
1. Consider a single mode field in a non-linear medium represented by the Hamiltonian:

Ĥ = ~
[
ωâ†â+ λ

(
â†â
)2
]

(a) What is the time evolution of an initial coherent state, |α〉, under the action of this
Hamiltonian? (3 points)

As usual, we express |α〉 as a sum of Fock states:

|α〉 = e−|α|
2/2

∞∑
n=0

αn√
n!
|n〉

|α, t〉 = e−iĤt/~ |α〉

= e−|α|
2/2

∞∑
n=0

αn√
n!
e
−it

“
ωâ†â+λ(â†â)

2
”
|n〉

= e−|α|
2/2

∞∑
n=0

αn√
n!
e−iwnte−iλn

2t |n〉

(b) Apart from the normal rotation of a coherent state, represented by the e−iωt phase shift,
is this state periodic? If so, what is the period? (If you like, let ω → 0; this is equivalent
to working in the interaction picture.) (3 points)

In the interaction picture:

|α, t〉 → e−|α|
2/2

∞∑
n=0

αn√
n!
e−iλn

2t |n〉

The only time dependent part is the e−iλn
2t term. Each number state oscillates with a

different frequency, However, as n2 is an integer, all the frequencies are harmonics of
ω1 = λ (apart from the n = 0 term, which is stationary). The period is thus: T = 2π/λ.

(c) Express the state at a time t = π
2λ

as a sum of two coherent states. What is this state,
and is it classical? Hint: first consider states of even and odd n separately. (4 points)

Again we work in the interaction picture. At the given time:∣∣∣α, t =
π

2λ

〉
= e−|α|

2/2

∞∑
n=0

αn√
n!
e−iπn

2/2 |n〉

For an integer n, we find:

e−iπn
2/2 =

{
1 n even
−i n odd

=
1

2
[1 + (−1)n] +

i

2
[−1 + (−1)n]

=
1− i

2
+

1 + i

2
(−1)n
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Noting that the (−1)n creates a |−α〉 term, we can rewrite the state as a superposition
of two coherent states:∣∣∣α, t =

π

2λ

〉
=

1− i
2
|α〉+

1 + i

2
|−α〉

=
1√
2

(
e−i

π
4 |α〉+ e+iπ

4 |−α〉
)
,

which is a Schrödinger’s Cat state with an extra phase shift on each of the terms. This
state is clearly non-classical.

Note that including the e−iωt terms just rotates α in the complex plane:∣∣∣α, t =
π

2λ

〉
=

1√
2

(
e−i

π
4

∣∣αeiπω2λ 〉+ e+iπ
4

∣∣−αeiπω2λ 〉)
2. In real quantum optics experiments, it is important to consider the effects of photon loss

due to imperfect mirrors, detectors, etc. This can be modeled by inserting a weakly reflecting
beam splitter, where in the end we trace over the state |Ψ〉loss in the beam spitter output which
corresponds to the loss channel.

|Ψ〉in

|0〉

|Ψ〉out

|Ψ〉loss

The loss “beam splitter” is represented in the usual way:

âout = cos
θL
2
âin + i sin

θL
2
â0

âloss = i sin
θL
2
âin + cos

θL
2
â0,

where θL is the loss angle, which is related to the loss probability by L = sin2 (θL/2). Con-
sider the interaction-free measurement discussed in section 6.4 of Introductory Quantum
Optics, but where one of the interferometer arms is lossy:
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BS1
|1〉

loss L

|0〉

BS2
D2

D1

?

Assume BS1 and BS2 are normal 50:50 beam splitters.

(a) What is the probability of a false object detection due to the lossy arm, or in other words
what is the probability of finding a photon at D2 when no object is present? (4 points)

Inserting a loss “beam splitter” has the following effect:

|0〉 |1〉 loss−−→ cos
θL
2
|0〉 |1〉 |0〉loss + i sin

θL
2
|0〉 |0〉 |1〉loss

|1〉 |0〉 loss−−→ |1〉 |0〉 |0〉loss ,

where we added a mode for the loss channel, which was previously assumed to be
unpopulated. (We have also totally ignored the vacuum input to the “loss beamsplitter,”
which is of course always unpopulated.)

Following 6.26-31 in the textbook:

|0〉 |1〉 BS1−−→ 1√
2

(|0〉 |1〉+ i |1〉 |0〉)

loss−−→ 1√
2

(
cos

θL
2
|0〉 |1〉 |0〉loss + i sin

θL
2
|0〉 |0〉 |1〉loss + i |1〉 |0〉 |0〉loss

)
BS2−−→ 1

2

[
cos

θL
2

(|0〉 |1〉+ i |1〉 |0〉) + i (|1〉 |0〉+ i |0〉 |1〉)
]
× |0〉loss +

i sin θL
2√

2
|0〉 |0〉 |1〉loss

=
1

2

[(
cos

θL
2
− 1

)
|0〉 |1〉+ i

(
cos

θL
2

+ 1

)
|1〉 |0〉

]
× |0〉loss +

i sin θL
2√

2
|0〉 |0〉 |1〉loss

Obviously the loss mode never results in a photon at the detectors, and thus the false
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positive probability is given by:

P (D2) =
1

4

(
cos

θL
2
− 1

)2

=
1

4

(√
1− L− 1

)2

≈ L2

16
for L� 1.

(b) What is the probability of detecting a photon at D2 when an object is present? (3 points)

There is no interference between the two paths because one is blocked and so we can
treat the beamsplitters semi-classically. We lose half the photons at the first beam
splitter, a fraction L in the lossy arm and another half at the final beam splitter. Thus:

P (D2, object) =
1− L

4

=
1

4
cos2 θL

2

(c) Consider a simpler loss model where we simply block the lossy arm completely in a
fraction of the trials, with the fraction given by the loss probability L. In this case, what
is the probability of finding a photon at D2 with and without the object in the non lossy
arm? Is this the same as (a) and (b) above? (3 points)

If we block the lossy arm and no object is present, the probability of detecting a photon
at D2 is clearly 1

4
, and so in this model the false positive probability is:

P ′(D2, object) =
L

4

=
1

4
sin2 θL

2

This is quite different from the correct result!

When the object is present, there is no interference and we can follow the same logic in
part (b). We thus get the same probability of a detection event:

P ′(D2, object) =
1− L

4

=
1

4
cos2 θL

2

This may be surprising, but it be explained by considering what happens when a photon
is not lost. In this case we have gained some information about which path the photon
took – namely it has a higher probability of being in the object arm. This unbalances
the interference, resulting in some false counts. In fact, adding an identical loss to the
object arm cancels the false counts!
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3. Consider an effective Jaynes-Cummings model for a k-photon resonant interaction:

Ĥeff = ~λ
(
âkσ̂+ + â†kσ̂−

)
,

where k is a positive integer. (Ignore the field and atom Hamiltonians, ĤA and ĤF , and
consider only the interaction terms.) Note that the k = 1, 2 cases were covered in the lectures
and homework.

(a) What are the dressed states for this system? (3 points)

The Hamiltonian creates or destroys k photons to change the atom state, so clearly the
transitions are of the form:

|e〉 |n〉 ↔ |g〉 |n+ k〉
And so we define:

|e〉n ≡ |e〉 |n〉
|g〉n ≡ |g〉 |n+ k〉

Considering only these two states, the submatrix of the Hamiltonian analagous to 4.143
in the textbook is:

Ĥn = ~
[

0 λn
λn 0

]
,

where we have defined λn:

λn = λ
√

(n+ 1)(n+ 2) · · · (n+ k)

= λ

√
(n+ k)!

n!

Finding the eigenvalues of the Hamiltonian gives the dressed states:

|±〉 =
1√
2

(|e〉n ± |g〉n)

E± = ±~λn

(b) If the atom is in an initial excited state, what is the atomic inversion as a function of
time for some arbitrary photon state described by Cn? (2 points)

With an initial excited state, we have:

|e〉n =
1√
2

(|+〉+ |−〉)

|e, t〉n =
1√
2

(
e−iλnt |+〉+ e+iλnt |−〉

)
=
e−iλnt

2
(|e〉n + |g〉n) +

e+iλnt

2
(|e〉n − |g〉n)

= cos(λnt) |e〉n − i sin(λnt) |g〉n
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From this it should be clear how to obtain the probalities of the atom states for an
arbitrary photon state:

Pe(t) =
∞∑
n=0

|Cn|2 cos2(λnt)

Pg(t) =
∞∑
n=0

|Cn|2 sin2(λnt)

W (t) = Pe(t)− Pg(t)

=
∞∑
n=0

|Cn|2
(
cos2(λnt)− sin2(λnt)

)
=
∞∑
n=0

|Cn|2 cos(2λnt)

(c) Obtain an approximate expression for the inversion revival and collapse times for a
coherent light field in the limit n̄� k. (You do not need to do the expansion along the
lines of 4.130-136 in Introductory Quantum Optics.) (2 points)

The Rabi frequency for this Hamiltonian is:

Ω(n) = 2λ

√
(n+ k)!

n!
∼= 2λn

k
2 for n� k

We follow 4.128-129 in the textbook to find the coherence time:

Ω(n̄± n̄
1
2 ) ∼= 2λ

(
n̄±
√
n̄
) k

2

= 2λn̄
k
2

(
1± 1√

n̄

) k
2

∼= 2λn̄
k
2

(
1± k

2
√
n̄

)
= 2λn̄

k
2 ± kλn̄

k−1
2

tc ∼=
[
Ω
(
n̄+
√
n̄
)
− Ω

(
n̄−
√
n̄
)]−1

t−1
c
∼= 2kλn̄

k−1
2

To find the revival times, we use 4.137:

tR = 2πm [Ω(n̄+ 1)− Ω(n̄)]−1

∼= 2πm

[
∂

∂n
Ω(n)

∣∣∣∣
n=n̄

]−1

tR = m
2π

kλ
n̄1− k

2 ,

where m = 0, 1, 2, . . ..
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(d) By ignoring the ĤA and ĤF terms (4.96-97 in the textbook) we are effectively considering
a system that is “on-resonance”. What does “on-resonance” mean for the k-photon case?
Why can’t we ignore these terms when considering the system off-resonance? (3 points)

For a k photon state, the detuning would be defined by:

∆ = ω0 − kω,

where w0 is the atom transition energy, as usual. On-resonance means ∆ = 0 or
alternatively ω0 = kω, in which case |e〉n and |g〉n have the same energy.

Now consider the full system Hamiltonian, including ĤA and ĤF :

Ĥn = ~
[
nω + 1

2
ω0 λn

λn (n+ k)ω − 1
2
ω0

]
= ~

(
n+

k

2

)
ω × I + ~

[
+∆

2
λn

λn −∆
2

]
The I term is the common energy of the states |e〉n and |g〉n – since this causes an equal
dephasing rate in both states we can ignore it when considering the system dynamics.
Thus as long as ∆ = 0, we can use the Ĥeff above. When this is not the case, |e〉n and
|g〉n dephase at a different rate; this relative dephasing affects the system dynamics and
must be taken into account (you did this in the homework).
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