
RG

• e.g. Correlation function

• Can choose b=x

• Or b=1/h⟂= ξ
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Correlation function

• In zero longitudinal field (h∥=0)

C(x, h?) = x
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Summary
• 1d TFIM has a QCP (like all continuous phase transitions) 

described by a scale invariant continuum field theory

• The critical point is characterized by scaling operators 
(ε,σ) with scaling dimensions dσ etc., and by a 
dynamical critical exponent z

• Perturbations to the QCP can be analyzed by RG, or 
scaling theory

• Usually the relevant ones (which grow under rescaling) 
are most important

• Scaling analysis can be applied to correlation functions, 
free energy, excitation energies,...you name it!



Back to Coldea 

• Coldea studies CoNb2O6 via inelastic 
neutron scattering

N

N

kin,Ein

kout,Eout

E = Ein-Eout

k=kin-kout

ΔS=1

measure 
A(k,E) ⇠

X

n

| n|2�(E � ✏n(k))



Coldea

• Spectra

axis anisotropy due to crystal field effects from
the distorted CoO6 local environment (Fig. 1B).
Large single crystals can be grown (17), which is
an essential precondition for measurement of the
crucial spin dynamics with neutron scattering.

CoNb2O6 orders magnetically at low temper-
atures below TN1 = 2.95 K, stabilized by weak
interchain couplings. The chains order ferromag-
netically along their length with magnetic mo-
ments pointing along the local Ising direction,
contained in the crystal (ac) plane (18). To tune to
the critical point, we apply an external magnetic
field along the b axis, transverse to the local Ising
axis. Figure 1C shows that the external field sup-
presses the long-range 3D magnetic order favored
by the Ising exchange in a continuous phase tran-
sition at a critical field BC = 5.5 T.

Expected excitations for the model in Eq. 1
consist of (i) pairs of kinks, with the cartoon
representation j!!""z:::!, below BC, and (ii) spin-
flip quasiparticles j##$#x:::! above BC. The
kinks interpolate between the two degenerate
ground states with spontaneous magnetization
along the +z or –z axis, respectively. Neutrons
scatter by creating a pair of kinks (Fig. 2A). The
results in Fig. 2, B and C, show that in the
ordered phase below BC the spectrum is a bow
tie–shaped continuum with strongly dispersive
boundaries and large bandwidth at the zone center
(L = 0), which we attribute to the expected two-
kink states. This continuum increases in bandwidth
and lowers its gap with increasing field, as the
applied transverse field provides matrix elements
for the kinks to hop, directly tuning their kinetic

energy. Above BC a very different spectrum
emerges (Fig. 2E), dominated by a single sharp
mode. This is precisely the signature of a quan-
tum paramagnetic phase. In this phase the
spontaneous ferromagnetic correlations are absent,
and there are no longer two equivalent ground
states that could support kinks. Instead, excita-
tions can be understood in terms of single spin
reversals opposite to the applied field that cost
Zeeman energy in increasing field. The funda-
mental change in the nature of quasiparticles
observed here (compare Fig. 2, C and E) does not
occur in higher-dimensional realizations of the
quantum Ising model. The kinks are a crucial
aspect of the physics in one dimension, and their
spectrum of confinement bound states near the
transition field will be directly related to the low-
energy symmetry of the critical point.

The very strong dimensionality effects in 3D
systems stabilize sharp spin-flip quasiparticles in
both the ordered and paramagnetic phases, as in-
deed observed experimentally in the 3D dipolar-
coupled ferromagnet LiHoF4 (19, 20). In con-
trast, weak additional perturbations in the 1D
Ising model, in particular a small longitudinal
field !hzSiSzi , should lead to a rich structure of
bound states (6, 7, 9). Such a longitudinal field, in
fact, arises naturally in the case of a quasi-1D
magnet: In the 3D magnetically ordered phase at
low temperature, the weak couplings between the
magnetic chains can be replaced in a first approx-
imation by a local, effective longitudinal mean
field (21), which scales with the magnitude of the
ordered moment "Sz! [hz = SdJd "Sz! where the
sum extends over all interchain bonds with ex-
change energy Jd]. If the 1D Ising chain is pre-
cisely at its critical point (h = hC), then the bound
states stabilized by the additional longitudinal field
hz morph into the “quantum resonances” that are a
characteristic fingerprint of the emergent symmetries
near the quantum critical point. Nearly two dec-
ades ago, Zamolodchikov (2) proposed precisely

Fig. 1. (A) Phase dia-
gram of the Ising chain
in transverse field (Eq.
1). Spin excitations are
pairs of domain-wall qua-
siparticles (kinks) in the
ordered phase below hC
and spin-flip quasiparti-
cles in the paramagnet-
ic phase above hC. The
dashed line shows the
spin gap. (B) CoNb2O6
contains zigzag ferro-
magnetic Ising chains.
(C) Intensity of the 3D
magnetic Bragg peak
as a function of applied
field observed by neu-
tron diffraction (27).
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Fig. 2. (A) Cartoon of a
neutron spin-flip scatter-
ing that creates a pair of
independently propagat-
ing kinks in a ferromag-
netically ordered chain.
(B to E) Spin excitations
in CoNb2O6 near the crit-
ical field as a function
of wave vector along the
chain (in rlu units of 2p/c)
and energy (18). In the
ordered phase [(B) and
(C)], excitations form a
continuumdue to scatter-
ing by pairs of kinks [as
illustrated in (A)]; in the
paramagnetic phase (E),
a single dominant sharp

Magnetically Ordered  Paramagnet Transverse 
Field 

! 1/3 

A 3.25 T B C 4 T D 5.45 T 6 T E 

k i k f

mode occurs, due to scattering by a spin-flip quasiparticle.
Near the critical field (D), the two types of spectra tend to
merge into one another. Intensities in (E) are multiplied
by 1/3 to make them comparable to the other panels.
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