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Calenlations of Dielectric Loss from Two-Level States

Joln M. Martinds o al®
LNOSH
{Daged: January 14, J006]

In thiz note we provide dedailed caleulations of che theory presented in the paper “Decobhicrence
in Josephson Chubits from DHebeetele loas™ The physbeal Implications are abso expanded wpon,

PACS numbers:

DIPOLE HAMILTOMNIAN

In this note we show that dickectric loss can be mod-
eled by a batl of two-level states |TLS). Each TLS has
bhazis states | L) and |8} that correspond to iwo different
configurations of atoms and electrons in the diclectric, In
general, the dynamics of (L) and |} can be described by

the hamiltnonian
4 L“*) , (1)

I
E(au ~&

where £4/2 is the energy of the two states and Ap is
i 1o cff-clingonal component thal corresponds w Lunneling
hetween the two states. The elgenstates of Hyyg and
their difference in energy are given by

HTi.E 25

o) = sin(#/2}| L} — cos(8 /)| R) , (2)
el = cos(f/2) L} + sin(#/2)|R) | K]
E = A%+ ANV | where (4)
# = arctan| &g/ 4) . i5)

The case of po tunneling has Ay = 0, which gives & = 0
and eigenstates [f) and |[L). For & = 0, the eigenstates
are the symmeiric and anti-symmetrie combination of
these two states, In lerms of the original basis states, we
fimed

|Ly =  sing® /2] |a) + cosi@ e | (6}
(£ = = cos(82)g) + smdll/2) e . (7}
which gives
ILY L] = san®(8/2)]0) {g] + cos (82| e} el
+ sin B{|a)le| + |e)igl)/ 2, (8}
|} (R = cos® {8/ 2) |g}{g| + sin? (&/2)|e}{c|
— sin 8|} ] + |edin]) 2 (9]

Because we are interested in olectrical properties, we
alsn mndel cach TLS w= having an eleciele charge discrib-
ution that changes between the two states by the dipole
moment e, As modeled in Figo 1, each TLS can be ple-
tuced as an electvon of charge £ at position B or L sepa-
rated by a distance . For the configuration of a parallel
plate capaciter of thickness ¢ eomnected to o voltage 17,
n rhange in position indoces charge efd/r) cos i to move

o
= N
( &)

through the mﬁa‘g’ﬁnurm. where 7 is the angle between

the dipole and the electric fiedd V/z. The interaction
hamiltonian is given by

H;nl- = ﬁ*l ,Ef [llJ}
= ed] [L) (L] — |[R}R| [(Vir)cos g (11)
= [cos 0(|c}H{c| - |g)igl) — 3
+ sin 8{|e) {g] +|31"i-‘3|]]'[€'l"'-i.-'r}um:; o 112)
e (2:: T;i)iﬂ'f’#fm}ﬂﬁﬂ- (13}
L s~ ’ L ot
u) ¥ —

This result corresponds to a spin placed in a static
field B i the geaxis direction along with an external
field {eVd/r)cosy at a relative angle #.  Note that
“leat =+ Tgiie = an r.l.wi’le.lug _u:l_rgpgum__nf Hi that
s maximnm al & = 0, whereas the stabic component
leddal — laitg] 8 maximum ab &y =0,

Lol e FA ) Bt

TLS TUNNELIMNG MODEL

The diclectric is medeled as a bath of TLS whose dis
Lribastion of states can be caleulated using the standard
TLS tunmeling model. In this model the variable A is
a1 to have a constant disceibotbon, giving the dif-
%r_mﬂﬂﬂll‘ﬁumher of states as dN o dA. The tunnel-
ing between the two states is exponentially dependent
on parameters such as the cffective distance z, giving

Im Mg oz DBecause the parameter = is hypothesized to
b umiformly distriboted A% = dz, the distribution in
'z,
L R
-.'_\_‘_ 'H —
) .-"" A I
d _L e
i
P,

FIG. 1: a) Mubel of dipule momoent in o parallel plate capac-
Lo, by Energy bevel diagram of TLS
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terms of the varinhle Mg is

AN x dln Ao "ty
& % ; (15}

Tharse twn distributions can be combined into 2 joint den-
sity diN oc dA dAg/Ag.

The energy £ and parameter sind are moroe physical
varithbes than A amd A A change in basis states gives

dE dsind/Ap

g
N T—IEldA  dEjdbs 16)
dein@/dA deinf/dA,
dF dsinf
= Tsmdcoaf] - {7

A widke variety of experiments have werified this ton-
neling model, and the density ag devived bere & known to
prediet the acteal depsity in & wide variety of amorphous
materials. The £ dependence is know to be constant to
ahout k- 3 GHz, where the density then Lygically ﬁt-ﬁ.l'lﬂ

top fIkCrEAsE, |:’ --L-(% E

= '{E\.L'
7 g
?‘ ?’?‘bﬂ' | PHASE qmsrrs - 5 --E

TI:u.- lnteractlon hamiltonian for the 'TTS coupled to
a phase quh]l: is given by Eq. (12) with ¥ replaced by
q.l'l'_'. where q‘ 5 the :,.I‘I?IF’:H’_\E‘ aperator of the q_llh]!. and
' ks the qubit capecitance, For the gubit state |0 and
|1} with emergy difference By, the matrix elements are
approzimately those given by hammonic oseillator states

i _. (Ba
2 =0/ 38 (ol -

Equation 1;1?] may ha expressed inthe qubit and TLS ba-
zig states, ang we And after neglecking offresonant. terms

0313 (18

Hioe = —i /20 (1] — Wb (HGel) . (10)
5= Spas s naing | ]
S = /2 ) Eqne 126 . {21)

whepe —£5/2 Is the interaction matrix clement that gives
an avoided two-level crossing of magnitude [S] on reso-

nane,

We are interested in calenlating TLS properties for ca-
pacitors of area A, Defining a materials conslant & for
the density of states for TLS per unit areq, we find using

Eq. (17) PR et
4N (z4)

= . L
dE d=nd  |zlndcosd| &

Changing variables [rom sin@ to 5 using Eq. {20), we
write the densicy of states as

N ad
- — 23
dE 45 = 5 (1= (8/5mm connp?p ' o, 2
. — il
= = i
*Eiw K2 ¢ \Ewst =
L - : 5 | " fras o

IrE,, = Fﬁ{.—*“r—“ﬁ |

L

. G Lumly 13

(A P05 :

'|_ ."_l__.“h_
5- = =
t:l,,.,..» LA FDED{S{S.-.-.,, aml 0 otherwise, Becawse experis

mental measurements of the splicting skzo can only be
positive, we have defined 5 to only heve positive valoes.
Mote that the range of 5/ 5.0 cosn 15 0 to 1, which im-
plies that 00 < §/Spey < coan. The weighted average
over the 1“]'.'":}]& auglea_ﬂﬂa_ —

d'N a4 -
dE dS S 818 (1 — [ 8} 8y w2172 { :

= “‘ = i'sfr'Sllllk]E]”? [ 1__'__"_ e C_Jﬁ
- S a d—ﬁ

To calenlate decoherence from these resomances, wé .f:d—>-!‘:
first introdwce & new guantity: the average number o
resonances that couple to the gqublt. An estimace uﬁl \
this mumber comes from counting the resonances tha.t. Im.m-“ 5

[all within =5/2 of the qubit enecgy B T___,__ §
Eynt&5/3 I{‘: h-.i..-”"-]

o oo 1

.U_-'_,MM

g

Eﬂu
dE b
Ne= JIr dE crs i 080 [0 chm
= (o 4)0AGmas
= /AT i?ﬂh

where A, = 90pm?® for AKD.. Charge aod flux gulits Q(Jj

typically have N, = 1, whereas for phase qubits N, ~ 1, .-'T.

Fue large-ares junciions & == 1, the qubit couples to
many junciion resonances amd the decay rate |1 — |0}
may be caleulated using the Fermi golden rule

ﬁhrr Eﬂu
= pnd :
f =5 d._ﬁ,(.‘:: 2)%d3 ()
Wi o = {n/B)oASL,. /N (30)
VR = (/3N B (B (1)
e ':_Ed]"' Eﬂ.u ¥
=5r e A 2]

Thiz decay rate is equivalent to o dieleciric los tangent
& = W' /Eqq that 18 independent of both junction ca-
pacitance and [requency, as expected, We find thai the
measured decay rate [ = 110 as ko our largest qubit im-
plies that the lnss tangent is large §; = 1.6 10~ for the
Al of the tunnel barrier. 'We note that e density of
stibes is ofien writien a8 o /2 = p, where p is the density
of states per unit volume,

The above caleulation was for Axed gubit frequency,
Thizs mode] ran also be used 1o caleulate decoheremce
from a change in the bisa that moves che qubit frequency
past junction resonances. When both states are in the
ground state O, there s oo change in the stabe when
pissing Lhrough resonances. However, when the qubic is
in the excited atate 8 Zener Lun.nelm me-thun 1g — e

pru:lh.ﬂ.hi]il:_'.r

resnnanses | L

after pussing through a large number ©
=g
O

= J
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[ temal. | =rady ) i
beled by i) is ot
e ¥
P =[] expl-=87 f2h(adEy/dt),| 4201 (38)
i ! A
- e ot Y
g, = expl-gp 3782 dE k) (34)
e A ;
- Ea ._\:\- o d'!n.r dﬁ!
(L o= _..,’Lf AT 1 '
Vs cevm) wEE Yl aEml ®)
i I ! . B . A
" exp| ._1_')1:?| P - I = {36)

where I'y is given by Eq. (29) and ¢, = [ d! is the total
duration of the pulse. Note that this result explains why
with I'y = 10ns amd i; = 10ns we oheorve a fdelity boss
during measurement of ~ 55,

e ar to the discussion for the coupling mumber, Fa.
(46} is valid only when the gubit bias passes through a
large number of remmances. The total number of reso-
nences in an energy range of AE, is

—

5 Soms AN
N = ag,nf .. B (47}
= g AAE G 10 [ 238 s/ Bin ] {38}
i r'l'llc I':‘l--Ell.l L'-“: Esmhﬂ |'I'Sl'|'||rl.} ‘Igg]

S T4

The resonances with 3 ~ 8 contribute mosily to the
Adellty loss. By setting Spe. /S = 10, the number
of resonances evaluated for aluminem-oxide tonmel june-
tions seales as

abin/h A

N =15 :
‘ GHz  um®

()

For phase qubits with A4 = 10pm® and a change in hias
of AFp/h = 1 GHz, we obtain W1 = 15, This result
indicates that the contimoom limit given by Eq. |:3ﬂ::| is
Justified for large area junctions,

LARCE AMPLITUDE RESPOMSE OF A TLS

The Fermi gulden rule was used to cabrulate the decay
rite for 8 bath of TLE in their growed state, We are also
interested in the response of the TLS for lamge tempers
ature or drive amplitude where the excited state might
ber gignificantly populated, We introduce here nokstion
and technigues that will be used to calculate this more
general ciase using o description that will be appropriate
for the 1/ mose caleulation o a later section.

The transition rates batwean the states |e) and |g) are
defined to be

Tosy=T+I4, i41)
rp—i-r i T ¥ f’d?j

where 'y is the decay rate for spontancous emission |¢) —
lgt, and T is the sthnulated cmission rate betwesn Uhe

%3 i

two states produced by an external signal, either rom
the temperature bath, noise, or an external drive, The
steady-state population of the ground {n,) and excited
g} = L — {m,} state can be solved [or by equatiog the
transition probabilities

imtg lgere = {"'r:'l'r-!ﬁ' ! (43}
which when solved gives the population dilfesence
i = g} — (m.) {44]
1
- 1+200T, 145)

The effece of temperature T 15 to produce fransitions

= I with equal rates between the two states, It's
effect can be understood through the standard definition
of setting the relative population of states equal to the
Baltiman factor

expl - E/kT) = {n,}/{ng) (48}
. Iy i
T4y 47}

Using this definition, it 35 easy to show that the standard
factor for thermal occupation is squivalent to that give

by Eq. (45)

inr{E)) = tanh{E /2T {48)
_ 1 —exp(—E/kT)
T 1 bexpl - BT

I

S 1420y (50)

(4]

We will next consider the case of two-level systom with
an external debve and termal trangitions. In this epse
[" = I'pp % 'y, where ['p is the transitlon rate duie (o the
deive, The population difference is

s 1
M= 14+2{Tp+ )Ty (31}
1 1 :

T L+ /T, +20p) 14 2T/ 52)
./ P (53]

14+ e/T(T) "

where we have defined the temperature dependence tao
the decay rate to be

[T} =T + 2y (54)
=Tif{nT) . (55)

This derivation justifies the presence of a separate [acior
i1y o account for termperature, but shows that the tem-
perature dependence to [y (T') is nol intrinsie but comes
from its definition in order Lo simplily the denominator
termy of Eg. [(53). For qubit research one asually wants
to compare Iy with a undamental predicclon, so we will
explicitly show its (ng) temperature dependence.
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