
Degeneracy
• Ideally: frustration induces ground state 

degeneracy, and spins fluctuate amongst those 
ground states down to low temperature

• e.g. triangular lattice Ising antiferromagnet

1 frustrated 
bond per 
triangle

Wannier (1950): Ω = eS/kB S ≈ 0.34NkB



Estimate degeneracy?
• Dual representation

• honeycomb lattice



Estimate degeneracy?
• Dual representation

• focus on the frustrated bonds



Estimate degeneracy?
• Dual representation

• color “dimers” corresponding to 
frustrated bonds

• “hard core” dimer covering



Estimate degeneracy?
• Dual representation

• A 2:1 mapping from Ising ground states 
to dimer coverings



Dimer states
• First exercise: can we understand Wannier’s 

result?

• count the dimer coverings



Dimer states
• Consider the “Y” dual sites

• each has 3 configurations

• this choice fully determines the dimer covering

• But we have to make sure the Y-1 sites are singly 
covered.  Make a crude approximation:

• Prob(dimer) = 1- Prob(no dimer)= 1/3

• Prob(good Y-1) = 2/3 * 2/3 * 1/3 * 3 = 4/9

• Hence 

S ≈ 0.29 N kB

Wannier S ≈ 0.34 N kB

Ω ≈ 3N
�
4

9

�N

= eN ln(4/3)



Spin (and water) Ice

• This simple NN AF Ising model is rather 
idealized

• You may expect that there are always 
perturbations that split this degeneracy and 
change the physics

• BUT...turns out that something similar 
happens in spin ice, which really seems to be 
an almost ideally simple material - by accident!



Water ice

• Common “hexagonal” ice: tetrahedrally 
coordinated network of O atoms - a 
wurtzite lattice

• Must be two protons in each H2O 
molecule - but they are not ordered

2 Michel J.P. Gingras

crystalline symmetry of ice and the local hydrogen bonding requirement of the water
molecule [4].

Over the past ten years, a certain class of insulating magnetic materials in which
the configurational disorder in the orientations of the magnetic moments is precisely
the same as that of water ice have been the subject of numerous experimental and
theoretical studies. Because of their analogy with water ice, these systems have
been coined the name spin ice [5, 6, 7, 8, 9]. Most chapters in this book focus on
geometrically frustrated antiferromagnets. The main reason for the interest in frus-
trated antiferromagnets is the pursuit of novel quantum ground states with exciting
properties which, because of the increased quantum zero point motion caused by
the frustration, lack conventional semi-classical long-range Néel order. This chapter
differs in that the spin ices are frustrated Ising ferromagnets and where quantum
fluctuations do not play a significant role. Yet, experimental and theoretical studies
have revealed a great richness of equilibrium and non-equilibrium thermodynamic
behaviors in spin ice systems [9]. This chapter reviews some of the salient elements
of the spin ice phenomenology. It draws particular attention to the problem of water
ice and the semi-formal origin of the Ising nature of the magnetic moments in spin
ice materials, two topics that are not usually covered in detail in standard graduate
solid state textbooks. It also reviews in some detail the mean-field theory of spin
ices as this simple tool played a key role in uncovering the microscopic origin behind
the emergence of the ice rules in real dipolar spin ice materals. We end the chapter
with a brief discussion of research topics on spin ices that are of current interest.

Fig. 1.1. Left: Local proton arrangement in water ice, showing O2− ions (large
white circles) and protons (hydrogen ions, H+, small black circles). Each O2− is
tetrahedrally coordinated with four other O2−, with two near covalently bonded
protons, and two further hydrogen bonded protons. In the hexagonal phase of ice, Ih,
the low energy configurations obey the so-called Bernal-Fowler “ice rules” [10] where
each O2− oxide has “two-near” and “two-far” protons. Right: Same as left picture,
but where the position of a proton is represented by a displacement vector (arrow)
located at the mid-point of the O2−−O2− (oxide-oxide) bond. The “two-near/two-
far” Bernal-Fowler ice rule then translates into a “two-in/two-out” configuration
of the displacement vectors. The displacement vectors become the Ising magnetic
moments in spin ice (see Fig. 1.2).



Ice entropy

• Giauque 1930’s measured the “entropy 
deficit” by integrating C/T from low T and 
comparing to high T spectroscopic 
measurements
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made by Rossini2 and various equilibrium data, 
including those relating to the reactions3 

HgO + Hz = Hg + Hz0 
Hg + ' / O z  HgO 

indicated that the C,d In T for water did not 
give the correct entropy. That this was so be- 
came a certainty when Giauque and Ashley4 calcu- 
lated the entropy of gaseous water from its band 
spectrum and showed that an entropy discrep- 
ancy of about one calorie per degree per mole 
existed. They presumed this to be due to false 
equilibrium in ice at low temperatures. 

Water is a substance of such importance that 
we considered further experimental investigation 
to be desirable not only to check the above dis- 
crepancy but especially to see whether slow cool- 
ing or other conditions favorable to the attain- 
ment of equilibrium could alter the experimental 
result. 

Apparatus.-In order to prevent strains in the resistance 
thermometer when the water was frozen a double-walled 
calorimeter, Fig. 1, was constructed. The outside wall 
was of copper, 0.5 mm. thick, 4.4 cm. 0. d., and 9 cm. long. 
The inside copper wall, 0.5 mm. thick, was tapered, being 
3.8 cm. 0. d. a t  the bottom and 4.0 cm. 0. d. a t  the upper 
end. The top of the inner container was made from a thin 
copper sheet, 0.2 mm. thick, which prevented the trans- 
mission of strains to the resistance thermometer. The 
neck for filling the calorimeter was in the center of this 
sheet. A series of thin circular slotted vanes of copper 
were soldered to the inner container, and the assembly 
forced inside the outer tube. A heavy copper plate, 1 
mm. thick inside the inner wall, and 2 mm. thick between 
the walls, served as the bottom of both tubes. The ther- 
mocouple was soldered into tube D by means of Rose's 
metal. 

A resistance thermometer-heater of No. 40 double silk 
covered gold wire containing about 0.1% silver was wound 
on the outside of the calorimeter. The resistance was 310 
ohms at 290°K. and dropped to about 17 ohms at  G0K.  
The resistance thermometer was calibrated during the 
measurements by means of copper-constantan thermo- 
couple No. 16 which had been compared with a hydrogen 
gas thermometer.6 However one of the five parallel con- 
stantan wires in the thermocouple had accidentally been 
broken since the original calibration. This wire was dis- 
carded and after the completion of the measurements the 
thermocouple was compared with the oxygen and hydro- 
gen vapor pressure thermometers.6b The thermocouple 
was also checked against the melting point, 54.39"K. 
and higher transition point, 43.76'K., of oxygen.'' On 

(2) (a) (HzO), Bur. Standards J .  Research, 6, 1 (1931); (b) (HCI), 

(3) See summary by Eastman, Circular 6125, U. S. Dept. of 

(4) Giauque and Ashley, Phys. Rev. ,  4S, 81 (1933). 
( 5 )  (a) Giauque, Buffington and Schulze, THIS JOURXAL, 49, 2343 

(1927): (h)  Giauque, Johnston and Kelley, i b id . ,  49, 2867 (1927). 

J T  

ibid.,9, 883 (1932). 

Comm., Bur. of Mines (1929). 

the basis of these comparisons a small correction to the 
original calibration was readily made. 

Helium gas was introduced into the space between the 
two walls by means of a German silver tube, A. A similar 
German silver tube was soldered by means of Wood's 
metal into the cap, B. The sample, C, was transferred 
through this tube into the calorimeter, and helium gas at 
one atmosphere pressure admitted. The German silver 
tube was then heated and removed from the cap, leaving 
the hole sealed with Wood's metal. After the measure- 
ments on the full calorimeter had been completed, the 
calorimeter was heated to the melting point of the Wood's 
metal (72°C.) and the water completely pumped out with- 
out dismantling the apparatus. The heat capacity of the 
empty calorimeter was then 

The remainder of the 
heat capacity apparatus, 
the method of making the 
measurements and calcula- 
tions, and accuracy consid- 
erations were similar to 
those previously de- 
scribed.'".' 

Purification of Water,- 
Distilled water from the 
laboratory still was trans- 
ferred into the vacuum- 
tight purification apparatus 
constructed from Pyrex 
glass. The apparatus was 
evacuated to remove dis- 
solved gases, and flushed 
out several times with he- 
lium gas. The water was 
distilled into a receiving 
bulb, the first fraction being 
discarded The calorimeter 
had previously been at- 
tached to the purification 
system and evacuated. 
When sufficient water had 
collected in the receiving 
bulb, it was transferred into 

I measured. 

D 
Fig. 1.-Calorimeter 

the calorimeter. Helium gas a t  one atmosphere pressure 
was admitted to the calorimeter which was then sealed off 
as described above. 

A series of short heat capacity measurements were made 
in the temperature region immediately below the melting 
point in order to determine the pre-melting effect due to 
liquid-soluble solid-insoluble impurity. From these meas- 
urements it was calculated that the mole fraction of im- 
purity was three parts in a million, 

The Heat Capacity of Ice.-The results of the 
heat capacity measurements are given in Table I. 

The data are shown in Fig. 2. 
In the calculations one 1 5 O  calorie was taken 

as equal to 4.1832 international joules. The 
calorimeter contained 72.348 g. of ice. 

In order to allow time for the establishment of 
an equilibrium state in the solid, the ice was cooled 
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very slowly. The following are temperatures 
reached at  various times after the ice was frozen : 
0 hours, 273.1'; 12 hours, 246'; 37 hours, 203'; 
GO hours, 180'; 84 hours, 168'; 92 hours, 156'; 
108 hours, 105'; 120 hours, 91'; 156 hours, 90'. 
The sample was then cooled from 90 to 68' in 
about three hours and the heat capacity measure- 
ments of series I taken. Next the calorimeter 
was cooled to the temperatures of liquid hydrogen 
at  the following rate: 0 hours, 85'; 1.5 hours, 
72'; 2 hours, 60'; 2.5 hours, 56'; 7 hours, 39'; 
(liquid hydrogen evaporated) 17.5 hours, 49' ; 
22 hours, 50' (more liquid hydrogen added) ; 23 
hours, 41'; 27 hours, 13'. The measurements of 
series I1 were then made. 

I--- - 
I 

01 / I I I 
I 

0 80 160 240 
Temperature, OK. 

Fig. 2.-Heat capacity in calories per degree per mole 
of ice. 

During this series of measurements which ex- 
tended from 15'K. to the melting point, and 
covered a period of eighty hours, the calorimeter 
was under constant observation. To make cer- 
tain that no unusual thermal situation was pres- 
ent in the solid near the melting point, the heat 
of fusion was determined a t  the end of the above 
series of measurements. The value obtained, 
1436 cal./mole, agrees well with that which has 
been chosen for the entropy calculation. 

TABLE I 
HEAT CAPACITY OF ICE 

(Molecular weight, 18.0156) OOC. = 273.10"K. 
T,OR. AT C, cal./deg./mole Series 
16.43 1.403 0.303 I1 
18.37 1.729 .410 I1 
20.78 2.964 .528 I1 
24.20 3.815 .700 I1 
28.05 3.596 .883 I1 
31.64 3.578 1.OG5 I1 
35.46 4 073 1.251 I1 
39 62 4 242 1.440 IT 

43.96 
48.52 
52.98 
57.66 
62.63 
G7.83 
70.61 
73.01 
75.60 
78.51 
79.98 
81.44 
82.42 
83.72 
83.94 
86.66 
87.25 
89.20 
91.32 
91.93 
94.93 
95.85 
97.37 
99.57 

100.69 
104.69 
110.13 
115.84 
121.74 
127.54 
133.50 
139.48 
145.43 
151.43 
157.48 
163.52 
169.42 
175.36 
181.25 
187.20 
192.96 
199.11 
205.32 
211.56 
217.97 
224.36 
230.08 
236.19 
242.40 
249.31 
256.17 
262.81 
267.77 

4.469 1.641 i1 
4.571 1.837 i1 
4.361 2.014 i1 
5.041 2.203 11 
5.228 2.418 11 
4.910 2.612 11 
5.403 2.723 1 
5.737 2.821 11 
4 I 638 2.922 1 
4.991 3.016 11 
4.133 3.070 1 
5.538 3.115 111 
4.860 3.163 I v 
5.438 3.191 11 
3.765 3.199 1 
4.893 3.286 111 
4.756 3.336 I V  
5.557 3,389 11 
4.394 3.488 111 
4.651 3.532 IV 
5.233 3.649 11 
4.649 3.660 111 
6.234 3.724 IV 
4.778 3.814 11 
4.980 3.832 111 
5.497 3.985 11 
5.373 4.136 11 
6.031 4.315 11 
5.908 4.489 11 
5.813 4. fi55 11 
6.005 4.808 11 
5.952 4,978 11 
5.928 5.135 11 
6.240 5.306 11 
5.837 5.466 11 
5.851 5 .  G63 11 
5.908 
5.996 
5.678 
5.983 
5.658 
6.133 
6.309 
6.554 
6.200 
6.935 
6.068 
6.101 
6.795 
6.903 
6.591 
6.303 
4,465 

5.842 
(i ,007 
6.185 
6.359 
A .  530 
6.710 
6.935 
7.119 
7.326 
7.519 
7.711 
7.887 
8.048 
8.295 
8.526 
8.732 
8.909 

11 
11 
11 
11 
11 
11 
11 
11 
11 
11 
11 
11 
11 
11 
11 
11 
11 

In the heat capacity measurements between 
85 and lOO'K., the attainment of temperature 
equilibrium in the solid was much less rapid than 
at other temperatures. This observation is of 
considerable interest and some of its implications 
will be discussed below. 

'fo study possible effects due to rapid cooling. 
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vaporization of water are so accurately known that 
further investigation was unnecessary. 

The heat of fusion of ice has been accurately 
determined by a number of workers. The meas- 
urements prior to 1913 have been critically sum- 
marized by Dickinson, Harper and Osborne,14 who 
also made a number of measurements of the heat 
of fusion both by an electrical method and by the 
method of mixtures. Dickinson and Osborne6 
measured the heat of fusion in an aneroid calo- 
rimeter, using electrical heating. The measure- 
ments in which energy was introduced electrically 
were recalculated by us on the basis of 1 int. 
joule = 4.1832 calories (15’). A weighted aver- 
age of all the reported values yields 1435.7 cal./ 
mole with an estimated accuracy of *0.9 cal./ 
mole, for the heat of fusion. 

Fiock16 has reviewed the measurements of the 
heat of vaporization of water and compared them 
with the results of determinations at  the Bureau 
of Standards16 extending down to 50’. All meas- 
urements were converted into international joules. 
Of the data considered by Fiock, those of Grif- 
fiths, of Smith and of Henning contained meas- 
urements in the neighborhood of 25’C. Giving 
equal weight to the result of each of the above 
three observers and t o  the value extrapolated 
from the Bureau of Standards measurements, 
and taking 1 calorie (15’) = 4.1832 int. joules, 
we obtained an average value of 10,499 * 3 
(av. dev.) calories/mole for the heat of vaporiza- 
tion of water a t  25’. 

The “I.C.T.” values for the heat capacity of 
liquid waterI7 were plotted against the logarithm 
of the absolute temperature and integrated 
graphically to obtain the entropy between 0 and 
25’. The value for the vapor pressure a t  25’ was 
also obtained from the “I.C.T.”lS Using Berthe- 
lot’s equation of state and thermodynamics it 
can be shown that the entropy correctionla to the 
ideal gas state is almost negligible in this case 
The critical constants18 used were Tc = 647.1°K. 
and P, = 217.7 atm. 

The entropy between 10 and 273.10’K. was 
obtained by graphical integration of the measured 
heat capacities. The entropy between 0 and 

(14) Dickinson, Harper and Osborne, Bull. U. S. Bur. Slandards, 

(15) Fiock, Bur. Standards J .  &search, 6, 481 (1930). 
(16) (a) Osborne, Stimson and Fiock, ibid., 6,  411 (1930); (b) 

(17) “International Critical Tables,” McGraw-Hill Book Co., 

(18) “I.  C. T.,” Vol. 111, p. 211. 
(19) “I. C. T.,”Vol.  I I I , p .  248. 

10, 235 (1014). 

Fiock and Ginnings, ibid., 8, 321 (1932). 

New York, Vol. V, 1926, p. 113. 

IO’K. was calculated by means of the Debye 
equation, using hv/k = 192. A summary of the 
entropy calculation is given in Table 111. 

TABLE rrr 
CALCULATION OF ENTROPY OF U~ATER 

O-1O0K., Debye function hv/k = 192 0.022 

Fusion 1435.7/273.10 ,5,257 
273.10-298.1OGK., graphical 1 ,580 

10-273. 10°K., graphical 9.081 

Vaporization 10499/298.10 35,220 
Correction for gas imperfection O,OfL? 
Compression R In 2.3756/760 -6.88Ci 

Cal./dcg./~iiole 44.28*0.05 

The value of the entropy given in Table I11 
may be compared with that calculated from 
spectroscopic data. Giauque and Ashley4 util- 
ized the preliminary molecular constants of water 
as given by Mecke and Baumann20 to determine 
the entropy of water. Later Gordon21 recaleu- 
lated the thermodynamic quantities for water 
using the revised moments of inertia of Freuden- 
berg and Mecke.22 He obtained So~gB.l = 45.10 
cal./deg./mole. The difference between the 
spectroscopic and calorimetric values is 0.82 
cal./deg. /mole. 

The Problem of the False Equilibrium in 
Ice.-To account for the discrepancy between 
the calorimetric and spectroscopic values for the 
entropy of water Giauque and Ashley‘ offered an 
explanation based on the assumption that the 
ortho and para molecular states, which are known 
to exist in gaseous water, had persisted in the 
crystalline state at  low temperatures. The situa- 
tion was assumed to be similar to that which ac- 
counts for the entropy discrepancy in the case of 
solid The ortho water was as- 
sumed to have non-polar clockwise and counter 
clockwise rotations in ice, since the dielectric con- 
stant of ice at  low temperatures corresponds to 
that of non-polar substances. This leads to a 
calculated discrepancy of 3/4R In 2 = 1.03 cal./ 
deg. /mole. 

We have had many interesting private discus- 
sions with Professor Linus Pauling who has con- 
sistently objected to the ortho-para explanation. 
During the course of the present investigation 
Pauling2a offered an alternative explanation based 

(20) Mecke and Baumann, (a) Nafuvwiss . .  20, 657 (1932); (b) 

(21) Gordon, J .  Chem. Phys. ,  2,65 (1934). 
(22) Freudenberg and Mecke, Z. Phrsik,  81,465 (1933). 
(23) Pauling, (a) personal communication; (b) THIS JOURNAL, S I B  

Phys .  Z., 89, 833 (1932). 
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vaporization of water are so accurately known that 
further investigation was unnecessary. 

The heat of fusion of ice has been accurately 
determined by a number of workers. The meas- 
urements prior to 1913 have been critically sum- 
marized by Dickinson, Harper and Osborne,14 who 
also made a number of measurements of the heat 
of fusion both by an electrical method and by the 
method of mixtures. Dickinson and Osborne6 
measured the heat of fusion in an aneroid calo- 
rimeter, using electrical heating. The measure- 
ments in which energy was introduced electrically 
were recalculated by us on the basis of 1 int. 
joule = 4.1832 calories (15’). A weighted aver- 
age of all the reported values yields 1435.7 cal./ 
mole with an estimated accuracy of *0.9 cal./ 
mole, for the heat of fusion. 

Fiock16 has reviewed the measurements of the 
heat of vaporization of water and compared them 
with the results of determinations at  the Bureau 
of Standards16 extending down to 50’. All meas- 
urements were converted into international joules. 
Of the data considered by Fiock, those of Grif- 
fiths, of Smith and of Henning contained meas- 
urements in the neighborhood of 25’C. Giving 
equal weight to the result of each of the above 
three observers and t o  the value extrapolated 
from the Bureau of Standards measurements, 
and taking 1 calorie (15’) = 4.1832 int. joules, 
we obtained an average value of 10,499 * 3 
(av. dev.) calories/mole for the heat of vaporiza- 
tion of water a t  25’. 

The “I.C.T.” values for the heat capacity of 
liquid waterI7 were plotted against the logarithm 
of the absolute temperature and integrated 
graphically to obtain the entropy between 0 and 
25’. The value for the vapor pressure a t  25’ was 
also obtained from the “I.C.T.”lS Using Berthe- 
lot’s equation of state and thermodynamics it 
can be shown that the entropy correctionla to the 
ideal gas state is almost negligible in this case 
The critical constants18 used were Tc = 647.1°K. 
and P, = 217.7 atm. 

The entropy between 10 and 273.10’K. was 
obtained by graphical integration of the measured 
heat capacities. The entropy between 0 and 

(14) Dickinson, Harper and Osborne, Bull. U. S. Bur. Slandards, 

(15) Fiock, Bur. Standards J .  &search, 6, 481 (1930). 
(16) (a) Osborne, Stimson and Fiock, ibid., 6,  411 (1930); (b) 

(17) “International Critical Tables,” McGraw-Hill Book Co., 

(18) “I.  C. T.,” Vol. 111, p. 211. 
(19) “I. C. T.,”Vol.  I I I , p .  248. 
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Fiock and Ginnings, ibid., 8, 321 (1932). 

New York, Vol. V, 1926, p. 113. 

IO’K. was calculated by means of the Debye 
equation, using hv/k = 192. A summary of the 
entropy calculation is given in Table 111. 

TABLE rrr 
CALCULATION OF ENTROPY OF U~ATER 

O-1O0K., Debye function hv/k = 192 0.022 

Fusion 1435.7/273.10 ,5,257 
273.10-298.1OGK., graphical 1 ,580 

10-273. 10°K., graphical 9.081 

Vaporization 10499/298.10 35,220 
Correction for gas imperfection O,OfL? 
Compression R In 2.3756/760 -6.88Ci 

Cal./dcg./~iiole 44.28*0.05 

The value of the entropy given in Table I11 
may be compared with that calculated from 
spectroscopic data. Giauque and Ashley4 util- 
ized the preliminary molecular constants of water 
as given by Mecke and Baumann20 to determine 
the entropy of water. Later Gordon21 recaleu- 
lated the thermodynamic quantities for water 
using the revised moments of inertia of Freuden- 
berg and Mecke.22 He obtained So~gB.l = 45.10 
cal./deg./mole. The difference between the 
spectroscopic and calorimetric values is 0.82 
cal./deg. /mole. 

The Problem of the False Equilibrium in 
Ice.-To account for the discrepancy between 
the calorimetric and spectroscopic values for the 
entropy of water Giauque and Ashley‘ offered an 
explanation based on the assumption that the 
ortho and para molecular states, which are known 
to exist in gaseous water, had persisted in the 
crystalline state at  low temperatures. The situa- 
tion was assumed to be similar to that which ac- 
counts for the entropy discrepancy in the case of 
solid The ortho water was as- 
sumed to have non-polar clockwise and counter 
clockwise rotations in ice, since the dielectric con- 
stant of ice at  low temperatures corresponds to 
that of non-polar substances. This leads to a 
calculated discrepancy of 3/4R In 2 = 1.03 cal./ 
deg. /mole. 

We have had many interesting private discus- 
sions with Professor Linus Pauling who has con- 
sistently objected to the ortho-para explanation. 
During the course of the present investigation 
Pauling2a offered an alternative explanation based 

(20) Mecke and Baumann, (a) Nafuvwiss . .  20, 657 (1932); (b) 

(21) Gordon, J .  Chem. Phys. ,  2,65 (1934). 
(22) Freudenberg and Mecke, Z. Phrsik,  81,465 (1933). 
(23) Pauling, (a) personal communication; (b) THIS JOURNAL, S I B  

Phys .  Z., 89, 833 (1932). 
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Pauling argument

• Pauling made a simple “mean field” estimate 
of the entropy due to randomness of the 
protons, which turns out to be quite 
accurate

2 Michel J.P. Gingras

crystalline symmetry of ice and the local hydrogen bonding requirement of the water
molecule [4].

Over the past ten years, a certain class of insulating magnetic materials in which
the configurational disorder in the orientations of the magnetic moments is precisely
the same as that of water ice have been the subject of numerous experimental and
theoretical studies. Because of their analogy with water ice, these systems have
been coined the name spin ice [5, 6, 7, 8, 9]. Most chapters in this book focus on
geometrically frustrated antiferromagnets. The main reason for the interest in frus-
trated antiferromagnets is the pursuit of novel quantum ground states with exciting
properties which, because of the increased quantum zero point motion caused by
the frustration, lack conventional semi-classical long-range Néel order. This chapter
differs in that the spin ices are frustrated Ising ferromagnets and where quantum
fluctuations do not play a significant role. Yet, experimental and theoretical studies
have revealed a great richness of equilibrium and non-equilibrium thermodynamic
behaviors in spin ice systems [9]. This chapter reviews some of the salient elements
of the spin ice phenomenology. It draws particular attention to the problem of water
ice and the semi-formal origin of the Ising nature of the magnetic moments in spin
ice materials, two topics that are not usually covered in detail in standard graduate
solid state textbooks. It also reviews in some detail the mean-field theory of spin
ices as this simple tool played a key role in uncovering the microscopic origin behind
the emergence of the ice rules in real dipolar spin ice materals. We end the chapter
with a brief discussion of research topics on spin ices that are of current interest.

Fig. 1.1. Left: Local proton arrangement in water ice, showing O2− ions (large
white circles) and protons (hydrogen ions, H+, small black circles). Each O2− is
tetrahedrally coordinated with four other O2−, with two near covalently bonded
protons, and two further hydrogen bonded protons. In the hexagonal phase of ice, Ih,
the low energy configurations obey the so-called Bernal-Fowler “ice rules” [10] where
each O2− oxide has “two-near” and “two-far” protons. Right: Same as left picture,
but where the position of a proton is represented by a displacement vector (arrow)
located at the mid-point of the O2−−O2− (oxide-oxide) bond. The “two-near/two-
far” Bernal-Fowler ice rule then translates into a “two-in/two-out” configuration
of the displacement vectors. The displacement vectors become the Ising magnetic
moments in spin ice (see Fig. 1.2).
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Classical realization: spin ice

• Rare earth pyrochlores Ho2Ti2O7, Dy2Ti2O7: 
spins form Ising doublets, behaving like 
classical vectors of fixed length, oriented 
along local easy axes


