Phys 22: Homework 2 Solutions

HRK 19.2

The frequency, v, is the number of full oscillations per second. Since the boat completes 12 oscil-
lations in 30 seconds we have

12
=—=04H
v 30 0 z

If it takes 5s for a point (in this case, the crest) of the wave to travel 15m then

1
v:§:3m/s

Since v = v\ we can rearrange and insert the above values to get

v 3

HRK 19.3

If you sketch a sinusoidal wave you can see that it takes % of one full period for the displacement to
go from a maximum (in magnitude) to zero (or vice-versa). Hence, the piece of information given
in the problem tells us that

Period: T =4(1.78 x 1071 = 7.12 x 107! s.

Once we have the period in its correct units (seconds) we can invert to find frequency

1 1
S Y )
YT T T T12x 10! ?

Use the v we just found, along with A = 1.38 m to get

v=vA=(1.4)(1.38) = 1.93m/s

HRK 19.8
Compare the general form for a sinusoidal wave with the description given
Y = Ymae sin(kz — wt) VS. y = (2.3 x 1073) sin(18.2z — 588t)
— Ymae = 2.3x1073m
—k = 182rad/m
—w = 588rad/s

You will need to remember how the factor of 27 appears in the relative definitions of w and v

w:27TV:>I/:@:93.6H2
2

The period is given by
1 -2
T:;:193.6:1.07><10 S

The wavenumber k is given by

2T 2T
k—7—18.2 = )\—187—0.345771

The velocity is v = vA and hence

v = (93.6)(0.345) = 32.31 m/s
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Phys 22: Homework 2 Solutions

or, equivalently, use v = ¥ to get the same result

588
= —=3231 .
T m/s
The transverse speed of a particle in the string (which is completely different from the speed,
v, of the traveling wave) is given by the change in vertical displacement (at a particular point) per

unit time, or more precisely

dy
v = =
transverse 8t
aymax sin(kx —wt) = —Ymazw cos(kx — wt)
Since this quantity viransverse = —Ymazw cos(kx — wt) varies with time, we should find the time at

which |Vgransverse| 18 maximized. That would be when kz — wt = nm with n being some integer.

max(|Viransverse|) = | = Ymaew co8(n7)| = Ymaew = (2.3 x 107%)(588) = 1.352 m/s

HRK 19.15

Although this has no relevance until part (f) of the question we should note that the waveform
pictured has y # 0 when (z = 0,¢ = 0). This means that the waveform is described by an equation
of the form

=0.t=0 .04
Y(x,1) = Ymae sin(kz + wt +0)  where § = sin™! (y(w,)) —4§=sin"?! ()
By inspecting the picture we see

19.15(a)
The amplitude is y,,, = .05 m and

19.15(b)
One full cycle of the wave takes A = 0.4 m to complete. (Note that this means k = 2F = 15.7 rad/m)

19.15(0)
The speed of the traveling wave is given by
Fr 3.6

Y L 2.5 x 102 m/s
19.15(d)
The period T is obtained from v = Av = % Rearranging slightly,

A 04 9 1
T757§—3.333><10 (éu—f—?)OHz)

19.15(e)

Similar to the analysis done in the last question we can show
Vtransverse — YmaxzW COS(ka + wt + 6),

and the maximum speed, max(|vransverse|), occurs when kx + wt + 6 = nw. Therefore

maX('”transverse') = |(ymam)(w)| = |(yma:r)(27n/)| = (005) (27T(30)) =943 m/S
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19.15(f)
Using answers (a),(d), w = 2rv = 188.5 and § = sin™" (:34) = 0.93 we get

.05

y(x,t) = (.05) sin(15.7x + 188.5¢ + 0.93)

HRK 19.23

The amount of mass contained in a small element of string at point z with linear density p(z) is
given by

om = p(z)dx
19.23(a)
dm = p(z) de = kx dx
M L
/ dm = /kx dx
0 0
L
M = lkxﬂ
2 0
1
M = ZkL?
2k
19.23(b)

We know the speed of a traveling wave is given by

Fr
V=)=
u

but here we must be careful not to forget that that p varies with x, so consequently the velocity is

a function of x:
| Fr
v(z) = o
dr _ [Py
dt — V kz’

and rearrange so that dr and /x are on one side, and dt is on the other (it does not matter which
side of the equation the constant terms go).
Now we can integrate to find the total time, T', for a pulse to traverse the length L.

T L
| kx
dt — dx
/0 /o Fr
k (2 L
T 2~z
\ Fr (3”3 )}0
k (2 3
A el
Fr <3 )
4kL3

1
T = and, since M = —kL?,
9F 2

2
ro_ B (L
9F 2

S8LM

9F

Rewrite this as a differential equation

Njw

)

T
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HRK 19.24

Because of the rotational motion, there will be just enough tension in the string to keep all the
little pieces of the string moving in a circle. This is the picture to keep in mind.

Let us concentrate on a small segment, of length 0, of the spinning hoop of string. Similar
to the discussion in deriving the wave equation we can rationalize why the force on this segment,
directed toward the center of the hoop is given by (see Chapter 19 Figure 9)

Frdl

=%

where Fr is the tension in the string and R is the radius of the hoop.

Since this hoop is assumed to be spinning in the absence of gravity, this is the only force acting
on the string. This force F'| must therefore be providing the centripetal acceleration that is always
present in circular motion.

Let us equate F', with the centripetal force, F., on a small segment of string:

Frél (6m)vd
=22 - Y0 _p
tT R R
om
= ((Sl) ’U(Z) = Fr
= /L’U(z) = Fr

We know that the speed of waves in a string, v, is governed by the linear density, u, of the

string, and the tension, Fr in the string
Fr
v=4]—
I

But using pvg = Fr we see that the speed of waves is the same as the tangential speed

Fr g
v=4]— =/ =2 = .
1 1

This is rather surprising — what does this mean? Is a wave, traveling in the same direction as the
string is rotating, just a permanent deformation of the string? — No! — The wave speed v is relative
to the string, not absolute. One consequence of this is that a wave, propagating in the opposite
direction from the direction of rotation, would not be moving in a fixed reference frame!

HRK 19.28

Call the initial distance (at which the observer measures the intensity to be 1.13 W/m?) r1, and
the second distance from the source rs.

We know that the intensity measured at a distance r from a source of spherical waves with
power P is given by

P
I =
47r?
P
We have I; = Tr?
P
dl, = —
and f2 4777’%
1 P 472
b ; mrs
I 4mrs P
L 4rrd
I, 4rr?
. 2 Il 2
Useful result: rs=(=)r]
I
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Use this in conjunction with ro = r1 — 5.3 to find the radii

5
ro = I—;Tl = 71— 5.3
T
- <1 - ;) = 53
2
5.3
" 0.31525 m

oy = 1682—53=1152m

To get the power from this piece of information:

Short way:
P
L = —5
4mry
4?1y P
47(16.82)%(1.13) = 4017 W
Unnecessarily Long way:
P P
L-L = ——-—
S dmr?  4mrd
P(47r? — 4nr3)
L-hL = — 5o
(4mr?)(4mrl)
P - (Iy — 1) (47r?) (47r3)
(47rf — 4mr3)
b (=LA E3)
G
p — (2.41 — 1.13)(47(16.82)2)(11.52)?2
B ((16.82)2 — (11.52)2)
P = 4021 W

HRK 19.33

The waves are moving towards each other, from an initial (¢ = 0) separation of 6¢m = .06 m. The
right-moving wave will move 1 ¢m to the right every 5 ms, and similarly, the left-moving wave will
move 1 cm to the right every 5 ms so they will be exactly superimposed at ¢ = 15 ms and for e.g.
t =20 ms or t = 25 ms they will have passed through each other. We can see this easily from

x(t = Oms)
z(t = 5ms)
x(t = 10ms)
x(t = 15ms)
x(t = 20ms)
x(t = 25ms)
x(t = 30ms)

and we depict these results below.

vt where v = +2m/s
= (£2)(0)=0m
= (£2)(5x1073) =+.01 m
= (£2)(10 x 1073) = +£.02 m
= (£2)(15x1073) = £.03 m
= (£2)(20 x 1073) = +£.04 m
= (£2)(25x 1073) = +£.05 m
= (£2)(30 x 107%) = £.06 m
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(b) t = 15 ms: Rationale for Fig. (d). Pink arrows depict transverse velocity.
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(c) t = 20,25,30 ms

(d) t = 15 ms: Instantaneous transverse velocity, denoted by pink arrows.

Figure 1

The point of the question is to consider what happens at t = 15ms when the principle of superpo-
sition tells us that the right-moving and left-moving waveforms completely cancel out (destructively
interfere) at that instant, in the center of the piece of string.

The wave equation we are using was derived assuming conservation of energy. Since the dis-
placement from the equilibrium y = 0 position is zero at this particular instant then the potential
energy contribution is zero and all the energy is kinetic. In Figure 1 (b) and (d) we depict the
string at the instant ¢ = 15 ms — we can see there is no displacement from y = 0. The transverse
velocity, though, compensates for this and we depict the direction and strength of this velocity at
various points using vertical pink arrows.

HRK 19.36

If you glance at problem 27 you will see that the displacement y(r,t) of a medium at a distance r
from a point source of spherical waves is given by

Y
y= sin(kr — wt)
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Here we have two point sources so write out each of their wave equations

Y;
Y1 = 71 sin(kir1 — w1t + ¢1)
1

Yy |
Y2 =~ sin(kgry — wat + ¢2)
2
The fact that the waves y; and ys have the same frequency and phase relation at all times
means that wy = ws = w, k1 = ks = k and also ¢ = ¢o = ¢. The amplitude of each wave is

given by ym1 = ZTI and Yp2 = % respectively (recall the discussion about why the amplitude

has a % dependence - this arises from energy conservation considerations) and we are told that the
amplitudes of each wave are the same therefore Y1 =Y, =Y.
We will add these two waves in a region where 71 & ra:

Ytotal = Y11+ Y2

Ytotal = Y sin(kry — wt + ¢) + Y sin(kry — wt + @)
1 T2
We know that both r; and ry are very close to r = % You might be inclined to replace every
occurrence of ry or ro with r in seeking to simplify this problem — however you must be careful.
The insight required to deal with this situation is that we can set 1 ~ % ~ ; in the denomi-
nator, if r; & ro, but we must not do so in treating the phases of the two waves. In the
first case (the denominators) we only need |r; — 2| < r while in the second case (the phases) we
would need |r; — ro| < A, where A may be quite small.
Armed with this approximation we can write

Y Y
Ytotal = — sin(kr] —wt — @) + — sin(kry — wt — @)
1 T2
Yy | .
~  — (sin(kr; — wt — @) + sin(kre — wt — @))
T

Use: sin(A) +sin(B) = 2cos <A;B> sin <A —;— B)

by identifying A = kr; — wt — ¢ and B = kry — wt — ¢.

2Y k(ri —r2)\ . [kri+kro — 2wt — 2¢
= Ytotal = — COs| ————= |sin
r 2 2
2Y k(ry —
= Ytotal = —— COS (("“127ﬂ2)> sin (k/”l" —wt — ¢>
r
Ytotat = (Amplitude)sin(...)

which is the typical result for an interference pattern. The sin(...) term jsut means there is
a wave present, having the same wavelength and frequency as the sources. The cos(...) term
shows how the amplitude, and thus the intensity, varies from point to point (which is called an

interference effect). This result predicts perfect cancellation whenever cos (M) = 0. While

we should expect very small amplitude in such regions, we should not expect to see zero— why not?
For perfect cancellation the two source amplitudes must be ezactly equal at the observation point.
Our assumption that r; & ro is not exact, and so we should not expect perfect cancelation.

19.36(b)

Obviously destructive interference (imperfect cancellation so amplitude is minimal but not zero)

occurs for the regions where cos (w) = 0 and so the argument of the cosine must be some
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odd multiple of

Cancelation:w - n=1235...
2 2
= (r—r) = "% n=1,305...
A 2
= (rp—ry) = na n=13>5... (usingk:—ﬂ)
2 A
1
or equivalently (rq —re) = (n—|—2>x\ n=20,1,2,3...

Similarly, constructive interference (amplitude is max) occurs for the regions where cos (M) =1
and so the argument of the cosine must be some multiple of 7

Constructive: @ = nr n=1273...
2
= (r1—ry) = % n=123...
. 27
=(ri—ry) = nA n=1,23... (usmgk:T)
HRK 19.39
19.39(a)

It is reasonable to assume that the mass per unit length of this string is constant and therefore

M 0.122
A et 46 %102
k=T = 336 6> 10

Fr 96.7
S v A . L —
v L a6 x 102~ SkAm/s

The longest possible standing wave is the fundamental mode (n = 1), where half a wavelength fits
between the ends.

19.39(b)

2L
A o=

n
M o= 2L=16.72m

19.39(c)
Quick Way: Use the relationship v = v and plug in v from part (a) and A from part (b)

v 81.4

Unnecessarily Long Way: Recall that for standing waves, the natural frequencies are given by

v nv
Up=— =

Ao 2L
and we can rearrange to give the speed of a traveling wave when the n* mode is present

2Ly,
on

v
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Equating this with the expression for the speed of a wave in a string under tension gives us a
useful relationship

2Lvy, Fr
v = = _—
n \/ I
2
2 n FT
= = —
Vn 4L2,LL

Now, since we are considering the fundamental mode we insert n = 1 and the rest of the values
given in the question to solve for the frequency, v

Fr 96.7
v \/4L2u 4(8.36)2(1.46 x 10-2) :

HRK 19.47

This problem illustrates what happens when any wave goes from one medium to another in which
the wave speed is different. Part of the wave is transmitted and part is reflected (perhaps with
inversion). That is why it is such an important problem.

19.47(a)

On the left hand side of the knot (where < 0 and u = p1), we have an incident wave approaching
the knot ¥n. = Asin(ki(z — vit)) and we also have the reflected wave y,.; = Csin(ki(x + vit))
moving away from the knot. On the right hand side of the knot (where z > 0 and p = p2) we have
the transmitted wave yirqns = B sin(ka(z — vaot)), moving away from the knot.
Note: We will repeatedly use the facts that cos(—0) = cos(6) and sin(—6) = —sin(6).

Apply the principle of superposition to the waves in the string on the left hand side of the knot
to find the total disturbance

Yieft (l‘, t) = Yinc T+ Yref
Yiept(z,t) = Asin(ki(z — v1t)) + Csin(k (z + v1t))

In particular, notice the form this takes at the knot

Yleft (O, t) = Asin(—klvlt) + CSin(kl’Ult)
= sin(kivit)(—A+ C)
sin(w1t)(—A + C)
where in the last line we used kjv; = i—’l“ul =27TY] = wi.

Now let us examine the string on the right hand side of the knot, and in particular what its
displacement is at x = 0.

Yright = Ytrans
Yright(x,t) = Bsin(ks(z — vat))
Yright(0,t) = —DBsin(kovat)
Yright(0,t) = —Bsin(wat)

With some thought you can convince yourself that yier:(0,t) = Yrignt(0,t) must be true for all
times ¢ — otherwise segments of the string arbitrarily close to each other (but on either side of the
knot which we imagine to be point-like) would have different vertical displacements — i.e. the knot
would break. Furthermore, the only possible way to have the string remain intact for all values of ¢,
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is to have the two angular frequencies w; = k1v; and we = kovs be identical. Using these physically
motivated conditions we get

Yieft (Oa t) = Yright (07 t)
sin(kyv1t)(—A+ C) = —Bsin(kavat)
sin(w1t)(—A+C) = —Bsin(wit)

=A = B+C

19.47(b)

Physical reasoning told us that the displacement y should be the same immediately either side of
the knot. Similarly the slope of the string should not change abruptly at the point x = 0. The
reason is a bit more subtle and holds only if the knot has negligible mass. In that case the net
force acting on the knot must vanish. The tension must be the same on both sides, or else the knot
would accelerate sideways and so a net Fj, = 0 implies T'sin(¢,) = T'sin(f2) i.e. 61 = 65. This gives
us the following condition, true for all times t,

%} =0 %} z=0

Let us use this result to gain some more information about the relationship between A, B and C.

e ft ] _ OYright ]
Or laz=0 Ox  lz=0
k1A cos(ky(z — v1t)) + k1C cos(ky (x + vyf))} = kaB cos(ko(x + vgt))] Y
k1 Acos(—kjvit) + k1C cos(kivit) = ko B cos(kavat)
kiA+kiC = kB
ki(A+C) = kB

Now let us use this result in conjunction with A = B + C to get an expression for C' which
doesn’t involve B

ki(A+C) = kB
k(A+C) = k(A-0C)
kiC + koC = —k1A+ kA
Ak — k1)
c = 42\
ko + k1

To get the other form use kjv; = kavo = w to eliminate the k’s

(k2 — k1)
ko + ky

C = Az_u

c = A

(w1 —wvg)
= _ univz2
¢ =4 w1 +wvg
V12
o —v2)

V1 + vg

C' is negative when vy < vs.

C is positive when vy < v; and this corresponds to the reflected wave being inverted with respect
to the incident wave. When a wave goes into a new medium where it slows down (e.g light going
from air into glass so that vy < vy ) the reflected wave is inverted.

As you continue your physics studies, it is more common to see things defined so that C' < 0
would correspond to an inverted wave (in contrast to this particular problem).
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Asin(kz — wt)

| T |
I %
\
\
o.ijllf \
& ! f st TN \ !
Csin(kz +x¢ ”' :"’/ 4 > \\ /
‘ 2
-5 1 =) IJ’ 2 V\ 4 ;.“f
R Y T P
== /
\ !
\ /
o
\
b ook Y /

o0

Satisfy yourself that the left-moving wave C'sin(kx + wt) is inverted with respect to the right
moving wave Asin(kx — wt) by looking at the picture below (Figure 2). Remember that |C| < |A]
so the amplitude of the reflected wave is less than that of the incoming wave. The black dashed
arrow shows how one particular point from the wave Asin(kz — wt) would get inverted.
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