
Supplement to Chapter 21:
Deriving the Equation of Geodesic Deviation
and a Formula for the Riemann Tensor

The equation of geodesic deviation (21.19) relates the acceleration of the separa-
tion vectorχ between two nearly geodesics to the Riemann curvature exhibited
explicitly in (21.20). This supplement works through more of the details of the
derivation that was sketched in Sectin 21.2. It parallels the conceptually similar but
algebraically simpler derivation of the Newtonian geodesic equation (21.5).

The separation four-vectorχ(τ) connects a pointxα(τ) on one geodesic (the
fiducial geodesic) to a pointxα(τ)+ χα(τ) on a nearby geodesic at the same proper
time. Since there is no unique way of relating proper time on one geodesic to proper
time on another there are many different separation vectors. The exact choice will
not be important for us except to assume that the difference is small for nearby
geodesics so thatχ is small.

The separation acceleration that is the left hand side of the equation of geodesic
deviation is

w≡ ∇u∇uχ = ∇uv (1)

whereu is the four-velocity of the fiducial geodesic andv is the separation velocity,
v ≡ ∇uχ. The coordinate basis components ofw andv can be calculated using
(20.54) for the covariant derivatives. Thus, as in (21.17) and (21.18),

vα ≡ (∇uχ)α = uβ∇βχα =
dχα

dτ
+ Γα

βγu
βχγ, (2)

wα ≡ (∇uv)α = uβ∇βvα =
dvα

dτ
+ Γα

δεu
δvε. (3)

Here, expressions likeuβ(∂χα/∂xβ) have been writtendχα/dτ following the gen-
eral relation for any functionf [cf. (21.14)].

d f
dτ

=
d f(xα(τ))

dτ
=

∂ f
∂xα

dxα

dτ
= uα ∂ f

∂xα . (4)

The derivation consists of evaluatingwα by substituting (2) into (3) and using
the geodesic equation for the fiducial and nearby geodesic. Substituting (2) into (3)
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gives

wα =
d2χα

dτ2 +
d
dτ

(
Γα

βγu
βχγ
)

+ Γα
δεu

δ
(

dχε

dτ
+ Γε

βγu
βχγ
)

=
d2χα

dτ2 +2Γα
βγu

β dχγ

dτ
+

∂Γα
βγ

∂xδ uδuβχγ + Γα
βγ

duβ

dτ
χγ + Γα

δεΓε
βγu

βuδχγ. (5)

Here, (4) has been used and the freedom to relabel dummy indices has been em-
ployed to group equal terms together, for instance

Γα
βγu

β dχγ

dτ
= Γα

δεu
δ dχε

dτ
. (6)

To evaluate (5) note thatxα(τ)+ χα(τ) obeys the geodesic equation (8.14)

d2(xα + χα)
dτ2 + Γα

βγ(x
δ + χδ)

d(xβ + χβ)
dτ

d(xγ + χγ)
dτ

= 0. (7)

Whenχ vanishes this is the geodesic equation for the fiducial geodesic. Sinceχ
is small, we need to keep only the first order term in (7) in an expansion inχα.
[Compare the transition from the Newtonian (21.3) to (21.5).] Usinguα = dxα/dτ,
(4), andΓα

βγ = Γα
γβ this is

d2χα

dτ2 +2Γα
βγu

β dχγ

dτ
+

∂Γα
βγ

∂xδ uβuγχδ = 0. (8)

Again, the freedom to relabel dummy indices has been used to group equal terms
together.

Eq. (8) can be used to eliminate the second derivative ofχα from the expression
(5) for wα. The geodesic equation (8.15) can be used to eliminate the derivative of
uβ. The result is

wα =−
∂Γα

βγ

∂xδ uβuγχδ +
∂Γα

βγ

∂xδ uβuδχγ−Γα
βγΓ

β
δεu

δuεχγ + Γα
δεΓε

βγu
βuδχγ. (9)

All the terms involvingdχα/dτ have luckily canceled since there is no equation
to eliminate that. Using the freedom to relabel dummy indices a common factor
uβχγuδ can be identified in each term. The result is

wα =−

(
∂Γα

βδ

∂xγ −
∂Γα

βγ

∂xδ + Γα
γεΓε

βδ−Γα
δεΓε

βγ

)
uβχγuδ ≡−Rα

βγδuβχγuδ. (10)

Thus, we derive both the geodesic equation (21.19) and the explicit expression for
the Riemann tensor (21.20).
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