
Phase transition

• A lot happens at Tc

• Both m(T) and χ(T) are non-analytic at Tc

• This is actually a sign of a phase transition
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Quantum treatment

• So far, we treated the ferromagnet in mean 
field theory

• This is approximate.  Usually qualitatively 
correct but not even always that.

• We can do better for the Heisenberg 
ferromagnet

• Goal: find the actual ground state and 
excitations



Quantum treatment

• Hamiltonian

• Try the “obvious” ground state
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Quantum treatment

• Is it the ground state?

• Since 0 ≤ |Si+Sj| ≤ 2S for two spins

• Thus this is indeed a ground state!
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Quantum treatment

• Excitations - lower the spin once

e.g. 
S=1/2 i
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Quantum treatment

• Hamiltonian

• zz terms
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Quantum treatment

• +- terms
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Quantum treatment

• All together

• Looks like a hopping Hamiltonian

• Bloch:
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Quantum treatment

• These are “spin waves” or “magnons”

• Magnons are gapless
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Magnons

• Magnons are gapless

• Energy vanishes as k → 0

• This is because 

• This is an example of a “Goldstone mode”

• “Goldstone’s theorem”: if H has a 
continuous symmetry that is “broken” by 
the ground state, there will be a gapless 
mode
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Magnons

• Spin wave/magnon can be regarded as a 
quantized precession wave of slightly tilted 
spins

• ε ~ k2 behavior, a general property for 
ferromagnets, can be understood this way



Magnons

• Think of effective field due to other spins

• Local spins precess in this field

h(r) � c0m+ c1⇥2m+ · · ·

@tm = h⇥m ⇡ c1r2m⇥m



Magnons
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Neutron scattering

• Neutron has a S=1/2 similar to an electron, 
and its own dipole moment, which interacts 
with magnetic dipoles in materials

• Consequently, a neutron can exchange 
energy and momentum with electronic 
spins 

Hd�d = � µ0

4�r3
[3(m · r)(m0 · r)�m ·m0]

ki,ωi
kf,ωf

k=ki-kf,ω=ωi-ωf



Neutron scattering

• Integrate over all energies: get total scattering

• tool for detecting magnetic ordering in solids

• Resolve both momentum and energy of 
neutrons: measure spin waves

example of spin 
waves in Yb2Ti2O7 

(2012)
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viously been observed in the ferrimagnet Fe304'
and the antiferromagnet n-Fe,O, ." One should
notice the way in which the optical-branch data in
Fig. 6arepresented, ~amely, at the points in re-
ciprocal space relative to 111where they were
actually observed. The reason is that, if folded
back to the 111 BZ, they would not include the
points l" and Z. The optical branch is not directly
observable in the BZ surrounding 111 because of
an almost vanishing structure factor, and when
observed at the 001 or 110 reciprocal-lattice points
with our samples, the peaks are not "clean, '* as a
consequence at the a, b twinning.
No second branch due to domain II was seen. Cal-

culations show that its dynamical structure factor
nearly vanishes along the whole b, direction. The
two branches, in fact, cross at two-thirds distance
to the zone boundary, but the structure factor al-
lows only one continuous branch to be seen.

FIG. 4. Intensity profiles for low-energy spin waves
of the same energy along Z, 6 and along A at 4. 6 'K and
20'K. The Z, 4 peaks are well focused, giving rise to
a high accuracy of the spin-wave energy. The renormal-
ization of energy with temperature is demonstrated.
Calculated profiles are shown, and arrows indicate the
nominal energy of the spin waves entering the folding
program (Ref. 16).

VI. LOW-ENERGY SPIN WAVES

The spin waves that are important thermodynam-
ically in determining the magnetization deviation at
a given temperature are, of course, those with an
energy comparable to the thermal energy of the
system. For temperatures below 20 0K this will
imply spin waves of energy less than about 3 meV.
The observed dispersion relation for some of those

tion associated with the low incident energy of 5. 2
MeV.
Some corrections due to instrumental resolution,

effects are sometimes required of the neutron
spectrometer data. ' The corrections are normally
of significance only for systems with steep dis-
persion relations and for nonfocused peaks. Some
calculations were performed using a previously
described program" to fold the instrumental resolu-
tion function with the scattering cross section. They
revealed that for the high-energy end of the spectrum
some minor corrections were needed for a few
cases, the corrections always amounting to less
than the experimental uncertainty. The curves
shown in Figs. 3 and 4 are the calculated line
shapes.
The observed dispersion relations are shown in

Figs. 5 and 6. The thermodynamically important7'
low-energy parts are given in Fig. 5, including
the entire acoustical branch in the A direction.
Figure 6 shows the data taken in directions normal
to A. The labeling of the directions and points
shown refers to Fig. 2. The three branches shown
were assigned to domains I and II as indicated,
based upon their apparent periodicity. Since CrBr3
contains two Cr ' ions per unit cell, an optical
spin-wave branch is expected in addition to the
acoustical, and it is shown in Fig. 6 for domain
l(Z, Fdirections). Optical spin waves have pre-
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FIG. 5. Dispersion relation of spin waves of low energy
as measured in various directions at 6 'K, all shown on
the same abscissa. The labeling corresponds to that of
Fig. 2. Where no error bars are given, the uncertainties
are less than the size of the symbols. Notice that the
F, B direction has its origin at the Z point of the Brillouin
zone. This way of presenting the data is chosen (i) to
show the large difference of stiffness along the c axis
and in the basal plane and (ii) to demonstrate the differ-
ence between the Z, & and the F, B curves, which bears
a relation to the applicability of the two-parameter model.
The curves are given by the three parameters discussed
in Sec. VI, or equally well by fits 2 and 3 of Table III.

first measurement in 
an insulating FM: 

CrBr3, 1971


