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A simple experiment is described which is based on the notion that the resonant frequency of an
eigenmode is shifted if an obstacle is introduced into an acoustic resonator. The shift depends on
the shape and volume of the obstacle and on the nature of the acoustic field which previously
existed in the space occupied by the obstacle, It is showsn that a spherical obatacle made from a set
of parallel disks can be used to evaluate both the intensity and direction of motion of the vibrations
in the resonator. The relevance of the methad to other fields of physics is also indicated.

LINTRODUCTION

The shift in resonant frequency caused by perturhing a
msonant system is a powerful method of accurately mea-
sring physical parameters. The principal reason for the
poputarity of the technique is thal the errors are commonly
Emited by the accuracy with which one can measure fre-
quencies; for high quality resonators the error limits can be
¥ery small. Examples of the technique can be found in any
University level textbook on physics; microwave spectros-
“py proves a particularly good illustration of the tech-

The purpose of the experiment described helow is to pro-
¥ide the student with an inexpensive and reliable demon-
Wration of the principles underlying this method of mea-
furement. The experiment makes use of an acoustic rather

& microwave resonator. For conventional measure-
ments ysing resonant frequency shifts, the structure of the
in the resomator is known and the frequency

thift provides information about the properties of the ob-
Sack: introduced wnto it, whereas in the experiment de-
Knbed below a converse procedure is adopted: An obstacle
o known properties is brought into the resenator and the
thift of the resonant frequency is used to determine the
Properties of the sigenmode. The obstacle is sssentially a
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rigid sphere, and ns the theory below shows, the shift in
resonant frequency provides information on the magnitude
of the eigenmode a1 any point, but gives no indication of the
direction of vibeation, The latter information is obtained by
making a sletted sphere from a set of parallel disks. The
shift in the resonant frequency of the eigenmode is clearly
mimmized when the eigenmode vibrates paraliel 10 the
plane of the disks since in this configuration the disks hard.
Iy impede the vibrations at all

The theoretical model which relates shifis in resonant
frequency to the properties of the eigenmodes and the na-
ture of the resonator perturbation is usually first encoun-
tered by the contemporary student when he studies the
properties of microwave resonators. For acoustic resona-
tors, however, the problem is much simpler than the more
Familiar one cited above, because acoustic modes are de-
scribed by scalar fields and the boundary conditions are
intuitively obvious. The theory for an acoustic resonator is
therefore presented below, albeit in an abbreviated form, so
that the article can be understood without the need 1o refer
to other work.

The theory is followed by a description of the experiment
and a selection of typical results. The paper is concluded by
suggestions concerning the possibility of setting up a skmi-
lar type of experiment using & microwave resonator instead
of an acoustic one.
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Fig. 1. Axial section of resonator ihrough obstacle. The shaded areas inds-
cales the volume of the resonator.

II. THEORY

Let Pand P’ denote the respective pressures in the reso-
nator before and after the obstacle is introduced in it The
corresponding resonant frequencies arg o and o -+ da,
where it 15 assumed that Aw/ar€ 1. It is also assumed that
the pressures satisfy the wave squations

ViP=s —a’Pre, 1]
VP = — |+ Awl P/, 2]
whiere ¢ 15 the speed of sound.

These equations hive 1o be solved subject 1o the bound-
ary conditaos

n:¥F=1, i3

neFP =0 (4)
in the original [Eq. |31] and perturbed resonator [Eq. (4]],
where n s a normal at any point of the rigid boundary of the

resonators. For the percurbed resonator the surface of the
abstacle is assumed to be one of the rigid boundary surfaces

{sex Fig. I
Tt Feellows from Ega: |1 and (21 and Gresn®s theorem thar
jF"‘F"PdI-"' —JFF’F'dF’=EMMJIPF'i {5)
i
0o

J'P-mda- _jm--u-..;mjm-i; (6)
[

In Eqgs. (5) and (6} & ¥ is a volume element in the cavity of
the perturbed resonator ishaded in Fig. 1} and d.4 " is a sur-
face element on the rigid boundaries of the same resonator.
Because n+ VP = 0 for all dA', and n - P = O for all ele-
ments of arca &4 ', except those on the surface of the obsia-
cle, Eg. (6} reduces o

JF"’F‘FrdS:bMJH”ﬂ, (7
o

where d5 s an element of arca on the surface of the obstacle
in the resonator.

T evaluare the integral over a5, P° must be determined
near the surface of the obstacle. Initially it is assumed that
the obstacle consists of & rigid sphere of radius g, where aoa s
¢ | With this approximation it is readily shown that Eq.
{21 has the approximate solution

P =P+ (VP rla's2r, {8
In the Eq. (B) ¥ is evaluated at the center of the spherical

Fig 1 Axial secvion of slogeed spherical probe. £ = pressore in soond
wivg, @ = angle beawesn slois amd TE, and g = radius of probe.

given by Eq, (8] satisfies the boundary equation [Eq. 144] at
the surface of the sphere, The fractional error ia £ is aof
order of magnitude w’a™/ e

Oin substituting the above expression for P into the inte-
gral over 45 [Eqg. (7], it is readily shown that

J’F'PP-ds -rrJ.F'I"F*d.S - J-n'r.r'l";'P it

wcos’ @ sin & df. ]

In the above expressions, the negative sign on the right
arises hecause (he normal 1o 45 is directed 1oward the cen.
ter of the spherical obstacle [see Fig 11 & is the angle
between the direction of a and TP By applying Gauss'
theorem 1o the integral over &8 [on the right-hand side of
Eq.|9]). and combining Eqs. (1), | 7). and (9}, one obiains the
following expression for Ao

b (ov, o [ v (cimnsy ]

{10
where F, = dra’/ 1 is the volume of the spherical obsracle
Theexpression f P* d¥in Eq. {10 replaces § PP’ dF "ol Eq.
(Th, simce it is assumed that ¥, is small compared 1o the 1otal
vislwre of the cavity resonator, Therefore, in the latier inte-
gral P’ and o ' can be replaced by Pand a F without intro-
ducing significant error.

The above expression for the frequency shift Aw shows
that it is megative, and proportional to (VP -, [t therefore
provides no information on the direction of Aud motion.
However, suppose the spherical object is made from asetof
parallel disks (see Fig. 2) and assume that ¥ makes an
angle & with the plane of the disk. The component of ¥.°
parallel to the plane of the disks 15 therefore (TP jeos 4 and
the component of TP perpendicular to the disks is
TP 1in & It is now assumed that these two components of
¥ Pcoontribuie different amounts to &arder The disks greai-
Iy impede the motion along their normal. However, the
motion parallel to the plane of the disks 15 nat greatly af-
fected. The normal and parallel components of V7 there-
fore will make different contributions o Ac. Since Eq. [10)
shows that A depends on (FP)° for a spatially isotropic
obstacle, it is reasonable to assume that the frequency shift
| &’} for a spatially anisotropic obstacle may be writien in
the following form:

Aw' = [ sin®jd) + F cos™(d) ] Aa, (11
where Aw 15 given by Eq. (10). The term containing a.



garmal to them. Conversely, S==0 and reflects the smaller
w;hifu due to the components of vibration which
to the disks, It is evident from Eq, (11} that for a

spherical probe the resonant frequency shift de-

on . The probe therefors provides information on

Jocal direction of ¥£ in the resonator. It is the purpose
m.::pm'menti- described below to show that Egs. (10)
gad (11 corre correctly describe the behavior of the perturbed

l#lw
gl EXPERIMENTAL SYSTEM

The resonator is a wooden box [0.438 0438 1. 18 m|
wmih 19. I-mm-thick plyvwood walls. The longest axis is ar-
vertically with an 8-, [0-W, [530-mm-diam
suspended just above the bottom by sirings at-
gached to the walls. A microphone is suspended in & rubber
dfing from the top endplare [Fig. Ha).

Two probes are used 1o pel-:urh the resonant frequency
[Fis- J(b]] of the resonator. One is made from a 12.7-mm-
diam aluminum rod seated in a cork bung in the neck of a
{000-ml spherical glass Aask. The rod passes through a
pole in the top face of the resonater. The other obstacle,
whith i3 called the “slotted spherical probe,” is made from

I— D4%Bm = ﬁ

=
[

Fr | o5
|

O [
| |
| N R ¥
S

n{
-':.._
b
=

i

A i
nIII"-'FHm.l.n.lI] Trﬂrrl.l'ldll‘“ ur:hrl.ld'dh-r .n'ld..— mp:n-d-ml

Hy Am i, Phys., Vaol. 54, Na. i, April 1584

a set of 12 equally spaced circular cardboard disks whose
edges are at a distance of 38 1 mm from the center of the
probe. The 12.7-mm gap between the disks constitutes the
slots [Fig. 3b].

The speaker 15 driven at frequencies ranging from 420 10
470 Hz, around the resonance frequency which is centered
al ~ 443 He. The frequency generator is an Interstate Elec-
tronics Corporation device fitted with an external control
for fine tuning the frequency.

The generator putput and the microphone cutput are fed
into a dual-trace oscilloscope and resonance is determined
by adjusting the fine frequency control unul the mizro-
phone cutput i a maximuem. (Generally this methed pro-
duced measurements of the resonant frequency which were
conaistent 13 1 part in TO00U) The frequency i3 determined
by a quanz controlled Analog Digital Ressarch counter
which measures the period of the input signal.

The probes are moved inside the cavity by means of the
roxds which pass through variows holes in the walls of the
resonator. The position of the probes is determined by mea-
suring the length of the protruding support red. For the
case of the slotted sphere the orientation is determined by a
protractor mounted on the resonator around the hole and 8
pointer mounted on the support rod

The following measurements were performead

(il the variation of resonant frequency, as a function of
axial kocation for the spherical probe and for the slotted
sphencal probe with the slots perpendicular 1o the major
axts of the resonalor;

(11} the vamathon of resonant frequency as a function of
the angle between the plane of the slots and the major azis
of the resonator (for this series of measurements the center
of the probe was 58] mm from the top of the resonator
cavify; and

[iir} the resonanees curve foe the empty resonator
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IV. RESULTS

All results were compared to theory jsolid curves in Figs.
47| and least-square fits were usad to determine the pa-
rameters which define the thearetical curves. The values of
these parameters are givenin the respective figure captions,
together with the number of data points and the value of
reduced 37,

Figure 4 shows a graph of microphone QUEPUT VErsLS
frequency for the empty resonator, The resonator has a
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comparatively low quality factor @ of — 88, where
& = fa /e [y is the frequency at the peak in Fig. £and o i
the width at half-maximum power (/47 masimum am
plitude); both values are determined by firting the ampli
tude function of a forced oscillator to the experimental re
sults.

Figure 5 is a graph of £, versus axial location x, wherg
the 1000-ml flask is used as the obstacle: v is measured from
the top of the resonator. The solid curve i the theoretical
fit given by the expression

fa =1 =f leos™[|2mxid | + 3] 41, 12}

where £ and £ are the extreme values aof fo. d is the
wavelength, and y is a phase angle. Equation (12} follows
directly from Eq. {7) if it is assumed that (T2 is propors
tional to cos’[[2mx/4 + ] for standing waves in the resoe
nator. Figure & is a similar plot of £, versus x with the
slatted sphere mounted with the plane of its disks perpen-
dicular to the resonator axis, Again, the graph is well de-
scribed by Eq. {12).

Figure T shows the vanation of £, as a function of &,
where & is the angle between the plane of the disks and the
resofialor axis. The center of the sphere was at x = 0,58 m
from the top of the resonator. Figure 7 is well deseribed by
the expression

S =1 —F_leos’|d + &) + 1, k]

where &, is a phase angle determined by the angle between
VP and the resonator axis. The graph shows that the slotted
sphere does permit one to measure the local direction of ¥°
in the resonator. When £, is maximized, the slats in the
probe are parallel 1o TP

spherical probe Is useful as a device for mensuring the local
direction of oscillatians in the resonatosr. Ope aspeci of the
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gesults which call for further comment is the fact that the
paperturbed resonant frequencies (i.e., the frequencies at
the peaks in Figs. 47| appear (o be variable. This cccurred
pecause no special effort was made to keep the temperature
gonstant. Thus although temperature variations in a given
mua werz negligible, considerable changes, often amount-
ing t0 a few degrees, occurred from day 10 day. Since the
pescnant frequency of the resonator is dependent on the
specd of sound in air it is evident that the temperature de-

nce of this latter quantity readily accounts for the
ghserved variation of the unperturbed resonant frequency
in the different experiments.

Although many standard rextbooks on acoustics'— con-
gider the propagation of sound waves in pipes and the «f-
fects of obstacles on the structure of resonant cavity modes,
resonant frequency shifts do not appear to be considered.
The theoretical model we have used is simply a Rayleigh-
Ritz perturbation calculation which is very similar 10 the
ealculation presented in Slater’s book '”; Slater considered
the shilt in resanant frequency produced by perturbing the
shape of a microwave resonator. Morse and Feshback'
abso treat shifts in resonant frequencies caused by caviry
perturbations. They give a detailed exposition of the
Green's function method of doing the calculatrons.

The influence of perturbing obstacles on the resonant
modes of an acoustic resonator has not received extensive
freatment in the ressarch literature, however, In 1974,
Smith er ai."? described a study of wave phenomena in an
geoustic resonator, They used rectangular strips (o perturb
the resonant frequencies and compared their results o the
detailed expressions given by Morse and Feshback'' in
terms of the mode structure for a cylindrical resonator of
rectangular cross section. There has also been much inter-
&t in using agoustic modes in a space environment to levi-
tate spheres of malten material such as one might encoun-
ter in special manufacturing processes.' """ Two of these
studies are of particular relevance 1o the work presented
ghave. In 1982, Leung of al.'! wsed the Gireen's function
method to calculate the resonance frequency shift of a reso-
mstor contaiming a rigid sphers, They point out that this
problem is of importance because the levitation force on
the sphere may be significantly reduced if the resonator s
sufficiently detuned by the sphere, These investigators alse
used a disk as an obstacle and showed that the shift in
resonant frequency varied sinusoidally along the axis of the
tsonator, However, they did not show how the shifi de-
pended on the erientation of the disk with respect to the
local pressure gradient. Barmatz ef al.,' in 1983, reported
the results of & thorough experimental investigation of the
effects of o spherical obstacle on the resonant modes of a
cylindrical resonator and include the case where the sphere
isno longer small compared 1o the wavelength of the reso-
nafil modde i the resonator.

It is evident that the main advantage of our approach to
calculating the resonant freguency shift is that the result is
eapressed in terms of the local acoustic field, whereas the
Green's function method gives an expression involving the
normal mode parameters of the empty resonator. How-

EVET, Our a Er.:uu;h i onky valid if o s small compared o
llﬂ.ﬂnnuug v @ spherical obstacle in a cylindrcal resoami-
tor,

m A, J. Phys, Vod, 82 M 4. April 1OR&

The cast of the experiment is quite low. Suitable speakers
can be bought for less than $100 a pair and the microphone
is comparable in price. The cost may also be reducsd con-
siderably by using a homemade fixed frequency dover for
the speaker, In this case ghifts in resonant frequency cawsad
by the probe would be cancelled by moving a plunger in the
end wall of the acoustic resonator; the measured displace-
ment of the plunger required to maintain a constant reso-
nant frequency would be directly proportional 1o the shift
in resonant frequency caused by the probe. For such an
experiment the microphone, frequency counter, and oscil-
Ioscope are superflupus because resonance can be deter-
mined by ear, with, however, a considerable reduction in
BLCUTECY

It transpires that the experiment can be greatly im-
proved at increased cost by using a microwave system. In
this case the input frequency 1o the resonator is modulated
at a frequency of a few kHz. At the same time, the pertur-
bating obstacle is allowed to fall through the resonator. By
using a measuring system such as that described by one of
us elsewhere,'” it is possible 1o obtain an oscillographic re-
cord of the resonant frequency of the resonator as & func-
tion of time. This record yields the shift in resonant fre-
quency as a function of position of the probe as it falls
through the resonator,

A falling obstacle cannot be used in the acoustic version
of the experiment because the driver frequency of the
speaker cannol be modulated rapidly encugh 1o monitor
the position of the falling probe. This conclusion follows
froum the fact that, for a resonator of quality Fictor €4
takes roughly @ periods to establish the steady-state acous-
tic field. For our experiment this takes approximately 0.25
s, during which time the probe has fallen close to0.6m. Ina
typical microwave resonator the time required to establish
steady conditions is typically less than a few us. The reso-
nant frequency can therefore be calculated by assumuing
that the probe is at rest each time the driving frequency
satisfies the resonance condition.

For the microwave experiment it is convenient [0 use an
axisymmetric resonator excited in a TM mode because the
structure of the ficld is then determined by the axial electric
fiebd E ™. To measure E, one would use a probe mads from
a set of co-axially nested conducting circular cylindrical
shells with their common axis parallel 1o the resonator axs.
which would be vertical. The mms of each shell would be at
a fixed distance from the center of the probe, which would
effectively short cireuit £, but exert a minimal influsnce on
electric fields which are perpendicular to the axis. Natural-
ly in all experiments of this kind it is necessary to keep the
frequency shifts small enough to avoid resonant coupling
to modes whose geometry is different from the one which 1s
under investigation.

A further advantage of 8 microwave version of the exper-
iment is the higher spatial resclution which can be
achieved. It is readily shown from the theorehcal medel
[Eq. (10}] that the order of magnitude of the observed [re-
quency shift is fy L 3./L % . where L, is a typical linear di-
mension of the probe and L, is a typical characteristic

length for the resonator. To be measurable, this shift must
(1032 1''", Since microwave resonators with & {f éxceeding

F. L. Curzaon snd O Plent ¥T1



10000 are not hard to achieve, a typical probe diameter for
a microwave experiment will he something like 1% of the
characteristic scale length for the microwave resonabor.
For the acoustic resonator described above, = 100,
which means that L, /L, must exceed 49% or 5% in acous-
tic experiments. Hence microwave FERomators are also o be
preferred because of the improved spatial resolution they
afford.

Perhaps the greatest advantage of the MICIOWave version
of the experiment is that it would e possible to map the
complete field distribution in the resonator and that this
task could be accomplished rapidly, an ohjective not artain-
able with the acoustic version described abave,
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