
Homework 4 - Solutions

Problem 1 -Vortices in Rotating Superfluids

To start, first notice that the free energy of a system can be written in terms of it’s superfluid density ns

and the wavefunction phase ✓ as
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and the superfluid velocity is given by
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Then, the total velocity of the superfluid is given by the expression
I
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For a single vortex, this circulation has ‘charge’ = 1 so that around any single vortex we have
I
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Then, if we take a path around the circumference of the sample, so that we enclose all nv vortices which
are in the sample we find I

sample

r✓ · ds = 2⇡nv (6)

where nv is the total number of vortices in the sample

Now, we can find an expression for the number density of vortices which equals the total number of
vortices divided by the cross-sectional area of the system (with A = ⇡R2):
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Therefore

nv
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(2)(4 ⇤ 1.66 ⇤ 10�27)(1)

(1.055 ⇤ 10�34)
= 1.2509 ⇤ 108m�2 = 12588cm�2 (12)

The density of liquid helium is 141.2kg/m3. Then, for Helium, ns = ⇢/m = 2.12 ⇤ 1022 atoms/cm2
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Part (b)

Now for Na atoms rotating at 60Hz we have
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(1.055 ⇤ 10�34)
= 4.34 ⇤ 1010m�2 = 4.34 ⇤ 106cm�2 (13)

Note that above I used that the atomic mass of sodium is ⇠ 23mp. Compare this to the number density of
atoms ns = 4.3 ⇤ 1014cm�2

Problem 2 - The Kosterlitz-Thouless Transition

From the course notes, it was seen that the energy cost of a vortex is given by
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We need to add to the free energy the contribution due to the entropy due to the di↵erent possible
positions of the vortex. If we assume that the vortex core has radius a, then the number of possible places
to place this core in a circular cross-seciontional area A = ⇡R2 is ⇡R2/(⇡a2)
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One might worry about including some close packing factor for 2d circles, but this will just give an additive
constant to the logarithm term which will be negligible as R ! 1.
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Now, just note that ⇢ ⇡ m⇥ ns ) ns = ⇢/m. Then
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Then, this free energy changes signs when
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Subbing in the given values ⇢ = 0.14g/cm3 = 140kg/m3, m = 4 ⇤ 1.66 ⇤ 10�27 and d = 3Å = 3 ⇤ 10�10m
Then

T ⇡ ⇡(1.055 ⇤ 10�34)2(140)(3 ⇤ 10�10)

(2)(4 ⇤ 1.66 ⇤ 10�27)2(1.38 ⇤ 10�23)
⇡ 1.21K (20)

Therefore, we can approximate the Kosterlitz-Thouless transition temperature for superfluid He-4 films
with thickness of 3Å to occur at ⇠ TC = 1.21K
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