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H = Hsys + Hp + Hint
Hy, = h/ dw wb(w)b(w)

— o0

H;,t = ih /OO dw k(w) [bT(w)c — ch(w)}

— 00

This represents a continuum of independant bath harmonic
oscillators, and hence: [b(w),b'(w)] =6 (w — W)

Working in the Heisenberg picture:

—~

= o 0A
N4
(0 for “normal” operators)

= b(w) = —iwb(w) + k(w)e,

A= [A Hay] + / do {b'(w) [A,d - [4, ] b(w)}

The formal solution for b(w) is:
t

b(w) = e @ty (w) 4+ k(w) | e(¥)dt,

to
where bo(w) = b(w)(t = 0). Furthermore:

A= —% (A, Hays + / do {et@0=pl (W) [4,c] — [A,cl] e (7o (w) }

t
-+ /dw [m(w)]Q/ dt’ {e"‘iw(t_t/)cT [A,C] — [A, cq e_iw(t_t/)c}
to
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We now make the “first Markov approximation' :

k(w) = +/v/27
Note the following relations:

1 , ,
— [ dw e ) = §(t —t)
2T

/t dt' c(t)o(t —t) = %c(t)

We can then rewrite the equations of motion for an arbitrary
operator, the “Quantum Langevin Equation ":

A= A, Ho] [A,6] (Zet At @)+ (26 + vavhm) [4.¢].

where we have defined b;,(t):

1 .
bin(t) = \/T_w/dw e_w(t_to)bo(w)

Note also that: [bm(t),b}n(t’)] =o6(t—t).

In principle, to calculate the behavior of a real system, we
need to know the state of the bath as represented by p;,.
However, in practice we almost always work with weakly
damped systems, and treat the input noise as white, i.e.:

Tr [ pinbl (©)bin(t)] = <b§n(t)bm(t')>
_ = Né&(t —1t)
Tr | pinbin (DD, () | = (bin (D8], ()

=(N+1)§(t—-1t)



Harmonic oscillator:
a4 = —iw.a — ﬁa — /Yabin(t)

al = Fiwga’ — —a \/% (1)

If the system is linear, we can fourier transform it:
_iQG = —iwad — %a — B (D)

+iQal = +zwaa*——“a* Vaby (1),

noting that:

~ _ 1 > e-l-iQta

() = —= /oo (t)dt

aT — 1 > e—iQtaT
(= / (t)dt

a(t) = \/_/ e CUG(Q)d2
<'5;fn(w)'6m(w')> = No(w — o)

<Bm(w)'61n(w')> = (N +1)6(w — )

So...
~ \/'Yagin ~
— — abinXa (2
A Tro R, g VVabinXa(2)
7T
R VA Tl S BV Ce
a —’I,(Q . wa) . ’YE ,YCL ana,( )7

where x; ! = i(Q —wa) — %.



We define the spectral density of the number operator as:

Saa(Q) — /dt €+iQt <aT(t)a(O)>

:%///dt dw’ dw ei(Q—w’)t <&T(w’)2iw")>
— / du' (a1 (Q)a(w"))
= (a'(Q)a(Q)),

where we have assumed: (a'(w)a(w')) o< §(w — w').

And hence...

Saa() = 7 IX() (B, (Bin() )
pr— N,‘ya
(2= wa)® + (%)

Where we have assumed a white noise input. This is a

Lorentzian centered at w, with FWHM ~, — this is the ex-
pected result for a damped harmonic oscillator.

Note also:

1 / S,.dQ = N,
2T

as you might expect.



Classical motion:

. P(x,t
mi = —kx — m; i+ F(t) + 20
Cavity field:
1
Py(x)

(5)" + (@~ 20)’
P(t) = =7 [P(t) — Po(@)]
dPo

N —Yq [P(t) — Po(:l?o) —x d—

xr x:o]

——
ck,/2

So...




Optomechanical Hamiltonian:

1 1
H=hws|ad'+= )+ hwelecc+=) + Hipny
2 2 o~ .
~ —~ - N -~ ~ Radiation Pressure Interaction
Optical Cavity Mechanical Resonator

We now assume we are in the adiabatic limit: % < wl In
this case we can approximate the interaction term with:

Lo ~w (1%
Lo+ x ¢ Lo

%wall— e (CT—I-C)]

Waq — Wq

= H =~ hw, [1 —gq (CT + c)} aal + hwecc!

Now we include the bath couplings and a driving term:
H = hwya'a [1 — % (c + cT)} + hw.c'e
+ hAe™! (a +a') + Hpa + Hint + Hpe + Hint,c

~~

Optical d‘rirving term Optical “bath” Mechanical bath




We can calculate the equations of motion:

a4 = —iwga [1 —gq (c + CT)] — jAe Wt — %a — V/YaQin

c = —iw. + z'wagaTa — %C — /YcCin,

where a;n, = bgin, aNd ¢ = bein.

We make the substitution a — et (a + d), where a is a
constant and d represents the quantum fluctuations of the
system. The equation of motion for d is:

d= —iA (a+ d)+iw.g (a + d) ( S c) —zA—— (a+d)— e+zwt\/’%am,
~a —>\/_d

where A = w — w, is the optical detuning.

If we assume (d) < [a]?, we can linearize the equation.
Furthermore we see the natural choice for A:

A—>—(%+A)a

d = —iAd+ia(c+ ) — —d VAadin

Q= aWwqg
Additionally:
C = —iwcC + twag (a a—+a‘d+ da+ de) ——c — /YeCin

~|al’ —|—a d—+adt

—iwhc+1 (a*d -+ adT) — %c — /YcCin,

112

where I have ignored the |a|? term, which is just a displace-
ment of the mean position of the mechanical resonator.



What about a fourier transform?

—iQA(+) = —iAd(+Q) + ia[d(+Q) + & () ]

- Zd(+Q) — VAadin(+9)
—iQe(+Q) = —iwe(+2) + i [a*d(+2) + ad(—Q) |

— ZEH) — v Aelin(+52)

So...
X; 1A + i@t + &) = yAadh
Xz H(Q)Et —i(a*et + adl ™) = \/aet

Let's define a system operator, A:

d d+
| 4 _ | oa-
A= c | A= ct
c c'~
Xgl(Q) 0 1 %6 \/%LCEZ
o) X;”(—Q) —ia* —ia* AT — \/’YaCTir;
ia* i . () 0 %5;
—ia* —ix 0 o (=) %517;

where:
x;1=i(Q—A)—%

_1 . Ye
— i(Q —w,) —
Xe i( We) 5



The solution is:
T = Xa (VA [T + X076 (lofPdin — 02| +
N [X:—E;f; _ Xcam]) /(1 + |of€ute)
&= e (Ve [an + laPx: € (G — 2, )| +
i YdX e [a*x’;_{l‘g — &XaczinD /(14 |04|2§a€c>

where: Sa/C(Q) — XZ/C(_Q) - Xa/c(Q)-
What is the input?
<Jjnc7m> = 0 Ground state (a is coherent state!)

<E}n&‘m> = ny, | hermal state

|Xc|2 _2
See(2) = X o | Xy +
(€2) 11+ |a|2§a€c|2/ w_‘/

Modified mecl;gnical response

Zero point fluc.

e |1 = |oPx7&l|” + (R + 1) 7 Ha|2xc£a\2/]

Main thermgl excitation Backgction
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From Gardiner and Collett:

Qout — QAin + YaQ
So the optical field leaving the cavity is:

Saa,out(§2) = /Oodteim <aiut(t)aout(o)>

Suaiout (R + wa) = /_ oodtemt< () + A (@ + di ()] %

[di (0) + v/ (@ + d(0))] >
= (@, (D)) + [ dre

[m ((Z,( DA + (T DTin(w) ) +

o+ ()|
SaonlS2F ) _ 5 a2 s(e) + —— 2
e ‘]_ —|— |Oz‘ fafa‘

2 _
[%\onXaxaﬁc] 4+ Amvelaxaxe® +
Anti—Stokgg (Cooling)

- _12
Snth + 1) ‘CVXaXc }J]
Stokes ?ﬁeating)
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