Supplement to Chapter 21.:
Deriving the Equation of Geodesic Deviation
and a Formula for the Riemann Tensor

The equation of geodesic deviation (21.19) relates the acceleration of the separa-
tion vectory between two nearly geodesics to the Riemann curvature exhibited
explicitly in (21.20). This supplement works through more of the details of the
derivation that was sketched in Sectin 21.2. It parallels the conceptually similar but
algebraically simpler derivation of the Newtonian geodesic equation (21.5).

The separation four-vectgg(t) connects a poink®(1) on one geodesic (the
fiducial geodesic) to a poinf' (1) + x%(1) on a nearby geodesic at the same proper
time. Since there is no unique way of relating proper time on one geodesic to proper
time on another there are many different separation vectors. The exact choice will
not be important for us except to assume that the difference is small for nearby
geodesics so thatis small.

The separation acceleration that is the left hand side of the equation of geodesic
deviation is

W= Du DUX — Duv (l)
whereu is the four-velocity of the fiducial geodesic ands the separation velocity,

v = Oyx. The coordinate basis componentswofandv can be calculated using
(20.54) for the covariant derivatives. Thus, as in (21.17) and (21.18),
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Here, expressions like®(9x® /ax®) have been writtenlx® /dt following the gen-
eral relation for any functiori [cf. (21.14)].
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The derivation consists of evaluatimg' by substituting (2) into (3) and using
the geodesic equation for the fiducial and nearby geodesic. Substituting (2) into (3)
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Here, (4) has been used and the freedom to relabel dummy indices has been em-
ployed to group equal terms together, for instance
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To evaluate (5) note thaf (1) + X% (1) obeys the geodesic equation (8.14)
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Whenyx vanishes this is the geodesic equation for the fiducial geodesic. gince

is small, we need to keep only the first order term in (7) in an expansigd.in
[Compare the transition from the Newtonian (21.3) to (21.5).] Usfhg- dx® /df,

uPxY + rwddu[3 XY+ g uPuxY.  (5)
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(4), andr°‘ _FS‘B this is
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Again, the freedom to relabel dummy indices has been used to group equal terms

together.
Eq. (8) can be used to eliminate the second derivatiyg' dfom the expression
(5) forw®. The geodesic equation (8.15) can be used to eliminate the derivative of
uP. The resultis
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All the terms involvingdx®/dt have luckily canceled since there is no equation
to eliminate that. Using the freedom to relabel dummy indices a common factor
uPxYud can be identified in each term. The result is
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Thus, we derive both the geodesic equation (21.19) and the explicit expression for
the Riemann tensor (21.20).

rere >quVu = —RWPX°. (10)



