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THE SHAPE OF ORBITS IN THE SCHWARZSCHILD
GEOMETRY

This is aMathematica programto computeanddisplaythe shape®f orbitsin a Schwarschildyeometry The Schwarzschilc
radial coordinatds measuredn unitsof M, sothatM=1 in thefollowing formulae.Throughouthe variableu=1/r is used.
Hereis alist of whatyou mustsetto runthe program:

(1) Theangularmomentum:/.

(2) Theenergyparameter& = (2-1)/2.

(3)The startingradiusfor anorbit which is not bound:rst.

(4)Thenumberof orbitsto be computedf theorbitis bound: norbit.
Thesearesetby editingthe definition statementsit variousplacesin the program. You haveto make sure theseparame-
ters are setsothe orbit is classicallyallowed and doesn't start at a position where the value of the effective potential
that is greater than &.

= The potential:

The effective potentialfor radial motion Ve givenin (9.28)is heredenotedsimply by V. To be slightly moregenerala
parametesignewt is introducedwhich multipliesthe non—Newtoniad/r3termin the potential.Setit equalto 1 for general
relativity, O for a Newtonianl/r potential,andanappropriatevaluefor a Newtonianl/r potentialwithanadditionalquadru
pole momentterm.

In[47]:= signewt = 1.

Qut[47]= 1.

In[48]:= V[u_, £ ]:=-u+¢#"2 unr2/2 -signewt ¢*2 u”*3

m Specifyingthe orbit:

It takesfour numbergo specifyanorbit: (1) the angularmomentuny, (2) the energyparamete€, (3) the startingradius
rst, and(4) the numberof orbitsto be calculatednorhit.

(1) Specifytheangular momentum¢ :
In[49]:= ¢=5

Qut[49]= 5

Thisis agraphof the effectivepotentialvsr/M for this valueof ¢:
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In[50]:= veff =Plot [V[1/r, ¢]1, {r, 2, 80}, AxesLabel -> {("r/M, "V'}]
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Qut[50]= = Graphics =

Next thevaluesof the potentialatits extremaarecomputed.

In[51]:= dV[u_, #] :=-1+¢"2 u -3signewt ¢"2 un2
maxni n = NSol ve[dV[ex, ¢] ==0, ex]
Qut[52]= {{ex —» 0.0464816}, {ex —» 0.286852}}

In[53]:= vmn=V[ex /. maxmn[[1l]], 7]

Qut[53]= -0.0219855

In[54]:= vmax = V[ex /. maxm n[[2]], 7]

Qut[54] = 0.151615

(2) Specifytheenergyparameter &. It mustbe greatethanthe minimumvalueof the potentialgivenabove.
In[55]:= &§=-.01

Qut[55]= -0.01

Next we plot the effectivepotentialandthe energyparamete€ on thesamegraph:

In[56]:= sce:=Plot[s {r, 0, 80}, DisplayFunction-ldentity]



schorbits.nb 3

In[57]:= Show[veff, sce, DisplayFunction- $D spl ayFuncti on]
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Qut[57]= =G aphics =

Fromthisinformationyou canseewhatkind of orbit it will be— boundorbit, plungeorbit, or scatteringorhbit.
Now the programevaluatesghethreeturning pointsassociatedavith this valueof the energyparameter:
In[58]:= soln= NSolve[V[tp, ¢] =&, tp]

Qut[58]= {{tp—0.0116597}, {tp - 0.0850696}, {tp - 0.403271}}

In[59]:= tpl=tp /. soln[[1]]

Qut[59]= 0.0116597

In[60]:= tp2=tp /. soln[[2]]

Qut[60] = 0. 0850696

In[61]:= tp3=tp /. soln[[3]]

Qut[61]= 0.403271

(3) Specifythestarting radius rst. Thistogethemwith the energyparametedetermineshatkind of obrit is computed—
bound,asymptotidrom andto infinity, plunge,emergingfrom r=2M, etc.dependingn whereit is setrelativeto theabove
turning points. However,only ifthe orbit goesoff to infinity is thevalue of rst used.

In[62]:= rst =20.

Qut[62]= 20.

In[63]:= ust =1/rst

Qut[63]= 0.05

(4) Finally specifythenumber of orbits, norbit , if theorbitis bound.
In[64]:= norbit =3

Qut[64]= 3
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m Computing the Orbit

We arenow goint to integrate{(¢/2Y2)[E-V[u,f]]*(—1/2)to find the orbit in the form ¢(r). Theintegranddivergesnearthe
turning points,sowe specifya parameteepswhich determineiow closethe numericalintegrationcomesto the turning
points.

In[65]:= eps =.00000001

ut[65]= 1. x10°®

Next the programpicks the appropriateradii to startandendthe integrationof the orbit given the energyparameteand
startingradius.Therearefour kinds of orbits.

(a) Boundobitswhich startat the outerturning point.

(b) Orbitswhich comein from infinity andgo outagain.Thesestartatrst.
(c) Orbitswhich startcloseto r=2M andfall backto it.

(d) Plungeorbitswhich startat rstandendatr=2M. Forboundthe startingradii arethe
Testsfor boundorbits:

In[66]:= testa= (&<0) & (ust <tp2)

Qut[66]= True

In[67]:= If[testa, ul=tpl (L+eps); u2=tp2 (1-eps)]
Qut[67]= 0.0850696

Testsfor orbitscomingfrom andgoingto infinity:

In[68]:= testb = (&>0) & (& < vmax) && (ust <tp2)

Qut[68] = Fal se

In[69]:= If[testb, ul=ust; u2=tp2 (1-eps)]

Testsfor orbitswhich startfrom r=2M andgo backto it:

In[70]:= testc = (&< vmax) && (ust >tp3)

Qut[70] = Fal se

In[71]:= If[testc, ul=.5; u2=tp3 (1+eps)]

Testsfor plungeorbitscomingfrom infinity goingto r=2M:

In[72]:= testd = (&> vnmax)

Qut[72] = Fal se

In[73]:= If[testd, ul=ust; u2=.5(1-eps)]

If the parameteraresetcorrectlyonly oneof thefour optionsshouldbe “true” andtheotherthreeshouldbe “false”. The
valuesof ul andu2 aredisplayedbelow:
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In[74]:= ul
Qut[74]= 0.0116597
In[75]:= u2

Qut[75]= 0. 0850696

A numberof functionsaredefined,the chief of whichis theangletheta whichis theanglep sweptoutfrom
theinnermosturningpoint. Thisis givenby thefollowing numericalintegral:

In[76]:= theta[u_, &, ¢/, ul_1:=Nntegrate[(¢//2"(1/2)) (§-V[w, ¢1)"(-1/2), {w, ul, u}]
delphi is thetotal angle¢ sweptout betweertwo endpointsof the orbit:
In[77]:= del phi =theta[u2, & ¢, ul]

Qut[77] = 3. 73604

zis aparametewhich variesfrom 0 to norbit.

In[78]:= n[z_] :=IntegerPart [z]

In[79]:= zf[z_]:=Fractional Part [z]

In[80]:= uaf[z_]:=ul (1-2 zf [z]) +u2 2 zf [z]

In[81]:= ub[z_]:=ul (2zf[z]-1) +2 u2 (1-2zf[z])

In[82]:= ufz_]:=I1f[zf[z] <.5, vua[z], ub[z]]

In[83]:= phia[z_]:=2 (n[z]) delphi + theta[u[z], & ¢, ul]
In[84]:= phib[z_]1:=2 (n[z] +1) del phi - theta[u[z], & ¢, ul]
In[85]:= accphi [z_]:=1f[zf[z] <.5, phia[z], phib[z]]
In[86]:= x[z_]:=Cos[accphi [z]]/u[z]

In[87]:

y[z_]:=Sin[accphi [z]] /u[z]

m Displaying the Results:

accphiis theaccumulatedngleasa function of positionalongthe orbit, asmeasuredy the parameter definedaboveto
vary from O to norbit,sothatz=1 is the endof thefirst orbit, z=2 is theendof the secondgtc.

In[88]:= If[testa, norbit =norbit, norbit =1]
Qut[88]= 3
In[89]:= If[testd, norbit =.5]
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In[90]:= If [norbit >1, Plot[accphi [z], {z, 0, 1}, AxeslLabel -> {"z", "phi"}]]
phi
7
6
5
4
3
2
1
z

0.2 0.4 0.6 0.8 1
Qut[90]= = Graphics -

In[91]:= Pl ot [accphi [z], {z, 0, norbit}, AxesLabel -> {"z", "accphi"}]
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Qut[91]= =G aphics -

Calculatingandplotting the orbit: Two parameterspecifyhow accuratelythe orbit is calculatedPlotDivision specifiesthe
numberof plot points,MaxBend specifiesthe maximumbendingangle permitted.For shortercalculationsandrougher
orbitsdecreas@lotDivisionandincreaseMaxBend.For longercalculationsandmoreaccurateorbits

increasePlotDivision anddecreasé axBend.
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In[92]:= graph =ParanetricPlot [{x[t], Y[t]}, {t, O, norbit}, MaxBend ->.1,
Pl ot Di vi si on -> 50, AspectRatio- Automatic, AxesLabel -> {"x", "y"}]
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Qut[92]= - Graphics -

If youwantto outputa copyof theorbit asanepsfile calledorbit.epsyou canincludethe statment:
Display["orbit.eps”, graph, "EPS"].



