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understanding of the junction phystes ia ths needed so that ponideal beley-
ior ean b more pesdily (dentified, underetood, and eliminated.  Although
wee will not diseuss specific imperfections of junctions in this paper, we want
ber diseribe a clear and precise model of the Josephson junction that can
give an ntuitlve uwnderstanding of the Josephson offect. This is especlally
peaded sinee texthooks do pot typically derive the Jeepheon effect from
& microsoopic viewpoint.  As standard caleulations use only perturbation
theory, wo will alss nead to introduce an exact description of the Joseplson
effect via the mescscopie theory of quesiparticle bound-states.

The cutline of the paper i3 as fllows.  We first describe in See. 2 the
nonbinear Josephson inductance.  In Sec, 3 we discuss the thres rypes of
gqubsit cireuits, and show how these cirouits use this nonlinearity in unigue
manners,  We then give a brief derivation of the BCS theory in Sec. 4,
highlighting the appearance of the macroscopic phaze purameter.  The
Josephaon equations are derived in Sec. 5 using staowdard first and second
crder perturbation theory thet describe quasiparticle and Cooper-pair tun-
neling.  An exact ealeulation of the Josephson effect then follows in Sec, 6
using the quasiparticle hound-state theory,  Section 7 expands upon this
theory and describes quasiparticls excitations as transitions from the ground
to excited hound states from nonadiabatic changes in the bias.  Although
quasipartlcls current is typically calenlated only for a constant DT voltags,
the advantage to this approach s seen in Sec, 8, where we gualitatively
drmeribe quasiparticle tunneling with AC voltage excifabions, as appropri-
ate for the qublt state,  This seotion deseribes how the Josephson qubic
i= typically insensitive to quastparticle damping, even to the extent that a
phase qubit @n be constructed from microbridge junctions.

2  The Monlinear Josephson Inductance

A Josephson tunnel junction s formed by separating two superconducting
electrodes with an insulator thin encugh o that electrons can quantum-
mechanically tunnel through the barrier, ag illustrated in Fig. 1. The
Josephzon effect describes the supercurrent £ that flows through the junc-
tion according to tlue classical equations

Iy = Ipsind - (2.0n}
V= EE i II", {2.1b}
2 df \

wherae dby = H/2e i=s the suprroondiscting flox ql antum, fo is the critical-
eurrent parnmeter of the junction, and 4 = f; — by and V' are respectively
the superconducting phase differenee and voltagd across the junction.  The
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Fig. 1. Schematic disgram of 5 Josephson junccion connecked toon bias voltage
¥, The Josephson current 12 given by Tr = fosind, where & = ¢ — dy = the WA
difference in the superoondoctbig phase seross the junction.

g e
= T
dynamicsl behavior of thess tan equations can be understood by frst dif- , | Vv [‘_-,1.._}'
ferenthating Eq. 2.1a and replacing df /dt with 1 according to Eq. 2.1b ﬂ\-Q o
- 1

L O ¥l L (2.2} ;‘sTE"'Fn

t i 1 {-}II' : llln
With df,/dt proportional to V. this equation describes an indvoetoe. By . L v
defining a Josephson inductance L according to the conventional definition roo T )
Vo Loy St cme finds e — I"\'—__ﬁ, 1 I - @ I 240

I i . | I

L= {2.3a) ( ¢«

2wy cosd L,Et-"-"':j
The 1/ coed term reveals that this inductance is nonlinear. 1t becomes
lrge ns & — x/2, and i= negative for =/2 < 4 < 3x/2. The inductance at
zarn blas ¥ Lpp = @ 2xlp -
An inductance descrlbes an energy-conserving cirenit element,  The 7 P S A=y

energy stored in the junction is given by e lﬂ'h,-"'
U= Jlrf_u'l-"r-!f (2.4a}
oy .
gl 2
)]riuﬁm s £|H.d! (2409
‘T“i" sl & (2.4c)
I i
R cosd (2.4d)

Thiz caleulation of energy can be generalized for other nondissipative circult
plersents. For exsmple. a similar caleulation for o current blas glves Dy, =

—{ [y 2mé. Conversely, if a cirenit ebemnent has an anorgy L18}, then the L
current-phase relationship of the element, analogous to Eq, 2.1a, 14 . | ¢ \ T \ o
o _ 2 aU(E) - g NV iy e
Is18) PR (2.4} \L_ A { O
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A generalized Josepheon inductance can be also be found froan the seeond
derivative of L7

B z_nTa‘lut.'i; i
Ly (‘f'u et (26]

The classical and quantum behavior of a particular civeuit 2 deseribed by
n Hamiltomian, which of course depensds on the exact circuit configuration.
The procedurs for writing down a Hamiltonian for an arbitrary cireait Jas
bean describsed in detail in o prior publication [11]. The general fosm of the

Hamiltonian for the Josephson effect ja Hp = L7,

3 Phase, Flux, and Charge Qubits

A Josephson qubit can be understood as & nenlinesr resonator fermed from
the Josephson mductance and its junction capacitance. nonlinearity is
crucial becanse the system lus many eneegy levels, but the operating space
of the qubit must be restrbeted to only the two lowest states. Tl system
is effectively & two-state system [17] only if the frequency wig that drives
bransitions between the gubit states 0 =— 1 35 different from the frequency
wiyy for transitions 1 ~— 2

We review here three different ways thet these nonlinear rescopbors can
b= made, and which are named as phase, flux, or charge qublts.

The cireuit for the phase-qubit circubt ia drawn in Fig. 2{a}. Its Hamil-

torisn s I I
= .,_1 2 _ .ﬁ1_ — r_ﬂ
N Tﬂ cuE & A

wlere ks the capacitance of the tunnel junction, A similar circuit is
drawn for the Hux-qubit cireait in Fig. 2{b), and its Hamilbonian is

{5.1)

I g Iu*'u —, 1 II'[I“E .
L, - Log 2oz ;
Bl = st g W — i) 32}

The charge qubit hes a Hamiltonian similar to that in Bgo 3.1, and is
drsrribed elsewhere in this publication.  Here we have explicitly used oo
tatbon appropriate for & quantum description, with opetators charge £J and
phase diference & that abey & commutation relationship #, Q] = 2ei. Naote
ihnt the phase and Jux qubit Hemiltonians are eguivalent for L — oo and
I = &/ L, which corresponds to a current bias created from an inducter with
infinite impedanee, o <

The commutation relationship between & and & fmply that tlhese guan-
titics must be described by 8 wavehunction,  The characteristle widths of
this wavefuncthon ame controlled by the energy seabes of the system, the
charging energy of the junction Ee- = ¥/2C and the Josephson energy
E; = Kytg/27. When the energy of the junction dominntes, E; % Epq,
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