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By treating scalar diffraction as a Fourier transform problem, it is possihle 10 calcutare the
expected intensity patterns for arbitrary apertures using standard signal-processing software on a
personnl computer. This article presents a series of experiments on optical diffeaction and spanial
filtering phenomena, ond quontitatively compares the results with caleulations, Both the
experimental and calculatronal methods are suitable for an advanced undergraduate laboracory.

LINTRODUCTION

Diffraction phenomena hold o prominent place in the
physics curnculum, as demonstrated by discussions in nu-
merous lextbooks and by frequent contributions to this
Journal, The purpose of the present article is to show how
modern computing tools and simple lboratory equipment
can be applicd to some of these diffraction experiments,
Particular emphasis will be placed on measurements that
lend themselves to straightforward analvsis,

The basic idea s o treat sealar diffraction theory as a
Fourier transform problem. This approach provides an ob-
¥ious connection to the engineering curriculum and makes
it easy to apply the very powerful signal-processing soft-
ware available for personal computers. The numernical re-
sults for arbitrary apertures can be directly compared with
measured intensities in both the Fraunhofer and Fresnel
regimes, clearly demonstrating the success of the math-
ematical formalism. The same apparatus can b used to
demonstrate the effect of removing various spatial frequen-
f components from the images of slits and grids. More
important, however, this approach provides a unified
framewnrk for diffraction calculations, which students
otherwise tend o view as an assoriment of obscure math-
ematecal tricks.

Section I summarizes those elements of scalar diffrac-
tion theory needed to analyze the present experiments.
This is followed by a description of several experiments
utilizing one-dimensional apertures and their analysis with
commercial signal-processing software. The article con-
cludes with some suggestions for related projects that
could be undertaken with the same apparatus.
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IL THEORETICAL BACKGROUND

Within scalar diffraction theory both the Fresnel and
Fraunhofer patterns prodeced by a planar aperiure cun be
expressed as the Fourer transform of a source function.
The form of the source function is easily specified in terms
of the aperture transmission function and the incident i1lu-
minaticen, allowing a complete numerical caleulation Gl the
resulting diffraction pattern. The same formalisem is used o
descnbe the effects of a thin lens as used in the sparial Glier-
ing experiments. The treatment generally follows Good-
man’s ¢lassic text,' which should be consulted for a more
complets explanation. Similar discussions of some of the
same subjects can be found in other optics texts and in
earlier articles.”

A Basic formalism

We start with the scalar wave equation

(V' + k7 IE=0, i1
where E stands For the complex amplioude of one compo-
nent of the optical field. The wavenumber & is defined by
k= 2=/4. This equalion i5 1o be solved for the geometry
shown in Fig. 1, which depicts a planar aperture {the ob-
ject) in an opague screen illuminated from the left and an
image plane at a distance z,. We assume that the aperiure
can be represented as a collection of sources E;li-f._-,.}'..] 50
that the field at each paoint in the image plane 15 the super-
position of the fislds due 1o those sources, For plane-wave
illumination, as used here, £, 15 simply the product of the
incident amplitude 4 and a complex transmission function
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Fig. | Sketch of ohject. and smage:plane coordinates shawing the dis-
qance #,, between pypxal smage ard abpec! pennis

T, (x,x,) that describes the phase shift and artenvation
produced by the aperture.

Sclutions to Eq. (1) are customanly sought in two re
gimes. The Fresnel approxirmation applies 1o the region of
the image plane near the optic 4x1s when 2, is much greater
than the lateral extent of the aperture. In that case the selu-

tion can be expressed as 2 Fourier transform:
E = [::ﬁp{rkt 1fids, ]¢1|‘I1 ik /22, V0 x] + L'T:']
w7 Ly exp[ Lk /22,11 4350 1) ()

The transform .7 . (xp) of a function Gix,.p,) is defined
by

-.." - EG} = J- JG{-{II'HIJ

wenpl — Uik F210xx + pod lde, dye L3)

Mate that this equation allows the student to caleulate ex-
phicitly the Fresnel diffraction pattern for any aperture and
illumination conditions,

1f we move farther away from the aperiure, 50 thai

R kixl + ¥ Vo (4}

the quadratic phase factor in Eq. (1) is approximately uni-
ty over the entire aperture, In this infnite-distance or
Fraunhofer regime. the diffraction patiern is given by

E = [expliks, 1/idz, |
wenp| (ik /22, )5} + ¥ .7 B, 05}

which is simply the Fourier transform of the aperture illu-
mination within a phase factor. Since the optical intensity
is proportional to LE 1%, the phase is usually irrelevant.

B. Thin lenses and spatial filtering

With coherent illumination thin lenses can be used a5
spatial Fourier transformers, as well as for producing mag-
nified images. To see how this occurs, consider a typecal
arrangement of point source, object transparency, and
positive lens as shown in Fig. 2. The wave framt from the
source is successively modified by the transparency and the
posative lens wnen ( freg, 7 =Fcrrdi b Ml psh o
large, thin lens and making the paraxial approximatice,
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Fig. 2 Ohject, lens, transform. aml smage planes for 3 1kan f=ns. A poisl
saurce s locaied on the asis adistance o feom the lers. The lese forma the
Fiureer transform of T, 21 plene § and 4 geameing image 49 plame §

Goodman shows' that the disturbance at &, is given by
L ik I it g X . P
= [Thisd EY7 [l * _'u'}l't T :'l# Ii s _'u) \
10
where M =d /d, is the geometne mugrbeation. Excepl
for a phase shift, £, is a scaled copy af E, and, for plane-
wave illumination, of T, This result is obviously consistent
with the usual geometrical optics condition for mmaging
Wext. consider the transform plane, defined as the plane
conjugate to the source: {154 ) = I L)+ LAf For
plane-wave illuminaton d, — x. d, =1 and £, takes the
sarnple form '

E, =1id'FAf)
scenp] = ik £ d, = f Wt + 1] AT

(T
The image in the transform plane is evidently the spatial
Fourier transform of the aperture transmission function.
Equivalently, the transform plane displays Elaie aputtial free
guency spectrum of the object
A harrier {filter) placed in the ransform pline can be
ised to maodify the spatial frequency components miking
up the final image. The filter mndifies the distuebanees gven
by Eg. (7} according 1o E;=T/lz.x 1E,. The modified
wave then propagates to the final image plane at 4, Some
of the quadratic phase fustors cansel. leaving

E = id /A Fieplikz + ikl + 12

MJIT,-FI{T.,}

wexp[ — Lk A2xE + 1) jdx, dr,. (&)

where z=d, =f When T, =1, 1t Fublows mmeduitely
that £, is the geometric image, consisiznt with Eq. (63

1. EXPERIMENTS
A. Equipment and software

The experiments are readily done on a 2-m optical
bench, although sharter benches could be used wal Iy appro-
priate choices of components. Various metal slits, mounted
an 3 screw-driven transverse slide, were used as gpertures.
All the slits were long enough to be considered one-dimen-

giningl. The lens carriers should have provisions for trans-
one end of the beneh. The input is masked with a slit, (ype-
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cally 0.14 or 0.24 mm wide. The photometer output drives

the y axis of an x-y recorder. The x axis of the recorder is

driven by a potentiometer connected to the drive screw of

the transverse slide. With appropriate adjustment of the

pecorder scales, this arrangement yields very reproducible
is ol intensaly versus position.

A low-power helum-neon laser is used as the light
source. The results presented here were obtained with a
pominal 5-mW laser, but a |-mW unit has also been used
with some loss of signal to noise. The beam must be aligned
with the bench. cither by deflecting the beam or moving the
laser body. Once this is done, the laser beam is taken to
define the optic axis, and the other compenents can be cen-
tered on it. Addition of a student-grade spatial filter does
ot noticeably affect the data, and so the beam is wsed unfil-
tered.

Simulmted diffraction patterns are generated with a
menu-driven commercial system® running on an IBM PC/
XT with mathcoprocessor { required by the software ). The
input object is represented by a one-dimensional 1024-ale.
ment array in which “ones™ denote transparent regions
Thearray 1s multiplied by a complex phase factor if needed
and Fourter (ransformed to obrain the diffraction pattern
Spatial filtering is done by transforming the input array.
multiplying by a flter function represented as o binary ar-
ray, and then transforming again. An entire simulation cv.
ele of paramier setting. caleulanon, and intensity plinting
can be done in well under | min.

Some Preciiutions are necessiry in 'd'-'"‘“E thess cabeulp-
tions. The size of the input pattern must be chosen (o give
adequate resclution in Both the input and the ransform.
Further, the finite transform begins to deviate noticeably
from the exact transform at about one-half of the Nyguist
frequency |one-quarter the size of the trunsform array).
The input patiern must be wide enough that little power
falis in this region. Patterns that are too wide lead 1o rapid
oscillation of the phase fisctor exp( ikx”/z) and less of accu-
racy in Fresnel calculations. Input widths of $%-509 of
the arroy width seem to be o rensonnble compromise for the
software and array sizes used here,

B. Fraunhofer diffraction

The optical bench is long ensugh to reach the Fraua-
hofer regime for small apertures.” The desired ohject is sim-
ply placed in the luser bearn and the distance z, adjusted,
subject to Eq. (4}, 1o obtain a pattern of convenient size,
The theoretical intensities are found by computing the
power spectrum of the input array. Since Fraunhofer pat-
terns are geometrically similar, no adjustment of param-
eters 15 needed (o compare with the measurements. Typical
results are shown in Fig. 3 for a simple multistit object. The
agresment is obviously good, and much more detail can be
ohserved by expanding the vertical scale in both plots,

A more stringent 125t of the Fraunhofer diffraction cal-
culation is shown in Fig 4. The object is a single slit, for
which the diffracted intensity is known 1o be proportional
ta (sin x/x)°. The points are the measured intensities of the

first 18 subsidiary maxima, normalized 1o the intensity of
teay: sorandn tne nnne sifle | apdut 3o diarm } ol the laser
fm does ol infuence the relative intensities, Measure-
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Fig } Frounhofer difraction patiern [rom Faur sliss, (.04 mm wide o6
01 2E-mm centers. Lef); intensity versus positics caleulated from Eq. 131
using the given rutin ol slic widih i sepagazion. Right: measured s
versus paition at & plane blom from the sl The putiern was swanmed
with a | 4-mm spenisie over 2 range of 2.8 cm

ments were made with both 0.14- and 0.24-mm photomeser
apertures to.verify that the slit was narrow snough to re-
solve the peaks. 1t was also necessary to calibrate the pho-
tometer using o set of neutral density fliers, since the in.
strumtent used s significantly nonlinear over such a wide
range of intensity.

The agreement between the data, the finte Fourier
transforem, and the exact caleulation is acceptable over
about three orders in intensity. Beyond the tenth peak the
measured total intensities are larger than eapected from the
exact caleulnbion due to the presence of o doTese back-
ground. I the background is subtracted, the peaks are in
fuct smaller than calculated by about a factor of 2, The
problem has been noted before,” but not satisfuctorily ex-
plained. { The phenomenon does to arise in the photome-
fer since the loss of fringe contrase is evident by eve, It s
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alsn insensitive to the nature of the slits.) Coincidentally,
the limitaticns of the finite Fourier transform, as noted
above, also affect the intensities in this range.

The loss of high spatial frequencies is not readily observ-
able in most other measurements since the total power at
those frequencies i quite small. Some deviations are, how-
ever, seen in spatial fltering experiments, particularly
when the strong central peak is suppressed, For those mea-
surements il is better to remove deliberately the higher fre-

gquencies when making comparnsons with caleulated pat-
terns.

. Fresnel diffraction

The Fresnel patterns are, of necessity, about the same
size as the diffracting object. It is therefore convenient to
use a lens 1o project a 10-30% magnified image onlo the
photameter. This is done by placing the object and lens on
the bench, and adjusting the object position to oblain 3
sharp image at the photometer. By sliding the object
farther away from the lens, one can then image planes a
known distance beyond the object.
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The initial focus is éasier to find if white light is used, or if
a diffuser is temporarily placed in the laser beam ahead of
the object, Otherwise, there is a tendency to focus for visu-
ally sharp edges, resulting in large intensity peaks at the
edige of the image. It will usually be necessary to adjust the
lateral position of the object a few tenths of a millimeter to
obtain a symmetric pattern, This is readily accomplished
when the object position is set to give a simple diffraction
pattern. [t is somewhat easier to symmetrize the diffraction
pattern if the laser beam is expanded, but the loss of intensi-
1y may be unacceptable.

The computational scheme follows directly from Eg,
(2. The input array is multiplied by exp | Ly im + 4],
where y is a real scale factor determined by the resolution
of the array. The power spectrum of the product is then
computed and plotted to an appropriate scale for compan-
son with the experiment. Yariation in the ebject distance 15
simulated by scaling the extent of the object in the input
array, with hroader objects corresponding 10 closer obser
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yation planes. As noted above, some care is needed to in-
sure pumerical lﬁ'—'_"'-'m!l’-

Several single-slit patterns are displayed in Fig. 5. The
agresment with the calculated patterns is generally satis-
factory. Within the accuracy of the equipment, these re.
gults also compare favorably with a much more detailed
study done with large-scale apparatus.’ Note, however,
that the experimental curves are slightly asymmetric, pre-
sumably due to inaceurate centering of the shit and nonuai-
formity in the input beam. The very fine detail present in
gome of the numerical results is bost due to the finite widik
af the photometer aperture, here about 35 of the image
width.

Examples of more complicated Fresnel patterns pro-
duced by a douhle slit are shown in Fig. 6. One sees that at
ghort distances there are two separate single-slit Fresnel
patterns. As the distance increases, there is progressive
overlap and modification of the separate patterns until
something resembling 8 two-slit Fraunhofer pattern
emerges. Lock has recently noted the same phenomenon in
his calculations.” { The magnification needed 1o display the
pear-slit pattern makes it impossible 10 reach the true
Fraunhofer regime. b

D, Spatial filtering

Spatial filtering was done with an expanded beam,
achieved by collimating the input beam with a 10 % micro-
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Fla. B ImagealaQ | b-mmim slii whes the B Fiwr subsadiary peaksonky are
transmiitied. The wpper image is & ssmulation &1 Full fesalution. The bwer
images shaw the effect of the fimite photometer st widih on the caleulpted
(left) e easured [Fght) intensilies

scope objective and 5-cm lens. The focal length of the lens
used as the Fourler transformer was chosen to give a rea-
somable compromise between the size of the transform im-
age (proportional to £} and of the geometric image {in-
versely proportional to f for fixed bench length much
greater than f ). Using = 17 cm on the 2-m bench gave o
final image magnification of about 8 %, making an auwxil-
iiry lens unnecessary for the ohjects wied This greatly sim-
plifies the focus adjusiment.

Filtering was done at the transform plane by inserting
pitper cards to block the unwanted Fourier components. A
ground-glass screen and magnifier temporarnly inserted
just beyond the transform plane aids in adjusting the “fil-
ter.” For the measurements shown in Figs. 7 and & the
filter cutofl points were placed at intensity minima in the
transform plane. Other positions can be wsed, of course, bui
this choice makes it very easy to obtain corresponding ex-
pertmental and simulated filter functions.

Patterns are caleulated by Fourier transforming the in-
pul array o5 wsual. The desired filter transmssion function
i represented by & simillar array with “ones™ whare the
simulaled filter is to pass light and “zeros™ atherwise, The
filter array is casily designed by referring 1o the power spec-
trum of the input array. From Eg. (8) the power spectrum
of the product of the transform and the filter function is the
desired output. Afier filtering. the simulated image can be
convolved with a rectangular pulse representing the finite
slit width of the photometer. In principle, this should be
dorte with all the simulations, but the larger magnifications
used in the other experiments make the blurring insignifi-
cane.

The filtered image of the shit displays a number of inter-
esting phenomena, as first demonstrated by Duffeus ot 2!
in 1944. Figure 7 shows the effect of increases in the {rans-
mitted bandwidth obtained by including up to five subsi-
diary maxima of the transform. Addition of each addi-
tional subsidiary maximum adds another “wiggle™ to the

image, jusi as summation of successive Fourier series lerms
son lior this is apparently the loss of high-Trequency infors
mation discussed in Sec. 11 B The only effect of the wide
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photometer slit is to decrease slightly the amplitude of the
variations in the image,

More dramatic patierns can be produced by totally re-
moving the central maximum while passing five subsidiary
maxima on either side, as shown in Fig. 8 The calculated
pattern shows bright regions split by a dark line located
precisely at the slit edge. Again, a similar phenomenon oc-
curs if the fundamental is suppressed in the Fourier series
description of a square wave Smoothing by the photometer
slit reduces the variation noticeably, but the effect can still
be seen in both calculation and measurement.

IV. EXTENSIONS AND CONCLUSIONS

Diffraction patterns have been shown for a number of
one-dimensional objects to illustrate the capabilities of the
equipment. The same methods could be applied 1o arbstrar-
ily complicated items such as gratings famplitude or
phase }, nomperiodic arrays, gray-scale transparencies, gnd
phase-shift objects, Filtering experiments could be de-
signed to explore Abbe imaging theory, phase-contrast mi-
croscopy, optical noise reduction, and optical pattern
matching. “" It might also be desirable to use a data-acquisi-
ticn board 10 read the position and intensity data for a
quantitative comparison with the theory. Thar would,
however, require careful normalization of the scales and
EXIENSIVE COM PUlAtion, a [iMe-Consuming prospect.

With sufficient computational power, or patience, the
formalism can be wsed to simulate two-dimensional dif-
fraction und fillering experiments.” Unfortunately, two-di-
mensional imaging is not readily available ina teaching lab,
limiting the comparisans o one-dimensional cross sections
or to gualitative observations. Even so, two-dimensional
objects are worthwhile subjects because of the fascination
of the complex patterns. Fillering experiments, such as re-
maoving all vertical detail from a grid pattern. are also more
dramatic. " The berter students, particularly, find it a chal-
lenge to understand qualitatively the patterns in terms of
elementary Fourier transform ideas.

(21 Acn. Lo PRys, 38 (T), July 1900

In conclusion, the experiments described here present a
unified view of optical diffraction phenomena at the ad-
vanced undergraduate level and provide a basis for further
developments. The data obtained with relatively simple op-
tical components are well described by the theory and are |
in reasonable agresment with more elaborate investiga.
Thomis.

Unseph W. Goodeman, fneroduction o Fouser Ooncs | MeGraw-Hill,
New York, 1968)

“lack O Gaskidl, Linear Sprtema, Fowrser Tronyorms aed Oarics | Wile
“aw Yaork, 1978), Chaps. 10 and 11, Esgene Heche and Allred Zajac
Cpties [ Addiscn-Wesdley, Reading. MA_ 19740, Chaps 10 |1, and 14
Jamss E. Harvey, ~Founes irsarment of neas-feld scalor difsaction the-
ary,” Am. J, Phys &7, 074980 (3979); © W, Curis and W § van
Sciver, "Diffraction, cransfarms snd sgatial Bllering™ Am. | Phys 40,
Heda—£e87 (1972); Judich C. Beown, “Fourier analyss and spanal fil
tenng,” Am I Phys 38797800 (19700, Richard A Phalligs, “Spatial
fihering esperimenis for undergrodisite laboraiones,™ Am, I Phys 37,
S16=3800 | 1969},

""High Sensitivity Phowometer,” Model 05802001, Pasco Sceniihe
10101 Fouthifls Blvd |, Boseville, C4 95673
TASVETANT + Asyst Soltware Techralogies. Inc
Wioods, Rocheser. WY 14633

“Preciiien Eleciroiormed Slis. ™ Pusco Seienhfic. The largest patterny
i thie &ed Fequire o S cmL

"Michel [haMiean. Jean Tiroufies, Heari Guenoche. and Gul. Lassraws,
“lenage o une lente en eclairage cohesent,” Ann Phys | Pares i 19, 3852
595 ¢ 1944

"Frankbin 5. Harns: Ir.; Michoe! 5. Tuvennce, amd Rwtard L Sicchelt
“Singfe-alit Fresnel diffraction panerns: Comparison of eapermerniul
aed theorstical resulis,™ J. Ot Soc Am. 58 J95-106 | |98@)
"lomes & Lock. “Numemcal methods an @i & poprse Jh'\-ml:jrnm.!_
physics through computing.” Am. 1 Phys. 55 1000-0028 {1941

T. A, Wiggins, "Huole grawngs for opiics experinients,” Am J Phys 53
22710 |5y, D S Buech, “Fresmel difraciion by & arcular &[T~
tere” Am. D P 83, 233360 | 19855 Xuangx Chen, Pwok Heang,
ard Eddlie Lob, " Twosdimensicnal fast Fourier transfoem asd pagtern
proxesing with 1B BC” Am. | Phas 56, T47-T40 ¢ (988

"ee eats by Gaskill or Hecht and Zajac, Ref. 1 for phonoagraphs

100 Coerpesiir

E 1990 American A Teachers Al

n e Fhy



