta statemenymax= to giveit the correctvalueandthenrunthe programagain.)

l'isttprul es =NSol ve[ont == 2 U[tp], tp]

{{tp—>0.377088 + 0. 652894 i},
{tp—>0.377088 - 0. 652894 1}, {tp - -0.753909}, {tp - -0.000266667}}

listtp=tp /. listtprules

{0. 377088 + 0. 652894 i, 0.377088 - 0.652894 i, -0.753909, -0. 000266667}
listpostp=I1f[ont <oncrit, Select[listtp, #>0 &], {}]

{}

listpostp=Sort [listpostp]

{}

If[onc <oncrit, ymax:=listpostp[[1]] (1-eps), ymax : = yend]

ymax

3

In theunboundedtasegheintegrationcanextendto thelimit of theplot, yend.
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= Plotting the Results

A parameteeis introducedwhich runsfrom 0 to 1 alongthe curveto be plotted,eitherfrom the big bangto the big crunch
for boundedmodelsor from the big bangto yend for unboundednodels.

ymax

3

yul[z_]:=yendz

Xufz_]:=Xx[yu[z]]

yb[z_]1:=I1f[z<.5, ymax (2z), ymax (2 (1-2))1
xb[z_1:=1f[z<.5, x[yb[z]], 2x[ymax] -x[yb[z]]]
yplz_]:=1f[onc <oncrit, yb[z], yu[z]]
Xxp[z_]1:=I1f[ont <oncrit, xb[z], xu[z]]

pl otxy : = ParanetricPl ot [{xp[z], yp[z]},
{z, 0, 1}, AxeslLabel -> {"x", "y"}, D splayFunction->ldentity]

Show[pl ot xy, Graphics[{Dashing[{.01}], Line[{{x[1], O}, {x[11, 1}}1}1.
Di spl ayFunction -> $Di spl ayFuncti on]
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- Gaphics -

Thedashedrerticalline is athetime of today.

m Rescaling to get a(t) asa function of t:

The Hubbletime Ty (Th) canbe usedto rescalethe dimensionlessneasureof the scalefactory andthe dimensionless
measuref thetimex thatwereconvenienfor computatiorto give theusualscalefactora(t) asfollows:

t[z_1:=Thxp[z]

a0: = (Th/Abs[ont])" (1/2)



frw.nb 5

a0 // N

412. 226
a[z_]:=a0yp[z]
We canthenplota(t) vs t. (ltsthesameplot asabovebutonrescaledaxes.)

plotat : = ParanetricPl ot [{t [z], a[z]}, {z, O, 1},
AxesLabel -> ("t (Gyr)", "a(t)"}, DisplayFunction->ldentity]

Show[pl ot at, Graphics[{Dashing[{.01}], Line[{{Thx[1], O}, {Thx[1], a0}}1}],
Di spl ayFunction -> $Di spl ayFuncti on]
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- Graphics -

Theverticaldottedline is the presentime. The presentige(in Gyr) canthenbeevaluatedand,if the evolutionis bounded,
thetotalage(in Gyr) andthemaximumsize(in billions of light years.)

agepresent = Thx[1]
13. 1019
I f [onc <onTrit, agebigcrunch=thxp[l]]

I f [onT <ontrit, maxradius =a0ymax]



