
Math
df = adx+ b dy →

(
∂a
∂y

)
x

=
(
∂b
∂x

)
y

[Maxwell Relations](
∂x
∂y

)
z

= −
(
∂x
∂z

)
y

(
∂z
∂y

)
x

[Triple Product Rule]

g = f −
∑
IjXj ; Ij = ∂f

∂Xj
[Legendre Transformations]

f(λx) = λnf(x)→ f(x) = 1
n

∑(
∂f
∂xi

)
xi [Euler’s Theorem]

(δnf) = 1
n!

(
∂nf

∂ ~Xn

)
(δ ~X)n

< G >=
∑
PνGν [Expected Value]

Is =
∫∞
0 fF.D.(ε)g(ε)dε [Sommerfeld]

=
∫ µ
0 g(ε)dε+

∑
a2i(kBT )2id2i−1

ε g(ε)
a2i = 2(1− 21−2i)ζ(2i)∑

exp(−β(ε− µ))i = (1− exp[−β(ε− µ)])−1 [Sum |x| < 1]

ζ(s) =
∑
s−i = 1

Γ(s)

∫∞
0

xs−1

ex−1
dx [Riemann-Zeta Function]

Γ(s) =
∫∞
0 xs−1e−sdx [Gamma Function]

Laws of Thermodynamics
dE = dQ+ dW [First Law]
(∆S)adiabatic ≥ 0 [Second Law]

Thermodynamic Variables
{T dS,−p dV, µ dN, f dL,E dq,M dH, γ dA} [Conjugate Pairs]

T ≡
(
∂E
∂S

)
~X
≥ 0 [Temperature]

CX ≡ T
(
∂S
∂T

)
X

[Heat Capacity]

KX ≡ − 1
V

(
∂V
∂p

)
X,N

[Compressibility]

Thermodynamic Potentials
E = T S − p V +

∑
µiNi [Internal Energy]

dE = T dS − p dV +
∑
µi dNi

0 = S dT − V dp+ ΣiNi dµi [Gibbs-Duhem Equation]
A = E − T S [Helmholtz Free Energy]
dA = −S dT − p dV +

∑
µi dNi

H = E + p V [Enthalpy]
dH = T dS + V dp+

∑
µi dNi

G = E + p V − T S [Gibbs Free Energy]
dG = −S dT + V dp+

∑
µi dNi

Ensembles
Q(N,V, T ) =

∑
E exp(S/kB) exp(−βE) = exp(−βA)

Ξ(µ, V, T ) =
∑
N Q(N,V, T ) exp(βµN) = exp(βpV )

∆(N, p, T ) =
∑
V Q(N,V, T ) exp(−βpV ) = exp(−βG)

φ(V,E, βµ) =
∑
N Ω(N,V,E) exp(βµN) = exp(βH)

Ψ(V, T, µ1, N2) =
∑
N1

Q(N1, N2, T, V ) exp(βµ1N1)

= exp(βpV ) exp(−βµ2N2)
W (p, γ, T,N) =

∑
V,AQ(N,V,A, T ) exp(−βpV ) exp(βγA)

= exp(−βG)

Equilibriums
(δE)

S, ~X
≥ 0; (∆E)

S, ~X
> 0 [Equilibrium]

(δ2E)
S, ~X
≥ 0; 0 ≤

(
∂Ii
∂Xi

)
Xi6=j

[Stability]

0 ≤ δE =
∑
j 6=i(I

(j) − I(i))δX(j) [Equality of Intensives]

Entropy
Ω = N !

(N−m)!m!
[Number of Microstates]

S = kb log(Ω) [Entropy]
S = −kb

∑
Pν log(Pν) [Gibbs Entropy Formula]

Pν = 1
Ω

Pν = Q−1 exp[−βEν ]

Phase Space
dp
dT

=
∆s(T )
∆v(t)

[Clausius-Clapeyron Equation]

f = 2 + r − ν [Gibbs Phase Rule]
∂p
∂V

= 0 = ∂2p
∂V 2 [Critical Point]

I(1) = I(2) [Equality of Intensive Variables Across Transition]

δµ = 0 & ∂µ
∂p

= v [Equal Area]

Ideal Gas
Q = 1

N !
qN [Partition Function]

qmona = qtransqelqnuc [Single Monatomic Partition]
qdia = qmonaqrotqvib [Single Diatomic Partition]

qtrans = V
Λ3 ; where Λ =

√
m

2πβ~2 [Translational]

qel = exp[−βε0] (g0 +
∑
gi exp[−β(εi − ε0)]) [Electron]

(N.B. large spacing makes higher terms ignorable)
qnuc = (2Snuc + 1) exp[−βε0,nuc] [Nucleus]
(N.B. ε0,nuc = 0 is a general good approximation)

qrot = T
Θrot

; where Θrot = ~2
2IkB

[Rotational]

(N.B. Only when Θrot � T & I = µr2)
qvib = [2 sinh(β~ωvib/2)]−1 [Vibrational]
(N.B. If ~ωvib � kBT then equal to (β~ωvib)−1)

Chemical Equilibrium
For [νAA+ νBB → νCC + νDD]

Kc(T ) =
ρ
νC
C

ρ
νD
D

ρ
νA
A
ρ
νB
B

=
(qC/V )νC (qD/V )νD

(qA/V )νA (qB/V )νB

Kp(T ) =
p
νC
C

p
νD
D

p
νA
A
p
νB
B

= (kBT )νC+νD−νA−νBKc(T )

Fermion/Boson Statistics
f(ε)F.D./B.E. = [exp(β(ε− µ))± 1]−1 [Statistics]

ΞF.D./B.E. = Π[1± exp(−β(εi − µ)]±1 [Grand Canonical]

Density of State

D(ε) = g
γ
Sd−1

(
2πL

~α1/γ

)d
εd/γ−1 [d-space D.o.S. of ε = α|p|γ ]

<E>=
∫
εD(ε)f(ε)dε [Expected Energy]

<N>=
∫
D(ε)f(ε)dε [Expected Number]

Virial Expansion
Q = 1

h3N

∫
. . .
∫

exp[−βH]dp1 . . . dpNdr1 . . . drN
= 1

Λ3NN !
ZN [Classical Partition Function]

ZN =
∫
. . .
∫

exp[−βUN ]dr1 . . . drN [Configuration Function]

Ξ =
∑ ZN

N !
sN

s = exp[βµ]/Λ3 [Activity]
p = kT

∑
bis

i [Activity Expansion]
βp =

∑
Bn(T )ρn [Virial Expansion]

fij = exp[−βu(rij)]− 1 [Meyer’s f -function]

b2 = 1
2!V

(Z2 − Z2
1 ) = 1

2!V

∫
dr1

∫
dr2f12 = 1

2!V
[·−·]

b3 = 1
3!V

(Z3 − 3Z2Z1 + 2Z3
1 )

= 1
3!V

∫
dr1

∫
dr2

∫
dr3[f12f13f23 + 3f12f23]

= 1
3!V

(4+ 3∧) = 1
6V
4− 1

2V 2 [·−·]2; since ∧ = V −1[·−·]2

Bn(T ) = − (n−1)
n!V

S′n; [Virial Coefficients]

p = NkBT
V
− 1

3V

〈∑
i<j rij

∂
∂rij

u(rij)
〉

[Virial Pressure]

Reduced Distribution Functions
ρ(n/N) = N !

(N−n)!

∫
drN−n exp[−βU(rN )∫

drN exp[−βU(rN )]

g(r) = ρ(2/N)/ρ2 [Pair Correlation Function]
(N.B. For ideal gas g(r) = (1−N−1))〈∑

i<j u(rij)
〉

=
N(N−1)

2
1
ZN

∫
u(r12) exp[−βU ]dr

= N
2

∫
ρg(r)u(r)dr

<E>= 3NkBT
2

+ Nρ
2

∫
g(r)u(r)dr〈∑

u(3)(rij , rjk)
〉

= Nρ2

6

∫
dr12

∫
dr23 g(3)u(3)

βp
ρ

= 1− βρ
6

∫
r g(r)

∂u(r)
∂r

dr [Virial Pressure]

Random Equations〈
Γi

∂H
∂Γj

〉
= δijkBT [Generalized Equipartition]

<(δN)2>=<N2> − <N>2= ∂2 log Ξ
∂(βµ)2

Random Identities
<E>= −

(
∂ log(Q)
∂β

)
N,V(

∂βA
∂β

)
N,V

= E

<(δ2E)>= kBT
2Cv(

∂ log(Q)
∂V

)
T,N

= −
(
∂βA
∂V

)
T,N

= βp(
∂ log(Q)
∂(−β)

)
V,N

=
(
∂(−βA)
∂(−β)

)
V,N

=< E >

∂µ
∂v

= v ∂p
∂v

β =
(
∂ log(Ω)
∂E

)
N,V




