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H = Hsys +HB +Hint

Hb = ~
∫ ∞
−∞

dω ωb†(ω)b(ω)

Hint = i~
∫ ∞
−∞

dω κ(ω)
[
b†(ω)c− c†b(ω)

]
This represents a continuum of independant bath harmonic
oscillators, and hence:

[
b(ω), b†(ω′)

]
= δ (ω − ω′)

Working in the Heisenberg picture:

˙̂A = −
i

~
[
Â,H

]
+

∂Â

∂t︸︷︷︸
(0 for “normal” operators)

⇒ ḃ(ω) = −iωb(ω) + κ(ω)c,

˙̂A = −
i

~
[
Â,Hsys

]
+

∫
dω

{
b†(ω)

[
Â, c

]
−
[
Â, c†

]
b(ω)

}

The formal solution for b(ω) is:

b(ω) = e−iω(t−t0)b0(ω) + κ(ω)

∫ t

t0

c(t′)dt′,

where b0(ω) ≡ b(ω)(t = 0). Furthermore:

˙̂A = −
i

~
[
Â,Hsys

]
+

∫
dω
{
e+iω(t−t0)b†0(ω)

[
Â, c
]
−
[
Â, c†

]
e−iω(t−t0)b0(ω)

}
+

∫
dω [κ(ω)]2

∫ t

t0

dt′
{
e+iω(t−t′)c†

[
Â, c
]
−
[
Â, c†

]
e−iω(t−t′)c

}
Input and output in damped quantum systems: Quantum Stochastic
differential equations and the master equation, PRA 31, 3761-3763
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We now make the “first Markov approximation”:

κ(ω) =
√
γ/2π

Note the following relations:

1

2π

∫
dω e−iω(t−t′) = δ(t− t′)∫ t

t0

dt′ c(t′)δ(t− t′) =
1

2
c(t)

We can then rewrite the equations of motion for an arbitrary
operator, the “Quantum Langevin Equation ”:

˙̂A = −
i

~
[
Â,Hsys

]
−
[
Â, c†

] (γ
2
c+
√
γbin(t)

)
+
(γ

2
c† +

√
γb†in(t)

) [
Â, c

]
,

where we have defined bin(t):

bin(t) =
1√
2π

∫
dω e−iω(t−t0)b0(ω)

Note also that:
[
bin(t), b†in(t′)

]
= δ(t− t′).

In principle, to calculate the behavior of a real system, we
need to know the state of the bath as represented by ρin.
However, in practice we almost always work with weakly
damped systems, and treat the input noise as white, i.e.:

Tr
[
ρinb†in(t)bin(t′)

]
≡
〈
b†in(t)bin(t′)

〉
= N̄δ(t− t′)

Tr
[
ρinbin(t)b†in(t′)

]
≡
〈
bin(t)b†in(t′)

〉
= (N̄ + 1)δ(t− t′)
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Harmonic oscillator:

ȧ = −iωaa−
γa

2
a−√γabin(t)

ȧ† = +iωaa
† −

γa

2
a† −√γab†in(t)

If the system is linear, we can fourier transform it:

−iΩã = −iωaã−
γa

2
ã−√γab̃in(t)

+iΩã† = +iωaã
† −

γa

2
ã† −√γab̃†in(t),

noting that:

ã(Ω) =
1√
2π

∫ ∞
−∞

e+iΩta(t)dt

ã†(Ω) =
1√
2π

∫ ∞
−∞

e−iΩta†(t)dt

ȧ(t) =
1√
2π

∫ ∞
−∞
−iΩe−iΩtã(Ω)dΩ〈

b̃†in(ω)̃bin(ω′)
〉

= N̄δ(ω − ω′)〈
b̃in(ω)̃b†in(ω′)

〉
=
(
N̄ + 1

)
δ(ω − ω′)

So...

ã =

√
γab̃in

i(Ω− ωa)− γa
2

=
√
γab̃inχa(Ω)

ã† =

√
γab̃
†
in

−i(Ω− ωa)− γa
2

=
√
γab̃
†
inχ
∗
a(Ω),

where χ−1
a = i(Ω− ωa)− γa

2
.

4



We define the spectral density of the number operator as:

Saa(Ω) =

∫
dt e+iΩt

〈
a†(t)a(0)

〉
=

1

2π

∫ ∫ ∫
dt dω′ dω′′ ei(Ω−ω′)t 〈ã†(ω′)ãω′′)〉

=

∫
dω′′

〈
ã†(Ω)ã(ω′′)

〉
=
〈
ã†(Ω)ã(Ω)

〉
,

where we have assumed:
〈
ã†(ω)ã(ω′)

〉
∝ δ(ω − ω′).

And hence...

Saa(Ω) = γa |χ(Ω)|2
〈
b̃†in(Ω)̃bin(Ω)

〉
=

N̄γa

(Ω− ωa)2 +
(
γa
2

)2

Where we have assumed a white noise input. This is a
Lorentzian centered at wa with FWHM γa – this is the ex-
pected result for a damped harmonic oscillator.

Note also:

1

2π

∫
SaadΩ = N̄,

as you might expect.
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Classical motion:

mẍ = −kx−
mγc

2
ẋ+ Fth(t) + 2

P (x, t)

c

Cavity field:

P0(x) ∝
1(

γac
2

)2
+ (x− x0)2

Ṗ (t) = −γa [P (t)− P0(x)]

≈ −γa
[
P (t)− P0(x0)− x

dP0

dx

∣∣∣∣
x=0︸ ︷︷ ︸

ckr/2

]

So...

−iΩP̃ = −γaP̃ + γcx̃
ckr

2

P̃ =

(
cγakr

2

)
x̃

γa − iΩ

=

(
ckr

2

) (1 + iΩ
γa

)x̃

1 +
(

Ω
γa

)2
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Optomechanical Hamiltonian:

H = ~ωa
(
aa† +

1

2

)
︸ ︷︷ ︸

Optical Cavity

+ ~ωc
(
cc† +

1

2

)
︸ ︷︷ ︸

Mechanical Resonator

+ Hint︸︷︷︸
Radiation Pressure Interaction

We now assume we are in the adiabatic limit: L0

c
� 1

wc
. In

this case we can approximate the interaction term with:

ωa → ωa
L0

L0 + x
≈ wa

(
1−

x

L0

)

≈ wa
[
1−

√
~

2mω

L0︸ ︷︷ ︸
g

(
c† + c

) ]

⇒ H ≈ ~ωa
[
1− g

(
c† + c

)]
aa† + ~ωccc†

Now we include the bath couplings and a driving term:

H = ~waa†a
[
1−

σ0

L

(
c+ c†

)]
+ ~wcc†c

+ ~Ae−iωt
(
a+ a†

)︸ ︷︷ ︸
Optical driving term

+HB,a +Hint,a︸ ︷︷ ︸
Optical “bath”

+HB,c +Hint,c︸ ︷︷ ︸
Mechanical bath
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We can calculate the equations of motion:

ȧ = −iωaa
[
1− g

(
c+ c†

)]
− iAe−iωt −

γa

2
a−√γaain

ċ = −iωcc+ iωaga
†a−

γc

2
c−√γccin,

where ain ≡ ba,in and cin ≡ bc,in.

We make the substitution a → e−iwt (ā+ d), where ā is a
constant and d represents the quantum fluctuations of the
system. The equation of motion for d is:

ḋ = −i∆ (ā+ d)+iωag (ā+ d)︸ ︷︷ ︸
≈ā

(
c† + c

)
−iA−

γ

2
(ā+ d)−e+iwt√γaain︸ ︷︷ ︸

→√γadin

,

where ∆ = ω − ωa is the optical detuning.

If we assume
〈
d†
〉
� |ā|2, we can linearize the equation.

Furthermore we see the natural choice for A:

A→ −
(
i
γa

2
+ ∆

)
ā

ḋ ∼= −i∆d+ iα(c+ c†)−
γa

2
d−√γadin

α ≡ āωag

Additionally:

ċ = −iωcc+ iωag
(
ā∗ā+ ā∗d+ d†ā+ d†d

)︸ ︷︷ ︸
≈|ā|2+ā∗d+ād†

−
γc

2
c−√γccin

∼= −iω′cc+ i
(
α∗d+ αd†

)
−
γc

2
c−√γccin,

where I have ignored the |ā|2 term, which is just a displace-
ment of the mean position of the mechanical resonator.
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What about a fourier transform?

−iΩd̃(+Ω) = −i∆d̃(+Ω) + iα
[
c̃(+Ω) + c̃†(−Ω)︸ ︷︷ ︸

!

]
−
γa

2
d̃(+Ω)−√γad̃in(+Ω)

−iΩc̃(+Ω) = −iωcc̃(+Ω) + i
[
α∗d̃(+Ω) + αd̃(−Ω)︸ ︷︷ ︸

!

]
−
γc

2
c̃(+Ω)−√γcc̃in(+Ω)

So...

χ−1
d (Ω)d̃+ + iα(c̃+ + c̃†−) =

√
γad̃

+
in

χ−1
c (Ω)c̃+ − i(α∗c̃+ + αc̃†−) =

√
γac̃

+
in

Let’s define a system operator, A:

A ≡


d
d†

c
c†

 ; Ã =


d̃+

d̃†−

c̃+

c̃†−




χ−1
d (Ω) 0 iα iα

0 χ−1∗
d (−Ω) −iα∗ −iα∗

iα∗ iα χ−1
c (Ω) 0

−iα∗ −iα 0 χ−1∗
c (−Ω)

 ÃT =


√
γad̃

+
in√

γad̃
†−
in√

γcc̃
+
in√

γcc̃
†−
in


where:

χ−1
a = i(Ω−∆)−

γa

2

χ−1
c = i(Ω− ωc)−

γc

2
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The solution is:

d̃ = χa

(√
γd

[
d̃in + χ∗−a ξc

(
|α|2d̃in − α∗2d̃†−in

)]
+

i
√
γcα

∗
[
χ∗−c c̃†−in − χcc̃in

])
/
(
1 + |α|2ξaξc

)
c̃ = χc

(√
γc

[
c̃in + |α|2χ∗−c ξa

(
c̃in − c̃†−in

)]
+

i
√
γdχ

∗−
c

[
α∗χ∗−a d̃†−in − αχad̃in

])
/
(
1 + |α|2ξaξc

)
where: ξa/c(Ω) = χ∗a/c(−Ω)− χa/c(Ω).

What is the input?〈
d̃†ind̃in

〉
= 0 Ground state (a is coherent state!)〈

c̃†inc̃in

〉
= nth Thermal state

Scc(Ω) =
|χc|2

|1 + |α|2ξaξc|2︸ ︷︷ ︸
Modified mechanical response

×

[
γa
∣∣αχ−a ∣∣2︸ ︷︷ ︸

Zero point fluc.

+

n̄thγc
∣∣1− |α|2χ−c ξa∣∣2︸ ︷︷ ︸

Main thermal excitation

+ (n̄th + 1) γc
∣∣|α|2χ−c ξa∣∣2︸ ︷︷ ︸

Back action

]
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From Gardiner and Collett:

aout = ain +
√
γaa

So the optical field leaving the cavity is:

Saa,out(Ω) =

∫ ∞
−∞
dteiΩt

〈
a†out(t)aout(0)

〉
Saa,out(Ω + ωa) =

∫ ∞
−∞
dteiΩt

〈[
d†in(t) +

√
γa
(
ā∗ + d†(t)

)]
×

[din(0) +
√
γa (ā+ d(0))]

〉
=
〈
d̃†in(Ω)d̃in(Ω)

〉
+

∫ ∞
−∞
dt eiω

′t×[
√
γa

(〈
d̃†in(Ω)d̃(ω′)

〉
+
〈
d̃†(Ω)d̃in(ω′)

〉)
+

γa
(
|ā|2 +

〈
d̃†(Ω)ã(ω′)

〉) ]
Saa,out(Ω + ωa)

γa
= 2π |ā|2 δ(Ω) +

1∣∣1 + |α|2 ξaξc
∣∣2×[

γa
∣∣α2χaχ

−
a ξc
∣∣2 + n̄thγc |αχaχc|2︸ ︷︷ ︸

Anti-Stokes (Cooling)

+

(n̄th + 1) γc
∣∣αχaχ−c ∣∣2︸ ︷︷ ︸

Stokes (Heating)

]
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∆ = −ωc
nth = 1000

n̄ =
1

2π

∫
dΩ Scc(Ω)
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