
Phys 250 Quantum Optics, Final

Instructor: Prof. D. Bouwmeester
Office: 4123 Broida Hall

Email: bouwmeester@physics.ucsb.edu

Due Tuesday, December 8th at 5 PM in the Homework Box.

Graded finals can be picked up Thursday, December 10th from 3-5 PM in Dirk’s office.

1. Consider a single mode field in a non-linear medium represented by the Hamiltonian:

Ĥ = ~
[
ωâ†â+ λ

(
â†â
)2]

(a) What is the time evolution of an initial coherent state, |α〉, under the action of this
Hamiltonian? (3 points)

(b) Apart from the normal rotation of a coherent state, represented by the e−iωt phase shift,
is this state periodic? If so, what is the period? (If you like, let ω → 0; this is equivalent
to working in the interaction picture.) (3 points)

(c) Express the state at a time t = π
2λ

as a sum of two coherent states. What is this state,
and is it classical? Hint: first consider states of even and odd n separately. (4 points)

2. In real quantum optics experiments, it is important to consider the effects of photon loss due
to imperfect mirrors, detectors, etc. This can be modeled by inserting a weakly reflecting
beam splitter, where in the end we trace over the state |Ψ〉loss in the beam spitter output
which corresponds to the loss channel.

|Ψ〉in

|0〉

|Ψ〉out

|Ψ〉loss

The loss “beam splitter” is represented in the usual way:

âout = cos (θL/2) âin + i sin (θL/2) â0

âloss = i sin (θL/2) âin + cos (θL/2) â0,

where θL is the loss angle, which is related to the loss probability by L = sin2 (θL/2).

Consider the interaction-free measurement discussed in section 6.4 of Introductory Quantum
Optics, but where one of the interferometer arms is lossy:
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BS1
|1〉

loss L

|0〉

BS2
D2

D1

?

Assume BS1 and BS2 are normal 50:50 beam splitters, and there is no relative phase shift
between the arms (φ = 0).

(a) What is the probability of a false object detection due to the lossy arm, or in other
words what is the probability of finding a photon at D2 when no object is present? (4
points)

(b) What is the probability of detecting a photon at D2 when an object is present? (3
points)

(c) Consider a simpler loss model where we simply block the lossy arm completely in a
fraction of the trials, with the fraction given by the loss probability L. In this case,
what is the probability of finding a photon at D2 with and without the object in the
non lossy arm? Is this the same as (a) and (b) above? (3 points)

3. Consider an effective Jaynes-Cummings model for a k-photon resonant interaction:

Ĥeff = ~λ
(
âkσ̂+ + â†kσ̂−

)
,

where k is a positive integer. (Ignore the field and atom Hamiltonians, ĤA and ĤF , and
consider only the interaction terms.) Note that the k = 1, 2 cases were covered in the lectures
and homework.

(a) What are the dressed states for this system? (3 points)

(b) If the atom is in an initial excited state, what is the atomic inversion as a function of
time for some arbitrary photon state described by Cn? (2 points)

(c) Obtain an approximate expression for the inversion revival and collapse times for a
coherent light field in the limit n̄� k. (You do not need to do the full expansion along
the lines of 4.130-136 in Introductory Quantum Optics.) (2 points)

(d) By ignoring the ĤA and ĤF terms (4.96-97 in the textbook) we are effectively consider-
ing a system that is “on-resonance”. What does “on-resonance” mean for the k-photon
case? Why can’t we ignore these terms when considering the system off-resonance? (3
points)
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4. Bell’s inequalities and Greenberger-Horne-Zeilinger (GHZ) States

(a) Explain how type II non-collinear down conversion can be used to generate the Bell state,
Ψ+

12 = 1√
2
{|H〉1 |V 〉2 + |V 〉1 |H〉2}, where |H〉1 corresponds to a horizontal polarized

photon in mode 1, etc. (2 points)

(b) Given a birefringent element in mode 1 (or in mode 2) that provides a relative phase be-
tween the V and H polarization we can turn Ψ+

12 into Ψ−12 = 1√
2
{|H〉1 |V 〉2 − |V 〉1 |H〉2}.

Show that Ψ−12 has anti-correlations, that is if the photon in mode 1 is H (or V) then
the photon in mode 2 is V (or H), in any polarization basis. Does this also hold for
Ψ+

12? (2 points)

(c) In order to construct an explicit experimental test of Bell’s inequalities we considered in
the lectures a Ψ−12 source with the possibility of performing three different polarization
measurements A, B, and C on each of the two modes. Measurement A projects a photon
onto the

(
~a,~a⊥

)
basis and measurements B and C on a 60◦ and 120◦ rotated basis with

respect to A.

Ψ−12 source

A2, B2, C2A1, B1, C1 ~a ~b

~c

~a⊥

~b⊥

~c⊥

60◦

Give the arguments based on A,B,C measurements on photons in mode 1 and 2 that
lead to an inconsistency between local realistic (hidden variable) predictions and quan-
tum mechanical predictions. Why do we refer to this contradiction as a “statistical”
contradiction? (2 points)

(d) We now consider a three-photon entangled state of the form:

Ψ123 =
1√
2
{|H〉1 |H〉2 |V 〉3 − |V 〉1 |V 〉2 |H〉3} ,

where one photon in each of three modes is coming from a source. Consider two different
detection bases in which each photon could be measured: the α basis (45◦ rotated linear
polarization) and the β basis (circular polarization).

α− basis

{
|H ′〉 = 1√

2
(|V 〉+ |H〉)

|V ′〉 = 1√
2

(|V 〉 − |H〉)

β − basis

{
|L〉 = 1√

2
(|H〉 − i |V 〉)

|R〉 = 1√
2

(|H〉+ i |V 〉)
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Ψ123 source

α1, β1 α2, β2

α3, β3

Rewrite Ψ123 in the β1β2α3 detection basis. This should give 4 terms each corresponding
to a possible β1β2α3 outcome with equally probabilities of 0.25. Do the same for β1α2β3

and α1β2β3 measurements. (2 points)

(e) Based on the possible outcomes of the β1β2α3, β1α2β3 and α1β2β3 measurements give
a local realistic argument that provides predictions for the outcome of α1α2α3. Hint:
start with one of the possible measurement outcomes of a β1β2α3 measurement, find the
(two) outcomes of a β1α2β3 measurement that are consistent with it (the β1 outcome
must be the same), and for each of the two case find the unique α1β2β3 outcome that
is consistent. Considering all combinations you should end up with 4 possible α1α2α3

outcomes. (3 points)

(f) Now calculate the possible α1α2α3 outcomes by rewriting Ψ123 directly in the α1α2α3

detection basis (this provides the prediction for such outcomes according to quantum
mechanics). (2 points)

(g) Compare the local realistic predictions with the quantum mechanical predictions for
α1α2α3 measurements and draw conclusions. In what sense is this result fundamentally
different from the Bell-type conclusions in (c)? (2 points)

5. In the final lecture we discussed the general derivation of the “master equation.” The book
by Gerry and Knight does not give this derivation but introduces the master equation in
a different way: read sections 8.1, 8.2 and 8.3. This method is usually referred to as the
Monte Carlo Wave Function Method (MCWF), the single quantum trajectory method or
the quantum jump approach. Study the attached article (that I wrote together with my
colleagues when I was a grad student) on the topic of the MCWF method (some of the
references are also posted in case you would like to consult them).

Make a two to four page document in which you address the following issues:

• What is the general setting for applying master equations?

• What is the MCWF about?

• Show that the master equation given in the article, Eqn. (8), is appropriate for describ-
ing spontaneous emission from a two-level atom (do this by providing explicit equations
for the components of the reduced density matrix of the atom).

• Show that Eqns. (13) and (16) are correct.

• Summarize the results of the article (in as much detail as time permits).

(10 points)
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