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Abstract

We construct exact solutions for Mode I steady-state cracks in an ideally brittle viscoelastic
triangular lattice model. Our analytic solutions for the infinite lattice are compared to numerical
results for finite width systems. The issues we address include the crack velocity versus driving
curve as well as the onset of additional bond breaking, signaling the emergence of complex
spatio-temporal behavior. Somewhat surprisingly, the critical velocity for this transition becomes
a decreasing function of the dissipation for sufficiently large values thereof. Lastly, we briefly
discuss the possible relevance of our findings for experiments on mode I crack instabilities.
© 2002 Elsevier Science Ltd. All rights reserved.
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1. Introduction

Recent experiments on dynamical fracture (Fineberg et al., 1991, 1992) have high-
lighted the fact that cracks in brittle materials become unstable above a critical velocity.
This instability is associated with the formation of a roughened fracture surface, with
an increased dissipation of elastic energy, and with complicated velocity dynamics—
for a review, see (Fineberg and Marder, 1999). Although there are hints of such an
instability in the traditional continuum formulations of ideally brittle cracks (Yoffe,
1951), a systematic treatment does not appear possible. Indeed, recent attempts (Langer
and Lobkovsky, 1998) to utilize a cohesive stress modification (Barenblatt, 1959) of
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the continuum elastic equations in order to address this problem have been rather
unsuccessful.

In the absence of a compelling continuum approach, one must deal in some manner
with discrete dynamics on the “atomic scale”. In this regard, Slepyan (Kulamekhtova
et al.,, 1984; Slepyan, 1981, 1982) pioneered the idea of studying lattice models in
which atoms interact (via piece-wise linear springs) with their neighbors in a predeter-
mined lattice geometry. This conceptual framework was further developed by Marder
and collaborators (Marder and Gross, 1995; Marder and Liu, 1993). Here, one can di-
rectly obtain the relationship between the crack tip velocity and the imposed driving and
furthermore one can search for conditions that do not allow stable steady crack motion.
Clearly, lattice models are not fully realistic, especially at displacements that are not
small compared to the underlying lattice spacing; to be more realistic, one must resort
to molecular dynamics simulations including all possible atomic interactions (Abraham
et al.,, 1994; Gumbsch et al., 1997; Holland and Marder, 1997, 1998; Omeltchenko
et al.,, 1997; Zhou et al., 1997). However, the analytic tractability of these models as
well as indications (Marder and Gross, 1995; Pla et al., 1998; Sander and Ghasias,
1999) that they do contain the essential mechanism responsible for the observed dy-
namical instability make them well worthy of serious attention.

Slepyan recognized that in an ideally brittle material (where each spring is linear
until a displacement at which it completely breaks) one can use Fourier methods to
find the lattice analog of a traveling wave solution. In this solution, each point on the
lattice (at the same transverse coordinate) undergoes the same time history of motion
as any other, albeit with some time delay. Once one obtains the solution, one must
check that all springs assumed to be linear have displacements that are in fact below
the breaking threshold. The violation of this assumption by the steadily propagating
solution signals the onset of more complex dynamical behavior, at least in qualitative
accord to what is seen experimentally (Fineberg and Marder, 1999; Marder and Gross,
1995). Using the Wiener—Hopf technique, Slepyan solved for the velocity—driving curve
in the limit where the width of the lattice transverse to the crack direction goes to
infinity.

One important consideration in all models of brittle fracture concerns dissipation
mechanisms. Dissipation introduces a new velocity scale into the problem and it is
therefore interesting to investigate how this can influence crack dynamics. Apart from
this, local dissipation might be used in a phenomenological approach to mimic other
effects (such as the creation of bound dislocations) absent from the basic lattice treat-
ment. From our perspective, it makes sense to put in dissipation at the lattice scale in
such a way so as not to dominate the large-scale continuum elastic field. If in addition
one demands an equation that is local in time, one is led (Langer, 1992; Pla et al.,
1998) to the introduction of a Kelvin viscosity which dissipates energy proportional
to the rate of change of spring lengths. In the naive continuum limit, this gives rise
to a third derivative (two space, one time) term. That means that if the viscosity is
chosen to be O(1) on the lattice scale, it will scale to zero as far as the macroscopic
dynamics is concerned. We saw this explicitly in a previous set of papers (Kessler,
2000; Kessler and Levine, 1998), which solved this problem for finite width lattices
and considered the nature of the solution as the width became large. Nevertheless, the
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viscosity can have a considerable effect on aspects of the solution that depend on the
microscopic details, namely the crack speed (for a fixed stress intensity factor) and the
self-consistency of the traveling wave ansatz.

In this paper, we extend the methodology originally devised by Slepyan (1981) and
obtain a closed form solution for Mode I cracks propagating steadily in a triangular
lattice in the presence of dissipation in the form of a Kelvin viscosity. This type of
term maintains the exact solvability of the model while, as already mentioned above,
restricting the dissipation to occur only inside the process zone. This latter requirement
is not met by the more typical Stokes viscosity term (Marder and Gross, 1995) which
is more effective in damping motion on large scales than it is on the scale of the crack
tip. Via our exact solution, we determine the effect of dissipation on the crack velocity
as a function of driving. We find the critical velocity (and the associated critical time)
at which other bonds in the lattice have displacements larger than the assumed breaking
criterion, signaling an instability in the steadily propagating crack and the onset of more
complex spatio-temporal behavior. We also solve the same system numerically on a
lattice of finite transverse extent so as to provide an independent check on some of
the results.

Perhaps the most interesting finding reported here concerns the aforementioned onset
of additional bond-breaking at large enough velocity. At small dissipation, diagonal
bonds that are offset from the assumed crack line in the vertical direction are the
most “dangerous”. The critical velocity at which one of these bonds exceeds critical
displacement is more or less independent of the dissipation at low values thereof and
eventually rises sharply as the system becomes increasingly damped. At moderate to
large damping, however, horizontal bonds become more relevant and eventually give
rise to a critical velocity that decreases with increasing damping. This is unlike what
happens in mode III cracks on a square lattice, a system studied by us (Pechenik,
2000) and also by Slepyan and co-workers (Slepyan et al., 1999). At the end, we will
comment on the possible relevance of our results for trying to make sense of recent
experiments (Fineberg et al., 1991, 1992; Sharon et al., 1995, 1996) and simulations
on instabilities during dynamic fracture.

2. Mode I on a triangular lattice

Our model consists of central force springs between mass points located on a triangu-
lar lattice. We introduce unit vectors in the lattice directions as follows: d; points in the
direction of the x-axis and each of the subsequent unit vectors d; with2 <i <6 rotated
by an additional /3 in the counter-clockwise direction. This means that dl+3 —dj.
We will always assume that the steady-state crack breaks bonds between the rows with
y=0 and 1/3/2, as it moves in the direction of the x-axis. This geometry is indicated
in Fig. 1, where the next bond to break is labeled “b”. Following Slepyan, we take
each bond in our lattice to be linear until a critical displacement, 2¢, at which point
it completely breaks. Also, dissipation is incorporated as a Kelvin viscosity term, with
each (uncracked) spring having a viscous damping 7. Given these assumptions, the
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Fig. 1. Lattice geometry of the region around the tip of the crack.

equation describing the motion of the masses in the lattice is

0\ & . %
<1 + ”a;) ;Qi(tax)di ST i a(t,x). (1)

Here, X=(x, y) is a lattice vector in the plane and Q;(¢,x) is the elongation of bond
i emanating from the specific lattice site, in the approximation that this elongation is
much smaller than the unstretched bond length,

Oi(t,%) = (ii(t,% + d;) — ii(t,%)) - d,. (2)

Finally, the driving term &'(¢,X) consists of forces that compensate for the forces
from broken bonds (which are included on the left-hand side) as well as any external
forces acting on the crack boundaries.

Next, we suppose that the crack is moving with a constant speed v. This allows us
to change variables to t=x — vf, Z= (1, y), which gives

—

A 6
0 N - 2o
<1—|—nvar) ;Q,(z)d, ) (3)

Because of the form of Q;(Z), we have the obvious symmetries

0:(2)=05(Z+d>), 0s(2)=0s(Z+d>3). (4)

We will impose one additional symmetry condition on the Q;. As the crack prop-
agates, it alternately breaks bonds in the d5 and d3 directions. Let us define our co-
ordinates such that at t=0 and =0, (so that x=0), the crack breaks a bond in the
direction of d5. This means that for t > 0 this bond (0»(Z,) with Zy = (z,0)) is unbro-
ken and for t < 0 it is always broken. If we shift one lattice spacing to the left, the
d> bond at x=— 1 will break at 1= — 1/v (here also T=0 in O(Z)). It is clear that
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the bond in the ci3 direction at x =0 breaks at a time-point between these two events;
we will assume that this time is exactly at the midpoint, = — 1/(2v) or equivalently
t=1/2 in 03(Zy). This means that for t > 1/2 this bond is unbroken and for t < 1/2
it is always broken. We will assume an even more strict symmetry condition for these
bonds, namely

02(20) =05 (x—v(t—21>,y=0>:Q5 <30+1651>, (5)
v 2

which will need to be checked from our solution later.
Let us denote Q,(Zyp) = QO(). Then, we can write down an explicit expression for
the forces G(Z) on the right-hand side of Eq. (3). For the row with y=0

5G0) = 0(—7) <ae(zo> - (1 - nt&) Qz(zo>ciz)

+0 (‘T + ;) (52(50) - ( nv) Q3(Zo)d3) (6)
=00 (~po - (1 m0g ) 0 )
+0(r+;> <P0 <r;) - (lnvaaT)Q<r;>>dA3. (7)

Here &, and ¢, are the assumed external forces. In the second form, these have been
taken to match the vectorial nature and also the symmetry of the bond-breaking terms.
The (scalar) Py will be specified later. Note that the second theta function in Eq. (6)
reflects the already mentioned fact that the bond from the point Z in the ci3 direction
breaks earlier (by the amount 1/2v) than the bond from the same point in the d,
direction.

Let us write down the corresponding force for the row y= \f 3/2. For the point
¥=d,, the bond in the ds direction is physically the same as the d, bond at ¥= (0,0)
and therefore breaks at t=0 in QS(ZO + dz) 0,(Zp). Now, the d6 bond at x—dz
breaks later, at 1= — 1/2 in Qg(Z) + d>). Thus we have

6(Zo +dr) = 0(—1) (5e(50 +dy) — (1 - T]Uai) Ox(Z0 + d2)625>

+0 (—T — ;) (52(50 +dy) — ( T]Ua> 0s3(Z0 + d2)d6> (®)

- (Pom ( nv> Q(f))
Aol

where we used the symmetry in Eq. (5) to write Qs(Z +d2) Q3(zo+d2 d3) 0,(Z0+
dr—dy—d, /2)=0(z+1/2). Finally, we can rewrite all these forces in a more compact
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form,
#(Z)=N(t)ds + N (v — 1) ds, (10)
#(Z +d2) =N(1)dy + N (v + 1) ds, (11)
where
N(t)=0(-7) <—Po(r) - (1 - nvi) Q(r)) : (12)

Next, we proceed by performing a Fourier transformation of Eq. (3), over the con-
tinuous variable 7 and the discrete variable y =n+/3/2, with integer n. In detail

- 3 ,
uf(1,5) = Z u (r, {n) el(‘ﬁ/z)m, (13a)
n=—o00
3 277\/?; .
u(t, y)= £ / dsuf (z,5)e™™?, (13b)
47'[ _27.[/\/_7:
utf(g,s)= / dtuf (1, 5)e'7", (14a)
F L[~ FF —igt
u (r,s)zz—/ dgu " (gq,s)e™'". (14b)
T — 00

We thereby obtain

¢ u™ — (1 +invg)> 0 d;=5" (15)
with

O =(e 7 — i - d; (16)
and 7=(q,s).

To find &'F we first transform Eqs. (10), (11) over t:

" (q.n=0)=N(q)ds + ¢/*N(q)de, (17a)

" (q.n=1)e? =N(q)d, + ¢ *N(q)ds (17b)
with

N(g)=Py + (1 +invg)0~ — nvQ(0). (18)

[T L

The superscript refers to the part of the Fourier transform which is analytic in
the lower half plane of the variable ¢g; see the appendix for details on our notations
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and conventions. Finally, using Eq. (13a) we get

7" = N(g)ds + ¢°N(q)ds + (9’ N(q)d> + N(q)ds)e*V*2,

589

(19)

This then completes the derivation of the basic equation that needs to be solved to

determine the steady-state crack field.

3. Wiener—Hopf solution

We wish to use the Wiener—Hopf technique to solve the equation derived above for
the elongation field Q. To start, we note that Eq. (15) can be written in matrix form

Mii*t ="

with the 2 x 2 matrix
Ay A3
M:
Ay A
where
A; = —v*¢* + (1 +invg) (4 sin?
Ay = — v*q® +3(1 4+ invg) (sin2

7-dy

2

A3 =/3(1 + invg) (sin2

and

N
FFF_ (9)

7.

d,

7-dy

+ sin

(1 _ eiq/Z)(l + ei(\/§/2)S)

2 VB3I +e92) (1 —V32)

The solution of Eq. (20) is therefore

1 det M,
i FF _
det M det ]‘42

A

o o
M, = , M, =
A3 Az g

X

A3

FF
g, )

2 7 d

(20)

(21)

(22a)

(22b)

(22¢)

(23)

(24)

(25)
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Now, we want to extract from the solution Eq. (24) an equation for the variable we
are interested in, namely Q%(q). From the definition of QO we have

Zn/\/§

F@=0ian=0="22 [ et i dy (26)
T 7271/\/3

From the basic solution above, we can evaluate # F - d5:

—dzxA3 + dzyAl —dzxAz + dzij,

FF FF
oy oy

(M|

ﬁFF'dz—‘

(27)

Before proceeding to evaluate the integral, it is worthwhile to pause and check the
basic symmetry conditions. We find that

3 27'5/\/§ — n
Q§(q,n:0): ;/;/2 3 ds(eﬂmh _ l)ﬁFF -ds, (28)

where the new dot product # ¥ - d5 is given by

dycAz +dyyAr doyAr + doy A3

FF FF
SFF 7 Ox gy
U -dy= . (29)
M|
Now, we can change variables of integration in Eq. (28) from s to —s. Under this
transformation, 4|y _y =41, 4zl s =42, A3|y_s= — A3, 6| _ = e_i‘gs/za}fF,
o s = —e ! 3“/2651:, which gives that det M|,_,_;=detM and #"F - ds|,_,_,=—
e~ 1V35/23 FF . d, Therefore Eq. (28) changes into
3 [2V3 o o .
Qg(q;n _ 0) _ _£ ds(elqdzﬁrlédzv _ l)e—ldzy_sl—i FF | d2
47 —2ﬂ/\/§
=207 (¢.n=0). (30)

This is exactly the symmetry condition Eq. (5); hence, our solution is consistent with
the assumed symmetry. We also note here that a similar derivation gives

1 1 3
Ox(1,y)=0s <T+2,—J’>=Qe (T-f— 2’—)/+\2[>~ (31)

More generally, we can see what these symmetries mean for the displacement field
ii(z). Using det M |;_,_s =~ V32 det My, det My|,_._, = — e V392 det M, we obtain
uFF |y = e 1V35/2FF and Ul g =— e_i\/gs/zul;F. These give u (7, y) = uc(t, —y +

V3/2) and u, (1, y) = — u,(t,—y + V/3/2).
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We now proceed to calculate the integral in Eq. (26). The explicit form of the
integrand in Eq. (26) is

3 <vzq2 — (1 +invg) <2 sin’ g +sin .2d3>>

22 7od
U9 4301 1 imug) sin? -
N(q) 2
det M| A \/§ q
| (cos¥-dy —1)— | cos—s —cos =
2 2
A 3
(cosv-dy— 1)+ (cos{s—cos g)

(32)
As |M| is an even function of s, only the even part of the other determinant contributes

to the integral. Then, by the change of variable to w =e~V3¥2 we can rewrite Eq. (26)
as an integral over the unit circle in the complex w plane. After some tedious algebra,
we find that we can write

det M =38 + ol + f, (33)
where
1. 1
¢=5(1+invg) ( +w), (34a)
2 w
a=— 2cosg (—2v2q2 +3(1 + invg) (1 + 2sin’ g)) : (34b)

B=3(1 + invg)? (1 + 3sin? %) —4(1 + invg)o*q? (1 + sin? g) Fotgh (340)

Similarly, the even part of the determinant in the numerator becomes
F(9)
1 +invg’
with

(35)

F(&)=3 [(é —( +inuq>cos§)2 +2(1 +ineg)sin’ 2 (1+cos 2 )

x (1 +invg — é)} — v’ {(l +invg) (1 + cos %) - fcos% + 14+ invq} .

(36)
We also write here the odd part of this determinant for future reference,
1
Gw)=i( — —w)sind [uzqz ~3(1 + invg) sin? i} . (37)
w 2 2
Inserting Eqgs. (33) and (35) into Eq. (32), we can see that Eq. (26) becomes
N(q) dw  F(O)
0" (q)= (38)

2ni(l+invg) | w32 +ali+p
w=1
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with the integration around the unit circle taken in the counter-clockwise direction. The
integrand in Eq. (33) has three poles inside the unit circle; i.e., w=0 and one w for
each of the two roots of the quadratic in Eq. (33),

&a=CE++C*-D (39)

with
2
C:cosg [31}2612 + (1 +1invgq) (1 + 25sin? Z)} (40a)
_ . 2 .29 _f . 2 2 .29 l 4 4
D=(1+invg) (1 + 3sin 2) 3(1 + invg)vq (1 + sin 2) + 317 q.
(40b)
Then calculating the residues at these poles we get
N(q)
=————(0-S5 41
0= (1= 9) (41)
where
F £2 _ (1 3 2 _F 2_ (1 3 2
S(q) = (V& — (A +invg) (&)ver — (1 +invg)” (42)

3(& — &)VE — (1 +invg) /& — (1 +invg)?

Note that we are supposed to take those branches of the square roots in Eq. (42) that
ensure that

|W1,2| <1 (43)

with w; , defined by
G2 = /G, — (1 + invg)?

= 44
= 0+ neg) e
If we now substitute N(g) from Eq. (41) into Eq. (18), we get
(1 =8Py S)Pf
+ 1 - = 4
0" +50 + (1= $)00) = (45)

We have now to choose Py, our external forcing. In taking the width to infinity, in
essence we are solving for the “inner” solution in the sense of boundary-layer theory;
i.e., only on the scale of the lattice spacing. The external forcing in the finite width
problem only acts on the large scale, and does not vary on the lattice scale. Thus, Py
must have support only at ¢ =0. Following Slepyan, then, we choose Py such that

1-S 1 1
—— X P, =2nBJ B , 46
ST £ imeg) 0 = 2mBo9)= (iq+0++iq+0+> (46)
where B is a constant. This then gives us the two separate equations
0 N BS*
Q+:_ nUQ( ) 1— + i , (473)
1 +invg S+|q:i/nv —1g + 0+
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Q_:_

nvO(0) ( ! _ 1) B (47b)

. o
I+ invg \S=8%|g=imo (ig +07)S~

As shown in Egs. (86) and (88), we can solve for Q(0) from either Eq. (47a) or
(47b) by multiplying the first by —ig — 400 or the second by ig — +o0. This yields

0(0) = BS™ |g—ipme- (48)
Substituting this back into Eqgs. (47), we find
BS* nvB
+ = - S+ =i/Nvs 49
Q (—ig+0t)(1+invg) 1+ invg lg=im (492)
_ B nvB _
0 = + ST yimeS - (49b)

(—ig +0M)(1 +invg)S— 1 +invg

These equations directly determine the displacements given the strength of the ex-
ternal driving, B. To get a physical handle on the meaning of this constant, we note
that Eqs. (47) can be directly solved for the leading behavior of OF as ¢ goes to 0,
using the fact that, in this limit,

ST~ kF/A(qg £i07), (50)

where

1 ;-0 (=3 + )

V202 2 V3 /%_Uz

and x is a constant, reflecting the arbitrariness in how we perform the decomposition
of S. This expression for A contains the transverse speed ¢, = \/% and longitudinal
speed ¢ = \/9/78 As we shall see, the zero of 4 gives the limiting speed of crack
propagation, cg = (3 —v/3)/2=0.563, which is as expected equal to the Raleigh wave
speed. Using Eq. (50), the limit of the Q’s is seen to be

(51)

ot K\/Zil/i (52a)
(ig + 0F)12°
'I/ZB

0~ (52b)

T VA Gg+ 07y

This is just the expected (Fourier transform of the) the singular solution of continuum
clasticity as one approaches the crack tip. Thus, as in all boundary-layer problems,
the large-distance limit of the “inner” solution matches on to the short-distance limit
of the “outer” solution, confirming the argument for the choice of F, above. We
need to relate the strength of the short-distance singularity of the continuum solution
to the driving displacement A. This can be done directly by solving the continuum
elastic equations. It is easier, however, to follow Slepyan and derive this relation by
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energy considerations. One can calculate (Slepyan, 1981) the flux of energy into the
boundary-layer, or “process” zone, obtaining

ix?B?

7 v. (53)

Now consider the flux of energy T being used to break bonds, which is simply related
to V(0):

(BS™ |gipmo)? v

Ty= 5

(54)
Then, using the fact that the Griffith’s displacement, Ag, is determined by the condition
that at this value the energy flux is just exactly that needed to break the bonds and
that the energy flux is proportional to the square of the externally applied driving
displacement A4, we have

A T il2g

4_Jr__i%« 55
Ag To  S*|g=ifme )

Notice that the factor of x guarantees that the result is invariant with respect to how
the decomposition of S is performed.

4. Numerical calculation of steady-state solutions

In this section we derive an integral form for the basic result, Eq. (55). We then
present a numerical procedure for finding the displacement—velocity curve. The basic
notion is to utilize Eq. (91) from the appendix to find S*. It is more convenient for
the numerical work to isolate explicitly the singularity at ¢ =0, defining K(g) by

S2(q)q* + ¢?)
A%(q +107)(g — i0t)¢?”

K(q) = (56)

where ¢ is an arbitrary positive constant. Because of the factor 4%¢? in the denominator,
K(0)=1; the factor (¢*> + ¢*)/¢* does not alter the desired asymptotic behavior at
infinity: K — const as ¢ — oo. Applying Eq. (91), we get for Img > 0:

lnS(y) g +i07\"? e
7expﬂ/ <A¢ q—f—i(}')) (K% (57)

and for Imq < 0:

Ins( v) Log—i¢p\"” s
7fexpﬂ/ (Agbq—iO"f) (K) 7, (58)
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with
1 [~  InkK
(Ki)il/zzexp—,/ d'y n (V), (59)
4mi ) _ Y —q
where the upper sign is for /mg > 0 and the lower sign for /Imq < 0.
As K(0)=1, there is no pole in the integral in Eq. (59) at y=0 when ¢ =0. This
means that K*(0)=(K~(0))~" and the asymptotic expressions for S* are

STym0= \/AK (0)( +i0H)12; S7|,m0= \/Ki/(l())(q —i0+)l2, (60)

Comparing this to Eq. (50), we have

Kk =/—1iK (0), (61)

so that Eq. (55) translates to

A4 [1T+¢nv KT(0)
46\ 4 K*(i/mv)

Explicitly writing out the integrals, we get

A 14+ ¢mo 1 /°° InK(y)
SEH e ' SV (N I Ll YRR 63
4\ ae @) e (63)

The extra degree of convergence of the integrand at infinity is very desirable, as it
helps control the fact that In K(&) is a rapidly oscillating function. Also, the fact that
the answer must be independent of ¢ provides a check on the numerical routines. A
change of variables y — —7 allows the integral to be rewritten so that

1+ ¢m InK(y)
AG VAo = 7/ "+ imey)’ (64)

This form makes clear that as A approaches 0, A4 diverges, confirming our above
remark about the Rayleigh wave speed being the limiting velocity.

To actually compute this integral, we divided the region of integration into two parts,
from 0 to 1 and from 1 to 4+oo. The second integral was further transformed so as
to have in the numerator the factor In 42¢>K (&), which goes to zero at infinity; the
subtracted integral with the numerator In 1/(4¢)* was performed analytically. After all
these manipulations, the integrals were successfully computed by standard mathematical
library subroutines.

The results of these calculations are presented in Figs. 2 and 3. These findings are
quite similar to the analogous mode III results (Kessler, 2000). Later, we will show
that the upper limiting value of 4/4Ag for an arrested (i.e., lattice-trapped (Thomson,
1986)) crack is around 1.94. As was the case for mode IIl, the 4 — v curves in
Figs. 2, 3 approach this value as v goes to 0 at any value of the damping 7. Slepyan’s
original calculations, done for the dissipationless limit # =0, show the same asymptotic
value.

(62)
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Fig. 2. Dependence of crack speed v on the dimensionless driving 4/4g, for varying dissipation:
n=0.1,0.7,13,1.9.

v/cR

Fig. 3. Change in behavior in the velocity—driving curve as n is made small. Note the rapid oscillations at
smaller speeds.

5. Consistency of the steady-state solution

As mentioned in the Introduction, cracks are seen to become unstable above a critical
velocity. In the framework of the model being considered here, one might assume that
this velocity is associated with the solution as found by the Wiener—Hopf method
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becoming inconsistent (Marder and Liu, 1993). As we shall see, there are two kinds
of inconsistencies. The first sets in for small v, for small enough #. Here the vertical
bond between y =0 and 1 first achieves critical extension prematurely, at some positive
7, contradicting the assumption that the bond breaks at t=0. In the second kind of
inconsistency, a bond off the crack path achieves critical extension. If the model is
defined so that only the vertical bonds between y =0 and 1 are breakable, then this
does not present a problem. If on the other hand, all the springs are chosen to be
identical, so that the horizontal springs and other vertical springs also break at the
same critical extension as the vertical ones, then the solution is indeed inconsistent at
this point. This is what occurs at large enough velocity, for all #.

To proceed, we must calculate the bond lengths, transforming back our Fourier space
solutions so as to obtain the physical displacements. Let us start with bonds along the
crack path, where the elongation is straightforwardly determined by transforming O (¢)
back to physical space. From Egs. (47) and (48), we easily obtain for Q%:

0(0) St nvQ(0)

+ - J—
O T S 00+ o) S e 1 imeg’ (65a)
- 0(0) 1 nvQO(0)
0= (ig + 01)(1 +invg) S=S*|4=i/me 1 Tinvg’ (65b)
and for Q(7):
\/73—1'(1z (K+)1/2
0 0 66
06> 0)=00) [ T TS 6
O(x < 0) = 0(0)e™™
et ig + ¢ ) (K—)—I/Z
+Q(0)/ Zn \/7(1q + 0+)(1 + lnvq) (1q + o+ S+|q:i/nv .
(66b)

Clearly, these integrals must be performed numerically. To proceed, we transform
the pieces containing the factors K* by dividing both the numerator and denominator
by (K*(0))"2. In the denominator, we get 4/4g; we have already discussed how this
can be computed. We now have integrands containing factors of the form

K+ +1/2 1 oo nkK

KA oy L [~z ©

(K+(0))'2 4 d&—q)
The + on the right-hand side refers to the sign of the imaginary part of g. As we will

see later on, we need to calculate this function only for positive g. Then, the integral
in the exponent can be written as

1 > RelnK(g¢) 1 [~ ImInK(g¢)
m), ez */ HE (xR

We break up the region of integrations into three parts, (0,1/2),(1/2,3/2) and
(3/2,+00). In the first interval, we numerically calculate the integral directly as

(67)

(68)
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written. For the third interval, we proceed as discussed in the last section for a similar
semi-infinite integral; this leaves us with having to integrate numerically a function
that behaves as 1/&* near infinity. Finally, for the integral near 1 we add an inte-
gral with K(g¢&) replaced by K(g); this added integral is done analytically and the
resultant subtracted integral with the integrand now containing In K(¢&)/K(g) is done
numerically.

Applying the described procedure, we can evaluate the functions (K*(g))*'?/
(K*(0))"? for any real positive g. We must now perform the final integration over the
variable g. First, we note that the requirement of having a real displacement necessi-
tates V*(—g)=V*(g)*. This allows us to change the region of integration to (0, +c0)
in Eq. (66a); we will return shortly to Eq. (66b). The trickiest part of this calculation
concerns the behavior near ¢ =0. For '+, there is a 1/¢'/? behavior. Here the leading
order term can be integrated analytically over the interval (0,1) and then the overall
function with this term subtracted can be used for a numerical integration. This works
in a straightforward manner.

We need to be more careful with the integral in Eq. (66b) because here the inte-
grand behaves near zero as 1/¢%2. To proceed, we first divide the interval of integration
into three parts; (—oo,—1), (—1,1), and (1,+00). The integrals over (—oo,—1) and
(1,+00) can again be combined to yield an integral of twice the real part of the in-
tegrand over the latter range. For the range spanning zero, we first subtract from the
integrand the leading term A*I/z(iq—i—0*)’3/2/S+|q:i/m,. After this subtraction, the inte-
grand becomes of order 1/¢'/?>. Now, the one-sided integral converges, and thus we can
again transform the range to (0,1). This subtracted integral is evaluated numerically
from a very small value of ¢ (typically ¢=1073) to 1. In the remaining part of the
range, i.e., from 0 to 1073, we evaluate the integral analytically after approximating
it by its leading small ¢ behavior, o/q'/?; the value of the constant o is determined
by fitting the behavior of the function near the point 10~3. Finally we need to per-
form analytically the integral of the subtracted piece 4~ '2(ig + 07)~%2/S*|,—i/n,. To
accomplish this, we deform the contour of integration from (—1,1) on the real axis
to the curve from —1 to 1 going over the lower half of the unit circle. Note that the
branch-cut for this function must be taken as before over the negative real axis; this
choice guarantees the fact that f(—q)= f*(g). Note that once all our transformations
are complete, we only need values for the integrand for positive (real) values of g;
this was used earlier in the technique for calculating K*. A good check of this com-
plex numerical technique of computing the Fourier transformation is applying it to the
Fourier transform Q" (g) for t <0 and O~ (g) for > 0, as in these cases the result
must be equal to zero.

This calculation gives us the elongation of the vertical bonds crossing the crack
surface. The results are shown in Fig. 4. A careful examination shows that as the
velocity is decreased the function becomes more oscillatory. This is similar to what
is known to occur for mode III (Marder and Gross, 1995; Kessler, 2000). For small
enough velocity, the magnitude of the oscillations is sufficiently great that the bond
extension exceeds the critical extension (taken here to be 1) at positive 7, i.e., before
the time it was assumed to crack. This inconsistency at low v and small n was already
noted by Marder and Gross (1995). As 7 increases, the oscillations are increasingly
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Fig. 4. Elongation of bonds on the crack surface, Q(t) for 7 =0.5. Results are shown for three velocities,
v=0.3,04,0.5.

damped, so that for sufficiently large #, of order 1, the oscillations are completely
overdamped and the inconsistency disappears.

At large velocities, bonds off the crack line can exceed critical extension. We begin
with the horizontal bond elongations above the crack line (e.g., the bond labeled “c”
in Fig. 1) or equivalently, below, which requires us to calculate a different component
of the displacement (than the one which goes into Q). In detail, we have

f 23 B )
Qh(q) Q1 (q,n = 0) = — dS(e_lr'dl _ l)ﬁFF . dl
—2n/V3
7( —ig _ 1)7 /271/\[ detMl (69)
21/v/3 detM ’

where these matrices were defined in the last section.
We now proceed as before to change variables to w and rewrite this expression in
terms of the auxiliary variable & defined in Eq. (34a).

N(g)H(&)

det M; = —
e 1 +invg

+ term odd in s, (70)
where
.3 ¢
H(&)=5(1—*)(1 +invg + &) (Hqu goos T ”3")

—%isin%(l +e92)(E — (1 +invg)?). (71)
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Fig. 5. Elongation of the horizontal bonds, QOp(t), for #=0.1; results are shown for four velocities,
v=0.4,0.45,0.48,0.5. The instability sets in whenever Oy, exceeds unity.

As before, the integrand in Eq. (69) has three poles. Dropping the irrelevant odd
term and performing the integral leads to the expression

_ N(q) i
On(q) = m(l —e “n(q) (72)

with
1 —e?  H(E)VE - (1 +ing? — H(&)V/E — (1 +invg)?
2 3(& = VG — (T +inug)? /G — (1 + invg?

Branches of the square root satisfy the same conditions (43), (44), as earlier. The
function N(gq) can be found from Eq. (41)

I+ invq)QF(q).

¥n(q) = 73)

N(g) = (74)
Our final answer is
On(q) = 0(0) (I —e)n(q) (75)

S| g=imeS ™ (ig + 0F)(1 4 invg)’

For ¢ close to 0, the function (1—e ™)y (g) behaves as ¢, giving a divergence 1/g'/2

for Ou(q). This is similar to the divergence in Q" (g). Thus, the numerical calculation
of On(t) is similar to the calculation of Q(t) for t > 0. Fig. 5 displays On(t) for
several values of 1 and v. Generally speaking, the function Oy(7) has maxima in two
different places, one somewhere in the vicinity of —1 and a second for © > 0.

We also need to find the bond elongation between the layers with n=1 and 2 and
between the layers with n=—1 and 0. Due to symmetry (31) it is sufficient to consider
only O (¢,n==1), which we will denote as Q4 (g). The bond labeled “a” in Fig. 1
corresponds to Q. We can derive for it an expression similar to that in Eq. (38) with
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the major difference being that in this case the odd parts of the explicit determinant in

Eq. (32) do not cancel out because of the additional factor w*!:
0.( ):N(q) dw 1 F(O/ +invg) + G(w)
SO0 ol w 3+l p
N(q) F(O/(A +invg) £ G(w)
=5 d : 76
ami Sy 3¢ +al+ B (76)

To derive the second equality, we used a change of variables w — 1/w, along with the
symmetries of F and G. Again the integration in Eq. (76) is in the counter-clockwise
direction. In this case, the integrand in the second form of the integral has just two
poles inside the unit sphere, at w; ;. After the by now familiar tedious calculations, we
find

_ N9
0+(q)= mlﬁi((ﬂ, (77)
where
V() = — F(&)w F(&)wa
36 = H)WE - (L+inugy  3(& - &H)VEG — (1 +inug)
g(g)(wi — wy)
ECER) 7%
with
9(q)=—2i sing [vzqz —3(1 + invg) sin? % (79)
and N(q) is again given by Eq. (74). Finally we obtain
0
0ra)— 2O Vi (9) (50)

S+|q:i/nvS7 (lq + 0+)(1 + 111”‘])

Just as was the case for Ou(g) and O*(g), O+(q) behaves as 1/¢"/?> near 0. Thus
numerical calculations can be performed just as in the previous cases. Fig. 6 shows
several curves Q4 (t) for differing parameters.

Given the elongations of these “vulnerable” bonds, we can investigate the critical
speed at which one of these bonds should be broken. Fig. 7 shows the results of
our calculations of this critical speed. In Fig. 8 we plot 7., at which these bonds
break; this allows us to identify the spatial and time coordinates of breaking and
enable us to make contact with our finite lattice calculations later. We found that
the maximum value of Q_(t) always reaches 1 before Q. (7) and that this is the
most dangerous bond for small dissipation. This curve turns around at an n of around
1.2, so that Q_(t) is always subcritical for larger #. This is a result of the fact that
the maximum value of Q_(t) is, surprisingly enough, not monotonic with velocity,
but reaches a maximum and then decreases with increasing velocity. The maximum
extension of this type of bond occurs, for large velocity, at some distance from the
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Fig. 6. Elongation of bonds on the layer above and below the crack layer, Q+(t) for #=0.1. Again,
instability corresponds to elongation Q > 1.
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Fig. 7. Critical speed v, for instability onset for various bonds; horizontal, and above
surface.

and below the crack

crack surface. For small 7, where the maximum Q_(t) does exceed critical extension,
the decrease of the maximum Q_ with v restabilizes the bond beyond some velocity.
The dominant threshold for # above about 1.1, then, comes from the horizontal bond
breaking. Note that as # increases, the critical velocity decreases. Also, for small 5, a
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Fig. 8. Time of bond breaking at the critical speed.

crossover occurs as the relative importance of the two different maxima in the horizontal
bond elongation reverse; this region is anyway irrelevant as the next-layer vertical bond
breaks at a lower velocity. Whenever the horizontal bond dominates, the maximum at
T = —1 is the governing one. As we see from Fig. 8, even for large # this critical ©
stays near —1, what means that the horizontal bond always breaks near, and slightly
behind, the tip of the crack.

Many of these features appear to be special to the Mode I problem, with no analog
in Mode III calculations. At least for the Mode III square lattice case, horizontal
bond breaking always dominates (Pechenik, 2000) and furthermore the maximum bond
extension off the crack surface is a strictly increasing function of the velocity. This
points to the possibility that the dynamics of Mode I may be much richer than the
Mode III dynamics.

6. Finite lattice model

For our Mode III calculations, it proved interesting to compare the exact results
derived for an infinite lattice with the numerical determination of crack propagation
properties in lattices of small transverse size (Kessler and Levine, 1998; Kessler, 2000).
We now discuss similar calculations for our Mode I model. In addition to providing
details regarding the size needed to attain answers relevant to the macroscopic limit
(a question of direct relevance for direct molecular dynamics simulations (Abraham et
al., 1994; Gumbsch et al., 1997; Holland and Marder, 1997, 1998; Omeltchenko et al.,
1997; Zhou et al., 1997), for example), finite lattice results can be used as a rough
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check on some of the predictions obtained above. Given the complexity of the analysis,
having such a check is quite useful.

6.1. Arrested crack

Let us start with trying to find arrested cracks, expected to exist in some range of
the driving 4 around the Griffith’s displacement. This involves looking for a solution
of Eq. (1) with #(x, y) independent of time and with the forces on the right-hand side
arising solely from the broken bonds. If we have a system with a finite number of
rows, the natural boundary condition requires that the top and bottom rows have fixed
vertical displacements of 4 and —A4, respectively. Since the entire system is linear, we
can choose to use 4 =1 and rescale the breaking criterion accordingly.

Since we are a numerical calculation, we must introduce artificial boundaries in the
direction along the crack, X. We do this by cutting off the range of points whose coor-
dinates are variables and outside of this range impose fixed asymptotic displacements.
On the cracked side, these are just ¥ = + Ay for positive and negative y. On the
uncracked side, the asymptotic displacement corresponds to constant strain. At each of
the sites that has a variable displacement, we impose the two components of the (vec-
torial) equation of motion. We also impose the equations of motion at the boundaries
of the system. This gives us more equations than we have variables. The coupling of
sites which contain variable displacements with the ones with fixed displacements gives
rise to inhomogeneous terms. Combining these observations, we can write our system
in the schematic form Mu — b=0, with a non-square matrix M. The field u is then
determined by the requirement that the error be minimal. In this manner, the small
errors introduced at the boundary by having to have a fixed box size are prevented
from causing any large errors (via modes which grow exponentially away from the
edges) in the bulk of the lattice.

The solution of this linear system determines the elongation of all bonds. In Fig. 9
we show a typical lattice given by this solution. In fact we need to know the elongation
of just two bonds right at the tip of the crack; the one which in the case of the moving
crack would break next (Q,) and the other which would have been the last one broken
(Q1). Now, recall that we have scaled our displacement to equal unity and the only
remaining displacement scale is the elongation at which the springs break, which we
can call &. The solution we have found is consistent as long as ¢ is between the lower
limit set by the O, and the upper limit set by Q,. Since Ag =¢+/(2N + 1)/3, where
2N is the number of rows in the y-direction (excluding the boundary rows whose dis-
placement is constrained), we directly obtain the upper and lower limits of the arrested
crack band:

1 A4 1

— < <—.
on/ieN+1) 46 o, /ien+1)

The results for these thresholds as a function of lattice size are shown in Figs. 10 and
11. In the limit of an infinite lattice, the lower limiting value 4_/Ag approaches 0.515,
while the upper limiting value 4, /Ag approaches 1.94.

(81)
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Fig. 9. Solution for an arrested crack in a finite width lattice model.

1.92 — : : : — .

1.88 -

~, 1.84 - -

1.80— -

1.76 | | | | | | | 1 | 1 | | L
0.00 002 004 006 008 0.10 0.12 0.14

1/N

Fig. 10. Upper limiting A4 for a Mode I arrested crack in a triangular lattice, as a function of lattice width.

6.2. Stable moving cracks

We now turn to the moving crack problem. Again, we need to solve Eq. (1) with
the forces on the right-hand side due to the broken bonds. Now, the displacement field
u(x, y,t) is of course time dependent. Therefore, we need to introduce a time-step At
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Fig. 11. Lower limiting A for a Mode I arrested crack in a triangular lattice, as a function of lattice width.

so as to define the time-points at which we will obtain a numerical solution. Given
some specific speed v of the crack, we choose to divide half of the time interval that
it takes for the crack to propagate one lattice spacing, 1/(2v), into n equal time in-
tervals; thus Ar=1/(2vn). Now we can discretize our system, obtaining equations at
times ¢t =0, A¢t,...,(n — 1)At. We use a symmetric discretization of first and second
derivatives (ii(t + At) — ii(t — At))/(2At) and (ii(t + At) — 2ii(t) + ii(t — At))/(At)?,
respectively. These equations depend on displacements # outside of this time inter-
val, because of the temporal derivatives. These can be found via use of the assumed
symmetries of the moving crack; in fact, it is easy to see that we thereby trade in
displacements outside of the modeled interval with displacements inside this interval
albeit at a different spatial location. The boundaries are treated the same way as de-
scribed for the arrested crack; the displacements outside some range are replaced by
asymptotic values for all of the time-points in our interval. Including the equations
at these boundary points again gives us a system in which the number of equations
exceeds the number of variables and again a least squared error algorithm is used to
find the required solution.

We used these finite lattice calculations to provide an independent check on our
analytic infinite lattice results. We were specifically interested in checking the critical
speed estimates. The difficulty is that convergence in the parameter 1/N is fairly slow
and using large lattices is rather time-consuming and memory-demanding. In practice,
we limited our calculations to N’s ranging from 6 to 24. It turns out that for small
dissipation where it is the next-row vertical bond vulnerability which determines the
critical velocity, we can do a credible job of verifying that the infinite lattice results
are consistent with the finite lattice ones. For example, in Fig. 12, we show the critical
speed as a function of lattice size for several different values of 5. These numbers, if
extrapolated to infinite N are clearly consistent with the results given earlier in Fig. 7,
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Fig. 12. Critical speed due to the vertical bond breaking on the layer next to the crack; data are presented
as a function of lattice width parameter N.

especially considering that having a finite time-step introduces a small numerical error
on its own. We can also check the critical time t at which the bond breaking occurs.
From Fig. 8, we see that in the infinite lattice the break occurs for 7 ~ —0.5. For the
finite lattice with n =15, this means that the bond “a” highlighted in Fig. 1 should go
above breaking threshold at the first time-point of the modeled interval. This is exactly
what occurs.

A different strategy is necessary for studying the onset of horizontal bond breaking.
This is due to the fact that quite large N’s are required in to order for the results to
quantitatively approach the infinite N limit. As a result, the picture of which bonds
are critical changes dramatically between finite N and the infinite N limit. In Fig. 13,
we present the “phase diagram” for critical bonds for N =38, plotted together with the
infinite N result, and in Fig. 14, we compare the N =38 results to those for N =26.
Since the steady-state code is difficult to run at these large values of N, the data in these
two plots were obtained from time-dependent simulations, with only the central vertical
bonds allowed to break. After running to times of #=100 to eliminate transients, the
extensions of the dangerous bonds were checked to see if they exceeded criticality.
Note that, in contradistinction to the “phase diagram” plotted in Fig. 7, we now plot
A/Ag on the vertical axis, since this is the input control parameter for the simulations.
We see that qualitative behavior of the “Q_" bonds is similar to the infinite-N result,
with these bonds being below critical extension for both large n and large 4/4g. The
horizontal bonds also behave qualitatively like their infinite-N counterparts, but the
quantitative agreement, is as we noted above, significantly worse. In fact, for large #,
the most dangerous bond is in fact of “Q.” type. However, the threshold at which
the “0,” type bond becomes dominant is pushed to larger 1 as the system size is
increased, presumably going to infinity with N. Also, there is a small region of g
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Fig. 13. Comparison of the driving thresholds for critical bond extension for N =oo and 38.
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Fig. 14. Comparison of the driving thresholds for critical bond extension for N =38 and 26.

around 1.1 where the inconsistency is re-entrant, so that for intermediate values of
A, no bonds of the crack surface are critical. Thus, to see dynamics qualitatively
representative of the macroscopic system requires very large system sizes at moderate
to large #. Presumably, this is connected to the process zone increasing in size with 7.
This leads to the conclusion that in molecular dynamics simulations, the width of the
material taken should be very large to accurately study the micro-branching instability.
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7. Discussion

In this work, we have discussed steady-state mode I crack propagation in a viscoelas-
tic lattice model. Our primary method of analysis utilizes the Wiener—Hopf technique
to write down closed form expressions for both the v—4 curves (for various values of
the dissipation #) and for the bond elongation field. The latter enables us to obtain
the limit of consistency for the solution past which some bonds that are not along the
crack path have elongations greater than the assumed breaking criterion. These results
are new, and correspond to non-trivial extensions of the v—4 curve in the dissipation-
less limit by Kulamekhtova et al. (1984) in the infinite width case and by Marder and
Gross (1995) for small lattices.

The most interesting results, in our opinion, concern the dependence of the critical
velocity (where the aforementioned inconsistency sets in) on the amount of dissipation.
For small dissipation, this threshold is relatively insensitive to 7, as already suggested
in direct numerical simulations (Pla et al., 1998). This threshold, occurring at roughly
0.73 of the Rayleigh speed is in some ways reminiscent of the Yoffe (1951) branching
criterion which suggests that straight crack propagation will become unstable once the
largest stress direction shifts away from being straight ahead. It is unfortunately hard to
be more precise regarding this correspondence since the crack dynamics in our model
is fundamentally tied to the lattice scale, not the macroscopic scale—in fact, the latter
is completely invisible in the Slepyan approach aside from providing a driving force
in the form of a stress intensity factor.

At larger 7, the instability picture changes. Now, it is a horizontal bond breaking
which signals the onset of more complex crack dynamics. Also, the threshold goes
down with increasing dissipation. This appears to be a new instability, as it is strongly
dissipation dependent and is not associated with crack branching.

Much of the recent theoretical work on Mode I cracks has been motivated by exper-
iments which show clearly that instabilities limit the range of steady-state crack prop-
agation. These instabilities introduce more complex spatio-temporal dynamics to the
fracture process, causing additional dissipation and leaving behind a roughened crack
surface. It has been tempting to associate these results with the onset of inconsistencies
in lattice models, although the details of this correspondence remain uncertain. First,
most of the experimental work has been carried out in amorphous materials, for which
the idea of an ordered lattice model is somewhat suspect. These experiments seem to
show a typical frequency for micro-branching which is not connected in any obvious
way to dynamics at a lattice scale. The instabilities seen experimentally typically oc-
cur at smaller speeds than the ones seen in lattice systems with small dissipation and
indeed at smaller speeds than one sees in fracture experiments carried out on single
crystal materials (Cramer et al., 1999; Field, 1971; Hauch et al., 1999). There is how-
ever, recent evidence that single crystal experiments exhibit three-dimensional effects
that clearly cannot be captured in any 2d model (Cramer et al., 2000).

Notwithstanding all these issues, we remain optimistic that the study of this class
of models will lead to insight into dynamic fracture. There are several intriguing pos-
sibilities that need to be investigated in the future. First, we have shown that for
mode I cracks, increasing the dissipation (in the form of a Kelvin viscosity) eventually
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results in a decrease of the instability threshold. If our model is really applied at
the atomic scale, it is hard to see why there should be a large linear dissipation; on
the other hand, it is well known that lattice models miss an essential non-linear dis-
sipation mechanism, namely the creation of dislocations that remain pinned to the
crack. Would inclusion of these effects also lower the threshold? Of course, dis-
locations come with their own complex dynamics and one would need to under-
stand much better than we do at present as to how these dynamics interact with the
crack tip.

On the other hand, applying the model on a large scale (possibly for a disordered
system) would naturally require a large dissipation and recent numerical simulations
indicate that proper inclusion of the thermal fluctuations might also push the model
into better agreement with experiment (Pla et al., 1998; Sander and Ghasias, 1999).
Finally, the exact nature of the state which occurs past the instability onset has not
been addressed in our work to date, and in fact cannot be addressed by the elegant but
ultimately limiting analytic methods utilized for the steady-state problem. Instead, we
plan to study a generalized force law in which the sharp breaking criterion is replaced
by an analytic non-linear force versus displacement (Kessler and Levine, 1999). In this
formulation, the inconsistency found here becomes a linear instability of the steady-state
crack (Kessler and Levine, 2001) and one can use some of the methods developed in
the field of nonequilibrium pattern formation to unravel the dynamics past onset. These
studies, together with additional experimental data regarding the differences between
brittle fracture in crystalline versus non-crystalline materials, will hopefully lead to a
better understanding of dynamic fracture.
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Appendix A. conventions and notations

We discuss here some of our conventions and notations regarding Fourier transfor-
mations. We use Fourier transformation in the form

uF(q):/oo d‘cu(r)ei‘”,

1 > .
u(t)= I [ dguf(q)e™7"". (82)
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We also define ™ and u~ as

(@)= [ dnuoer, (830)

u (q)= /_ ' dru(r)e'?". (83b)
This gives )

u(r)O(r):% [ O:O dgu™(g)e .., (84a)

w00 =5 [ dgu e, (34b)

which means that 4™ has poles only in the lower half plane and ™~ only in the upper
half plane.
Now let us define p= — ig. Then,

o0 e o0 0
/ dru(r)e?" "< u(O)/ dre-rr =4O (85)
0 0 p

Thus
lim  —igu" =u(0). (86)
—1g—+o00

Similarly we can get for p=ig

0 0
/ dru(r)edt TS u(O)/ dref” = @, (87)
giving
inIPOOiqu_ =u(0). (88)

The Fourier transform of 0(—7)d/dzu(t) is given by
0
d 4
/ dr %em —u(0) — iqu~. (89)

Finally, we consider separating an arbitrary function S(g) into the product of two pieces
S* and S~ with poles and zeroes in the lower and upper half planes, respectively. This
can be done using the identity

1 [ 1nS(5)1/°°dé(1ns+(f)+1n5(f))

- d =
27l J_ éé—q 27 J_ o E—q E—q

{for Img >0, InS*(q)

(90)

for Img <0, InS™(q).
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