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1. Introduction
The theory of the interaction of light with atomic matter looms large in the historical development of quantum mechanics. This circumstance is not accidental, but simply a consequence of
the fact that the light emitted or absorbed by atomic matter provides clues into its nature. The
synthesis of the quantum theory that resulted from spectroscopic and other optical investigations
is a fascinating story which, in many respects, is still developing. The purpose of this article is to
review a recent and perhaps yet to be completed chapter of this story, namely, the current debate
over the range of validity of semiclassical radiation theory. In this theory, which may assume
several forms, electromagnetic radiation is treated as a classically prescribed field while the atomic
matter with which it interacts is described according to the dictates of quantum mechanics.
Quantum theory has, of course, been developed and applied with remarkable success in many
areas of physics, but it is important to remember that it was originally a theory of the interaction
of light with atoms and molecules. In this historical sense, semiclassical radiation theory strikes
at the very roots of quantum mechanics. Semiclassical approaches have been successful in explaining several phenomena which had become paradigms for illustrating the failure of classical
theory. It is interesting to reflect on what consequences these results might have had for the
development of quantum theory had they been known, say, in 1927, the year in which Dirac [11
published the first work on field quantization.
One of the outstanding successes of Dirac’s radiation theory was the derivation of the Einstein
A-coefficient for spontaneous emission. The concept of spontaneous emission was introduced by
Einstein [21 in his classic 1 91 7 derivation of the blackbody spectrum. Einstein’s rate-equation
approach led to a relation between the rates of spontaneous and stimulated emission for a system
in thermal equilibrium, but neither of these rates could at the time be evaluated from first principles. With the new radiation theory Dirac showed, using perturbation theory, that the spontaneous emission rate from atomic level m to n is given by
Amn

=

4mnI2~nn13~3,

(1.1)

where
(1.2)

hWmn=EmEn,

and
~mn

(mlerln)

efd3r~.~(r)r~~(r),

(1.3)

being an atomic stationary state with the
energy
eigenvalue
Em~The rate of energy loss by the
same
expression
one obtains for the energy loss
atom is thus h~)mn~4mn= 41Mmn 2 w~~3c3,
by a classical oscillating dipole with dipole moment 2Re[Pmn exp(iwmn t)] ; this result was also obtained by Kramers and Heisenberg [31 from the Correspondence Principle.
Perhaps it is this close formal similarity to the classical theory which has inspired various
attempts to construct a theory of spontaneous emission which does not quantize the radiation
field. In any case, half a century after Dirac’s paper, there is active interest in a semiclassical
theory of spontaneous emission, and the subject has been the topic of one or more sessions in at
least three quantum optics and electronics conferences held within the past three years. One of
the primary aims of this review is to present the various arguments which have arisen in assessing
~m(’)
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the most successful semiclassical theory of spontaneous emission, the “neoclassical” theory advanced by Jaynes and his collaborators [4—6]. It has been found that, aside from its basic importance as a ubiquitous natural phenomenon, spontaneous emission forces consideration of
such fundamental theoretical questions as the radiation reaction field of a point charge, the
vacuum fluctuations of the radiation field, and the “paradox” of Einstein, Podolsky and Rosen
[7].
Another aspect of spontaneous emission processes that is currently enjoying much attention
was first introduced by Dicke [81, and is usually referred to as “superradiance” [9]. This is the
phenomenon whereby a system of atoms or molecules radiates spontaneously in a cooperative
manner, so that the emission proceeds at a rate very much higher than would be expected from
a model of independently radiating sources. Complementing such superradiant states of the
collective atomic system are “subradiant” states in which the spontaneous emission rate is very
low. Superradiance has been observed experimentally only recently [101, and a semiclassical
treatment [11] seems to account rather well for the experimental results; here again, however,
there is some disagreement regarding the validity of a semiclassical theory. A similar effect, the
modification of spontaneous emission rates by the presence of mirrors, has recently been observed [12, 13]. This effect can be described as the cooperative emission of the emitter and its
mirror images [14]. As in the case of a “free” atom, semiclassical and quantum-electrodynamical
treatments are found to give identical expressions for the radiative linewidth.
The concept of stimulated emission also had its debut in Einstein’s paper “On the Quantum
Theory of Radiation” [2]. In fact, whereas Einstein considered the assumption of spontaneous
emission to be a natural one, in complete analogy to the radiation from a Hertz dipole, the
assumption of stimulated emission proved to be the key to deriving Planck’s law rather than
Wien’s. Stimulated emission was also the sine qua non of the important “negative-oscillator”
terms in the Kramers—Heisenberg formula [3]; this result in turn implied the commutation relation [x, p~]= iFi. The concept of stimulated emission, so important in the chain of developments
leading by 1927 to a considerably complete quantum theory, is also an ingredient of semiclassical
theory. The fact that stimulated emission is well described semiclassically is borne out by the
theory of the laser. The use of the semiclassical theory in this case is usually justified on the
grounds that, for high “photon” densities, the quantum-mechanical description of the field should
approach the classical.
One of the apparently important features of the quantum theory of radiation is its prediction
of a fluctuating zero-point field of energy density ~1iw per mode. A “classical” theory of zeropoint effects results from taking such a field as the homogeneous solution of the Maxwell equation, rather than the usual null source-free solution. The field associated with each mode in the
plane-wave expansion is given a phase which is a uniformly distributed random variable over
[0,2ir], and it is assumed that there is no phase correlation of different modes. Some implications
of this “random electrodynamics” have been investigated by Boyer [15—21]. In particular, such
a model of interacting radiation and matter accounts for the blackbody spectrum and the
van der Waals forces between neutral polarizable particles. It is interesting to note that these results were obtained from a classical treatment of the “atoms”, in the spirit of the Lorentz model.
The theory is therefore neither quantum electrodynamical nor semiclassical, in the usual sense.
The rather surprising results mentioned above, however, necessitate some discussion of random
electrodynamics in this article.
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Rather than concluding this Introduction in the usual fashion by outlining the contents of the
remainder of the paper, already to be found in the table of contents, only a statement of intent
will be made. It is hoped that this article will provide a readable, accurate account of the current
status of semiclassical radiation theory as it is used in quantum optics and electronics. The emphasis is on the meaning of semiclassical theory at a basic level, and how it compares with the
quantum-electrodynamical theory at this level. Perhaps the reader who has not been particularly
interested in the current controversy will learn what all the fuss is about.

2. Quantum-electrodynamical approach to spontaneous emission
2.1. Introduction
The approximation of treating spontaneous radiation as a single-atom process is usually a very
accurate one. Collisions between atoms in a luminous gas, for example, produce excited atoms
which can undergo transitions to lower energy states and in so doing emit light at the Bohr frequencies. The different atoms emit independently, since each atom has the same likelihood of excitation at thermal equilibrium, regardless of the states of excitation of its neighbors. Quantum
mechanically, the state vector of the atomic system is a direct product of the state vectors describing the individual atoms, with no phase correlations between the transition amplitudes for
different atoms. Furthermore, the visible radiation from such a system is usually preponderantly
spontaneous; the ratio of the rate of spontaneous to stimulated emission at frequency ~ is simply
exp(hv/kT)—1. For the sodium D lines and the solar temperature T—’ 6000°K,for example, this
ratio is about 58.
Aside from its relevance, the problem of single-atom spontaneous emission is of more fundamental importance than is generally imagined. As mentioned earlier, certain aspects of spontaneous emission have a bearing on several fundamental theoretical questions of continuing interest.
As the reader has undoubtedly surmised, the problem occupies a central role in most assessments
of semiclassical radiation theory.
Treatments of the theory of spontaneous emission usually follow some variant of the original
Weisskopf—Wigner [22] approach. While this approach, of course, leads without difficulty to the
spontaneous transition rate (1.1), it does not satisfy the student’s desire to understand the
phenomenon in a physically intuitive manner. Why should an atom, in an otherwise stationary
excited state, for no apparent reason make a transition to a state of lower energy? The usual
response to this question is to point out that the quantum theory of radiation predicts the existence
of a radiation field even in the vacuum, where classically all fields would vanish identically. While
this radiation field has expectation value zero, its fluctuations perturb the excited atom in such a
manner as to trigger the release of its stored energy in the form of electromagnetic radiation; the
physical picture is vaguely suggestive of leaves being jostled from a tree by the wind. Computational
support for this picture Can be found in Welton’s elegant approach to the Lamb shift [23]. Indirect
support comes from a semiclassical theory of spontaneous emission, where perforce there are no
vacuum field fluctuations, and no spontaneous emission from an atom in a pure excited state is
predicted.
One of the most appealing features of Jaynes’ neoclassical theory is that spontaneous emission is
attributed to a classically familiar concept, namely, the radiation reaction field of an oscillating
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dipole. Such an interpretation of spontaneous emission was in fact alluded to by Slater [24] in
1924. More recently, Ackerhalt, Knight and Eberly [25] have shown that the radiation reaction
interpretation has a quantum-mechanical basis as well. Working in the Heisenberg picture, they
find equations formally similar to the neoclassical ones, and the differences between the neoclassical and fully quantum-mechanical theories are clearly displayed [261. Moreover, radiation
reaction is not the only possible conceptual basis for understanding spontaneous emission. It has
been shown that an understanding based on the concept of vacuum field fluctuations is equally
justified, and in fact that radiation reaction and vacuum field fluctuations provide essentially
complementary conceptual bases for the interpretation of spontaneous decay and the accompanying
line width and shift [27—29].
Experiments which seem to support the quantum-electrodynamical theory of spontaneous
emission vis-à-vis the neoclassical theory have in most cases not been entirely definitive. A striking
exception, however, which seems to elude any explanation based on a classical electromagnetic
theory, is the experiment of Kocher and Commins [301 on the photon polarization correlations
in a three-level cascade. The limitations of semiclassical radiation theories that are suggested by
the Kocher—Commins experiment have been discussed by Clauser [311. These limitations reflect
the inadequacy of classical theories in general to account for certain quantum-mechanical correlation effects first discussed by Einstein, Podolsky and Rosen [71. These effects are often considered
to represent the most profound differences between classical and quantum physics, and it is remarkable that such subtle effects must be invoked to support the quantum theory of spontaneous
emission.
For the purpose of comparing semiclassical and quantum-electrodynamical theories of spontaneous emission, it is convenient to develop the quantum-electrodynamical theory in the Heisenberg
picture; this approach has been used for problems in quantum optics by Senitzky [32—391,
Rehier and Eberly [91, and Lehmberg [40], among others. The main objective of this section is
to underscore the physical mechanism responsible for spontaneous emission, a task for which the
Heisenberg-picture approach is well suited [41].
Before beginning any calculations, it is perhaps useful to review the context in which the idea
of spontaneous emission arises. One normally approaches the problem in two steps. First the interaction between the electron and the electromagnetic field of the nucleus is considered; at this
stage one ignores completely the coupling of the electron to the vacuum radiation field. The result
of this analysis is that the atom has certain stationary states of well-defined energy. The second
step is to refine this initial result by introducing the interaction between the electron and the free
field as a perturbation. This refinement reveals that only the lowest-energy state is a true stationary
state with a well-defined energy. All the higher-energy states have a certain (natural) width in
energy and decay spontaneously by releasing energy as electromagnetic radiation. Moreover,
all energy levels are slightly shifted from the values obtained in the initial calculation.
In discussing spontaneous emission, then, the problem of the interaction of the electron with the
nucleus may be regarded as solved. Only the refinements produced by the electron’s coupling to
the radiation field need to be considered in detail. Since the interest here is in a physical interpretation and not in accurate numerical results for the level shifts and widths, the approach will be
nonrelativistic. Furthermore, it suffices for this purpose to regard the “atom” as a spinless, oneelectron system.
—

—
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2.2. The Hamiltonian
For the purpose of this section, the Hamiltonian for a one-electron atom interacting with the
electromagnetic radiation field may be written as
H = 2m\
~(p

—

~c A(r))

+

V(r) + ifd3~E1(r)2
87r

÷B(r)2),

(2.1)

where m and e (< 0) are the electron mass and charge, respectively, p = m1 + (e/c)A is the
momentum conjugate to r, A is the Coulomb-gauge vector potential at the electronic position,
and E’ = —(l/c)aA/at. A(r, t) may be expanded in plane waves normalized in the V as [42]

A(r, t) = k,X (?~kV~’
C_~
2 1/2 [akX(t) e~’èkX+ h.c.},
(2.2)
where k
= 0, X = 1, 2 being the polarization index, ~kX~
= ~
and Wk kc; akX(t) and
a~~(t)
are, respectively, the Heisenberg-picture photon annihilation and creation operators for
mode (k, X):
.

~‘,

[akX(t), a~i~s(t)]=

(2.3)

6k,k’6XX’~

The quantization volume V is taken at this point to be finite, but eventually will be allowed to
become infinite in order to admit all radiation modes. For definiteness, let V be a cube of side L,
so that (kr, k
3,, k5) = (27r/L)(n~,n~.ne), where n~,n~and n~assume all integral values.
The Hamiltonian (2.1) may be written
(2.4)

H=HA+HF+HINT,

where
V(r),

HF~JIwka~XakX,

and
HINT

2

=

—

—A(0,
e

mc

t)

~p(t) + —i
A2(0, t).
e
2mc

The dipole approximation of evaluating the field at the position of the nucleus has been adopted;
this approximation is expected to be accurate if the orbital “radius” of the electron is much
smaller than the relevant transition wavelengths, a condition well satisfied at optical frequencies.
The Schrodinger-picture stationary states of the atom will be labeled II), 2), 3),
where
...,

HAIn(t))

E~ln(t)) E~exp(—iE~t/h}In(0)).

(2.5)

The states In(t)> span the Hubert space of the atomic system. In this basis the atomic Hamiltonian
HA may be written as

P. W. Milonni, Semiclassical and quantum-electrodynamical approaches in nonrelativistic radiation theory

8

HA=

E~In(t)Xn(t)l= ~ E,~a,~(t),

~

(2.6)

where Unm(t) = exp(iHt/h) anm(0) exp(—iHt/h). In the absence of any perturbation, a~~(t)
= fJnn(0).
In general, any atomic operator A(t) has the representation
A(t)

=

~
(n(0)IA(0)Im(0)) Unm(t).
n

~
m

(2.7)

In particular, the linear momentum operator p(t) has the representation
p(t)

=

~

~

(n(0)Ip(0)Im(0))

crnm(t) =

—

~

(2.8)

~~mnl~nm0nm(t),

where hWmn = Em E~and ~nm = (n(0)Ierlm(0)) is the electric-dipole-moment transition matrix
element between states n and m; ~iflm ~z 0 if there is an allowed (electric-dipole) transition between states n and m.
The operators Onm(t) will be referred to as the atomic operators. They provide the multilevel
generalization of Dicke’s [8] spin operators for two-level atoms. It is easily seen that the atomic
operators obey the commutation rule
—

[a~~(t),Gkl(t)]

=

~/kaI,(t)

—

(2.9)

~IlUkf(t).

With the representations (2.6) and (2.8) for HA and p, respecti~’ely,the Hamiltonian (2.4) may
be written,
H=

~EnUnn(t)+~
n

~~Dkxflmoflm(t)[akx(t)+a~x(t)]
k,X llwkt4,~(t)akX(t)+i/I ~k,?~m
n

+

2(0, t),
2mc A
(2.10)
—~----~

where
1 /27rh
DkXnm=•~jk,

n

~

\1/2

~~)mnPnmekX.

(2.11)

Wkr

We have taken the polarization vectors ~kX to be real.
2.3. Digression on the form of the interaction Hamiltonian
In writing the Hamiltonian, the “atom” has been taken to be an entity characterized by the
two sets of quantities {Wnm } and {Pnm }, that is, by an infinite number of point dipoles, each
oscillating sinusoidally. The magnitudes of the quantities ~~mn and JLmn characterize the particular
(one-electron) atomic species under consideration. This simple model suffices for the treatment
of a great many phenomena involving optical electric dipole transitions, and is easily extended to
treat other cases, such as the vibrational—rotational transitions of polyatomic molecules.
The question naturally arises whether one may write the interaction Hamiltonian in the form
appropriate to the interaction of an electromagnetic field with a collection of oscillating electric
dipoles:
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~

=

~E1(0, t) Unm(t)

~

=

—er(t) ~E’(0, t).

9

(2.12)

The latter form follows immediately from the representation of the electron position operator
r(t) prescribed by eq. (2.7), and indicates that, as in the Lorentz model, the electron and nucleus
together comprise a single atomic dipole. This contraction of the complete atomic dipole system
to a single dipole will be discussed further in a later section, in connection with the quantummechanical approach to the Lorentz model.
The form (2.12) of the interaction 1-lamiltonian was used by Goppert-Mayer [43] for the study
of two-photon transitions. It had been used earlier by Kramers and Heisenberg [3], but
Goppert-Mayer seems to have been the first to derive the form (2.12) from the minimal coupling
form. Her approach, however, was semiclassical, as was the later treatment by Richards [44].
Power and Zienau [45] found in the calculation of the retarded van der Waals force between two
neutral molecules [46] that the —er ~E1form was computationally advantageous, and they investigated the form of the interaction Hamiltonian in greater detail in a later paper [47]. A noteworthy feature of the work of Power and Zienau on this problem is that the radiation field is
quantized.
Consider the Hamiltonian for the case where the field is not quantized:
e
H
+ V(r)
—A(0, t) fJ +
2 A(0, t)2.
(2.13)
2m
mc
2mc
In this (semiclassical) treatment, the Hilbert space of the system is spanned by a complete set of
atomic state vectors. The unitary operator
~—

U(r, t)

—

=

exp[ier~A(0, t)/hc]

(2.14)

transforms the Hamiltonian (2.13) to the form
H”

U~(r,t) H U(r, t)
=

I
U~(r,t) p2 U(r, t)
2m

—

—

e
A(0, t) U~(r,t)p U(r, t) + V(r)
mc
.

+

e2
2 A(0, t)2,
2mc

(2.15)

since U(r, t) commutes with r and U~U = UU~= 1. From the operator identity
exp(A)Bexp(—A)=B+[A,B]

+-~-[A, [A,B]]

it follows that U~(r,t)p U(r, t) = p

+

+...,

(2.16)

(e/c)A(0, t), and therefore that

If —p~/2m+V(r).
The Schrodinger equation HI
~

a

ii’)

=

ih a I t~/at is transformed to

a

au

I~),

(2.17)
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at

U+—

=
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UI~t>.Now the operator

=

ie
exp[—ier-A(0, t)/llc] ——r~A(0,t)exp[ier~A(0, t)/hc]

=

-~-

.

hc

hc r A(0,

t)

=

1(0,
h r- E

—

(2.18)

t),

so that eq. (2.17) may be written in the form
~

2m

(2.19)

at

j

which establishes the equivalence of the two forms of the interaction Hamiltonian. Note that eq.
(2. 18) does not hold when the field is quantized, since in that case A and A are noncommuting
operators.
In the quantized-field case, the time evolution of the (Schrodinger-picture) state vector is
governed by the Hamiltonian (2.13) plus the field Hamiltonian HF. Eq. (2.15) is replaced by
If

=

2m

U4p2 U— ~-A
mc
+

=

V(r)

2m

+

U~pU+V(r)

+

~ fd~r’[ V1 X A(r’)]2

+

87r

e2_2

2mc

A2+~fd3r1[U+(r)E1(r1)2

8ir

±fd3r’[U~(r)E1(r’) U(r)]2

U(r)+(V’

x A(r’))21
(2.20)

8ir

From the (equal-time) canonical commutation relation [48]
[A
1(r), Et(r’)]

=

—47rihc ~(r

—

r’),

(2.21)

and the general identity (2. 16), it follows that
U~(r)E~’(r’)
U(r)

E~(r’) 4irer1~(r’),

(2.22)

—

using the usual (Cartesian-component) summation convention. Then
1(r’)4irP1(r’)] 2
fd3r’[U~(r)E’(r’) U(r)] 2 fd3r’ [E
where (in the dipole approximation)
—

P(r’)

=

erö3(r’)

(2.23)

(2.24)

is the polarization density. Thus,
if

=

-L +

V(r)

+ HF

—

er ~E1(0) ÷2~fd3r’Pt(r’)2.

(2.25)

2m

It remains to investigate the ket vector U~a(UIt~))/at
in the quantized-field case. Since the
analysis here is in the Schrodinger picture, it follows simply that
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a
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a
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(2.26)

whereas, in the semiclassical case, the vector potential has a prescribed t-dependence and au/at is
nonvanishing.
The quantized-field counterpart of eq. (2.19) is then
1-2

L2m
—+

-‘

a

V(r)+HF—er~E1(0)+27rJ’d3r1P1(r’)2fI~)ih_10).
at

(2.27)

This establishes the equivalence of the two forms of the interaction Hamiltonian for the quantizedfield case. Note, however, that, aside from the obvious difference that E’(O) in eq. (2.27) is a
q-number, eq. (2.27) differs from eq. (2.19) by the presence of the term
2irfd3r’ F1(r’)2
in the Hamiltonian. This term owes its existence to the commutation rule (2.21).
It is important to remember that the Hamiltonians
e
e2
H=HA+HF ———A(0)~p+
2 A(0)2
mc
2mc

(2.28)

and
H’

=

HA

+

HF

—

er ~E’(0) + 2irfd3r’ P[(r’)2

(2.29)

refer to different basis states, I ,,t’) and I ~) = U~
I tJi) respectively. Furthermore, the operator E’ (0)
in eq. (2.29) is the transverse electric field; in the treatment of Power and Zienau [47] , the E1(0)
that appears in the transformed Hamiltonian H’ is instead the transverse part of the displacement
vector
D=E+47rP.

(2.30)

Davidovich [49] has recently presented a detailed discussion of the two forms of the interaction
Hamiltonian, and has emphasized the distinction between active and passive points of view in the
transformation of H. In particular, he notes that the treatment of Power and Zienau corresponds
to the passive viewpoint. The treatment here, in common with that of Woolley [50] ,corresponds
to the active viewpoint, and in the transformed Hamiltonian E’ is indeed the transverse electric
field operator. The reader is referred to the work of Davidovich [49] for a discussion of previous
work and the various misconceptions that have persisted regarding the two forms H and H’ of the
Hamiltonian. In this article various parenthetical remarks concerning the two forms will be made
at appropriate points, although it will be convenient to use the form H’ throughout. Thus the
Hamiltonian for the interaction of the atom with the radiation field is given by (2.29).
It should be emphasized that a fully classical, canonical transformation of the Hamiltonian
(2.1) also leads to the form (2.25). The term 27rfd3r1PL(rl)2 differentiates the semiclassical form
(2.19) of Schrodinger’s equation from the fully quantum-mechanical form (2.27).
It remains therefore to obtain, for the final term on the right-hand side of eq. (2.29), the re-
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presentation prescribed by eq. (2.7). Since
1~(r’)
= P(r’) P
.

=

P

1(r’) (~—)fd3r”fd3k(~~1 k~)exp{ik (r’
—

=

-

—

r”) }~(r”)

2r
e 1r1 (~~_)3~3(r’)fd3k(~,1
£~k~)
exp(ik r’),
—

(2.31)

.

it follows that
21

2,rfd3r’PL(rl)2

e2rji~(~—)fd3k(6jj k/c1) = j_~fd3k[r2

=

—

~
3ir

=

r2fdk

k2

~-~-

3ir

—

(k ~r)

fdk k2 ~ ~ (n(0)1r2 Im(0)) Gnm(t).

(2.32)

m

Thus the transformed Hamiltonian takes the form
H=

~n
+

E,~o~~(t)
+ ~ ~1~’~k
a~~(t)
akX(t)
k,X

fdk k2

~—

3ir

~

~(r2),m

—

i/I ~

~ ~m

k,X I

CkXlm Gim(t) (akX(t)

—

a~~(t))
(2.33)

a,m(t),

irn

where
1 /27rhwk\”2
CkxIm=:~t,~

v

)

(2.34)

MImek’,.,

and the identification
2irhw
E1(0, t)

=

i

~ (

v

k)

1/2

(akX(t)

—

a~X(t))èkx

(2.35)

has been made. The polarization vectors ~kX are taken to be real, i.e., a linear polarization basis has
been used in the plane-wave expansion of the field.
2.4. Heisenberg equations of motion
Mathematically the problem of the interaction of the atom with the field is defined by the
Heisenberg equations of motion based on the Hamiltonian (2.33), the commutation rule (2.3) for
the field operators, and the commutation rule (2.9) for the atomic operators. One further commutation rule is required to define the problem unambiguously, namely, that involving the atomic
and field operators. It will be assumed that the interaction is “switched on” at some time in the
distant past, when the atom and field are completely independent systems. Before the interaction,
therefore, the atomic operators commute with the field operators, and since the time evolution

13

P. W. Milonni, Semiclassical and quantum-electrodynamical approaches in nonrelativistic radiation theory

of these operators is unitary, it follows that equal-time commutators of atomic operators with
field operators identically vanish. This fact renders the ordering of atomic and field operators in
the interaction Hamiltonian irrelevant; regardless of the ordering chosen, the final “answers”
must be the same.
Choosing a normal ordering, in which photon annihilation (creation) operators appear to the
extreme right (left) in any operator product, we may write the Heisenberg equations of motion
for the system in the form

~I~

akX(t) = —k~.kakX(t)+

=

—iw11 a.1(t)

~

+

~~

~

—

(2.36)

CftXIm Gim(t),

C~~,,/~Szi
Uim(t)

—

~im

a,1(t)) akX(t) +
2 fdk k2 ~

a~~(t)(~1,
Gim(t)

—

~im

a,1(t)) — 2ie

(2.37)

E (r2),m(6

1, Gim(t)

—

~im

a,1(t)),

where
= E1
E1.
Formally integrating the field equation (2.36), one finds
—

akX(t)

=

akX(O) exp(—iwkt)

E CkXIm I dt1 Gim(ti) exp {iwk(tl

+

—

t) }.

(2.38)

Assuming the atom—field interaction to be weak, the atomic operators should evolve very nearly
according to their free evolution
= —iw11 ui,. Hence one may use in eq. (2.38) the approximation [25, 40]
(71m(ti)

~‘im0’)

exp{—iwm,(ti

—

t)

}.

(2.39)

This will be referred to as the adiabatic approximation, and may be shown to be equivalent to
what is usually called the Weisskopf—Wigner approximation [291.
Using this approximation in the field equation (2.38), and using the result in eq. (2.37), it is
found that
=

—1w1, a~(t)—

Uim(t)

—

~im a,1(t)) akX(O)

~ C,~,,~a~X(O)
exp(iwftt)(fS,,aim(t)

—

~im

~

~

exp(—iwkt)

1,m k,X

+

—

+

E~
~

Fimnp( ~‘~pn~ t)(~11~J,m(t)

c~~(t) ~im c,1(t) u~~(t))
—

5im a~~(t)
a,

~

t)(~,,a~~(t)
Oim(t)
2)jm(~j,c7jm(t)

—

—

?~.~~~fdkk2Z

a,,(t))

(r

6im

—~

a,,(t)),

1(t))
(2.40)
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where

1~~mnp(°~pn,
t) ~

~(21Thwk\
h k,X
V )(~‘lm CkXX~np ekX)fdtl exp{i(wk

—

w~~)(t
1

—

0 for 1 m or n = p.
Note
that
With
the multiplication rule Uim(t) a~~(t)
= ~mn cr
1’:mnp(0~.~pn~
t) =

(2.41)

t)}.

0

1~(t),eq. (2.40) reads
c~11(t)= —iw11 u,1(t)

—

X,1(t)

~~

—

t)[~Sjil5mnUip(t)

—

~im ~

cJ,~(t)]

(2.42)

I,m n,p

~I’*mlnp (wpn’ t)[6

+

1, ~inUpm(t)

—

2
2ie
öim ~~1cr~1(t)1 3irh’1
— fdkk2
—

2),m(~j,tJim(t)

.~(r

—

~imUij(t1),

l,m

l,m n,p

where

X,

1(t)

=

~ ~

CkXlm(~IiUim(t)

—

~

l,m k,X

I~~

—

Ckxlma~j~(O)exp(iwkt)(fSj,Gim(t)—

(2.43)

~.mcr,j(t)).

l,m k,

Note that the adiabatic approximation (2.39) simplifies the atomic operator equation to the
extent that the vacuum or source-free part of the field operator is explicitly contained entirely
in the term X~(t).This is very convenient, especially when expectation values are taken in a state
for which the field state is the vacuum, for then <X11(t)) = 0.
It is convenient to write eq. (2.42) in the form
a,1(t)

=

—iw1, o11(t)

[

—

—

X,1(t)

(~jmmj(’~
jm’

~

—~

~

2
2ie rdk k2)(r/~ r~~)]
a~,(t)
t)+F*immi (w~,t))+( —
—

t)

cr
1~(t)+ ~~Fmiip(

m

m

p~

t)Upm(t)

2ie
immp(”pm’ t) a~

1(t)
Letting V-÷ it is easily shown that

—

____fdk
3irh
k2[Lm~j
~
~m

(3,m(t)

°°,

2Plrnl~n

Fimnp(Wpn, t)

~

2

~I7*

-~

w~1,t) 1:Jmp(t) +

3h3

‘~fdw

—

~

m*i r~iumj(t)] .

(2.44)

t

w3 fdt
1 exp{i(w

—

w~~)(t1
—

t)}.

0

For times t long compared with any of the Iw~~N,
the well-known approximation [48]

(2.45)
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fdtiexp{i(w

—

Wpn)(ti

—

ir~(w —

t)}

w~~) iP(

—‘cs~

—

0

)
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(2.46)

pn

leads to
Fimnp(Wpn~

imnp

=

t)

2w~
3hc3 ~m

~

U(w~~)
—

2i
37rhc3

3dw
ww

TMlm Imp

—

(2.47)

rtlmnp,

—

where U is the unit step function. Then eq. (2.44) becomes
=

2e2

—i [w
1~ ~(~ffmm/
—

—

2(r2

3 ~dw w

7jmmi) +

—

“

~-‘

r2)]
U

3irhc
2ie2
I3immi) a~,(t) X~~(t) 3irhc3 fdw w2[~I~ ~m

a
11(t)

m

—

~(!3jmmj +

~(I3jimmp

—

—

—

“Yimmp)

—

o,~(t)

mp*j

+

~

~

—

(!3’mmp + ~72nmp)

—

~II~
r~(Jm/(t)]

m*i

a~
1(t)

mp*i
[(J.3~~— iymjjp)Ump(t) +

Gjm(t)

(I3~,+ i~’f7njip)Upm(t)].

(2.48)

p

,n

2.5. The level shift and width
For i ~ / it is seen that the term
~ji

— ~

~7immj — 7immi) +

2
2e
3~hc3fdc&~
w2(r/

represents a frequency shift for the /
=

~E,

—

1

-÷

—

r~)

(2.49)

i transition. Writing

~

(2.50)

one may identify
2
2e
=

7jmmj + ~—j

(2.51)

r,2jfclw w2

as the level shift of state 1/). The second term on the right-hand side of eq. (2.51) may be written
as
2e2
3irc3

fdw w2 ~ (jIrIm) (mIrIf)

from which it follows that

2
=

—i

3irc

fdw

w2E

Ill/rn

2

(2.51’)

16

P. W. Milonni, Semiclassical and quantum-electrodynamical approaches in nonrelativistic radiation theory

3dw
3irc m 1P1m12[Pf W~Wjm
w

~
=

—

~

3irc m

_fdww2]

Wjp,~lPfmI~Pf_~~dW

(2.52)

The divergence in ~.E

1may be reduced by subtracting off the expectation value
in [47],
state 1/) of the
2 term
(unobservable) transverse self-energy of the free electron arising from the A
E/0)=
2 (/; {0} 1A2(0, t)Ij; {0}),
(2.53)
2mc
where {0} is the vacuum field state. It is easily shown that
e2h
E~0)

irmc

(2.54)

3fdww.

Using the Thomas—Reiche—Kuhn sum rule in the form
2h
em
3 in
jm 12 Wjm~
one obtains
E~0)

=

~

—

Il~i

12 WimfdW

w,

(2.56)

and therefore the “observable” part of the level shift,
=

~

—

3irc

Wj~IImjp~I2
~

_fdw w]
wdw

(2.57)

m

This final expression is just the one to which Bethe [51] applied his famous renormalization in
estimating the Lamb shift; the more familiar form is obtained by noting that
jm I rIm

12=_

e2
m2 I”
~/m

12

258

,

so that

~‘

37rrn2c3 ~ Ip,mI
2Pf w~=_(~_)(~_)~

IPjmI2Pf

.E~

,

(2.59)

where the integration is over “photon” energy.
As noted in the introduction to this section, the problem of spontaneous emission may be
approached by first solving the problem for the electron in the Coulomb field of the nucleus, and
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then including the refinements introduced by the electron’s interaction with the vacuum radiation
field. It may happen that the solution to the first problem shows that two particular levels are
degenerate, while the solution to the second problem reveals that the two levels are non-degenerate.
The classic experimental confirmation of this circumstance is, of course, the Lamb shift. It is well
known that the solution of the Dirac equation for the hydrogen atom problem shows that states
with the same quantum numbers n and / are degenerate; thus, for example, the 2s1~and 2p1,,2
states in hydrogen are predicted to be degenerate according to the Dirac theory for the interaction
of the electron with the Coulomb field of the proton. While the possible nondegeneracy of these
states had been a rather long-standing conjecture [521, experimental evidence was lacking prior to
the work of Lamb and Retherford [53]. Using microwave technology developed during the second
world war, they showed that the 251,2 state is higher in energy than the 2p1,2 state, the frequency
separation being about 1060 Mc.
Although the Lamb shift must result from the electron’s interaction with the radiation field
the “second part” of the spontaneous emission problem the solution (eq. (2.59)) is divergent.
To extract a meaningful number from eq. (2.59), Bethe [51] invoked Kramer’s concept of mass
renormalization. While this approach is well known in the context of Bethe’s Lamb shift calculation, it will be useful for the purposes of later discussions to review it briefly here.
Note first that the expectation value over state I/) of the free electron energy, ~~F)
is obtained by takingE1 — Em = 0 for all m in the denominator of (2.59):
1Pjrn I2fdE.
(2.60)
—

—

=

—

E

(2)(e2)(1)2
37r hc mc

Thus the observable part of the level shift of state 1/> is
—

(2)(e2)(1)2

~j~(F)=

~(E
1

_Em)IpjmI2I’

E1

(2.61)

where the “cut-off energy” Emnx is introduced on the grounds that the nonrelativistic theory
2 this is
only
applicable
for
photon
energies
E
small
compared
with
the
electron
rest
energy
mc
means that the Lamb shift is assumed a priori to be essentially a nonrelativistic effect. Then
,~~(obs)=

since Emax
~

~

e2
1 2
~2 (~_)(—~~)
(Em
~

Em

1PjmI2(Ej

—

=

E
Ej)Ipj~I2log E’~”E

(2.62)

E, I. Replacing the logarithm in the summation by its average value, and using

~Em)

=

_~h2j’d3rIlJ.,,(r)I2V2V(r),

one obtains finally, for V(r)
~~obs)

—

(j~)~

2

=

—e2/r, the result

log~EE

~1~2e2I
I/,J(0)12,

(2.63)

where for hydrogen I ~i~(0)I2= 1/irn3a~for s states and zero otherwise, a
0 being the Bohr radius.
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Using Emax

=

mc2, Bethe found the expression (2.63) for ~EJ~Ob~) to be about 1040 Mc for the

2s state, in excellent agreement with the experimental result of Lamb and Retherford. It should

be noted, however, that the expression (2.62) for ~&E(oI~s)depends on the choice of the rather
arbitrary cut-off energy Emax. The fully relativistic treatment yields a cut-off-independent result
which is remarkably close to the experimentally observed Lamb shift.
To see that Bethe’s approach does indeed correspond to mass renormalization, one needs only
to write eq. (2.60) in the form
~j~(F)

=

—

(_) 2 (jIp~Ij>f

2 e2
1
__(~.~_)

3irhc

Emax dE

mc

=

C(/Ip2Ij>,

(2.64)

0

and note that in the atomic Hamiltonian the mass that appears in the kinetic energy term is an
“observable” mass, which must therefore be considered as already containing the mass corresponding to kinetic energy
as well as a “bare” mass. That is,
=

2m

P

+ ~

=

(2 1

2mbare

mbare

,

p

+ C)P2

(2.65)

2mbareC)

2mbare(l

or,
(1 —

m

4e2
2mbare C’)mbare

mbare +

ith3

Emax.

(2.66)

When the renormalized mass m is used in the atomic Hamiltonian, therefore, the energy
= Cp2 is already accounted for, and since it arises again in the “second part” of the spontaneous emission problem, this spurious addition must be subtracted away; if this subtraction is
not performed, the “electromagnetic mass” m — mbare will have been added to mbare twice. This is
equivalent to saying that the interaction of the electron with the radiation field can never be
“switched off”, but in computing the radiative corrections we switch it on “again”.
Returning again to eq. (2.48) it is seen that the linewidth, or the imaginary part of the level
shift for the / -÷i transition, is
=

E (I~jmmj+ f3jmmj)

=

-_~(~~

Il1/~I2w~+

~

Illt~I2~

(2.67)

It is a simple matter to show explicitly that
and
do indeed correspond to the line shift
and width respectively of the / -÷ i transition. This will not be done here, since lineshape questions
are discussed in a later section. The results obtained above imply that the adiabatic approximation
is the equivalent of second-order perturbation theory.
The last four terms on the right-hand side of eq. (2.48) oscillate at frequencies different from
that of a~
1(t),and their effect is analogous to that of the counter-rotating term in the
Bloch—Siegert problem. Denegeracy has been ignored, although it will be admitted for a special
problem in a later subsection. The emphasis in this section, and throughout this article, is on
physical interpretation rather than on detailed derivations.
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2.6. Radiation reaction as the mechanism responsible for spontaneous emission

The use of the term “mass renormalization” above suggests that the concept of radiation reaction may be applied to the theory of spontaneous emission. This idea was in fact alluded to by
Slater [24] in 1924:
The part of the field originating from the given atom itself is supposed to induce a probability
that that atom lose energy spontaneously, while radiation from external sources is regarded as
inducing additional probabilities that it gain or lose energy, much as Einstein has suggested
Slater’s discussion was in the context of a “virtual radiation” theory, but the idea that radiation
reaction is the mechanism responsible for spontaneous emission is nevertheless unmistakable.
While this interpretation can hardly be inferred from the Weisskopf—Wigner-type approach found
in the literature, its viability is easily demonstrated.
Ackerhalt, Knight and Eberly [25] have made the following observation: If expectation values
are taken on both sides of eq. [2.48] over a state for which the field state is the vacuum,
(X,1(t))

= 0, and the vacuum fluctuations apparently do not play any explicit role in the damping
of the atomic dipole and energy expectation values. Only the second term on the right-hand side
of the field equation (2.38) therefore plays an explicit role, and this term represents the solution
of the inhomogeneous Maxwell equation with the atomic polarization as the source, evaluated at
the atom; that is, this term is the radiation reaction term. Using it in eq. (2.35), it follows that

E~R(t)=

=

,~

= l,m

~

CkxImfdtlclm(tl)exp{iwk(tl

(~im(t)

(~

Uim(t)

+

::~t) ~

+

—~-~-

f dkk~

a1~(t)—

~

~im(t) ~

ai~(t)) Imim~

/

—

t)}

—

h.c.~ekX

dk) Imim

(2.68)

where K = Emax/hC = mc/h for Bethe’s choice of cut-off energy. The representation (2.7) for the
electron coordinate r shows that eq. (2.68) is equivalent to
3e
E~R(t)= —~
r(t) — —
(2.69)
2e...
4eK..r(t) +—r(t).
4K

3c

37rc

97r

Eq. (2.69) differs from what one would expect on the basis of the classically familiar form of
the radiation reaction field, where there is no counterpart of the third term on the right-hand side:
E+dR(t) =

~t)

~

~(t)

(2.70)

But as emphasized by Davidovich [49], the transformation of the Hamiltonian (2.1) to the form
(2.29) must be accompanied by a change in basis states. The electric field (2.69), although it is
indeed the transverse electric field operator in the active view of the transformation effected by
U(r, t), refers to a set of basis states transformed from that associated with the original
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Hamiltonian (2.1); if eq. (2.70) refers to the set ~I ~ji)}, then eq. (2.69) must be referred to the
set { u~
I iJ.i) }. Suppose, for example, that we are interested in the expectation value of the radiation reaction electric field operator in the state

0)

=

I{0})

®

I0~),

(2.71)

where I{0}) is the vacuum state of the radiation field and IOA) is some atomic state. Then what
must equal (0IE~R(t)I0)is not (OI4R(t)I0) but rather
(1J.IIUE~R(t)U~Il/1), whereNJ/)UI0).
From eq. (2.22) it is seen that this means that
(E~R(t))= (E~j~(t))
÷47r(F1(0)),

(2.72)

so that when the transformation in basis states is accounted for, it is clear that we are in fact
dealing with just the usual radiation reaction field.
The Heisenberg equation of motion for the electron coordinate r(t) is simply
mObSr(t)

=

—VV(r)

+

eE~(0,t) + (2e2/3c3)~t),

(2.73)

where E
0 is the homogeneous solution of the (operator) Maxwell equation. Despite the formal
resemblance which eq. (2.73) bears to the corresponding classical equation, it is not of much
immediate use for calculational purposes, since it tells us nothing about individual atomic levels.
For this purpose, the representation (2.7) for r(t) must be used, and then the equations (2.48),
which give information about the shifts and widths of individual levels, follow. When this is done,
however, it is seen that the field no longer enters by itself, but only as one factor in a product
with an atomic operator. This in turn forces us to pay close attention to the order in which the
creation and annihilation parts of the field appear. If vacuum expectation values are to be taken,
the normal ordering is of obvious convenience, since the term X~1(t)in eq. (2.48) has vanishing
vacuum expectation value. The only terms pertaining to the field which survive the quantummechanical ensemble averaging are therefore the positive- and negative-frequency parts of the
radiation reaction field. The damping of the atomic energy and dipole moment expectation values,
and the accompanying radiative frequency shifts, therefore, are due entirely to the radiation reaction of the electron upon itself. This extension of the classical concept of radiation reaction to
the quantum-electrodynamical regime is the essential contribution of Ackerhalt, Knight and
Eberly [25].
While the interpretation of spontaneous decay and the Lamb shift as radiation reaction effects
satisfies one’s desire for a classical-like explanation, it must be remembered that the subject of
radiation reaction has been a difficult one. The classical equation for a point charge subjected
only to the field it creates is
mObSr(t)

=

(2e2/3c3)~t)

(2.74)

an equation which admits a “runaway” solution. A discussion of attempts to eliminate divergent
mass terms and to explain away the runaway solution is quite beyond the scope of this work;
these attempts are legion, but in some respects a satisfactory understanding of radiation reaction
is still lacking. An excellent introduction to the subject may be found in the textbook by
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Panofsky and Phillips [54]. The reader is also referred to the recent quantum-mechanical approach
of Sharp and Moniz [55], who give the point charge a spread of the order of the Compton radius
and argue that, quantum mechanically, there is no divergent mass term or runaway solution. The
approach used here follows the usual mass renormalization prescription; furthermore, the
adiabatic approximation is equivalent to replacing the r~term on the right-hand side of eq. (2.70)
by an r term, which is the usual approach for an oscillating charge, and avoids the runaway difficulty.
2.7. The role of vacuum fluctuations in spontaneous emission
The suggestion [25] that spontaneous emission be attributed to radiation reaction is in marked
contrast to -the usual heuristic picture in which the atom is forced to radiate by the vacuum field
fluctuations. Regarding the Lamb shift, the usual picture is strikingly supported by Welton’s
simple derivation [23]. It is of interest then to show how the two points of view may be reconciled
[27—29]. For this purpose, it is convenient to consider the simple two-state model of the atom.
The main points of this section are equally demonstrable in the multistate formalism developed
above.
Let II> and 12) be respectively the lower and upper states of the two-state atom, with (real)
transition dipole moment ~= (lIerI2> connecting them. Furthermore, let co~= (E2 — E1)/h, and
suppose that I 1) is a (nonradiative) ground state. The Heisenberg equations of motion for the
two-state atom are, from eqs. (2.36) and (2.37),
akX(t)

=

—iwkakX(t) + Ckx(a(t)

6(t) = —iw0cr(t)

65(t) =

+

u~(t)),

(2.75)

Z~CkXaZ(t)(aftX(t)— a~~(t)),

(2.76)

2 ECkX(a(t) — a~(t))(akA(t)— a~~(t)),

(2.77)

+

where a(t) = a12(t), u5(t)
omitted a term

=

a22(t) — a11(t), and Ckx

=

Ckx12. In writing eq. (2.76), we have

2(r~
— 3

11

3fdw w

2— r~1)a(t)

on the right-hand side. This term is strictly zero in the two-state model, since r~2= r21r12 = r~1.
Furthermore, the energy scale has been changed so that the atomic Hamiltonian is simply
HA = 4#k~.,0a~(t),

(2.78)

that is, the states II) and 12) are of energies —~-1lw0and ~lw0,respectively. The operators a5,
= a + a~,and a,, = i(a — a~)obey the Pauli spin —~ algebra, in the usual notation. With the
1, eqs. (2.76) and (2.77) take the form
expression (2.35) forE
6(t) = —iwoo(t) —
~t. E1(0, t) a
5(t),
(2.79)
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2i
or

a5(t)

1(0, t) (a(t)
.

=

— —

=

—w

—

(2.80)

t(t)),

E

0a~(t),

w~a~(t)+

=

2
a5(t)

where

=

p~E’(O, t) a5(t),

(2.82)

1(0, t) a~(t),

(2.83)

p E

—

E1(0, t)

(2.81)

=

E-~(0,t) ÷
E~R(t).

(2.84)

E~
(r, t) is the solution of the homogeneous operator Maxwell equation
V2E1(r, t)

—~

E1(r, t) = 0,

(2.85)

while from eq. (2.68) we have
p.

~

(2.86)

In a semiclassical approach to the two-state atom, the electric field is a c-number, a prescribed
function of time. The atomic variables a~,a,,, and a~may then be regarded as expectation values,
and eqs. (2.81) to (2.83) have the well-known geometrical interpretation [56] corresponding to
their equivalent vectorial form,
R(t)

=

R(t)

where R(t)

=

x n(t),

(2.87)

(a~(t),a~(t),a
5(t)) and fl(t)

=

((2/h)p-E(t), 0, —w0). This point is discussed in detail

in section 3.
Since atomic and field operators commute, eqs. (2.82) and (2.83) may be written in the
equivalent forms
=

woa~(t)+~ p [E~(0, t)a5(t) + a2(t)E~~~(0,
t)],

=

—

(2.88)

and
p [E~(0, t) a~(t)+ a~(t)E~~~(0,
t)],

where ~ and ~
are respectively the positive- and negative-frequency parts of the total
quantized (transverse) electric field (2.84). Thus,

(2.89)
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E~~(0,
t) = ~

(0, t) + E~(t),
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(2.90)

where
E~(0,t) = i ~
and E~(0, t)

=

(

27rhwk

v

)

1/2

akX(O) exp(—iwkt) ekX,

(2.91)

E~(0,t)~.When we solve for E~(t) in the adiabatic approximation, and take

vacuum expectation values, we obtain, of course, the two-state versions of eqs. (2.48):
(a(t)> = —i(w
0
iJ3)(a(t)) i(~ i,6)(a~(t)),
—

—

(a5(t))

—

—

(2.92)

(2.93)

—2~(1+ (a5(t))),

where
2w~/3hc3
3= 2Ip12I
and
/

0)

0)

4PfdwI
3irhc3
\w—w

\

—

0

I

.

(2.94)

w+w~!

),

Actually, the calculation results in a frequency shift term given by
2Pfdw( “s
w3
= 2Ip~I
3irhc3
w w
0
w+w0
—

(2.95)

which then leads to eq. (2.94) in the same way that eq. (2.49) leads to (2.57). There is a slight
problem in this step, resulting from the fact that the term involving r~2 r~1vanishes for a
two-state atom; but this difficulty is simply a defect of the two-state model and need not concern
us.
The normal ordering once again leads to equations for the atomic energy and dipole moment
expectation values in which the vacuum field seems to play no explicit role, the radiation reaction
electric field apparently being responsible for the line shift and width. It must be emphasized, of
course, that greater prominence is imparted to the effect of radiation reaction only after vacuum
expectation values are taken. The vacuum field, i.e., the solution of the homogeneous operator
wave equation, certainly plays a crucial role, even if it is hidden by taking vacuum expectation
values. That role is to assure the preservation of equal-time commutators, without which the
equations of motion are meaningless. For example, if the vacuum field is deleted from eq. (2.48)
by setting the term X,1(t) equal to zero, the operators a11(t) with i ‘ / would decay to zero, so
that the electron coordinate operator
—

r(t)

=

~ (iIrIj) a,1(t)

would decay to zero the electron spirals into the nucleus! The importance of retaining operators
with vanishing expectation values in operator equations of motion has been emphasized very
clearly by Senitzky [33].
—
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But the vacuum field can be assigned a more explicit role in spontaneous emission. Obviously
the vacuum field did not contribute to the expectation values above because of the use of normal
ordering. This circumstance suggests that in a different ordering one may find an explicit contribution of the vacuum field to vacuum expectation values, and this is indeed the case [27—29].
Naturally, the final result must be the same as that obtained using the more convenient normal
ordering, since equal-time atomic and field operators commute. Thus the problem becomes one
of interpretation.
Suppose we consider the two-state-atom Heisenberg equations of motion in “anti-normal”
order:
—iwkakX(t) + Ckx(a(t) ÷
a~(t)),

akX(t)

6(t) = —iw0o(t)
65(t) = —2

—

~

(2.96)

GkX(aZ(t)a~X(t) akX(t) a5(t)),

(2.97)

—

E CkXakX(t)(a~(t)

—

a(t)) + 2

~

CkX(a~(t) a(t))a~~(t).

(2.98)

—

Formally integrating eqs. (2.96) and (2.98), and using the adiabatic approximation,
akX(tl) f(t1)

akX(t) a~(t)exp~—i(wk w0)(t1
—

—

t)

}, etc.,

(2.99)

we find upon substitution into eq. (2.97) that
6(t) = —iw0 a(t)

+

2

~

~Gkx

—

~ Gkx(aZ(O) a~~(t) akX(t) a5(0))

çP

—

[akxt)aMV(t) a(t)f dt1exp{—i(w~+ w0)(ti

k,X~i,v

—

akX(t) a~~(t)
o(t)fdti exp{i(w~ w0)(t1 — t) }
—

+

—

t)}

0

a~~(t)
a~~(t)
a(t)fdti exp{i(w~— w0)(t1

—

—

t)

a~~(t)
a~~(t)
a(t)f dt1 exp ~—i(w~ w0)(t1
—

—

t) }

(2.100)

where “counter-rotating” terms, i.e., terms containing a~(t),have been neglected. This approximation is justified on the grounds that a(t) and a~(t)oscillate principally as exp(—iwot) and
exp(io.,ot), respectively.
To remain in second order in the coupling constant, the field operators in the last term on the
right-hand side of eq. (2.100) should be replaced by their free-field parts. When this is done, and
vacuum expectation values are taken, we find that, within the adiabatic approximation,
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((t))= —iw0(a(t))

—

~

CkX((aZ(O)a~X(t)) (akX(t)aZ(O)))

(2.101)

—

2~ C~x(a(t)XakX(0) a~x(0))[fdtlexp{i(wk

—

—

w0)(t1

—
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t)} ÷Jdtlexp{_i(wk

+

w0)(t1

where, of course, (akX(O)a~X(O))= 1.
In second order the second term on the right-hand side of eq. (2.101) is
—

~

CkX((aZ(O)a~X(t)) (akX(t)aZ(O)))

~c~[ago

—

(2.102)

—

a(t))fdti exp{—i(wk + wo)(t1

—

t) }

—

(a(t) a5(0))fdti exp{i(wk

—

w0)(t1

—

t)

where, again, “counter-rotating” terms have been omitted. Using (2.102) in (2.101), we have
(6(t))

—

=

—iw0(a(t))

—

~ c~~a~(o)0(t))] dti exp{—i(wk

(a(t) a~(0))fdt1 exp{i(wk

+

—

wo)(t1

—

t) }

+

+

w0)(t1

—

t) }

2(a(t) XaftX(O) a~~(0)
)fdt1 exp {i(wk

2(a(t))(akx(0)a~x(0))fdtlexp{i(wk + wo)(ti

—

—

w0)(t1

—

t) }

t)}]

—iw~(o(t))_(o(t))~C,~x[(2(akx(0)4x(0)) —1)

x

(Idtlexp{_i(wk

since

+

w0)(t1

—

a~(0) a(t) and a~(0)

0(t)

0(t)

t)}

+

Jdtiex

(~k

—

wo)(t1

—

t)})] ,

(2.103)

—a(t), to zeroth order in the coupling constant. Using the

approximation (2.46), and letting V-~°°, we obtain from eq. (2.103) the result,
<6(t)>

=

—i(w0

—

—

i13)(a(t)),

(2.104)

which, in the approximation of neglecting counter-rotating terms, is just eq. (2.92). However,
looking2~vF
back to ~RR’
eq. (2.103), we may now interpret ~ (and similarly 13) as

(2.105)

—

~

where ~VF = ~ is the contribution from the vacuum field fluctuations and ~RR
bution from the radiation reaction of the electron back on itself.

=

i~is

the contri-
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Thus it has been found that when normal ordering is used, the entire contribution to the
radiative frequency shift comes from the radiation reaction, whereas when antinormal ordering
is used, 2~comes from the vacuum field fluctuations, with another
from the radiation reaction [27, 28]. If we had used a symmetric ordering (half normal and half anti-normal) we would
have found the entire contribution to the shift and width of the spectral line stemming from
vacuum field fluctuations [28]. For other possible choices of ordering, neither the radiation reaction nor vacuum fluctuations term produces the entire shift; rather, each contributes a portion
complementary to the other.
We have shown that vacuum fluctuations can be considered a physical basis for the radiative
frequency shift, as Welton [23] has suggested; it has also been shown that radiation reaction is an
equally valid basis. Thus the two interpretations of the width and shift of the emitted line are
equivalent, the interpretation depending as it does on the particular ordering chosen for
commuting atomic and field operators. The two interpretations “are merely two sides of the same
quantum-mechanical coin, with each ... being an oversimplification motivated by the ordering
scheme adopted” [27].
With regard to the decay of(a5(t)> (cf. eq. (2.93)), it was stated in ref. [28] that “there is no
—~

ordering which would attribute the entire decay entirely to a vacuum fluctuation effect”. This
contradicts the analysis of ref. [27], where it is argued that both the (a(t)> and (a5(t)) equations
can be interpreted entirely on the basis of vacuum field fluctuations. In order to see how the difference arises, the analysis of ref. [27] relevant to the (u~(t))equation will be briefly discussed
here, using the notation of this work.
Since it does not affect our results, we take the rotating-wave-approximation version of the
equations of motion,
—2 ~CkX(akX(t)a~(t)
÷a(t)a~~(t)),

=

ci(t) = —iw0a(t) +

~

(2.106)

C,~a,~(t)
a5(t),

(2.107)

and
akX(t)

=

—iwkaftX(t) + Ckxa(t),

(2.108)

in anti-normal order as in ref. [27]. From eq. (2.107),
a(t) = a(0) exp(—iw0t)

+

~CkXf

dtlakX(tl) a5(t1) exp{iw0(t1

a(0)exp(—iw0t) ÷~Ckxakx(t)az(t)fdt1exp{—i(wk
in

the adiabatic approximation
akX(tl)aZ(tl)

a,(?,.(t) a5(t) exp{—iwk(tl

—

t)}.

—

—

t)}

wo)(t1

—

t)}

(2.109)
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Substituting eq. (2. 109) into (2.106), one obtains

65(t)

—2

~CkX(akX(t) a~(0)exp(iw0t) + a(0) a~~(t)
exp(—iw0t))

—2 ~

~

CkxCMvaz(t)akx(t)a~p(t)fdt1exp{i(wk— wo)(t1

—

t)}

k,X~,v

—2

~

~CkXCMVaZ(t)a~V(t)a~X(t)fdtIexp{—i(wk

k,X~,v

—

w0)(t1

—

(2.110)

t)}.

To stay in second order, the field operators in the last two terms should be replaced by their
free-field parts. Making this replacement and taking vacuum expectation values, we have

(65(t))

=

—2

I~
Ck~((akX(t)a~(0))exp(iw0t)

÷(a(0)a~~(t))
exp(—iw0t))

_2~C~x(az(t)Xakx(0)4x(0)>(fdtlexP{i(wk

—

wo)(t1

—

(2.111)

t)} ÷fdtlexp{—i(wk

—

wo)(t1

—

where again we have written (akX(O) a~~(0))
rather than unity to show explicitly the effect of the
vacuum field. Then the second term in eq. (2.111), due to vacuum field fluctuations, may be
written as —4f3(a5(t)) if we use the approximation (2.46),
(65(t))

=

—2

~I CkX((akX(t) a~(0)>exp(iw0t) + (a(0) a~~(t))exp(—iw0t))

—

413(o5(t)).

(2.112)

Senitzky [27] now considers the initial atomic state 1+), the upper energy state, and considers
the short-time limit
(a5(t)>~—413(o5(0))—4f3,

(2.113)

consistent with the perturbation expansion. This gives the correct Einstein A-coefficient for the
decay rate of the excited atomic state, resulting entirely from vacuum field fluctuations.
In ref. [281, however, the step from eq. (2.112) to (2.113) has not been considered entirely
justified, simply because for the case in which the initial atomic state is the lower energy state
I—), we would have
~ —413(a~(0)) 413,

(2.114)

corresponding to spontaneous absorption from the vacuum! To rectify this situation we must
consider in more detail the first term on the right-hand side of eq. (2. 112). Using
akX(t)

akX(O) exp(—iwkt)

+

Ckxa(t)fdtl exp{i(wk

—

o.~0)(t1

—

t)},
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we have
2 ~I~CkX((aftX(t)a~(0))exp(iw0t)

+

(a(0)a~~(t))
exp(—iwot))

2 ~ C~~((a(t)
a~(0)>exp(iwot)f dt1 exp{i(wk

+

(a(0) a~(t))exp(—iwot)f dt1 exp-[—i(wk

2 ~ C~~(a(t)
a+(t))(fdti exp{i(wk
4j3(a(t)a~(t)) —213(—l +(u5(t)))

—

—

—

w0)(t1

w0)(ti

wo)(t1

—

—

—

t) }

t) ID

t) } +

Idtl

exp{—i(wk

—

w0)(t1

—

t)

(2.115)

when the approximation (2.46) is again used.
Note that this term is due to radiation reaction. Using the result (2.115) in eq. (2.112), we have
finally,
(65(t))

=

—213(1

+

(05(t))),

(2.116)

which is just eq. (2.93). Since the term (2.115) stems from the radiation reaction part of the field,
the decay of (a5(t)) in the anti-normally ordered calculation is attributable to both vacuum field
fluctuations and radiation reaction.
We have shown, therefore, that for the decay of (a~(t))we need both the vacuum field and the
source field. It may be shown that this statement remains valid regardless of the ordering scheme
used. The fact that atomic fluctuations are necessary for spontaneous emission has been
emphasized by Fain [57]. He points out that a ground-state atom does not undergo spontaneous
absorption due to the vacuum field fluctuations because in this state they are exactly cancelled
by the atomic fluctuations. This fact shows the importance of having both types of fluctuations
contributing to the overall physical process.
2.8. Discussion
The unorthodox approach to spontaneous emission used in this section is well suited for a comparison of the quantum-electrodynamical and semiclassical theories. The Heisenberg-picture
method provides insight into the dynamics of spontaneous emission, and it is unlikely that the
problem of the interpretation of the radiative corrections can be resolved as neatly by any other
approach. For the purpose of comparing quantum-electrodynamical and semiclassical theories,
the problem of interpretation is of paramount importance. The Heisenberg equations of motion
are superficially so similar to the semiclassical equations of the next section that the quest for the
range of validity of semiclassical radiation theories must proceed quite beyond the calculation of
various numerical magnitudes. In this context, Einstein’s remark that “every theory is true, provided you suitably associate its symbols with observed quantities” [58], does not seem entirely
facetious.
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Whereas radiation reaction and vacuum fluctuations in spontaneous emission are, according to
Senitzky [271, two sides of the same quantum-mechanical coin, it is evident that the corresponding semiclassical coin can only be one-sided: There can be no vacuum fluctuations in a purely
semiclassical treatment. Quantum mechanically, the vacuum field appears, naturally, simply as the
homogeneous solution of the Maxwell equation. In a classical treatment of the field, however, it
is customary to take as zero the homogeneous solution of the corresponding equation: If there
are no sources, there are no fields. The homogeneous solution of the quantum-mechanical operator Maxwell equation cannot be so dispensed, as it is required for the preservation of commutation relations and therefore the Heisenberg uncertainty relations. We have seen, for example,
that without the fluctuating influence of the vacuum field, an atomic electron would apparently
collapse into the nucleus. The replacement of the usual (vanishing) classical homogeneous solution
with a fluctuating zero-point field of energy density ~hw associated with each plane-wave mode
leads to an interesting stochastic theory of the radiation field. This theory, which is suggested by
the quantum-electrodynamical theory but seems to have an independent raison d’être, is discussed in section 4.
For further discussion of recent work on the theory of spontaneous emission the reader is referred especially to the monograph by Agarwal [59]. The role of the radiation reaction field in
spontaneous emission has also been discussed by Bullough [601 and Agarwal [61], who has also
noted the intimate connection between radiation reaction and vacuum fluctuations.
The recent interest in theories of spontaneous emission may be traced to the success of the
semiclassical approach in Lamb’s laser theory [62]. This triumph of the semiclassical approach
raises questions as to its precise limits of applicability. It is natural to study the problem of spontaneous emission as well as other problems which played an important role in the historical
development of the quantized-field theory. Bohr seems to have been the first person to recognize
in the phenomenon of spontaneous emission a renunciation of classical notions. Whereas Einstein
[21 referred to transitions “without excitation by an external cause”, Bohr considered them to
be purely spontaneous, i.e., acausal [631. Indeed, it is now recognized that the study of the
phenomenon responsible for most of the light around us requires consideration of the most subtle
differences between the classical and quantum theories.

3. Semiclassical approach to spontaneous emission
3.1. Schrödinger ‘s radiation theory
In classical electrodynamics the electric and magnetic fields are prescribed functions of time
and space. The fields are uniquely determined at any space-time point by the specification of
their sources. Realistically there is, of course, some uncertainty in the fields, since the sources
cannot be specified precisely in every detail. In the usual sense, however, this uncertainty is not
regarded as “fundamentaP’, for should it happen that the sources are precisely specified at an
initial space-time point, their equations of motion in principle uniquely determine them, and
therefore the fields they generate, at all other space-time points. Quantum mechanically, there is
a fundamental uncertainty in the specification of the sources, i.e., the Heisenberg uncertainty
principle is operative; thus there must be a fundamental uncertainty in the fields generated by
the sources. The fields therefore must also be treated according to the dictates of quantum

P. W. Milonni, Semiclassical and quantum-electrodynamical approaches in nonrelativistic radiation theory

30

mechanics. In other words, the field variables must be regarded as operators in a Hilbert space:
The field is “quantized”.
It is well known that the Hamiltonian for the free electromagnetic field corresponds to that for
an assembly of uncoupled simple harmonic oscillators, each mode representing a single oscillator.
In analogy to the atomic operators of the preceding section, we may define the field operators
u~~(t)
= U~(t)amn(0) U(t)

=

ImXnIexp-l—-i(E~ E~)t/h}
—

(3.1)

for each mode, where
HFIn)

nhwln),

(3.2)

U(t) = exp(—(i/h)HFt), and w is the mode (circular) frequency. Since the integer n specifying the
state of the mode in this (Fock-state) representation may assume any positive integral value, it
proves convenient to define the operator sum

a(t) = ~

~Thu~_1,~(t).

(3.3)

From the commutation rule
6im0ni~/n0im,

(3.4)

[Gnm,Oij]

which has the same form as the corresponding rule (2.9) for the atomic operators, it follows that
[a(t),a~(t)1

=

1,

(3.5)

that is, a and a~are just the usual “photon” annihilation and creation operators. The important
point is that, while the field and atomic u-operators obey the same commutation rules, the field
a-operators are more conveniently collected in the manner of eq. (3.3).
The equations for a and a~have the same formal structure as the equations for c-numbers ~
and a* in classical electrodynamics. Thus we may regard classical electrodynamics as a theory in
which the field a-operators are c-numbers. But classical electrodynamics is a very successful
theory, so the c-number treatment of the field u-operators must reflect some “element of truth”.
The reason for this circumstance is well known from an intimately related point of view: An
arbitrarily large number n of “photons” may occupy the same state, and when this situation obtains, it is accurate to regard the photon wave function as defining a classical field distribution.
The treatment of the atomic u-operators as c-numbers corresponds, of course, to the original
Schrödinger interpretation of the wave function. When Schrodinger calculated the wave function
~i(r,t) for an electron in the Coulomb field of the nucleus, he did no suppose it to have any
probabilistic connotations; I i4,12 represented the spatial distribution of a “smeared-out”
electron. The electric dipole moment for the electron-nucleus system takes the form
p(t)

=

efd3rr I ~i(r,t)12 = e(~i(r,t)lrI ~(r, t))

(36)

in the Dirac notation, with analogous results for higher multipole terms. In the notation of the
previous section, we may write eq. (3.6) in the form
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er~~(a~~(t)).

(3.7)

Schrödinger had created the first semiclassical theory of the interaction of light with atoms. Given
the wave function, charge distributions could be calculated, and these charge distributions then
fell into the domain of classical electrodynamics.
Aside from its conceptual appeal, the Schrodinger semiclassical theory had the advantage of
providing a simple explanation for the absence of spontaneous emission from the ground state.
Thus for the ground state l~10(r)exp(—iE0t/h) the charge density I ~,L’
12 is a constant in time and the
system is nonradiative; a serious problem that had confronted the old Bohr model had been given,
according to Schrödinger [64], “A surprisingly simple solution”. Unfortunately, the solution may
be applied to any stationary atomic state, so that Schrodinger’s semiclassical theory did not predict
spontaneous radiation from an atom excited to a pure excited state. Obviously Schrodinger must
have recognized this, but did not regard it in any way as a defect of his theory. In fact, the notion
of “quantum jumps” was, throughout his career, completely foreign to Schrodinger. The very
notion of discrete energy levels was considered by Schradinger to be superfluous; term differences
were what mattered. “Partial oscillations” of the wavelike electron, which correspond, loosely, to
the quantities (a~~(t))
in eq. (3.7), held more physical significance than the idea of quantum
jumps, and as Schrodinger wrote in a letter to Planck in 1926, “The energetic property of the
individual partial oscillation is its frequency” [651.
Despite its conceptual advantages, the Schrödinger interpretation of the wave function and
the radiation theory it implies is not entirely satisfactory. Of the unsatisfactory aspects of his
theory, Schrodinger was fully aware. On the other hand, he never fully accepted any probabilistic
interpretation of the wave function. The difficulties besetting the Schrodinger interpretation are
reviewed in the next section. This section is devoted to a theory of spontaneous emission which
proceeds from the Schrodinger interpretation of the wave function. This theory, advanced by
Jaynes and his collaborators [4—6], has been aptly called the “neoclassical” theory of spontaneous
emission [6]. The following remark by an historian of the quantum theory suggests one important
reason for the need to carefully delineate the range of validity of the neoclassical theory: “Should
Jaynes’ neoclassical approach, which so far seems to be only in an initial stage of its development,
prove to be viable on future evidence, Schrodinger’s semiclassical interpretation of quantum
mechanics may well be destined to command much higher respect than it does today” [66].
The proponents of the neoclassical theory suggest that the semiclassical approach might not
be merely an accurate approximation scheme in certain instances where the Schrodinger and
probabilistic interpretations of the wave function yield practically equivalent results. They suggest
that the semiclassical approach might be valid even in the limit of vanishing external fields, or in
effect that radiation fields might in every instance be amenable to c-number treatments. In discussing the neoclassical theory vis-à-vis the quantum-electrodynamical, care must be taken to
avoid the logical inconsistency of attacking the former with concepts appropriate only to the
latter. Thus it is quite irrelevant, for example, to argue that the neoclassical theory violates the
Heisenberg uncertainty principle [67], since neoclassical theory is essentially based precisely on
the abrogation of such quantum-mechanical notions. In this section it is convenient to employ a
certain terminology which may in some instances be strictly appropriate only to the quantum
theory. The reader is urged to bear in mind that certain terms may have radically different connotations in the two theories. It is hoped that the essence of neoclassical theory will be sufficiently
clear that the problem of semantics will not be a serious one.
—

—
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3.2. The neoclassical equations for spontaneous emission
In the neoclassical theory the expectation values of atomic transition dipole moments are taken
to be actual, classically radiating dipole moments. The radiation reaction of such a dipole on itself leads to damping of its oscillation or “spontaneous emission” of radiation. The Hilbert space
for the system of radiation and matter is defined entirely by the Hubert space of the free atom,
and in this Hilbert space the field is a scalar. Thus the term “expectation value” can only refer to
the atomic state ‘OA), the field having no quantum-mechanical state-description. The dipole
source is given by eq. (3.7).
It is important to note that in the neoclassical theory all electromagnetic fields are c-numbers,
including the field generated by the quantum-mechanical atom. Now in the previous section, expectation values of certain operator products arose; these were products of atomic operators with
field operators. The field operators were each a sum of two parts, one corresponding to the free
field and the other to the radiation reaction field of the electron back on itself. It is clear then
that a simple decorrelation of these operator-product expectation values must result in the corresponding equations of the neoclassical theory. Starting with the atomic operator equations, one
replaces all operators with their expectation values; expectation values of operators taken with
respect to the atomic Hilbert space are the only quantities that can be sensibly compared with
corresponding quantities of the neoclassical theory. The terms containing the free or vacuum
field contribution in particular must be replaced by c-numbers characterizing the prescribed
(classical) applied field. For the problem of pure spontaneous emission in the vacuum, there are
no applied fields and these terms are taken to be zero. There are no “vacuum” fields in the neoclassical theory as it has been enunciated to date; the vanishing solution of the homogeneous
Maxwell equation is chosen.
The neoclassical and quantum-electrodynamical theories are most conveniently compared by
considering the two-state model of the atom. From the discussion above, it follows that the decorrelated versions of eqs. (2.81)—(2.83) must yield the equations of the neoclassical model of a
two-state atom interacting with radiation. The resulting equations have the form
=

—w0y(t),
1(0,t)z(t),

i(t)

=

w0x(t)

=

—(2/h)p ~E1(0, t)y(t),

+

(3.8)
(3.9)

(2/h) p~E
(3.10)

where E1(0, t) is now taken to be a classical (c-number) field and x(t), y(t), z(t) have been written
in place of (a~(t)>,(u~(t)>,and (a
5(t)). These equations are effectively the starting equations of
Jaynes and Stroud [5].
As in the quantum-electrodynamical approach, the field E’(O, t) is the sum of the radiation
reaction field and an external field. Since there are no “vacuum” fields in neoclassical theory, the
only field that can enter into the above equations for the problem of spontaneous emission into
free space is the radiation reaction field E~R(t)of the electron:
E’(t)=E~R(t)=

[~-~
~t)

31rc2 ~t)]’~

(3.11)
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Jaynes and Stroud [5] now follow the usual approximation of replacing i(t) by —w~(t):
E’RR(t)

[_-~°~(t)

3c

÷

~“°~“

37rc

x(t)~p.

(3.12)

This replacement eliminates the possibility of run-away solutions and is closely akin to the adiabatic
approximation of the preceding section. It may be regarded as the semiclassical equivalent of the
Weisskopf—Wigner approximation. Substitution of the result (3.12) into eqs. (3.9) and (3.10)
yields the equations
8Kw~,p2
4w3j.~2
y(t) = w
0x(t) ÷ - 3 y(t) z(t) + 3irhc2 x(t) z(t),
(3.13)
3hc
42 3
8 2K
~(t) =
~
y2(t)
x(t) z(t).
(3.14)
—

—

For more immediate comparison with the quantum-electrodynamical results of the preceding
section it is convenient to define the quantity S(t) = ~(x(t)
iy(t)), the equation of motion for
which is

—

S(t) = —iw
0 S(t) + 13(S(t)

~(t)

3x(t) z(t)

—

S*(t)) z(t)

4~2 2~° (S(t)

+ S*(t)) z(t),
(3.15)
3irhc
where again 13 = 2,.i2 c$/3hc3. S(t) corresponds to the expectation value (a(t)) used in the
quantum-electrodynamical approach. To compare with the equations of Jaynes and Stroud [5],
we define 5(t) = u(t) exp(—iw
0t), obtain the equation of motion for u(t), and then make the
“counter-rotating” approximation. The equations of motion for the real and imaginary parts of
u(t), denoted again by x(t) and —y(t), respectively, are then
—

—

7y(t) z(t),

(3.16)

and
y(t)

13y(t)z(t) + 7x(t) z(t),
2 w~/37rhc2.In the same approximation we obtain the equation for z(t):
where y = 4Kp
~(t) = —13(1 z2(t)),
—

(3.17)
(3.18)

where use has been made of the fact thatx2 +y2 + z2 = 1. Equations (3.16)—(3.l8) are the neoclassical equations of Jaynes and Stroud [5].
The decorrelation of atomic and field operators in the fully quantum-mechanical theory yields
the neoclassical equations but does not define the neoclassical theory. The neoclassical theory is
based on the Schrodinger interpretation of the wave function. This interpretation leads to equations of motion which can be obtained by decorrelating expectation values of products of atomic
and field operators in the quantum-electrodynamical equations. But the fact that the neoclassical
equations can be obtained by invalid manipulations of the quantum-electrodynamical equations
does not imply that neoclassical electrodynamics is invalid unless, of course, the validity of
quantum electrodynamics is presupposed.

—
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3.3. Implications of the neoclassical equations
In contrast to the equations derived by quantizing the radiation field, the neoclassical equations
for the atomic dipole moment and energy are nonlinear. One consequence of this nonlinearity is
that the theory predicts a spontaneous generation of harmonics of the fundamental frequency ~oThis is seen from an approximate integration of the neoclassical equations (3.8), (3.13) and (3.14).
In addition to the component of the dipole moment which oscillates with frequency ~ one
finds components also at 3w~,5w~,etc.; that only odd harmonics are generated follows from the
dipole selection rule. These additional components are very weak of second and higher order in
13/wo but their existence supports a statement made by Heisenberg in his objection to
Schrodinger’s semiclassical theory. Heisenberg argued that, according to the Schrodinger theory,
“the radiation emitted by an atom could be expanded into a Fourier series in which the frequencies
of the overtones are integral multiples of a fundamental frequency. The frequencies of the atomic
spectral lines, however, according to quantum mechanics, are never such integral multiples of a
fundamental frequency
[68].
Another prediction of the neoclassical theory is that an atom excited to a pure stationary state
cannot radiate. For an atom which has been pumped into the upper energy state, z(0) = 1 and
x(0) = y(O) = 0, so that ~(0) = 0. Exactly as in the Schrodinger theory, the neoclassical theory
accounts for the absence of radiation from the ground state, but predicts in addition that every
atomic stationary state is nonradiative. These results are to be expected, since the neoclassical
theory, in its physical content, is identical to the Schrodinger semiclassical theory. The formalism
has changed, but the theory remains the same.
The quantum and neoclassical radiation theories also differ in their predictions of the emission
lineshape. The quantum theory predicts that the emission lineshape is approximately Lorentzian,
with half-width 13. The approximation lies in the derivation of the exponential decay law. The
problem of the interaction of an atom with an infinite number of field modes cannot be handled
exactly; the adiabatic approximation, which is essentially a Markovian or “Weisskopf—Wigner”
approximation, is invoked for tractability. The “ladder” aspect of the Weisskopf—Wigner approximation has been elucidated in diagrammatic language by Knight and Allen [69]. Fermi [70] provided a simple coupled-oscillator model which captures the physical essence of the Weisskopf—
Wigner approximation. Two linearly coupled oscillators sinusoidally exchange the energy that
initially is assumed to be contained entirely in one of the oscillators. As more oscillators are
allowed to be coupled into the system, the period with which the initially excited oscillator repossesses its initial energy monotonically increases until finally, as the number of oscillators
tends to infinity, the energy is lost forever to the initially excited oscillator; its “emission” process
becomes irreversible. Analogously, if we allow a two-state, excited atom to be coupled to but a
single field mode, the excitation energy is exchanged sinusoidally in time between the atom and
the field [711; when all the modes of the radiation field are admitted, the emission becomes irreversible. This irreversibility does not require the decay to be exponential. In fact, one can improve
upon what is usually referred to as the Weisskopf—Wigner approximation and obtain small corrections to the exponential decay law [72, 731.
It may be useful to digress still further on the (approximate) lineshape predicted by quantum
electrodynamics. One can easily derive, using the adiabatic approximation to the atomic operator
equations, the spectrum

—

—

...“
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(3.19)

+j3

(WWo)

where n = 2, m = 1 or n = 0, m = 3 according to whether the A ~p or r ~E form of the interaction
Hamiltonian is used. As was the case with the derivation of the radiative frequency shift in section
2, the two different results agree only on the energy shell w = ~ From his experimental work on
the radiative frequency shift in hydrogen, Lamb [53] concluded that the spectrum (3.19) with
n = 0, m = 3 is the correct one. Davidovich [49], emphasizing that the transformation from the
one form of the Hamiltonian to the other must be accompanied by a transformation of basis states,
shows that this spectrum can also be obtained from the A ~p Hamiltonian if this basis transformation is accounted for. Specifically, if in deriving the spectrum from the r ~EHamiltonian, the expectation values refer to the initial state
10)

=

1+)

®

I{0}),

(3.20)

where I{0}) is the field state in which there are no transverse photons, then the same spectrum
can be obtained from the A ~p Hamiltonian if one uses instead the initial state
h~i>=U(r,t)I0),

(3.21)

where U(r, t) is defined by eq. (2.14). Physically, the state I iji> defines the situation in which the
total field energy density outside the atom vanishes, not just the energy density of the transverse
field.
The transformation of the minimal coupling form of the Hamiltonian to the r E form is easily
accomplished in the semiclassical theory; this transformation was reviewed in section 2. The form
of the interaction Hamiltonian used in this section is the r E form, and so the lineshape predicted
by the neoclassical theory must be compared with the quantum-electrodynamical lineshape
13w~/7rw~
=

(W0)o)

2

+f32

(3.22)

with the understanding, of course, that both lineshapes are approximate.
The quantity 7 that appears in the neoclassical equations (3.16) and (3.17) will be shown below
to represent a radiative frequency shift. For the purpose of obtaining the neoclassical emission
lineshape it is convenient to temporarily take ‘y~0. In this case the equations (3.16)—(3.l8) have
the solutions [5]
x(t)

=

y(t)

=

cosO sech13(t
sinO sech13(t

—

—

t
0),

(3.23)

t0),

(3.24)

and
z(t)

=

—tanh13(t

—

t0),

(3.25)

where 0 and t0 define the assumed initial values. The dipole terms have a hyperbolic secant dependence on and therefore their Fourier transforms are again hyperbolic secants. Thus the
neoclassical theory predicts a hyperbolic secant squared lineshape, as opposed to the Lorentzian
lineshape of the quantum theory. We shall not discuss the detailed aspects of the two spectra
t,
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here; the interested reader should consult the paper by Jaynes and Stroud [5] or the review by
Jaynes [6].
It is worthwhile, however, to study in detail the implications of the neoclassical theory for the
radiative frequency shift, especially since the explanation of the Lamb shift is usually regarded as
a crowning achievement of quantum electrodynamics. We shall not actually discuss the implications of the neoclassical theory for the Lamb shift: Enough of a contrast with the quantum-electrodynamical theory arises in the simple two-state model. Thus we shall discuss in detail the predictions of the two theories for the radiative frequency shift of a two-state atom.
From the “counter-rotating” approximation version of eq. (3.15),
S(t) = —iw0S(t)

— i’yS(t) z(t)

+

13S(t) z(t),

(3.26)

we see that the transition frequency ~o undergoes a time-dependent shift. The radiative frequency
shift is
(3.27)
Near the upper state, the transition frequency is approximately wo + 7, whereas near the lower
state it is approximately w~ ~y.This is in marked contrast to the unchirped radiative frequency
shift predicted by quantum electrodynamics. In that case, the left-hand side and the first two
terms on the right-hand side of eq. (3.26) are replaced by

—

6(t) = —iw0a(t)

ii.~~o5(t)
0(t)

—

—

i~~o(t)a5(t) +

...

(3.28)

where
=

2~w~

(3.29)

wdw

3irflc

Since o5(t) 0(t)

=

—0(t)

6(t) .—iw0o(t) +

and 0(t) o5(t)

i(i~

—

=

it follows that

0(t),

z~~)a(t)
+ ...

=

—i(wo

—

,.~)

o(t)

+

...,

(3.30)

where =
~ is given by eq. (2.94). If, on the other hand, 0(t) and o5(t) are manipulated
as c-numbers, we find instead that
~

—

S(t) = —iw0S(t)

—

i(~+ ~~S(t)z(t)

+

...,

(3.31)

where we have written S and z in place of a and u~to emphasize the relation of the decorrelated
quantum-mechanical equations to the neoclassical equations. In fact,
2w~K= ~,
+
= 2~w~
KC1__~~
+
~
~dw
4p
3irhc3 ~‘ ‘WW~
w-~-w~J
3irhc2

(3.32)

~

since Kc ~ w~.Once again, improper manipulation of the quantum-mechanical equations leads to
the neoclassical equations.
In the quantum-electrodynamical approach, —~A~
and ~
represent the level shifts of the
upper and lower states, respectively. According to this view, the neoclassical theory takes as the
frequency shift of the transition from the upper to the lower state the sum rather than the differ-
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ence of the upper and lower state level shifts (divided by /1). Once again a feature of the
Schrodinger semiclassical theory appears: Evidently transition frequencies, and not (superfluous)
energy levels, are the essential “energetic properties” of the neoclassical atom.
But there is something more subtle contained in the identification of y with the magnitude of
the radiative frequency shift. Consider the Bethe renormalization applied to the two-state atom;
the procedure is not directly applicable to the two-state model, since the Thomas—Reiche—Kuhn
sum rule does not apply, but as long as this is borne in mind, it does not destroy the argument
made here. The level shift of the upper state is —hi~~.
Recognizing that the “electromagnetic
mass” is already contained in the expr.ession for the energy of this level, and that switching on
the radiation reaction field adds its contribution again, we must subtract its contribution to
~
Thus the observable level shift is, from eq. (2.64),
(3.33)
—h~~= —/l~~~C(p2),
—

the expectation value referring to the upper state. In the two-state model, (p2) is
(+1p2I+)

(+IpI—)(—IpI+)

(3.34)

~

~

where m is the observable mass. From eq. (2.64) we have
2 /e2\ / 1
—k--—)
~-—)
3m hc
mc

\2

—

hKc =

2e2K
2 2’
3mm c

—

(3.35)

so that
=

—h~~+ 2e2w2 2p~K
3mm 0m
e c
2

=

—ha’’

+

2K
o

2

,-~

3mrc

2

~
=

~

+41~7

2

3

.~./2Wo
—

3mrc3

log

c
E..
—

—

,

(3.36)

which is just the two-state analogue of Bethe’s expression (2.62).
Two important points emerge from this simple analysis. First, it appears that what is subtracted
off in the quantum-electrodynamical approach is taken to be physically meaningful in the neoclassical theory. Namely, the quantity that is associated with an electromagnetic mass in Bethe’s
approach is associated instead with a radiative frequency shift in the neoclassical theory there
is no mass renormalization in neoclassical theory. To elaborate somewhat on this point, consider
the equations (3.8) and (3.9) for the case where the atom is near the ground state, z —1. Then
for the atomic dipole px(t), we have the equation
—

x(t)

+

w~x(t)

p E(0, t),

=

(3.37)

or
x(t)+w 2
0x(t)~

4wop2

3

—

3/Ic

...

8w 2K..
0p x(t),
x(t)— 3m/Ic2

(3.38)
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when use is made of eq. (3.11). Making the approximation (3.12), we have
i~(t)+

W~[I

—

x(t)

=

—

4~3~2

x(t).

Neoclassical theory would associate the term
2
W~~1 — 8w0,L2K1L/
2
I
— wo — 4ji2w~K
2
=
L
3m/Ic j
3m/Ic

(3.39)

(3.40)

with a radiative frequency shift; in fact, as mentioned earlier, —‘y is indeed the radiative frequency
shift for an atom near its ground state, according to neoclassical theory. According to the approach
of Bethe, however, the second term on the right-hand side of eq. (3.38) is to be associated with an
electromagnetic mass. Since the energy levels (given, for example, by the Bohr formula) were derived using an aiready-renormalized mass, the energy
“212mobs —“212m
t’
bare

t’

_~(F)_i

2 1

h

“341

must be subtracted away. The “extra” factor of two in the eq. (3.40) merely represents the fact
that the radiative frequency shift in the neoclassical theory is the sum of the level shifts of the
lower and upper states.
The second point to be made in this connection is that the term subtracted away in Bethe’s
approach is an expectation value over the level in question: Quantum mechanically the electron,
in a loose sense, is in only one state at a time, and not associated simultaneously with many
“partial oscillations”. The interpretation of the stationary states of the atom in the neoclassical
theory reminds one of the normal modes of vibration of a classical oscillating system. If the state
of motion of this system is represented in terms of its normal modes, each normal mode contribution (say, to the transverse oscillation of a plucked string) is contained in the motion of the system at any instant of time, and the relative weights of the different modes in the normal-mode
expansion determine the state of oscillation at this instant. The corresponding quantum-mechanical expansion of the wave function in terms of the stationary states is interpreted in a very different way. There the relative weights of the different “normal modes” determine the probability
of the system to be found in each mode; a measurement can only reveal that the system is in one
particular stationary state — the measurement indeed prepares that state.
The fact that an expectation value of AE~’~~
is subtracted away in Bethe’s calculation seems to
bear on a problem which long concerned Schrodinger [581, namely, whether in the microscopic
realm the concept of energy should be considered to be a statistical one.
3.4. Discussion
The semiclassical equations (3.8)—(3. 10) are useful for a description of many phenomena in
quantum optics and electronics [74]. They are applicable when only two atomic or molecular
states are sufficient to characterize the system in its interaction with an applied field, i.e., when
the applied field is tuned to a single transition. To account for the relaxation of the two-state
system one normally introduces phenomenological damping terms into these equations. The resuIting equations are sometimes termed “phenomenological Bloch equations”, since Bloch [75]
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used equations of the same form in the theory of (spin
nuclear magnetic resonance. The
utility of these equations for problems in maser physics was emphasized by Feynman, Vernon
and Hellwarth [561 in 1957, although their use in such problems was not entirely unknown
earlier [6] . Indeed, with the wisdom of hindsight, it is surprising that these equations were not
well known even much earlier. As early as 1927, Landau [76]had studied spontaneous emission
with a density-matrix approach and field quantization; his approach was similar in spirit to that
used here in section 2. The inclusion of a classical applied field might have led to the Bloch
equations.
The neoclassical theory of spontaneous emission proceeds from the idea of allowing the atom
to react back on the applied field. This is accomplished by using for the electric field in eqs. (3.9)
and (3.10) the sum of the transition dipole’s radiation reaction field and the applied field. It
should be noted that the “phenomenological” Bloch equations can be simply derived from the
quantum-mechanical operator approach when the only relaxation mechanism is radiative decay
and when the initially excited field is described by a Glauber coherent state [77]. The derivation
in this case follows easily from eqs. (2.88)—(2.90). The radiation reaction field leads to the
radiative damping, while expectation values of products of normally-ordered field operators ~
with atomic operators yield c-numbers multiplying atomic-operator expectation values. Thus, for
example, if we take expectation values on both sides of eq. (2.88) we obtain
—~)

=

wo(a~(t)>+

~ [(E~(t)

a5(t)) + (a5(t)E~(t))]÷~p• [(E~(t)o5(t)) ÷(a5(t)E~kt))].
(3.42)

The terms involving the radiation reaction field lead to the radiative damping and frequency shift
in the now familiar way. The assumption of an initially coherent state of the field implies that

(E~~(t)
o5(t)) + (a5(t)E~~~(t))
=

(E~)(t)

+

‘~kt))(a5(t)) =

E0(t)

(a5(t)>,

(3.43)

where 4±)
are c-numbers defined by
E~~(0,
t)Iinitial field state) E~’~(0,
t)Iinitial field state>

(3.44)

and the conjugate relation. Thus the Bloch equations with radiative damping follow from expectation values when the applied field, or more precisely the initial field state, is coherent. Other
damping mechanisms can be included in the same way by including their contributions to the interaction Hamiltonian.
Bloch equations are also adequate for the treatment of the interaction of resonant light with a
system of many atoms or molecules. In the semiclassical theory of the laser, for example, the
electric field used in the Bloch equations is taken to be the solution of the Maxwell equation
(3.45)
the polarization density P being just the sum of all the individual atomic polarizations; the atomic
polarizations in turn are determined by using the field satisfying eq. (3.45) in the Bloch equations.
From a quantum-mechanical viewpoint, the coupled Maxwell—Bloch equations may be regarded
as equations for expectation values, the field being assumed to be fully coherent in the Glauber
sense. Equivalently these equations are based on the assumption that each atom bears no correla-
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tion with the fields from the remaining atoms of the laser medium. Shirley [781has shown that
this approximation is valid to order 1/N, where N is the number of atoms (confined so that all
the atoms are exposed to the same field amplitude); i.e., the terms that account for any correlations are negligible when the number of atoms is large. Neoclassical theory carries the assumption
one step further: It is assumed that the atom is not even correlated with its own radiation reaction
field. Here the term “correlation” defines the situation in which the expectation value of a product
of two operators is not factorable into the product of the expectation values of these operators.
The lack of correlation in this sense does not preclude in any way the possibility of having the
fields from different atoms bearing definite phase relationships, so that the different atoms may
interact “coherently” through their fields. This point has been emphasized by Senitzky [321.
The wave function describing the entire system of atoms of the laser medium is thus interpreted in the Schrodinger sense; the approximation is a good one because it is possible for many
atoms of the medium to occupy the same state. But the assumption that the Schrodinger interpretation applies to a single atom is a radical one, and represents, not an approximation to the
quantum theory, but rather the creation of a new theory. For the case of a single atom, there is
no “safety in large numbers!”. On the other hand, the assumption is certainly not unreasonable,
and in many instances would appear to be quite reasonable indeed. Thus, for example, the equation of continuity satisfied by I i~iI2would strongly suggest a “hydrodynamic” interpretation of
the wave function; only when the statistical interpretation is accepted does the equation of continuity present itself as an obvious statement of the “conservation of probability”. To cite
another-example, the forces acting on each nucleus in a molecule can be calculated by classical
electrostatics, given the charges and positions of all other nuclei and electrons of the molecule,
by using the Schrödinger interpretation of the electronic wave function. This is the Hellmann—
Feynman theorem [79].
The most immediately obvious differences between the quantum-electrodynamical and neoclassical theories are found in their predictions of the dynamics of the radiative decay and frequency shift. The rate at which spontaneous emission proceeds in the neoclassical theory depends
on the probability amplitudes of both the upper and lower states of the transition. Thus if the
atom is initially described by the state
I~1i)c
1I—>+c2l+),

(3.46)

the square of its transition dipole moment is proportional
to Ic1 12 Ic2 12, and the transition rate, in
2 Ic
the sense of short-time perturbation theory, is Ic1I 2 12 times the Einstein A-coefficient.
The this
2A. To discuss
emission
rate
according
to
quantum
electrodynamics,
on
the
other
hand,
is
Ic2
1
difference in more detail, it is useful to consider the simple model of a two-state atom coupled to
a single mode of the radiation field. In the rotating-wave (or “counter-rotating”) approximation,
the Heisenberg equations of motion for the problem are

6(t) =

—iw
0o(t) +go5(t)a(t),

=

—2g(a~(t)0(t)

+

o~(t)a(t)),

(3.47)
(3.48)

and
à(t) = —iwa(t) +go(t),

(3.49)
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where w is the circular frequency of the field mode and the coupling constant g is real. Consider
the time evolution of the field operator a(t) in Heisenberg-picture short-time (gt ~ 1) perturbation theory:
(3.50)
a(t) a(0) e_~wt+ gt a(0) e_~t÷
~g2 t2 o~(0)a(0) ~
From this equation it follows that
(a~(t)a(t)> (a~(0)a(0))+gt(a~(0)a(0)) +gt(a~(0)a(0))+g2t2(a

2t2(o~(0)o(0)>.
5(0)a~(0)a(0)>+g

(3.51)

The initial atomic state is given by eq. (3.46); for simplicity we assume that the initial field state
is the coherent state Ia):
a(0)Ia)

ala),

(3.52)

so that eq. (3.51) may be written as
(a~(t)a(t)>~
IaI2+gt(a*c~c

2t2IaI2(Ic 2_1c 2)+g2t2 Ic
2I
11
2

2+ac1c~)+g

2.

(3.53)

The first term on the right-hand side of eq. (3.53) corresponds to the initial field energy. The
second term represents the interaction of the field with the initial atomic dipole expectation
value and vanishes unless the atom is initially in a coherent superposition of its two states. The
third term corresponds to stimulated emission or absorption, while the fourth term clearly represents spontaneous emission. Similarly we find
2)+g2t21c 21c 2,
(3.54)
(a~(t)>(a(t)>~~
1c11
11 21
from which we obtain
(a~(t)a(t)> (a~(t)>(a(t)>~g2t2Ic 4,
(3.55)
2I
to second order in gt. Senitzky [32]points out that the nonvanishing of the right-hand side of
eq. (3.55), i.e., the incoherence which has been imparted to the field, is due to the addition of
energy to the field by spontaneous emission. Senitzky [32] defines
—

g2t21c 21c 2
(3.56)
11 21
to be the “coherent” part of the spontaneous emission. From eq. (3.54) it is seen that 5coh is the
short-time contribution to the field energy from spontaneous emission that would be predicted
by the neoclassical theory. The “incoherent” part of the spontaneous emission is
5coh

SIflCOh

g2t21c 4,
21
the “total” spontaneous emission corresponding to
SSCOh +SjflCoh

(3.57)

g2t2 Ic
2

2.

(3.58)

Senitzky [35] has pointed out that semiclassical theories can predict only “coherent” spontaneous
emission. The “incoherent” part of the spontaneous emission requires the quantization of the
radiation field; the semiclassical approach cannot account for the nonvanishing of
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(a~(t)a(t)) (a~(t))(a(t)>. Jaynes and Cummings [71] have found the exact solution of these
equations for (a~(t)a(t)),and the short-time limit of their solution corresponds to the results presented here.
Heisenberg [801 also noted that a semiclassical treatment of spontaneous emission leads to
the result that the emission depends on the probability amplitudes of both the initial and final
states. He pointed out that this feature may be eliminated by a simple erasure which would appear
to correspond closely to the addition of Senitzky’s incoherent part to the expression obtained
semiclassically.
The neoclassical theory of the radiative frequency shift for a two-state atom has already been
discussed in detail. As opposed to the quantum-electrodynamical result, the neoclassical theory
predicts a “dynamic” or chirped frequency shift. Moreover, the neoclassical treatment of the shift
is completely at odds with the usual notion of mass renormalization. The term that is treated as an
electromagnetic mass in the equation for a free point charge is taken to represent a radiative frequency shift for a bound electron, rather than being subtracted away as a spurious “extra” electromagnetic mass. Such a subtraction would in fact eliminate radiative frequency shifts in the neoclassical theory. No very decisive conclusions can be drawn from a simple two-state atomic model,
however. All the virtual transitions must be included in a realistic treatment of the radiative frequency shift. A neoclassical theory of the Lamb shift is complicated by the nonlinearity of the
equations and is not available at this time.
—

4. Evidence for the validity of the quantum-electrodynamical theory of spontaneous emission
4. 1. Historical perspective
The first unified theory of the interaction of light with atomic matter was advanced by
Lorentz [81]. Combining Maxwell’s equations for the electromagnetic field with Newton’s laws
of motion for bound electrons, Lorentz created an impressive theoretical edifice which accounted
for a vast array of electromagnetic phenomena known in his time. Because it could account for
neither the blackbody spectrum nor the existence of discrete atomic energy levels, however, the
edifice collapsed in part. Today it stands, with some interpretative modifications, as an accurate
approximation to the semiclassical theory of nonresonance phenomena.
The Lorentz model, being essentially a theory of charged harmonic oscillators interacting with
light, cannot account for stimulated emission. The existence of the phenomenon of stimulated
emission was inferred by Einstein [2] in his derivation of Planck’s blackbody law; if the term
corresponding to stimulated emission is omitted in Einstein’s rate-equation approach Wien’s law,
not Planck’s, results. The concept of stimulated emission later played a central role in what was
perhaps a more significant development, the derivation by Kramers [82] and Heisenberg [3, 831
of the dispersion law. Their work took into account Einstein’s “negative absorption”, and Kuhn’s
considerations [84] on the classical limit of the dispersion law led to the famous f-sum rule. This
sum rule, the first sum rule in physics, is essentially a statement of the commutation relation
[x, ~o~]= i/I. In fact, the dispersion law played a decisive role in the work of Born and Jordan [85]
in which the concept of noncommutativity made its debut into physics. On the experimental side,
Ladenburg and Kopfermann [86] made the first direct observation of stimulated emission. They
studied the refractive index near a spectral line of a rare gas contained in a discharge tube. By mea-
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suring the refractive index as a function of current through the discharge — or equivalently as a
function of the degree of atomic excitation they were able to infer that there was indeed a contribution to the index from “negative absorption” or stimulated emission. Further work could
conceivably have led to the first light amplifier.
The rates of spontaneous and stimulated emission were connected by Einstein’s well-known relation [2]. The expression for the A-coefficient itself was known through reasoning based on the
Correspondence Principle [3], but an actual derivation founded on a rigorous formalism was
lacking until Dirac [1] applied the Born—Jordan commutation rules to the radiation field. Thus
we have some historical “evidence” for the necessity of field quantization for a rigorous treatment of spontaneous emission: In spite of intense work on the theory of the interaction of light
with atomic matter, no such treatment was given prior to the creation of Dirac’s radiation theory.
It is well known that quantum theory at its inception was basically a theory of the interaction
between light and atomic matter. The formalism of quantum electrodynamics, as the above remarks suggest, had its origins in attempts to understand on an atomistic foundation the ubiquitous
phenomenon of refraction. These origins, humble by today’s standards, should be considered as
representative of the beautiful inductive reasoning which characterized the work of the founders
of quantum theory. But they also suggest a starting point for an examination of the foundations
of the quantum theory of radiation: From an historical point of view, at least, the examination
should begin with an investigation into the nonrelativistic theory of the interaction of light with
atoms. The absence of any adequate treatment of spontaneous emission prior to Dirac’s theory
suggests, more specifically, that the investigation should begin with the theory of spontaneous
emission. This is precisely the starting point of the neoclassical theory. Clearly, it is essential to
understand fully the limits of applicability, if any, of the neoclassical theory. The fact that the
theory predicts spontaneous emission is itself a significant accomplishment. That this theory does
not invoke field quantization does not necessarily suggest that it might point the way to a resolution of the conceptual difficulties besetting some aspects of quantum electrodynamics, for these
difficulties in large part are inherited from classical electrodynamics. Nevertheless, it can at the
very least sharpen our insights into those phenomena which may require field quantization for a
satisfactory explanation.
Certainly some readers will feel that any attempts to compare semiclassical and quantum-electrodynamical theories should begin with more “profound” problems. For this reason we emphasize
again that quantum electrodynamics developed inductively from “simple” problems involving the
interaction of light with atoms. Conceptually, little change in the theory established by 1 927 has
been necessary. Born’s remark at the Fifth Solvay Conference, held in 1927, is remarkable in both
its boldness and accuracy: “We consider that quantum mechanics is a complete theory, and that
its fundamental hypotheses, both physical and mathematical, are not susceptible to further
modification” [87].
The neoclassical theory represents the first serious attempt to critically examine Dirac’s application of the Born—Jordan commutation rules to the radiation field. Planck’s work on the blackbody
spectrum obviously suggested a need for a quantum electrodynamics, just as the later work of
Bohr on the hydrogen spectrum pointed to a quantum mechanics. Historically, then, field quantization actually preceded the quantization of any atomic attributes. But a quantum mechanics
developed as a working formalism before a quantum electrodynamics did. The marriage of field
and atomic quantization ideas began with Einstein’s derivation [2] of the Planck law; Einstein
dealt simultaneously with both field quanta and discrete atomic energy levels. Implicit in Einstein’s
—
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derivation is the assumption that an atom in an excited “stationary” state will drop to a lower
state by spontaneous emission. In the very first paper “On the Quantum Theory of Radiation”
interacting with quantized matter, therefore, we find a conflict with the predictions of the neoclassical theory of spontaneous emission. The task before us is to critically examine conflicts of
this kind. The task is twofold. First, we must find where the predictions of the quantum-electrodynamical and neoclassical theories differ. But given the fact that the neoclassical theory is perhaps susceptible to alteration, we must also seek to determine whether any necessary alterations
can be made without destroying the logical content of the theory. Regarding the blackbody spectrum, for example, Nesbet [881 has noted a difference between the predictions of the two theories, and has suggested a modification of the description of the classical radiation field which
renders the neoclassical predictions on the blackbody spectrum in agreement, at least superficially,
with Planck’s law.
4.2. The Born probabilistic interpretation of the wave function
Differences in the predictions of quantum-electrodynamical and semiclassical radiation theories
stem ultimately from the different ways in which the theories interpret the atomic wave function.
Before examining any experimental evidence for the quantum-electrodynamical theory of spontaneous emission, it is appropriate to review the line of reasoning which led Born to the probabilistic
interpretation of the wave function. The feeling has been expressed [5] that the actual basis for
the abandonment of Schrodinger’s interpretation in favor of Born’s is not entirely clear today.
This feeling may result from the fact that there is no single, classic experimental or theoretical result which stands as the definitive counter-example to the Schrodinger hypothesis. Remarkably,
the early quantum theory was successfully applied to many problems before the significance of
the wave function was established.
Born, of course, played an important role in the development of Heisenberg’s matrix mechanics.
The leitmotiv of Heisenberg’s early work was the acceptance of discrete atomic energy states
without attempting to explain their origin; the enumeration of these states led to the idea of coefficients (matrix elements) connecting them. It was Born who recognized in these tables of numbers the representation of dynamical variables as matrices. While Heisenberg, Born and Jordan
were laying the foundations of matrix mechanics, Schrodinger’s wave mechanics appeared. For
the study of scattering, Born actually preferred Schrodinger’s formalism over Heisenberg’s. But
he did not accept Schrodinger’s semiclassical interpretation of the wave function:
On this point I could not follow him. This was connected with the fact that my Institute and
that of James Franck were housed in the same building of the Gottingen University. Every experiment by Franck and his assistants on electron collisions (of the first and second kind) appeared to me as a new proof of the corpuscular nature of the electron [89].
The origin of the probabilistic interpretation of the wave function is clear. In the first of a series
of papers on the quantum-mechanical theory of scattering [90] , Born studied the scattering of
an electron by a spherically symmetric potential, and reached the conclusion that I ~/i(x)I2d3x
must represent the probability of finding the (corpuscular) electron in the volume element d3x.
In this way he reconciled the w~veequation with the experimental results of Franck.
Born’s interpretation eliminated certain difficulties which confronted the Schrodinger interpretation. These difficulties are well known, and need not be discussed in detail here; the reader
unfamiliar with all of these difficulties is referred to the discussion in Jammer’s recent treatise [91].
Three of these difficulties bearing on the problem of spontaneous emission will be mentioned.
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First, there is the apparent inconsistency, in Schrodinger’s approach to the hydrogen-atom
problem, of using the Coulomb interaction between point charges, while at the same time interpreting I ~i(r) 2 as a continuous charge distribution. Born’s interpretation overcomes this difficulty
by adhering to the notion of a particulate electron from the outset. Secondly, a measurement
implies a discontinuous change in iji; in Born’s interpretation this discontinuity is ascribed to a
change in our knowledge about the system brought about by the measurement. This “reduction
of the wave packet” issue is by no means a closed one. It is still controversial, with quite profound
implications for the interpretation of the formalism of quantum mechanics.
Finally, we mention the ambiguity in interpreting the wave function in the Schrodinger sense
for the case of a multielectron atom. Schrödinger himself recognized this problem in his paper on
the equivalence of wave and matrix mechanics [921: “The difficulty encountered in the polyelectron problem, in which ~Jiis actually a function in configuration space and not in the real
space, should not remain unmentioned”. Jaynes and Stroud [5] have suggested that this apparent
drawback of the Schrodinger semiclassical interpretation may be overcome by properly interpreting
the charge density of a multielectron system. If i~Li(r1,r2, ... rN, t) is the wave function for an
N-electron system, the charge density due to electron 1, for example, may be taken to be [51
2 d3r
3rN
(4.1)
p1(r, t) = efI ~/i(r,r2, ... rN, t)1
2 ... d
with analogous expressions for the contributions to the charge density from electrons 2, 3, ... N.
The total charge density of the N-electron system is then the sum of the charge densities of the
individual electrons:
p(r, t)

=

p~(r,t).

(4.2)

While this appears at first glance to be a plausible extension of the Schrödinger interpretation to
an N-electron system, it is not without probabilistic connotations suggested by the integration
over the coordinates of N 1 other electrons. In other words, it does not seem to be entirely consistent with the Schrodinger semiclassical interpretation of the single-electron wave function.
Bohr viewed the Born probabilistic interpretation of the wave function in terms of single systems. According to this “Copenhagen interpretation”, quantum mechanics provides a description
of the individual system. Einstein, at the Fifth Solvay Congress, advanced a “statistical interpretation”. According to this interpretation, the probabilities calculated in quantum mechanics refer
to ensembles of identical experiments. The probabilities represent relative frequencies over this
ensemble, in the usual sense of probability theory. Jammer [93]notes that
Although it does not lead to experimental consequences — for in both cases the confirmation
of predictions requires the performance of an ensemble of identical experiments it does lead
to interpretative consequences: The Einstein frequency interpretation opens the way to a
hidden-parameter theory, which reduces quantum mechanics to a branch of statistical mechanics; the Bohr—Born probabilistic interpretation precludes this possibility.
It does not seem entirely appropriate to associate Born with the Copenhagen interpretation of
quantum mechanics. Commenting on a letter from Einstein, Born proclaimed his agreement with
the statistical interpretation [94]:
—

—
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Einstein admits that one can regard the “probabilistic” quantum theory as final if one
assumes that the iJ.i-function relates to the ensemble and not to an individual case. This has always been my assumption as well, and I consider the frequent repetition of an experiment as
the realization of the ensemble. This coincides exactly with the actual procedure of the experimental physicists, who obtain their data in the atomic and sub-atomic area by accumulating
data from similar measurements.
Among the physicists who have voiced support of Einstein’s statistical (i.e., ensemble) interpretation are Kemble, Slater, Langevin, and more recently, Ballentine [95]. Many physicists do
not recognize a need for a distinction between statistical and Copenhagen interpretations, since
such a distinction has no immediate consequences for the comparison of theory and experiment.
Because the problem of interpretation is so crucial to an understanding of the differences in the
semiclassical and quantum-electrodynamical theories, however, we shall briefly review Einstein’s
arguments in favor of the statistical interpretation.
At the Fifth Solvay Congress, Einstein considered the following “thought” experiment. Let a
beam of electrons impinge on a screen containing an aperture so small that the de Brogue—
Schrödinger waves suffer sizeable diffractive effects. Behind the aperture is a large hemisphere
which records electron impacts. Consider each elementary process of an electron passing through
the aperture and being detected somewhere on the hemisphere. If quantum mechanics “has the
pretention to be a complete theory of individual processes”, according to Einstein, IiJi(r)!2 must
be the probability of finding the electron at r; that electron must be regarded as potentially detectable at many points on the hemisphere, until a measurement is performed, at which point
some peculiar action-at-a-distance must prevent it from having an effect on more than one point
on the hemisphere. In the statistical interpretation, however, I ~1i(r)
12 represents the probability
density that some member of an ensemble be found at r. 111(r) does not describe the individual
electron, and no peculiar “reduction of the wave packet” is required. Einstein’s misgivings in this
regard apply also to the Schrödinger interpretation of I ili(r)12. Indeed, it seems that his argument
was aimed at Schrodinger.
In fact, one of Einstein’s arguments [96] is directly applicable to the neoclassical theory. We
may phrase it simply in terms of the two-state-atom model. Suppose the atom is initially in the
lower energy state, so that (as> = —1, and let a “small disturbing force” act on the atom. Then
—l < (as> < 1. If we have a theory of an individual system, we must conclude that after the disturbance the system is characterized by an energy intermediate between those of the upper and
lower states, a conclusion at variance with the Franck—Hertz experiment. Therefore, only a statistical interpretation seems tenable: “The 11i function does not in any way describe a condition
which could be that of a single system; it relates rather to many systems, to an ensemble of systems in the sense of statistical mechanics” [96]. The neoclassical theory, being at least at the
present — a theory of the individual system, cannot meet this objection. In the neoclassical theory
(a
5(t)) (or rather z(t)) is a direct measure of the atomic energy, and not an “expectation value”
in the sense of the fully quantum-mechanical theory.
Whether the distinction between Copenhagen and statistical interpretations is a “legitimate”
one is a question that lies quite beyond the scope of this article. Preceding Ballentine’s recent
article [95] on the subject was an editorial comment which began with the sentence, “The subject of the following paper lies in the border area between physics, semantics and other humanities”.
In any case, it is clear that the philosophy of the neoclassical theory is more closely allied to a
“Copenhagen philosophy”: It is a theory of the individual system, and its predictions must be ap—
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plied to individual systems. In comparing these predictions to those of the quantum theory, however, we need not distinguish between Copenhagen and statistical interpretations of the latter.
4.3. Photon polarization correlations in a cascade decay: The Kocher —Commins experiment
Undoubtedly the most serious objection to semiclassical radiation theories has been raised by
Clauser [3 1]. He showed that semiclassical and quantum-electrodynamical theories predict different results for the polarization correlations when photons are emitted successively in an atomic
cascade. Such correlations were measured by Kocher and Commins [30], and the experimental
result agrees with the predictions of quantum electrodynamics, “but excludes semiclassical
theories in general” [3 1].
We consider here the following idealization of the Kocher—Commins experiment. Our one-electron atom is initially in the state characterized by the quantum numbers n = 3, 1 = 0. It decays to
one of the states with n = 2, l = 1, and then to the ground state n = 1, 1 = 0. Observer A is
equipped with a narrow-bandwidth filter that passes only photons of frequency 0)A = (E3
0)B

=

(E

—

and observer B’s filter passes only photons of frequency
2 E1)/h. A and B are also
equipped with perfect-efficiency linear polarizers and are situated diametrically opposed to one
another along the z-axis. If A sets his linear polarizer at angle ØA with respect to some arbitrary
axis normal to the line joining A and B, and B sets his polarizer at angle 013 with respect to the
same axis, what is the probability as a function of IOA — OBI that A and B both observe a photon
passing through their respective filters and polarizers when the atom cascades spontaneously from
In = 3,1=0) to In = 2,1= 1) to In = 1,1=0>? This is the quantity to be considered in our
idealized Kocher—Commins experiment. We now calculate this quantity, first using quantum electrodynamics and then using neoclassical theory.
0)A’ propagating in the
To find the
coincidence
rate X)
ofand
finding
a photon
z direction,
polarization
index
a photon
(we,(GA’
—~,j~,
.i), X)
we(frequency
consider the quantity [77]
—

(a~~(t)
a~

13~~(t)
a13,~(t)aAX(t)),

the expectation value taken in the state
Ii(0)>In3,l0)

®

I{0}).

(4.3)

The subscript AX refers to the mode (CA’
Labeling the atomic states as follows:
Il>= In= l,10,m

0),

12)=In=2,l=l,m=l>,
13)In2,l

~, X), and the subscript Bp to the mode (0)13,

—~

‘~

I4>= In=3,l=0,m=0),
15)=1n2,l=l,m=0),

l,m—1>,

we have from eq. (2.38),
akX(t)

=

akX(O) exp(—iwkt) + ~

~ C~11fdt1 a~1(ti)exp{iwk(tl

—

t) },

(4.4)
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for our “five-state” atom. The state 15> may be excluded from consideration with the z-axis as
the axis of quantization, since the cascade 4> 15) Ii) would correspond to longitudinal
polarization. In the rotating-wave approximation we drop terms in eq. (4.4) with / < i. Then we
have
-+

aAX(t)

aAXexp(—iwAt)

=

+

—*

CAX12J dt1 a12(t1) exp{iwA(tl—t) }

+

C~3fdt1 a13(t1) exp{iwA(tl—t) }

+ CAx24f dt1 a24(t1) exp{iwA(tl—t) } + C~~fdt~a34(t1) exp{iwA(tl—t) }

a~(0) exp(—iwAt) + (CAX12O12(O) ÷CAX13O13(O)) exp(—iwAt)f dt1 exp{i(WA

—

w13)t1 }
(4.5)

+ (CAx24024(0) + CAx34034(O)) t exp(—iw~t),

in the approximation a12(t1) 012(0) exp(—iw21t1), etc., equivalent to standard short-time perturbation theory. We have defined
CAXI/

=

)

2

~
1 ~/2lrhwA\”

(n..

~

(4.6)

where kA = (wAIc)~and
= .~
cos0~+y ~‘~0A~
Iw~ 0)BI ,eq. (4.5) yields
~

(~~J’~
~) defining a right-handed triad. For times

—

aAX(t)

aAX(O) exp(—iwAt) ÷(CAx

24024(O)

+

CAX34034(O))texp(—iwAt).

(4.7)

In a similar fashion we obtain

a13~(t) a13~(O)exp(—iwBt) + (CBM12012(O) + CBP13O13(O))texp(—iwBt),

(4.8)

where
112
1 /2irhw13\

~ )

(pï

1~ê,~), k13=——-—-i,
and
ekB,2 z~cos013+i’sin0a. (4.9)
Using eqs. (4.7) and (4.8) with the initial state (4.3), we obtain
1CA
(a~~(t)a~(t)
aB~(t)aAX(t)> (
24 12 IC 12 (o4a~2o12o24)+ C~24CA34C~t2CBl3<o4o~2al3a34)
2lCBl 2(a~o~
2,
(4.10)
+ C~l3C~34CA24CBj2(a~4o~3al2o24)
+ ICA34I
3I
3al3o34i- ...)t
where we have only indicated explicitly the contributing terms. All operators are to be evaluated
at t = 0 and it is easily seen that all expectation values above are equal to one. For simplicity the
unnecessary labels X, ,i have now been dropped.

P. W. Milonni, Semiclassical and quantum-electrodynamical approaches in nonrelativistic radiation theory

49

The coincidence rate is therefore
(4.11)

2.

Roz ICA

24CB12+CA~CB13l

Using

P12 =

(x

—

i~’)p
12/V2~
etc., we have

CA24C1312

exp{i(Ø8

and

OA)}

—

CA34CB13

exp{—i(OB

—

so that

2(OA—0B).
(4.12)
Rcs cos
This result indicates that Rmjn = 0: When A and B have their linear polarizers orthogonal they will
never record a coincidence.
The result (4.11) has the following significance:
(a) C
1312 is the probability amplitude for the process 12> -÷ I 1> with the emission of a B photon.
(b) CA24 is the probability amplitude for the process 4> -÷ 12) with the emission of an A photon.
(c) Thus CA24C1312 is the probability amplitude for the process 14> -÷ 12> -÷ I 1> with the emission
of A and B photons.
(d) C1313 is the probability amplitude for the process 3> -~ I 1> with the emission of a B photon.
(e) CA34 is the probability amplitude for the process 14>
13> with the emission of an A photon.
(f) Thus CA~CBl3is the probability amplitude for the process 14>
13> -* II> with the emission
of A and B photons.
(g) CA24C1312 + CA~CBl3is the total probability amplitude for the process 14> -+ I 1> with the
emission of A and B photons, when we cannot distinguish whether the process corresponding to
CA24C1312 or the process corresponding to CA34C1313 has occurred. In our case the processes are indistinguishable because a measurement of linear polarization does not distinguish between leftand right-handed circular polarization.
Hence a more elegant way to derive the coincidence rate is to use the rules [97]
I. “The probability amplitude for two successive possibilities is the product of the amplitudes
for the individual possibilities”,
II. “The amplitude for a process that can take place in one of several indistinguishable ways is
the sum of the amplitudes for each of the individual possibilities”.
Before discussing the result (4.12) further, we shall calculate the coincidence rate predicted by
the neoclassical theory. The neoclassical coincidence rate must be proportional to
-~

-*

(a~~(t))
(a~(t)>(a131~(t)>(aAX(t)>,
rather than (4.10). We have instead of eq. (4.10),
2 IC
(a~~(t)>
(a~~(t)>
(a131~(t)><aAX(t)> (ICA24I 1312 12(o4) (012>
÷

,._‘*

+

A24

I__’

r’*

ç~

/

+

(4.13)

(012) (024>

+

A34 B12’-’B13’ 24’ \012F \013/ \034

C~13C~34CA24CBl2(o~>
(0~3) (012)

(024> +

ICA34 12 IC

2

(ok)

(0~3) (0~3> (034)

+

...)t.

The above expression is in principle zero, since an atom in an energy eigenstate has vanishing
dipole moment (expectation value). In order to have spontaneous radiation in the neoclassical
model, we assume that the dipole moments are nonvanishing. Defining

J)
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rim exp(iOim),
(4.14)
0A and 0~with 0A — 0~fixed (in accordance with the experimental procedure
and averaging over
of Kocher and Commins), we obtain from eq. (4. 13) the coincidence rate
=

R

r~

2(OA

4r~2
+ r~r~4
+ r~2r~4
+ r~3r~4
+ 2r24r34r12r13 cos
From this result it is seen that

— O~)~

(4. 15)

(4.16)

Rmin/Rmax ~

depending on the rim. Thus the neoclassical result is different from the quantum-electrodynamical.
In particular, the neoclassical theory does not give the noncoincidence predicted by quantum
electrodynamics when observers A and B have their polarizers aligned orthogonally. Clauser [311
shows that when the polarizer efficiencies and finite angles subtended by the photodetectors are
accounted for in the Kocher—Commins experiment, the quantum-electrodynamical result becomes
(4.17)

Rmin/Rmax ~ 0.15,

rather than zero. The neoclassical result (4. 1 6) is replaced by
RminlRmax ~ 0.45.

(4.18)

The experimental result of Kocher and Commins is
Rmin/Rmax

=

0.15

± 0.02,

(4.19)

in striking agreement with (4.17) rather than (4.18).
To understand better the neoclassical prediction, suppose the four transition dipole moments
involved are in phase. The “A photon” is a pulse of radiation which is the superposition of the
fields from two dipole moments of equal magnitude oscillating in phase with opposite circular
polarizations. Therefore, it is linearly polarized. A similar result holds for the “B photon”. If we
assume equal phases, the A and B pulses are linearly polarized in the same direction. If it happens
that the polarizer of observer A is aligned along the direction of the “A photon’s” polarization,
and if B’s polarizer is at angle 0B 0A with respect to A’s, then the law of Malus gives the fraction
of electromagnetic energy that will pass through B’s polarizer as cos2(0
13 OA)~ This appears to
give the quantum electrodynamical result. But note that the fact that A observed a pulse does not
mean classically that the “A photon” was linearly polarized along the A polarizer direction; if it
did, then there would indeed be a noncoincidence effect for IOA
= mr/2. The key effect
is that quantum mechanically when A observes a photon he can conclude that the “entire” photon
is now polarized along the direction at which he set his polarizer. Classically, some fraction of
energy came through in accordance with Malus’ law, and a noncoincidence would be essentially
impossible. The noncoincidence effect therefore hinges on this “all or nothing” nature of photon
polarization discussed in the first chapter of Dirac’s treatise [98].
Einstein, Podolsky and Rosen [7] first noted that quantum theory predicts correlation effects
of this type, and they argued that such correlations imply that quantum mechanics does not provide a complete description of an individual system. In our idealized Kocher—Commins experiment, observer A can predict with certitude the linear or circular polarization of the photon de—

—

—
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tected by B, depending on whether he chooses to measure circular or linear polarization of the
photon he detects. Thus the type of measurement performed by A determines what polarization
can be predicted for photon B—A has the choice of predicting with certainty either the linear or
circular polarization of photon B. The EPR “paradox” in this context is that this circumstance
obtains in spite of the obvious fact that the B photon cannot be simultaneously endowed with
definite values of the two types of polarization.
The EPR problem has been a subject of intense debate among physicists interested in the conceptual foundations of quantum mechanics. There is not even a consensus of agreement on
whether EPR-type correlation effects should be regarded as subtle and intriguing. Feynman [99]
has remarked that “we can all agree” that “[the correlation] is not a ‘paradox”, but “still very
peculiar”. But another Nobel laureate feels that the EPR problem is “about as subtle as saying
that if a coin is cut in half and the two pieces are thrown in opposite directions, then an observer
who finds one half can say with certainty that a diametrically opposed observer will find the
other half”. It is not usually recognized [see, however, ref. 95] that Einstein saw no “paradox”
if one adopts the statistical interpretation. His position was clearly stated in 1936:
Consider a mechanical system constituted of two partial systems A and B which have interaction with each other only during limited time. Then the Schrödinger equation will furnish
the 11’ function after the interaction has taken place. Let us now determine the physical condition of the partial system A as completely as possible by measurements. Then the quantum
mechanics allows us to determine the 1,11 function of the partial system B from the measurements
made, and from the 11’ function of the total system. This determination, however, gives a result
which depends upon which of the determining magnitudes specifying the condition of A has
been measured (for instance coordinates or momenta). Since there can be only one physical
condition of B after the interaction and which can reasonably not be considered as dependent
on the particular measurement we perform on the system A separated from B it may be concluded that the 11’ function is not unambiguously coordinated with the physical condition. This
coordination of several 11’ functions with the same physical condition of system B shows again
that the ~i function cannot be interpreted as a (complete) description of a physical condition
of a unit system. Here also the coordination of the 11i function to an ensemble of systems eliminates every difficulty [961.
In a footnote he adds that “The operation of measuring A, for example, thus involves a transition
to a narrower ensemble of systems. The latter (hence also its 11’ function) depends upon the point
of view according to which this narrowing of the ensemble of systems is made”.
Feynman [100] has expressed the opinion that noncommutativity was not the fundamentally
new innovation of quantum mechanics, that “far more fundamental was the discovery that in
nature the laws of combining probabilities were not those of the classical probability theory of
Laplace”. According to this view, the most “nonclassical” aspect of quantum mechanics is the
existence of a probability amplitude manipulated according to the rules I and II. Dirac [1011 now
shares the same view. The experimental result of Kocher and Commins is a striking demonstration
of the failure of classical probabilistic notions. According to such notions, once a photon passes
through A’s filter, it has a probability cos2 OA of passing through his polarizer (given that its
polarization is oriented at an angle 0A with respect to that polarizer). Similarly there is a probability
cos2 ~ that a photon passing through B’s filter will be passed through his polarizer. But, as opposed to the quantum-mechanical treatment, a classical probabilistic approach would associate
the quantity cos2 0A cos2 0~with the probability of coincidence a simple multiplication of prob—
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abilities with no reference to probability amplitudes. When cos2 0A cos2 ~ is averaged over

ØA

and 013~keeping OA~OB fixed, we find the coincidence rate
R

4

÷cos2(OA

—

OB)’

(4.20)

so that
Rmin/Rmax

=4,

(4.21)

which is just the prediction of the neoclassical theory.
Photon polarization correlation phenomena have been important in other contexts, as is well
known. Wheeler [102]proposed such an experiment as a test of the theory that in the annihilation of singlet positronium the emitted photons should have orthogonal linear polarizations. This
prediction results from the use of rules I and II, but by subtracting rather than adding the corresponding probability amplitudes; the subtraction is required because of the odd parity of singlet
positronium. Yang [103] considered both types of parity in suggesting that the different polarization correlations in the two cases could provide a means for deciding the symmetry properties of
mesons which decay into two photons.
Differences in the predictions of quantum-electrodynamical and semiclassical theories are most
significant when they result from the different ways in which the two theories treat probability
amplitudes. This is certainly the case in the example discussed in this section. The neoclassical approach fails because it does not treat properly the sequential aspect of the multichannel process
involved in the cascade decay. All possible transition probability amplitudes (dipole moments)
in the neoclassical approach were treated additively, and they all contributed to the resultant
probability. In the quantum-electrodynamical approach, only those terms in the total probability
amplitude are included which are consistent with the orthogonality of states. Consider for example
the term (0~40~2013034> in the quantum-electrodynamical expression (4.10). In a loose sense, we
may say that this term takes us from the state 14) to 3> to Ii) to 12> and finally back to 14>, as
illustrated in fig. la. Similarly the term (~~40~2012024> may be represented as in fig. lb. The remaining contributions to the quantum-electrodynamical expression for the coincidence rate are
represented in figs. Ic and ld. Only “round-trip” diagrams contribute. The neoclassical expression
(4.13), on the other hand, contains terms such as(a
4>(a~2>(o13>(o24),which is represented in fig.
2. This term is not included in the quantum-electrodynamical expression because of the orthogonality of 12> and 13). This feature is absent from the neoclassical approach, where dipole moments rather than states are the essential entities characterizing the atom.
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Fig. 2.

4.4. Quantum beats in spontaneous emission
With regard to the importance of probability amplitudes, it is of interest to have a difference
in neoclassical and quantum-electrodynamical predictions for a multichannel process in which
there are no sequential aspects requiring rule I. Such a situation has in effect been discussed
recently by two groups of authors [104,105] . The rule for treating probability amplitudes which
is violated by the neoclassical approach in this case is a corollary of rule II: probability amplitudes
must never be added for different and distinct final states [106]. Before discussing this example,
it may be useful to review briefly the correspondence between an electromagnetic field amplitude
in a semiclassical theory and a probability amplitude in the quantum-electrodynamical theory.
The most familiar example of this correspondence is probably the Young two-slit experiment.
A monochromatic wave impinging on a plate with two narrow slits produces an interference
pattern on a screen behind the plate. Classically, the interference pattern results from the superposition of the fields reaching a point on the screen from the individual slits. Quantum mechanically,
the interference pattern results from the addition of probability amplitudes for the (indistinguishable) routes available to the photon for reaching a given point on the screen. In each case a quantity is calculated and then squared to yield a quantity directly related to experiment. In the classical description of the Young experiment the electromagnetic field amplitude is found, and its
square is related to the observed intensity distribution. In the quantum-mechanical description a
probability amplitude must be found and then squared to obtain the observed photon probability
distribution at the screen. This distribution is obtained by repeating the “one-photon” experiment
many times and recording the resulting spots on the screen. The resulting distribution represents
the photon probability distribution in the sense of the quantum-mechanical ensemble, and is
identical to the classical intensity distribution.
Another such example has been given recently, involving the spontaneous radiation from an
atom between two parallel mirrors. Milonni and Knight [14] obtained the emission rate from the
point of view of quantum-mechanical probability amplitudes, while Chance et al. [107] found the
same result from a classical viewpoint dealing directly with the electromagnetic field and the
boundary conditions imposed by the mirrors. It is interesting to note that such modification of
radiative lifetimes by the presence of mirrors can be studied experimentally [13].
As another example, consider a system of two identical two-state atoms, one of which is initially
excited and the other in the ground state. If there is complete uncertainty as to which atom is excited, the initial atomic state vector may be written
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I

~i~> =

~[

I+>~ —>2

± H>

1 I+>2].

(4.22)

Suppose the atoms are located within a transition wavelength of each other and that the excitation
has been effected by means of a resonant plane-wave field. Then only the state I 1/1÷)requires consideration [1081 . When the system emits radiation, the final state is I —)~ I ~)2, with one photon in
the field. There is no way to determine in principle which atom emitted; the two probability amplitudes for single-atom emission are therefore added. It is found therefore that the process
-÷ I—)~ ~>2 has a transition probability which is twice that for the single-atom process
1+> -÷ I—), i.e., the system radiates cooperatively, or “superradiantly”. The classical explanation
of this cooperation is simply that the state I iji) corresponds classically to a system of two dipoles
oscillating in phase (the absolute phase being random), and the fields from these dipoles add coherently to produce the interference effect. Such interference effects are of course of prime importance in antenna theory.
Chow et al. [104] and Herman et al. [105] have noted the differing predictions of neoclassical
theory and quantum electrodynamics for certain resonance fluorescence experiments. The essential features of their arguments can be discussed with reference to the two three-state schemes
illustrated in figs. 3 and 4. In case A, represented in fig. 3, an atom is supposed to be excited to a
coherent superposition of states 2 and 3, both of which are optically connected to a ground state
1. In case B, represented in fig. 4, the atom is supposed to be excited to state 3, which is optically
connected to the lower states 1 and 2. Neoclassical theory predicts quantum beats in the spontaneous emission for both cases A and B, whereas quantum electrodynamics predicts beats only
for case A. Rather than performing the calculations in detail for the two cases, we shall merely indicate how the different predictions arise.
A simple short-time perturbation-theory approach yields the result that in case A the quantumelectrodynamical positive-frequency part of the electric field operator is 012 + G~3,omitting unessential multiplicative vector constants. Thus the correlation function ~
relating to the
intensity of the spontaneous radiation is
+ 013)(012 + 013))

= (022)

(4.23)

+ (033) + (023) + (023>*,

the expectation value taken over the initial state c2 12> + c313>. The last two terms correspond to
the radiation at the beat frequency (E3 — E2)/n. The corresponding neoclassical intensity function
would be effectively
(0~2 + 013)(012 + 013>,

the term

(0~3>(U12> + (0~2>(013> corresponding

Fig. 3.

to the beating radiation. The neoclassical approach

Fig. 4.
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gives the beat effect as a result of the interference in the radiation from the two transition dipoles
oscillating at the different frequencies (E3 E1)/Il and (E2 E1)/h. The quantum-electrodynami—

—

cal result may be interpreted formally in the same way, remembering of course that the fields are
Hilbert-space operators. Alternatively, the quantum-electrodynamical result may be interpreted
in terms of the addition of probability amplitudes: The amplitudes for the processes 13) I 1)
and 12>
I 1> must be added because the final state does not provide any information as to which
of the two processes occurred. This type of interference effect is well known: For the special
case where the states 12> and 13) are degenerate Zeeman states of an excited level, for example,
the zero-field crossing leads to a Hanle effect.
For the case B, the corresponding quantum-electrodynamical correlation function (E~E~>
may be taken for the purpose of this discussion to be
-~

-+

((c43 +

U~3)(023 + 013)> = (033> + (033> + (03j 023)

÷(032 053>

=

2(033).

(4.24)

The term (03k c723) = (313>( I I2)(3I3> = (112> = 0 because of the orthogonality of Il> and 2>;
similarly (cr32 U~3) = 0. Eq. (4.24) corresponds to the addition of probabilities. The corresponding
probability amplitudes do not enter additively because the final state (12) or II)) provides the information necessary to determine which process (13>
12) or 13) -÷ Il>) took place. Probability
amplitudes are not added for distinct final states. The neoclassical approach, however, deals with
an intensity function related to
-+

(03 + 03)

(023 + 013) = (03)

(023)

+ (0~3)(013) +

(03) (023)

+ (032) (U~3)

(4.25)

rather than (4.24). The orthogonality of I 1) and 2> is not accounted for (or equivalently the
probability amplitudes are added even for distinct final states) and so a beating at frequency
(F2 — E1)/h is predicted which is not predicted by the quantum-electrodynamical approach.
Interference effects in the resonance fluorescence of crossed excited atomic states were observed experimentally by Colegrove et al. [1091 and discussed further by Franken [110]. The
effect was discussed also by Breit [111] much earlier; Breit noted the absence of interference
effects for the case B. Chow et al. [104] have suggested an experiment to determine whether
such interference effects are actually absent in case B. Such an experimental verification would
show, as does Clauser’s analysis of the Kocher—Commins experiment, that the neoclassical theory
fails to treat properly the quantum-mechanical probability amplitude, i.e., it would provide
another example where the difference between an electromagnetic field amplitude in the classical
sense and a quantum-mechanical probability amplitude is of direct experimental consequence.
4.5. Neoclassical theory and the blackbody spectrum
Nesbet [88]has studied the implications of the neoclassical theory of spontaneous emission
for the blackbody spectrum, using a neoclassical version of Einstein’s original rate-equation approach. For simplicity, we consider here an ensemble of two-state atoms and ignore the possibility
of degeneracy. The condition for thermal equilibrium is that the rate at which atoms are removed
from the lower state due to absorption of radiation be equal to the rate at which they are removed
from the upper state because of spontaneous and stimulated emission of radiation. Thus, in
thermal equilibrium,
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Ic1I2Bp(wo) Ic2I2Bp(w0)+AIc1I2Ic2I2.
The notation is standard. B and A are the Einstein coefficients, with A/B

(4.26)
=

hw~/~r2
c3,

and p(w

0) is
the radiation density at frequency ~ Eq. (4.26) differs from the Einstein rate equation only in
the second term on the right-hand side: Einstein assumed the rate of spontaneous emission to be
proportional to the upper-state probability Ic2 12. In the neoclassical theory the corresponding
spontaneous emission rate is instead proportional to Ic1 12 Ic2 12, the product of lower- and upperstate probabilities. Thus A Ic1 12 Ic2 12 replaces the usual A Ic2 12.
Equation (4.26) may not seem entirely in accord with the neoclassical description of an atomic
transition. The stimulated emission and absorption terms in this equation depend respectively on
upper- and lower-state probabilities. In the neoclassical theory the energy levels are superfluous
and it is the transition dipole moment treated as a classically radiating dipole that really
matters. This conceptual difficulty may be overcome by assuming that the state populations are
altered predominantly by collisional rather than radiative processes. In this case the neoclassical
equations for a two-state atom yield predictions identical to those based on the optical Bloch
equations insofar as stimulated emission and absorption
concerned. This assumption incidently
2/1c 2are
= exp(—11w
justifies the use of the Boltzmann distribution Ic2 1 11
0/kT) below [112].
But a serious implication for the thermal distribution of atomic energies arises owing to the
fact that the neoclassical theory describes the individual atom. The quantity z(t) defining the
atomic inversion does not have the probabilistic interpretation in the neoclassical theory that it
does in the optical Bloch equations. The individual atom is therefore characterized by the energy
ho.,0z(t), and this of course need not be either ±~hw0.
The neoclassical atom interacting with an
electromagnetic field must be considered to have a continuous distribution of energies if this interpretation is adhered to. We have already noted Einstein’s objection that such a theory of the
individual system is inconsistent with the results of the Franck—Hertz experiment. It will also be
noted that such a theory does not account properly for the specific heats of diatomic gases.
Barring unforeseen developments, these two observations alone seem to require a modification
or re-interpretation of the neoclassical theory along the lines of an approach which does not
describe the individual system. We shall suppose, nevertheless, that Nesbet’s rate equation (4.26) is
relevant to the neoclassical theory, or a modification thereof.
The assumption of the Boltzmann distribution
2/1c 2 = exp(—hw
Ic21 11
0/kT)
(4.27)
—

—

-~

—

—

at thermal equilibrium defines the radiation density
Ic(A/B)1c11
1I /Ic21
1

P(wo)

2,

(4.28)

p0(w0)Ic1I

—

where po(wo) is the Planck spectral density for the assumed blackbody temperature T. The neoclassical approach therefore does not yield the Planck spectrum, but rather a spectrum which depends upon the population of the lower state of each transition, i.e., with each level i is associated
a spectral density
2.
=

po(w)Ic~I

(4.29)
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Nesbet [88] has noted that the Planck spectrum can be obtained from the neoclassical approach
if it is hypothesized that the “total” equilibrium radiation density is
PT(~)= Ep,(w),

(4.30)

i.e., the incoherent sum of the “partial” densities p~(~)~
The Planck spectrum then results from
the fact that
~ Ic~I2=1.

(4.31)

It is difficult to imagine a test of this hypothesis, since only PT(~)= po(0)), and not p~(~)
for
any level i, would be measurable. This circumstance, together with the conceptual difficulties
noted above, forces us to conclude that a full understanding of the implications of the neoclassical
theory for the blackbody spectrum requires further study. No very conclusive evidence for or
against the validity of a neoclassical theory of blackbody radiation is available at this time.
4.6. Further evidence and concluding remarks
The most immediately obvious feature of the neoclassical theory is the prediction that an atom
in a pure excited state will not radiate spontaneously. The experimental test of this prediction is
complicated by the neoclassical interpretation of the atomic inversion. In the neoclassical model
of the two-state atom, for example, the individual atom is characterized by an inversion z(t). The
statement, for example, that z(t) is zero is not interpreted as meaning that the atom is with equal
probability either in the upper or lower state; it can only be interpreted to mean that during a
transition the atom must be characterized by an energy intermediate between those of the two
states involved.
The experimental test of the neoclassical prediction of decreasing spontaneous emission rates
as z approaches 1 requires, therefore, a highly effective pumping scheme. For a sample of atoms
characterized by z close to —1, the quantum-mechanical interpretation is that each atom is either
in the upper state or the lower state, with the majority of atoms in the lower state. Neoclassically,
each atom is characterized by an energy close to that of the ground state. A measurement of the
rate of radiation from such a sample cannot test our interpretation; the two theories predict very
similar results. Only when z is very close to 1 can a measurement of the radiation rate unequivocally decide between the two theories, for in this case they both describe effectively every atom
of the sample as occupying the upper state. Jaynes [113] has suggested that the test might be
accomplished by pumping with a ir-pulse and observing the resulting spontaneous emission. The
results of such an experiment have been described by Gibbs [114] and lend support to the
quantum-electrodynamical theory. Jaynes [6] has questioned the relevance of the experiment on
the grounds that atoms were not pumped far enough from the ground state to make the differences between the two theories readily observable. A different experiment to test the neoclassical
prediction of excited-state metastability has been performed by Wessner et al. [1151. Again results contrary to neoclassical predictions were reported.
Nesbet [1161 has noted the apparent failure of the neoclassical theory to explain the differing
intensities of Stokes and anti-Stokes lines in Raman scattering. The neoclassical theory predicts
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equal cross sections for Stokes and anti~Stokesprocesses, and therefore does not account for the
higher intensity of the Stokes line. The neoclassical prediction can be understood in terms of the
corresponding prediction for spontaneous emission; there the emission rate depends symmetrically on the probabilities of the initial and final states, and this is basically the reason for the neoclassical prediction of equal intensities for the Stokes and anti-Stokes lines in Raman scattering.
The most serious objection to neoclassical theory, and semiclassical theories in general, remains that of Clauser [3 1]. It seems unlikely that any theory describing the electromagnetic field
classically within the framework of the Maxwell equations can account for the polarization correlations discussed by Clauser. For this reason Clauser’s argument, and those of Chow et al. [104]
and Herman et al. [105],which are of similar generality, have been discussed in some detail.
These objections can be understood in terms of the differing predictions of calculations based on
quantum-mechanical probability amplitudes on the one hand, and classical electromagnetic field
amplitudes on the other. Moreover, they can be unequivocally tested experimentally.
Aside from the failure to explain the polarization correlations observed by Kocher and
Commins, the most serious shortcoming of the neoclassical theory is probably conceptual. As a
theory of the individual system it suffers from the conceptual difficulties best illustrated by
Schrodinger’s “cat experiment”. Indeed, it would seem to grant to Schrodinger’s cat during the
radioactive decay of the “trigger” a status intermediate between life and death! It is perhaps
worthwhile here to quote one of Einstein’s objections to the interpretation of the wave function
as a description of the individual system. The objection was briefly mentioned earlier.
I ask first: How far does the 111 function describe a real condition of a mechanical system? Let
us assume the sji,. to be the periodic solutions (put in the order of increasing energy values) of
the Schrodinger equation. I shall leave open, for the time being, the question as to how far the
individual ~Li,.are complete descriptions of physical conditions. A system is first in the condition
11’l of lowest energy E
1. Then during a finite time a small-disturbing force acts upon the system.
At a later instant one obtains then from the Schrodinger equation a 11i function of the form
=

~ Cr 111r,

where the Cr are (complex) constants. If the 11i,. are “normalized”, then IC1 I is nearly equal
to 1, 1C21 etc. is small compared with 1. One may now ask: Does ~‘ describe a real condition
of the system? If the answer is yes, then we can hardly do otherwise than ascribe to this condition a definite energy E, and, in particular, such an energy as exceeds E1 by a small amount (in
any case F1 < E < F2). Such an assumption is, however, at variance with the experiments on
electron impact such as have been made by J. Franck and G. Hertz ... the 111 function does not,
in any sense, describe the condition of one single system [961.
While it is true that Einstein’s argument was made to refute the Copenhagen interpretation of
quantum mechanics, it is clear that the argument is even stronger when applied against the neoclassical theory. Here, it seems, there can be no escape into “reduction-of-the wave-packet”
defenses.
Another inconsistency of the neoclassical theory is the interpretation of the wave function in
the Schrodinger sense while at the same time accepting the energy levels calculated from a
Schradinger equation for point particles. This inconsistency was recognized by Schrädinger himself. We emphasize again that, physically, the neoclassical theory is identical to Schrädinger’s
semiclassical theory. It was abandoned, not by fiat, but on solid physical grounds, by quantum
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theorists of nearly half a century ago. An examination of the plethora of published papers pertaining to the neoclassical theory reveals that this fact goes practically unnoticed, or at least unmentioned.
We must conclude that the neoclassical theory in its present form is not a viable one. It has,
however, served one very laudable purpose: It has encouraged researchers in quantum optics and
electronics to examine more critically the foundations of their subject insofar as it involves the
interaction between light and atomic matter. The result has undeniably been a deeper appreciation
for semiclassical approaches.
For a detailed analysis of the neoclassical theory, the reader is referred to the review by Jaynes
[6] ; that article gives the “other side of the story”. Our discussion has centered predominantly
on the neoclassical approach to spontaneous emission. Spatial limitations would have rendered a
discussion of broader scope essentially bibliographical.

5. The vacuum field in nonrelativistic radiation theory
5.1. Introduction
The concept of a fluctuating radiation field existing even in the absence of any radiating matter,
briefly referred to as the “vacuum field”, has played an important heuristic role in the theory of
the interaction of light with bound charges. Formally, this field appears as the homogeneous
solution of the operator Maxwell equations for the electromagnetic field. In the model of the oneelectron atom in the absence of any externally applied fields, the vacuum field prevents the electron from spiralling into the nucleus under the dissipative influence of the radiation reaction field;
formally, it prevents the collapse of unitarity. But in the Lamb-shift problem, the vacuum field is
of more direct significance, and from one point of view, is responsible for the Lamb shift. The
vacuum field also appears directly responsible for such effects as the van der Waals forces between neutral polarizable particles [11 7] and the forces between conducting parallel plates [11 8]
The vacuum field has the zero-point energy density }Iiw per normal mode. The consequent
divergences in the field Hamiltonian can be avoided by normally ordering and subtracting away
the infinite zero-point energy of the field on the grounds that it is a constant and therefore
makes no contribution to the Heisenberg equations of motion. But the vacuum field nevertheless
reappears as the homogeneous solution of the Maxwell equations. In some problems this is inconsequential, since it can be argued that only normally ordered expectation values of field operators
are of any physical significance. This circumstance usually obtains, for example, when field correlation functions measured with photodetectors are to be calculated. The argument that only
normally ordered field correlation functions are physically significant is in general unfounded,
however, and we have seen for example that the calculation of the nonrelativistic part of the
Lamb shift can be cast into a form where non-normally ordered vacuum field correlation functions are physically significant.
The question arises then whether the vacuum field is of more than formal significance. Is there
really a physical significance to the vacuum field, or is it merely an artifact resulting from the
quantization of the field, allowing us, if we choose, to interpret some of the more peculiar (nonclassical) predictions of quantum electrodynamics in the language of classical physics? If there is
a “physical” vacuum field, can we perhaps construct a theory of classical fluctuations which
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might incorporate in a classical way the successful predictions of quantum electrodynamics? This
is evidently fertile ground for speculation; but little is gained unless the speculation is founded
upon actual calculations. In this section is reviewed some of the recent work on a classical theory
of the “vacuum field”. As will be seen, there is some calculational support for such a theory.
There are only a few problems which have been treated in detail in this area, but the results of
these calculations are rather remarkable.
5.2. Random electrodynamics
The solution of the operator Maxwell equations of quantum electrodynamics is as in classical
electrodynamics the sum of the solutions of the homogeneous and inhomogeneous equations.
When there are no externally applied fields the solution of the homogeneous equation plays the
role, in the sense of expectation values, of the vacuum field. We have already examined a theory
in which the source field is described classically. It is natural now to focus our attention on a
classical theory of the vacuum field. But we must approach such a theory in a rather different
spirit. Our examination of the classical treatment of the source field was restricted to the source
field at the source the field of radiation reaction; few physicists would doubt that classical
physics provides for a field of radiation reaction. On the contrary, it is not immediately obvious
that a theory of the vacuum field can remain within the bounds of classical physics. This field
vanishes, after all, in the “classical limit” h -÷ 0.
As a first step toward a classical theory of the vacuum field, we might simply invent a random
classical field to simulate the quantum-electrodynamical vacuum field. The individual Fourier
components in the plane-wave expansion of the field might be given random phases, with their
amplitudes adjusted to give an energy ~hw per normal mode. Although such a theory leads to
some interesting results, as will be evident from the discussion below, it can hardly be said to have
an independent raison d’etre; it is at best an interesting subterfuge.
Suppose, however, that a fluctuating vacuum field can be shown to be entirely consistent with
classical electrodynamics, and that it need not be introduced on an ad hoc basis. Suppose further
that even the form of the zero-point energy density can be inferred without invoking any quantummechanical concepts, and that Planck’s constant appears naturally as a required fundamental constant. Then the classical theory of the vacuum field would clearly deserve more careful investigation if only to deepen our understanding of the quantum-electrodynamical theory. It is precisely
such a classical theory of the vacuum field which has been examined in recent years by Boyer
[15—21] and others.
Nernst [119] took up the idea of a finite zero-point radiation energy density in 1916, but it has
only been in recent years, especially in the work of Marshall [120, 121] and Boyer [15—21],that
the notion has been incorporated into a consistent classical theory. Marshall derived the form of
the zero-point radiation energy density by requiring the mean-square displacement of a classical
charged harmonic oscillator located anywhere in space to be that predicted by quantum mechanics;
the fluctuating vacuum field was viewed as the cause of this mean-square displacement. Marshall
further showed that the zero-point radiation spectrum is Lorentz-invariant. Boyer [15] independently demonstrated the Lorentz invariance of the spectrum, and has viewed this Lorentz invariance as a basic starting point from which a classical theory of the vacuum field derives.
Lorentz invariance requires a spectral density proportional to frequency; comparison of theory
and experiment requires the constant of proportionality to be Planck’s constant. Planck’s constant
—

—
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thus arises in a way no less “basic” than the way it was introduced by Planck. In fact the derivation of the blackbody spectrum given by Boyer [15] on the basis of this new classical theory
would probably have seemed more reasonable to physicists in 1900 than Planck’s.
Boyer [122] has recently discussed the current status of this classical theory of the vacuum
field. Because it is a classical theory, the atomic matter with which the field interacts has been
described according to the Lorentz model. The resulting theory of interacting zero-point radiation
and matter has been named “random electrodynamics”. We shall now review briefly Boyer’s arguments for the construction of the theory of random electrodynamics from classical electrodynamics.
In Coulomb-gauge electrodynamics the transverse fields may be obtained by first solving the
wave equation for the (transverse) vector potential:
v2A —-~-A= —~-J’,

(5.1)

where J is the current density of the source of radiation. The solution of eq. (5.1) is of the form
A(r, t)

=

A
0(r, t)

+

A~(r,t),

(5.2)

where A~(r,t) is a solution of the inhomogeneous wave equation and A0(r, t) is a transverse solution of the homogeneous equation
2A—-jAO.
(5.3)
V
The solution A
5(r, t) may be written formally in terms of a Green function for the scalar wave
equation. The obvious, or rather traditional, approach is to use the retarded Green function and
take A0 to be identically zero. This is the approach used in the first theory of interacting radiation
and matter, advanced by Lorentz [811. The use of the retarded Green function satisfies our intuitive notion of causality, while the choice A0 0 is reasonable since we expect no field when
there is no source. But we can choose any (transverse) solution of the homogeneous wave equation for A0 and still satisfy the wave equation for the total vector potential. The choice A0 0
defines “traditional electrodynamics”. The choice of a random field defines random electrodynamics. At this stage we need not inquire into the origin of this random field, but we emphasize
that its inclusion clearly keeps us within the framework of classical electrodynamics.
Now the random electric and magnetic fields may be expanded in transverse plane waves as
Eo(r,t)=i~(CkXêkXexp{i(k.r— wkt+Okx)} —C~Xë~Xexp{—i(k~r—wkt+OkX)}), (5.4)
with B0 obtained from the equation
VX E0(r,t).

(5.5)

The ~kX are unit polarization vectors, with k~ekA = 0. The “randomness” of the field is contained
in the phases °kX~The °kXare assumed to be uniformly and independently distributed over
[0, 27r]. Similar random classical fields were used by Planck [123] and by Einstein and Hopf [124]
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to represent fields of thermal radiation. Einstein and Hopf took the amplitudes of the different
plane waves in the expansion to be independent random variables normally distributed about
zero mean. A long controversy ensued between Einstein and von Laue [1251 over the assumption of independence. Many years passed before the theory of random processes was approached
with sufficient mathematical rigor to justify the assumption of Einstein and Hopf.
The mean energy density of the random field is
(E~(r,t) + B~))0
8ir
where ( )~denotes an average with respect to the random variables
8ir

,I72.±.D2~ —
“-~0 ‘~0/~—

“5~’
2irk,x
—

~

~°kX

}.

It is easily found that

r’
2
‘~kX’

Now if the field is to be isotropic we must have Ckx depend on k only through its magnitude k;
therefore, we have
1(E~+B~)
8ir

0=~~~~1)ICkI2.

(5.7)

irk

To be consistent with our earlier convention we have represented the random field as a discrete
sum over plane-wave modes. If we use a continuous, integral summation from the start we obtain

f

8ir
—(E~+B~)0
=
0

2(w)

(5.8)

c3 h
do.,—

in Boyer”s notation [15] in which
E
0(r, t)= Re ~

fd3ke(k, X)h(wk)exp{i(kct

—

k~r O(k, X))}
—

(5.9)

2(wk) by
instead of(5.4). ICk 12 is related to Boyer’s h
lCkI2=(2ir3/V)h2(wk),

(5.10)

where V is the normalization volume implicit in (5.4).
The function h2(w) may be determined from the requirement that the spectral density be
isotropic in all inertial frames. The radiation energy density in the frequency interval [a, b] measured by an observer should be the same as that measured when he is moving with a constant
velocity with respect to the original frame of measurement. Carrying out the Lorentz transformations on the electric and magnetic fields, and taking into account the Doppler shift in frequencies,
it is found that to satisfy the above requirement we must have [151
h2(w)

const. X w.

(5.11)

This result can be equivalently obtained by requiring that the zero-point field does not give rise
to any velocity-dependent forces (see eq. (5.31)). Thus the zero-point energy ~-hw per normal
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mode follows by a suitable choice of a constant of proportionality. The constant may be left undetermined at this point, but from the consideration of different examples, such as the blackbody
problem, it is found necessary to take
(5.12)
h2(w)(h/2ir2)w.
From eqs. (5.7) and (5.10), it is seen that this choice of constants corresponds to
~F1Wk.

(5.13)

Vk,x

This is of course a familiar result of quantum electrodynamics, if E
0 and B0 are replaced by the
corresponding free-field operators and ( >~is replaced by the quantum-mechanical ensemble
average (expectation value). But in random electrodynamics there are no operators acting in a
Hilbert space of state vectors; it is a purely classical electrodynamical theory of the “vacuum
field”.
One might question the validity of assigning a zero-point radiation energy density to the classical vacuum field; the apparent failure to measure such temperature-independent radiation seems
reason enough for Lorentz’s choice A0 0. But random electrodynamics is intended to be a
theory of microscopic, atomic matter. Just as in quantum electrodynamics the influence of
the fluctuating vacuum field can be considered to maintain the stability of the atom, so too in
random electrodynamics it is hoped that a similar result can be established. We must not expect
to be able to detect the zero-point radiation which maintains the stability of the molecules of a
detector, neither in the quantum-electrodynamical nor the random-electrodynamical description
of the zero-point radiation. Only the radiation above the zero-point background is measurable.
[122]. Observation of changes in the density of random radiation at different points in space is
precluded, or at least complicated, by its homogeneity, isotropy, and Lorentz invariance [122].
Random electrodynamics seems to be only in an initial stage of its development. Much of what
has been done toward a classical theory of the vacuum field is in the realm of speculative physics
and as such will not be discussed in detail here. A very interesting derivation of the blackbody
spectrum has been given by Boyer [15], however, and the calculation is reviewed in the next subsection. The subsection following the next is devoted to Boyer’s random-electrodynamical considerations on the van der Waals forces. The corresponding Heisenberg-picture quantum-electrodynamical calculations are shown to suggest a possible correspondence between random and
quantum electrodynamics.
5.3. Random electrodynamics and the blackbody spectrum
Einstein’s rate-equation derivation of the blackbody spectrum [2] was quantum-mechanical
in that it dealt with discrete atomic energy levels. The fundamentally new innovation in the derivation was the introduction of the concept of stimulated emission. Without the stimulated-emission
term, the rate-equation approach yields Wien’s law. Moreover, all attempts to derive the Planck
spectrum on the basis of Lorentz-model oscillators in equilibrium with radiation failed, and led inevitably to the Rayleigh—Jeans law. The classical oscillator absorbs energy from the field at a rate
proportional to the radiation energy density at the oscillator frequency; it radiates energy back
into the field at a rate proportional to its energy, which according to classical statistical mechanics
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is proportional to the (equilibrium) temperature T. The equilibrium condition is that these two
rates be equal, and therefore that the radiation spectral density be proportional to T Classical
physics thus predicts the Rayleigh—Jeans spectrum
(5.14)
p(w) = o.,2kT/ir2c3.
Einstein and Hopf [1241 presented a detailed analysis of such a classical model of the blackbody problem in 1910, and obtained the Rayleigh—Jeans spectrum. Boyer [15] has analyzed the
Einstein—Hopf model from the viewpoint of random electrodynamics. The analysis differs from
that of Einstein and Hopf by the inclusion of the zero-point field and a consequent need to consider more carefully the effect of the container walls. It seems quite remarkable that Boyer’s
analysis should lead to the Planck radiation law. Random electrodynamics, a classical electrodynamical theory, explains the phenomenon often regarded as the paradigm for the failure of classical physics. There are no discrete atomic energy levels in Boyer’s analysis, and the concept of
stimulated emission does not enter.
Einstein regarded his rate-equation derivation of the Planck radiation law as “astonishingly
simple”, and indeed the derivation is familiar to every student of elementary modern physics. But
it is not so well known that Einstein considered more important the part of his paper dealing with
the change in momentum of the atoms due to the absorption and emission of radiation. In the
last sentence of his paper, he remarks that “a theory [of thermal radiation] can only be regarded
as justified when it is able to show that the impulses transmitted by the radiation field to matter
lead to motions that are in accordance with the theory of heat”. Einstein showed that the momentum transfers are consistent with classical statistical mechanics if the thermal radiation satisfies Planck’s law. It was with such an approach, based on considerations of particle momentum
changes due to radiation, that Einstein and Hopf [1241 had.earlier obtained the Rayleigh—Jeans
law. The consideration of discrete atomic processes, suggested by the Bohr model, was the key
to the success of Einstein’s second attempt. Because it is apparently not so well known, we shall
review here the second part of Einstein’s famous 191 7 paper, and show that the Planck law follows from the consideration of momentum transfers. Then we shall discuss the Einstein—H opf
approach, and why it failed to yield the Planck law. Finally we discuss the modifications of the
Einstein—Hopf approach suggested by random electrodynamics, and how Boyer [15] thus derives
the blackbody spectrum.
Einstein [2] considered the changes in momentum of a gas molecule due to the interaction
with thermal radiation. At equilibrium the corresponding changes in kinetic energy must balance,
the mean kinetic energy being stationary in time. If the model only allows the molecules to move
in one dimension, this mean kinetic energy must be
~mV~~kT.

(5.15)

It is assumed that each molecule is a two-level system, with energy levels F
1 and F2> E1. The
molecules interact with radiation by spontaneous and stimulated emission and by absorption.
Molecular collisions are assumed to be perfectly elastic.
We first consider a molecule initially at rest in the laboratory frame, and consider its interaction
with radiation during some time interval r. After this time the molecule has acquired some linear
momentum i~.due to emission and absorption of radiation. Each emission or absorption process
contributes a linear momentum ~ to the molecule; A, may of course be positive or negative. If n
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emission and absorption processes occur during the time r, we have
t~=~DA1.

(5.16)

The A, may be taken to be independent random variables of zero mean, so that
(5.17)
Now each process of emission or absorption involves a momentum transfer of magnitude ~lw/c,
where 11w = F2 F1. Thus we take
—

(5.18)

X~~(ho.,/c)2.

The factor ~ is included because by assumption the molecule is only allowed to move in one of
three possible field directions. Combining eqs. (5.17) and (5.18), we have
&~n(hw/c)2.

(5.19)

It remains to determine the number n of emission and absorption processes occurring during
the time interval r. But this number follows from the first part of Einstein’s paper, where the A
and B coefficients are introduced. A is the rate of spontaneous transitions from level 2 to level 1.
Bp(w), where p(w) is the radiation energy density at frequency w, is the rate for stimulated
transitions from level 2 to level 1. By assuming that p(w) approaches infinity as T does, Einstein
showed in the first part of his paper that Bp(w) is also the rate of absorption of radiation associated with the transition from level 1 to level 2. If there are N1 molecules in the lower state I
and N2 in the upper state 2, therefore,
n

=

N2Ar ÷
(N2

+

N1)B p(w) r.

(5.20)

For simplicity we have ignored the possibility of degeneracy.
Using the result (5.20) in eq. (5.19), we have finally
&

~(hw/c)~ [N2A + (N1

+

N2)B p(w)].

(5.21)

This equation indicates that a molecule interacting with thermal radiation will continually gain
kinetic energy. There must evidently be some velocity-dependent force which tends to slow down
the molecule. The hypotheses concerning emission and absorption were put forth by Einstein for
a molecule at rest, so we must investigate how the thermal radiation appears in the frame of a
moving molecule.
In the laboratory frame the radiation is isotropic, so that the radiation energy per unit volume
in the frequency interval w to w + do.,, and within the infinitesimal solid angle df2 about some
arbitrary direction of propagation, is
—p(w)

4ir

dw d~T2,
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where p(w) is independent of direction. For definiteness at this point we consider some propagation direction defined by the angle 0 with respect to the single axis along which molecules are
allowed to move; the azimuthal angle is irrelevant to our considerations. A molecule with velocity
v sees this “radiation bundle” as having a Doppler-shifted frequency
w’=~w(~_Y~050)

(5.22)

for v/c ~ I. Because of the aberration effect, furthermore, the bundle appears to the molecule to
be directed at an angle 0’ given by
cosO’

2 0.

V

(5.23)

C
cos0 — —sin

The radiation density at frequency w transforms to
0’) dw’ do’,

4ir

and does not appear isotropic to the moving molecule. This quantity must transform in the same
way as the squared amplitude of a plane wave having direction defined by the same angle 0 in the
laboratory frame. From the transformation properties of the electromagnetic field, therefore, we
have
/

p’(w’, 0’) do.,’ d~2’

1

2v
—

—

c

\

\
cos0) p(w) do~d~2

(5.24)

to first order in v/c. In the same first-order approximation we note furthermore that
p’(w’, 0’)

(1

—

2v
do. d(cos0)
_cos0) p(w)
,
c
dw d(cosO)

(1

—

3v
_cosO’) p(w)
c

(5.25)

where we have used the results (5.22) and (5.23). Einstein now writes

~(~‘ +~ w’ cos0’)~p(w’) + d~~~)(~)
w’ cos0’,

p(w)

(5.26)

so that, from eq. (5.25),
p’(w’, 0’)

[p(w’)

+~

~w’)

~‘

cos0] [1

—

~cosO’].

(5.27)

For the moving molecule the radiation bundle associated with the solid angle d~2’induces
=

—~---Bp’(w’, 0’) d~7’N
4ir

emission processes and

2

(5.28)
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= —~--B

4ir
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(5.29)

absorption processes per second. The net linear momentum per unit time added to the molecule
due to these processes is therefore
(n1

=

—

n2).!~-cos0’

~-~‘

(-~_)(N1 N2)p’(w’, 0’)d~TZ’cosO’.

(5.30)

—

Spontaneous emission is equally likely in any direction and hence adds no net momentum to the
molecule.
The net rate of momentum transfer to the molecule due to all such “radiation bundles” is
therefore
~

—~-~-~-(N1
—N2)B [p(w)

B(N1 —N2)fdcz’ cos0’ p(w’, 0’)

=~

dp(w)]

_~

—Rv, (5.31)

where to lowest order we have dropped the primes. Eq. (5.31) is the desired result. It shows that
as a result of the molecular motion through the radiation field the molecule is subjected to a
velocity-dependent force tending to slow it down.
Einstein now considers the change in momentum of a molecule during a short time interval r.
If the molecule initially has momentum mu, then after a very short time interval r it has momentum
mu’ = mu

+

~

—

Rur,

(5.32)

so that
2u’2

=

m2u2 + ~2÷

R2r2u2+ 2mui~ 2mRu2r
—

—

2Rz~ur= m2v + E~+R2r2u2 2mRrv2,
—

(5.33)

m

since & = U = 0 due to the fact that the two types of force acting on the molecules are random
and independent. Now for r sufficiently small (or m sufficiently large) we have
m2v~m2u2+&- 2mRru2.

(5.34)

But under the condition of equilibrium we have
m2u’2

m2u~2m(~kT)

(5.35)

from eq. (5.15). Therefore
&/r—2RkT,

(5.36)

which may be written, from eqs. (5.21) and (5.31), as
B(N

1 —N2) [p(w) —

~.

dP(w)]

3

dw

—~-~-

[N2A

+(N1 +N2)Bp(w)].

(5.37)

6kT

Now from the assumption of detailed balance in the first part of Einstein’s paper,
N2A

+

(N2

+

N1)B p(w)

=

2N1 B p(w).

(5.38)
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This result of course already implies the Planck spectrum when we note that
N2/N1

=

exp(—hw/kT)

(5.39)

at thermal equilibrium. Substituting eqs. (5.38) and (5.39) into (5.37), we obtain the differential
equation
p(w)

—

w dp(w)
~

11w
=

(exp(hw/kT)

—

1~’p(w) exp(hw/kT),

(5.40)

with the solution
p(w)

3
const. X w
exp(hw/kT) — 1

.

(5.41)

Thus the Planck spectrum is consistent with the assumption that the momentum changes in
molecules interacting with thermal radiation are in accord with the classical statistical mechanics
of the gas in thermal equilibrium with the radiation.
To understand the importance which Einstein attached to this result, we must consider his
earlier investigation with Hopf [124] into the spectrum of thermal radiation. Their approach was
based on the above assumption. But there are no discrete, quantum processes in the Einstein—
Hopf approach, nor are there discrete atomic energy levels. The molecules instead are taken to
be point masses to which are appended simple dipole harmonic oscillators, in the spirit of the
Lorentz model. The mass of a molecule allows the assignment of a mean kinetic energy
KE=~kT

(5.42)

to each molecule of a gas at thermal equilibrium. The dipole oscillator allows the molecule to interact with the radiation in equilibrium with the gas. For simplicity the molecule is again allowed
to move in only one direction, so that the right-hand side of eq. (5.42) is multiplied by ~.
If a molecule has a linear momentum mu at some time t, then after a short time r it has the
momentum
mu’

=

mu

+

~

—

Rur,

(5.43)

which is the same as eq. (5.32). ~ is the momentum imparted to a stationary molecule during
time r due to the thermal radiation. —Ru is the force tending to slow down a molecule moving
with velocity v through the radiation field. But now ~ and R must be calculated on the basis of
this classical model of the molecule. They must be related to p(w), which is then determined by
the equilibrium condition (5.36).
Suppose that the molecules are constrained to move along the x-axis and that their dipoles are
oriented along the z-axis. Then the equation of motion for the dipole oscillator has the form
p_Fp+w2p~Fc3F
5,

(5.44)

where w is the oscillator frequency. The second term on the left-hand side of this equation represents the force of radiation reaction; the oscillator mass is assumed to be appropriately renormalized. When the thermal field E5 is expanded into normal modes, the different components
have amplitudes essentially proportional to the square root of the radiation density p. The cor-
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responding components of the induced dipole moment are accordingly also proportional to ‘~/~
The force on the molecule is
aF~ I
F~p~B~

dp
(5.45)

and~itis clear that .~ = 0. The term

~,

~=fdtF~,

where
(5.46)

is nonvanishing, and clearly will be proportional to the square of the radiation density at the
oscillator frequency, p2(w), if the oscillator linewidth is very small compared with its oscillation
frequency. In fact the detailed calculation [15, 124] gives
—

41’ir4c4
2
p2(w) r.
5w

=

(5.47)

We see already a profound difference between the quantum-mechanical and classical models. In
the quantum-mechanical model we deal with discrete events, and & depends on the number of
these events during time r, and hence is proportional to Bp(w) (eqs. (5.21) and (5.38)). Thus the
quantum-mechanical model predicts & p(w), whereas the classical model predicts & p2(w).
The classical calculation of R, on the other hand, gives the result that R depends on p(w) in the
same way as in the quantum-mechanical case. This results from the fact that the velocity-dependent force is
1
dp’
p’ ——B~,i—;-,

F~~

(5.48)

where the prime indicates the transformation to the rest frame of a moving molecule. Unlike F~
(and therefore ~), F is nonvanishing, due to the anisotropy of the thermal field as viewed from
the moving coordinate system. Thus the classical calculation [15, 124] gives the result
R

=

~ir2cr Ip(w)

—

L

w dp(o.,)
3

1
dwJ

(5.49)

in close analogy to eq. (5.31).
Substituting the results (5.47) and (5.49) into eq. (5.36), we obtain the differential equation
of Einstein and Hopf,
p(w)

wdp(o.,)
3 dw

— —

_____

=

2c3
ir 2

3w.kT

p2(w),

(5.50)

the solution of which is the Rayleigh—Jeans spectrum (5.14). Thus the Einstein—Hopf approach
leads to the Rayleigh—Jeans law, as would be expected from such a classical approach.
Boyer [15] has considered the implications of random electrodynamics for the classical model
of Einstein and Hopf. In addition to thermal radiation characterized by the density function p(w),
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there is according to random electrodynamics a zero-point (temperature-independent) fluctuating
field (eq. (5.4) or (5.9)), the density function p0(w) of which is given by
3/2ir2c3.
(5.51)
p0(w) = 11w
Its effect is to add to a molecule a mean-square impulse z~given by eq. (5.47) with T = 0:
—

41’ir4c4
5w 2

p~(w)r.

(5.52)

This represents a source of kinetic energy for a molecule of a gas at T = 0. The velocity of the
molecule cannot result in a velocity-dependent force, since the zero-point field is Lorentz-invariant. At a wall of the container, however, the deceleration of the molecule results in a loss of
kinetic energy due to dipole radiation. Thus Boyer suggests that the classical model be extended
to include the effects of the walls of the container.
Consider again the change in linear momentum of a molecule during time r. Instead of eq.
(5.43), Boyer now writes
mv’mv+i~—Rvr+J,

(5.53)

whereJ is the momentum change of the molecule due to a collision with a wall. Since we are interested in the equilibrium situation in which the entire gas is at thermal equilibrium, we may
restrict our consideration to molecules which strike a wall during time r. The equilibrium condition v2 = u’2 now takes the form
&+ 2muJ

2mRrv2,

(5.54)

following the same arguments that led from eq. (5.32) to (5.~33),and noting that àJ— 0.
The term v.1 in eq. (5.54) is proportional to the kinetic energy change of a molecule on striking
a wall. At thermal equilibrium the molecules on the average neither gain nor lose kinetic energy
on colliding with a wall, so that uJ must be independent of T. For the special case T = 0, however,
we have seen that a molecule approaching a wall must have a greater velocity before than after
striking the wall, so that iiTis negative. Therefore uJ may be obtained from the equilibrium condition at T = 0. At T = 0, R = 0 because the zero-point field gives rise to no velocity-dependent
force (see eqs. (5.51) and (5.49)), so that from eq. (5.54),
2mvJ

(5.55)

—~.

The equilibrium condition (5.54) therefore takes the form
&—~2mRrv2.

(5.56)

Substituting eqs. (5.47), (5.49) and (5.52) into eq. (5.56), we obtain the differential equation

ir2c3
3w2kT

rp2(w)
L

~ 2-,
—t‘11w3
2
\2ir c31

J

=

p(w) — w d (w) ,

(5.57)

—

3

dw

where we have used also equations (5.35) and (5.51) for u2 and p

0(w). The solution of B oyer’s

differential equation (5.57) is the Planck spectrum
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(exP(h~~fl ~ + 2110)) .
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(5.58)

—

This result is perhaps the most remarkable achievement of random electrodynamics at this time.
The extension of “traditional” classical electrodynamics has removed one of the most significant
stumbling blocks of classical physics.
Boyer [16] has discussed in detail some implications of random electrodynamics for classical
statistical thermodynamics. Perhaps the reader will not be surprised to learn that the success of
random electrodynamics in explaining the blackbody spectrum extends to several other aspects
of thermal radiation usually thought to be explanable only through the introduction of radiation
quanta. It is certainly a theory worthy of further attention.
5.4. Random electrodynamics and the van der Waals forces
There are several well-known physical effects which have heuristic explanations in terms of the
quantum-electrodynamical vacuum fluctuations of the radiation field. In assessing the limits of
validity of the classical theory of random electrodynamics, it is necessary to determine whether
the theory provides an adequate explanation of such effects. One such effect is the van der Waals
interaction between two neutral polarizable particles. The usual heuristic explanation of this interaction is that the fluctuating dipole moments induced in the two particles by the vacuum field interact to produce a net force between the two particles.
Suppose we attempt to explain this interaction along the lines of the classical Lorentz model
of an atom or molecule. Each atom is pictured as an harmonic-oscillator dipole; the electron may
be considered to be bound elastically to an infinitely massive nucleus. The atoms are a fixed distance r apart, á~ndthe electron in each atom is acted upon by its own radiation reaction field and
the retarded field from the other atom, as well as the elastic restoring force binding the electron
to the nucleus. There are no “external” fields involved in the calculation of van der Waals forces.
Let the displacements from equilibrium of the electrons in atoms 1 and 2 be x1(t) and x2(t),
respectively. Then we have the equations of motion
2 ...
e2
p..
r
q
r
q .
r
x
2e
1(t)+ w~x1(t) (
3) xi(t)_[_—i---x2(t__)+--~x2(t__)+
x2(t__)] ,
3mc
m
cr
c
r
c
cr
c
2...
e2
p..
r
q
r
q.
r
x
2e
2(t) + w~x2(t) (___~x2(t)=
—i—. x1 (t __) -i-—x1 ~t ——) +—~- x1 ~t
3mc
m
cr
c
r
c
cr
c
—

—i

—

—

~_

—~)j.

(5.58)

(5.59)

The electrons in12~
atoms
1 and 2 are
only
respectively,
andassumed
p and q to
aremove
defined
as along the axis defined by the unit
vectors ~ and j
P IL
1~t2_(p1-r)(l12.r),
(5.60)
q

=

3O~1M(iI2~’) ~
—

~

(5.61)

where i is a unit vector along the line connecting atoms I and 2.
Under no influence of external forces, the electrons are supposed to be at rest at their equilibrium
positions. Equations (5.58) and (5.59) show that two such initially unexcited atoms, a fixed dis-
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tance r apart, remain unexcited: x1(t) = x2(t) = 0, and there is no interaction between the atoms.
It7.is known,
however,
that two
ground-state
attract
each other
with a force
variesgas
as
This force,
introduced
by van
der Waals atoms
in order
to account
for corrections
to that
the ideal
requation of state, is the dominant binding effect in many inert-gas and organic crystals. We note
that this interaction eludes a classical (Lorentz-model) explanation. In fact, London’s 1930 derivation [126] based on fourth-order perturbation theory was considered a major accomplishment of
the new quantum mechanics.
A simple argument showing the importance of the quantum theory for the explanation of the
van der Waals interaction goes as follows. Suppose the atoms are close enough together
(w
0r/c 1) that retardation may be neglected and only the dominant near-field terms are retained in eqs. (5.58) and (5.59):
~

~1(t) + w~x1(t)= Kx2(t),
2
~2(t) + w 0x2(t) = Kx1(t),

(5.62)
(5.63)

where
2\
q 1e
r ~mi

(5.64)

The normal-mode frequencies of this system are given by
=

(w~±K)112.

(5.65)

In a quantum-mechanical treatment we should expect the ground-state energy of the system to become
F

~h(w~ + w..)

(5.66)

due to the coupling. To lowest order in K/wi this is
F

11w

0 — K~11/8w~,

(5.67)

which implies the interaction energy
U(r) =
hl(~) ~ 2

(5.68)

—

8w~ r

m

The quantum-mechanical expression derived by London [126] is
4q2/211w 6.
(5.69)
U(r) = —i
0r
In this expression p is the transition dipole moment connecting the ground and first-excited states,
only these states being included in a first approximation; q2 is easily evaluated, assuming closure
over these states. The results (5.68) and (5.69) are identical if the mass and charge of the
Lorentz-model electron are chosen such that
e2/m2p2w
0/h.

(5.70)
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The relation (5.70) results in fact from an interesting correspondence between the Lorentz model
and the two-state model. This correspondence warrants a brief digression here.
In many natural phenomena involving the interaction of light with atoms, the light is predominantly nonresonant with any transition involving the normal atomic state. When this circumstance obtains, the atom has negligible probability of being “removed” from its normal
(ground) state. Under the frequently occurring circumstance that an applied field frequency w is
much less than any of the transition frequencies involving the ground state, the Kramers—
Heisenberg formula gives the polarizability ~(w) as
2w
2
I~joI
2
2
1o
2
11iw
10—w
~

12 Wjo
P1o

..

(5.71)

The sum is over all excited states optically connected to the ground state. ~
and
are respectively the transition frequency and dipole moment connecting state If> to the ground state
10>. A perusal of a table of atomic oscillator strengths reveals that the transition connecting the
ground and first-excited states usually has an oscillator strength much larger than those of other
transitions. Then
2/ho.,
a(w)=~2~i
0,
(5.72)
where w0 and p are the transition frequency and dipole moment of the transition involving the
ground and first-excited states. For the case w ~ ~ the Lorentz model gives for the static
polarizability
2/mw~,
(5.73)
cl(w) = e
which is the same as the quantum-mechanical result (5.72) if e2/m is chosen according to (5.70).
This choice of e2/m may be considered to result from the incorrect application of the
Thomas—Reiche—Kuhn sum rule to the fictitious two-state atom. This sum rule is essentially a
statement of the commutation rule [x, p~]= ill, which cannot be satisfied in the finite-dimensional Hilbert space associated with the two-state atom.
It remains to show how the Lorentz dipole-oscillator model follows as a crude approximation
to the quantum-mechanical theory. As already implied, the Lorentz model must be applicable
when an atom will most likely remain in its ground state, and when a single oscillator strength
involving a transition from the ground state is dominant. Thus we expect that the two-state model
will reduce to the Lorentz model when we demand that the atom effectively remain in its ground
state, i.e., when we take a~= —1. From equations (2.81)and (2.89), then~we are left with the
single equation
2w
+

w2ocm~(t))=

2

E(0, t)

(5.74)

where we have taken p and E to be parallel. .w~(t)thus corresponds to the quantity ex(t) in the
Lorentz model, x(t) being the displacement of the electron from its equilibrium position:
e(x(t)

+

w~x(t)) —E(O, t).
m

(5.75)
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Equations (5.74) and (5.75) are formally identical when the transcription (5.70) is made, except
for one important difference. Equation (5.74) is an operator equation, and the field appearing
on the right-hand side is an operator. If expectation values are taken on both sides of this equation for the situation where there is no “external” field applied to the atom, then (5.74) reduces
to (5.75) with E(0, t) = 0, since the expectation value of the solution of the homogeneous
Maxwell equation vanishes. Equation (5.74) also reduces to (5.75) for the case where the field
is described by a coherent state such that the electric field expectation value is the same as the
classically prescribed field used in the Lorentz-model equation.
But the attempt to calculate the van der Waals interaction reveals a failure of the Lorentz
model, even though each atom is considered to remain in its ground state. If the two atoms are
initially unexcited, so that their electrons are at rest in their equilibrium positions, then eqs.
(5.58) and (5.59) indicate that they will remain in these positions: the atoms do not interact.
Evidently the vacuum field must play an essential role in the quantum-electrodynamical theory
of the van der Waals interaction.
The quantum-mechanical analogues to eqs. (5.58) and (5.59) are
~
x1(t) + w~x1(t) ( 3hc3 )xi(t)

2\ .. I
12w0,u
2
Jpx
x..
2(t) + w~x2(t)

—

~r E
0(x1, t)

I2W~/.L2\

/

2w

2\...

r\

f2W~~2\

. /

r\

1x2(t)

I

—

(5.76)
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2
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\
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\
CI
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\
ci

\llcri
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r \

=

=

Ii

p2~E0(x2,t)

2\
/
r \ /2wo,.12\ . /
r \J+ (2w0i
~ Jqx
1~t
~ \1~cr
2
qx1 ~t
ci \ lrr /
\
CI
I
\

r
——i,

CI

(5.77)

where j.zji1x1(t) is the dipole moment operator associated with atom i. We emphasize that it is
essential to retain the free-field operator E0 in these equations. Without it, the dipole moment
operators themselves decay to zero, and commutation rules are broken. With the free-field term,
however, we can show that the commutation rules are preserved. In fact, for the harmonic
oscillators under consideration, these commutation rules may be considered to be defined by
the commutator properties of the free field [127].
Before discussing the derivation of the van der Waals interaction based on eqs. (5.76) and
(5.77), let us consider the implications of random electrodynamics for the Lorentz-oscillator
model. The random-electrodynamical equations will obviously be formally identical to eqs. (5.76)
and (5.77), when the mass and charge of the Lorentz electron are chosen in accordance with eq.
(5.70). The x.(t) will now be c-numbers. E0, rather than being the free-field solution of the
Maxwell operator equation for the electric field, will be the zero-point field of the theory of
random electrodynamics.
Boyer [19, 20] has given random-electrodynamical derivations of the van der Waals interaction
between two neutral polarizable particles. The formal identity between eqs. (5.76) and (5.77) and
the corresponding equations of random electrodynamics allows us to apply Boyer’s method of
solution simultaneously to both pairs of equations.
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We consider here only the special case of the asymptotic retarded van der Waals interaction. It
was suggested by Verwey and Overbeek [128] that at large separations the van der Waals interaction might fall off more rapidly than r6, due to the effects of retardation. Wheeler [129] actually
had included the effect of retardation in the calculation of the van der Waals force in 1941. Following the suggestion of Verwey and Overbeek, Casimir and Polder [46] presented a detailed
analysis of the influence of retardation on the van der Waals forces. They found for large separations the interaction energy
U(r)—23cs

7
1a211c/4i’rr
between two neutral polarizable particles with static polarizabilities a

(5.78)

1 and a2.
Boyer’s random-electrodynamical derivation of (5.78) is conceptually very simple. For r very
large, it is expected that the interatomic interaction will be primarily a low-frequency effect;
higher frequency contributions will cancel due to small phase shifts building up over the large
separation distance. The second- and third-derivative terms on the left-hand sides of eqs. (5.76)
and (5.77) may therefore be neglected, and we have simply
x1(t)

= —

x2(t)

= ~

11w0
21,2

11w0

~

[E~(x1, t)

+

E12(x1, t)] ,

(5.79)

[E0(x2, t)

+

E21(x2, t)] ,

(5.80)

where ~
t) is the dipole field on atom i due to atom j. In the quantum-mechanical case the
polarizabilities, assumed to be the same for the two atoms, are given by eq. (5.72); in the randomelectrodynamical case they are given by the classical result (5.73).
The interaction energy is simply
U(r) =

—~

a( [E0(x1,t)

+

F 12(x1, t)] 2>

—

U(oo) =

—a(E0(x1, t) . E 12(x1, t)>~

—

U(oo),

(5.8 1)

to lowest order, where again ( >~denotes an average over the random phases in the random-electrodynamical calculation. Noting that
x2(t) = aE0(x2, t)

(5.82)

to lowest order, and using this expression for x2(t) in (5.81) to calculate E12(x1, t), we finally incur
a complicated integral expression for U(r). The evaluation of the integral yields the result (5.78)
of Casimir and Polder. The derivation shows explicitly the role played by the zero-point field. In
the random-electrodynamical calculation given by Boyer, there are nonvanishing contributions only
from terms such as
(exp{i(Okx

—

Ok’X’)}>O

=

<exp{—i(Ok,~ Ok’xt)}>o
—

=

~k,k’~XX’~

(5.83)

In the corresponding Heisenberg-picture, quantum-mechanical calculation, which proceeds in the
same way except of course that the quantum-mechanical ensemble average ( > replaces ( )~,nonvanishing contributions result only from terms such as
5xx’~
(5.84)
(ak?Xl(O) a~~(0))
= ~ic,k’ ‘
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Boyer [19—21] has given random-electrodynamical calculations for the van der Waals interactions at all separations for particles which can be either electrically or magnetically polarizable,
as well as for the forces between conducting plates, dielectric and permeable plates, and polarizable
particles and plates. In every case the results are in agreement with the known predictions of
quantum electrodynamics.
5.5. Discussion
The explanation of the blackbody spectrum and the van der Waals forces within the classical
theory of random electrodynamics may be considered as quite striking or merely amusing, depending on one’s persuasion.
For the physicist accustomed to thinking of blackbody radiation in terms of radiation quanta,
the derivation of Planck’s law from random electrodynamics is remarkable indeed. The failure of
classical physics to account for the observed blackbody spectrum is often regarded as proof
enough for the failure of classical electrodynamics. It was only after great effort and considerable
reluctance that Planck introduced the notion of field quanta; there seemed to be no other alternative. Einstein’s derivation of Planck’s law in his paper “On the Quantum Theory of Radiation”
[2] showed convincingly that the field quanta carry a linear momentum 11w/c in addition to
energy 11w. The existence of field quanta seemed indisputable.
But the very phenomenon which signalled the collapse of classical physics has now been shown
to be explanable from the classical theory of random electrodynamics. The theory is founded on
the classical Maxwell equations for the electromagnetic field. Rather than the identically vanishing
solution of the homogeneous equations, a fluctuating field is chosen, the energy spectrum of which
is determined from the requirement of Lorentz invariance; Planck’s constant then enters the theory
naturally as a fundamental constant whose value is set by comparison of the theory to experiment.
The blackbody spectrum can be obtained by considering the interaction of Lorentz-model dipole
oscillators in a container with the fields they produce as well as the zero-point field of random
electrodynamics. The derivation given by Boyer [15] shows that Planck’s law can be understood
in terms of classical zero-point fluctuations. Field quanta, quantized atomic energy levels, and
stimulated emission do not enter into the derivation. Physicists in 1900 would probably have been
more comfortable with this (fully classical) approach than with Planck’s.
The derivation of the van der Waals forces in random electrodynamics is equally striking. The
reader familiar with the Casimir—Polder paper [46]on the asymptotic retarded van der Waals interaction, for example, is aware of the lengthy quantum-mechanical calculations required. The
physical interpretation of the interaction is not elucidated by the calculations, and one normally
relies on heuristic notions involving quantum-electrodynamical vacuum fluctuations. In the calculations based on random electrodynamics, on the other hand, the physical interpretation is cornpletely clear. Perhaps more remarkable than the fact that random electrodynamics predicts an interaction between “unexcited” atoms is the fact that for all atomic separations, and for either
electrically or magnetically polarizable particles, it predicts an interaction of precisely the same
form as in quantum electrodynamics.
The theory of random electrodynamics has other apparently attractive features. All particles
coupled to the zero-point field undergo zero-point fluctuations. The energy balance between
emission and absorption by a charged dipole oscillator interacting with the zero-point radiation,
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for example, requires that the oscillator undergo random oscillations. As the charge of the Oscillator approaches zero, these random oscillations persist; the zero-point field has effected a kind
of “singular perturbation”. In this limit of vanishing charge, moreover, the mean-square position
and momentum of the oscillator are such as to satisfy the condition of minimum uncertainty
demanded in quantum mechanics by the Heisenberg principle. The limit of vanishing charge defines a theory which Boyer terms “random mechanics”. The reader is referred to ref. [122] for
a discussion of this point, and for an outline of the current status of random electrodynamics.
Having stressed the attractive features of random electrodynamics, we must now present the
point of view from which this classicaltheory appears as far less than a possible alternative or
equivalent to quantum electrodynamics. We first recall that the derivation of the retarded van der
Waals force given by Boyer [19] can be followed through in formally the same way in a
Heisenberg-picture quantum-mechanical treatment. For the problem under consideration the atom
is well described quantum mechanically by the dipole-oscillator model. The retarded dipole fields
of the oscillators are of the same form in the classical and quantum theories, the quantum-mechanical field being of course a Hilbert-space operator. Similarly the free fields are of essentially the
same form in random and quantum electrodynamics. There is a minor difference in that the zeropoint field of random-electrodynamics differs by a factor of 2h/2 from the corresponding
quantum-electrodynamical equations (cf. eqs. (2.34) and (5.4)). But this only represents the fact
that both normally and anti-normally ordered field correlation functions contribute to the zeropoint energy spectrum in random electrodynamics, while only the anti-normally ordered correlation function (F~~E~~>
contributes in the quantum-electrodynamical case; the zero-point energy
spectra are the same.
The derivation of the van der Waals forces in random electrodynamics yields the same result as
in quantum electrodynamics because the final answer depends ultimately on the zero-point
energy spectrum of the field. The equations of motion are formally the same in the two theories.
The final step in the derivation involves a term bilinear in the zero-point electric field. In the
quantum-electrodynamical case we require an expectation value of this term over the vacuum
field state. In random electrodynamics we require an average of formally the same term over the
random phases of the zero-point field. The two types of ensemble average yield the same answer,
and therefore the same result for the van der Waals interaction. From this viewpoint, we might
even contend that the principal merit in Boyer’s derivation is the treatment of the problem in the
Heisenberg picture, with a consequent ease of physical interpretation. The use of the language of
random electrodynamics might be considered a subterfuge.
From the same point of view, the derivation of the Planck radiation law in random electrodynamics might be considered as a disguised Heisenberg-picture treatment of the equilibrium between material oscillators and radiation oscillators. The random-electrodynamical treatment once
again is regarded as a subterfuge. It might be expected that all the essential features of the interaction of dipole harmonic oscillators with the radiation field in quantum electrodynamics have an
isomorphic explanation in random electrodynamics. The basic equations of motion and final
terms to be evaluated are formally the same in the two theories. The linear coupling between the
two systems according to this point of view is too simple and too specific to allow any general
conclusions about random electrodynamics.
Suppose we perform a quantum-electrodynamical calculation and are led to some final expectation value to be evaluated which involves the free field. It appears that random electrodynamics
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will give the same result for the problem whenever this final expression is of a particular structure. Namely, there are terms bilinear in the free field and the positive- and negative-frequency
parts of the free field enter additively as the total free field. This appears in the linearization
approximation in which an atom or molecule is replaced by an harmonic oscillator. In fact
Boyer [1301 has shown that the two theories give identical results for N-point correlation functions of the free field if the quantum-electrodynamical field operators are symmetrically ordered.
In the problem of spontaneous emission we found in section 2 that for a symmetric ordering
of field operators in the Hamiltonian the final expression for the radiative frequency shift involved an expectation value of the above form. Thus if we replace the quantum-electrodynamical
free field with the zero-point field of random electrodynamics, we obtain the familiar result
which after mass renormalization gives Bethe’s result for the nonrelativistic treatment of the
Lamb shift. But to conform to the spirit of the classical theory of random electrodynamics we
would have to treat the source or radiation reaction field classically. We would then be left with
a neoclassical theory modified to include the zero-point field of random electrodynamics.
But the juxtaposition of the neoclassical and random-electrodynamical theories runs counter
to the philosophy underlying the theory of random electrodynamics. The theory is only in an
initial stage of its development, and it is hoped that eventually the discrete spectra of atoms and
molecules will be explanable with this classical theory of fluctuations. This explains why, for
example, there has been no attempt to derive the ratio of the intensities of the Stokes and antiStokes lines in Raman scattering from random electrodynamics. Problems of this kind cannot yet
be addressed, because the theory has not yet been applied to the problem of atomic structure. It
should be remembered that a quarter of a century elapsed between Planck’s paper on the blackbody spectrum and Schrodinger’s paper on the spectrum of atomic hydrogen.
The reader interested in the theory of random electrodynamics is referred to the papers of
Marshall and Boyer on the subject, as well as other recent work [13 1— 1 34] on a classical theory
of the vacuum or zero-point field.
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Note added in proof
Since this article was submitted for publication some further work on the subject came to the
author’s attention. Clauser [Phys. Rev. D9 (1974) 853] has performed an experiment testing the
semiclassical prediction that the radiation from a single atomic spontaneous decay can excite
more than one detector atom. His results refute this prediction and support the quantum-electrodynamical prediction. Nash and Gordon [Phys. Rev. Al 2 (1975) 2472] have examined in detail
the problem of radiative equilibrium in the neoclassical theory and have found the predictions of
the theory incompatible with experimental results.

