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Experiment/Theory

• Some nice evidence from magnetic 
relaxation

• Rapid rise below 2K due to Coulomb!
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IV Constrained Monopoles

Dynamics
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Figure IV.4: Deconfined monopoles: The experimental data of Snyder & al. [Sny04b]

(× and dashed line) are compared with different Arrhenius functions. Top: The quasi-

plateau region is in quantitative agreement with a thermally activated process with energy

barrier Ep = 2 Jeff (red line) whereas the spin freezing is well reproduced with Ep ≈ 6 Jeff

(green line), but no unique function can fit the whole temperature window. Bottom: The

characteristic excitation is the creation of a unique defect (Ep = 2 Jeff, red line) rather

than a single spin flip (Ep = 4 Jeff, grey line). The fit is improved at higher temperature

if we include the energy scales due to double defects in a modified Arrhenius law (blue

line).

Figure from L. Jaubert’s thesis

reasonable fit of 
activated monopoles

τ ∼ eEm/kBT

magnetic field. The ac data taken in a magnetic field show
that a field enhances T f , which is consistent with the behav-
ior seen at the higher temperature spin-freezing.8 Unlike the
higher temperature feature, a reasonable extrapolation of T f
to very long times does approach the bifurcation temperature
seen in magnetization measurements. However, the fre-
quency dependence of T f cannot be fit to an Arrhenius law
( f! f 0e"Ea /kBT f), suggesting that this relaxation is not sim-
ply thermally activated. Such non-Arrhenius behavior has
previously been observed in the dilute Ising spin system
LiHo1"xYxF4 ,29 and is consistent with the previously sug-
gested importance of quantum spin relaxation in this
system,9,25
To further characterize spin relaxation time in Dy2Ti2O7 ,

we also measured !!( f ) at temperatures from 0.8 to 1.8 K,
as shown in Fig. 7. Like the higher temperature data, !!( f )

displays a single, relatively sharp peak which implies that
there is a narrow range of relaxation times or effectively a
single characteristic relaxation time, ", for the spins in zero
field #where 1/" is the frequency of the maximum in !!( f ) at
a given temperature$. The changing peak position with de-
creasing temperature reflects the evolution of "(T), and our
characterization of "(T) down to below T!1 K allows us to
understand the origins of the two different spin freezing tran-
sitions observed in the ac susceptibility. As shown in Fig. 8
and described previously,10,25 "(T) displays thermally acti-
vated behavior at high temperatures which changes to a
much weaker temperature dependence at Tcross%13 K. Our
data show that the strong temperature dependence then re-
emerges below T ice , as spin–spin correlations develop.10
The higher temperature activated relaxation is responsible
for the spin freezing observed at T %16 K in the higher
frequency ac susceptibility data. The crossover to relatively
weak temperature dependence results in the absence of freez-
ing at lower frequencies until "(T) begins to rise sharply
again at the lowest temperatures. This rapid increase of "
with decreasing temperature is actually faster than would be
expected for activated behavior &as shown in the inset to Fig.
8', which we attribute to the increasingly strong correlations
between the spins with decreasing temperature requiring sev-
eral spins to change orientation in order to follow the ac
field.

IV. DISCUSSION

With the above-presented data, we can contrast the T
#T ice spin-freezing with the well-studied transition to a spin

FIG. 6. &Color online' The frequency of the spin freezing tem-
perature below T ice . Note that the data do not follow Arrhenius
behavior and that the application of a magnetic field increases the
freezing temperature. The open symbols represent zero field data
taken in the dilution refrigerator while the closed symbols represent
the higher temperature data taken on the PPMS cryostat.

FIG. 7. &Color online' The imaginary part of the ac susceptibil-
ity as a function of frequency at low temperatures in zero applied
field. The prominent single peak in the data suggests that they are
well-described by a single characteristic relaxation time.

FIG. 8. &Color online' The temperature dependence of the char-
acteristic spin relaxation time. The open symbols represent zero
field data taken in the dilution refrigerator while the closed symbols
represent the higher temperature data taken on the PPMS cryostat.
The inset shows low temperature (T#4 K) data plotted as a func-
tion of 1/T which shows the non-Arrhenius behavior at low tem-
peratures. Note that "(T) is increasing at a rate which is faster than
exponential in 1/T , i.e., the increase is faster than what would be
expected for simple thermal activation. Although the data in the
inset appear to go asymptotically to a straight line at our lowest
temperatures, our frequency range does not allow us to explore
whether it becomes purely Arrhenius at lower temperatures than
those at which we can take data.

J. SNYDER et al. PHYSICAL REVIEW B 69, 064414 &2004'

064414-4

Snyder et al, 2004



Experiment/Theory

• Theory including Coulomb interactions 
(Monte Carlo):

• Rise is due to binding of monopole-
antimonopole pairs

NATURE PHYSICS DOI: 10.1038/NPHYS1227 LETTERS

a

b

Figure 1 | Spin-ice structure and emergence of monopoles. a, The
magnetic ions (Ho3+ or Dy3+) lie on the sites of the pyrochlore lattice and
are constrained to the bonds of the dual diamond lattice (dashed lines).
Local topological excitations 3 in–1 out or 3 out–1 in correspond to magnetic
monopoles with positive (blue sphere) or negative (red sphere) charges
respectively. b, The diamond lattice provides the skeleton for the network
of Dirac strings with the position of the monopole restricted to the vertices.
The orientation of the Dirac strings shows the direction of the local field
lines in H.

anArrhenius law τ =τ0 exp(2 Jeff/kBT ), as shownby the red curve in
Fig. 2. The timescale τ0 is fixed by fitting to the experimental time
at 4 K with Jeff = 1.11K, the value estimated for Dy2Ti207 (ref. 7).
2 Jeff is the energy cost of a single, free topological defect in the
nearest-neighbour approximation and is half that for a single spin
flip. The calculation fits the data over the low-temperature part
of the quasi-plateau region, where one expects a significant defect
concentration without any double defects (4-in or 4-out), and gives
surprisingly good qualitative agreement at lower temperature, as
the concentration decreases. Although still in the tunnelling regime,
the plateau region corresponds to high temperature for the effective
Ising system. Good agreement here provides a stringent test and any
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Figure 2 | Relaxation timescales τ in Dy2Ti2O7: experiment and
simulation. The experimental data (crosses) are from Snyder et al.3. The
Arrhenius law (red line) represents the free diffusion of topological defects
in the nearest-neighbour model. The relaxation timescale of the Dirac
string network driven by Metropolis dynamics of magnetic monopoles has
been obtained for fixed chemical potential (pink filled triangles) and with µ

varying slowly to match the defect concentration in dipolar spin ice (blue
filled circles). The temperature scale is fixed without any free parameters.
Inset: The same data shown in the low-temperature region.

theory not fitting must be discarded. The above expression clearly
does a good job, enabling us to equate τ0 with the microscopic
tunnelling time. This test therefore already provides very strong
evidence for the fractionalization ofmagnetic charge2 and the diffu-
sion of unconfined particles.However, this (or any other) Arrhenius
function ultimately fails, underestimating the timescale at very low
temperature: although it is possible to fit the data reasonably below
2K by a single exponential function by varying the barrier height,
simultaneous agreement along the plateau and at lower temperature
is impossible. The role of the missing Coulomb interaction is there-
fore clear: although non-confining, it must considerably increase
the relaxation timescale by modifying the defect concentration and
slowing downdiffusion through the creation of locally boundpairs.

We have tested this idea by directly simulating a Coulomb gas of
magnetically charged particles (monopoles), in the grand canonical
ensemble, occupying the sites of the diamond lattice. The magnetic
charge is taken as qi = ±q. In the grand canonical ensemble, the
chemical potential is an independent variable, of which the value in
the correspondingmagnetic experiment is unknown. In a first series
of simulations, we have estimated it numerically by calculating
the difference between the Coulomb energy gained by creating
a pair of neighbouring magnetic monopoles and that required
to produce a pair of topological defects in the dipolar spin-ice
model, with parameters taken from ref. 7, giving a configurationally
averaged estimate µ/kB = 8.92K. In a second series of simulations,
µ was taken as the value required to reproduce the same defect
concentration as in a simulation of dipolar spin ice at temperature
T . Here, µ varied only by 3%, with the same mean value as
in the first series, showing that our procedure is consistent. The
chemical potential used is thus not a free parameter. As the
Coulomb interaction is long-ranged, we treat a finite system
using the Ewald summation method20,21. The monopoles hop
between nearest-neighbour sites through the Metropolis Monte
Carlo algorithm, giving diffusive dynamics, but with a further local
constraint: in the spin model a 3 in–1 out topological defect can
move at low energy cost by flipping one of the 3-in spins, the
direction of the out-spin being barred by an energy barrier of
8 Jeff. An isolated monopole can therefore hop to only 3 out of
4 of its nearest-neighbour sites, dictated by an oriented network
of constrained trajectories similar to the ensemble of classical

NATURE PHYSICS | VOL 5 | APRIL 2009 | www.nature.com/naturephysics 259



Order by Disorder
• In spin ice, the ground state degeneracy seems to 

prevent an ordered phase forming

• Actually, this is not so obvious at low but non-
zero temperature

• In fact, many models with ground state 
degeneracy break that degeneracy at T>0 due to 
fluctuations

• “Order by disorder”, due to J. Villain

• Idea: free energy of states is generally different 
once fluctuations are included



Domino Model

1263

Order as an effect of disorder

J. Villain (*), R. Bidaux, J.-P. Carton and R. Conte

DPh-G/PSRM, CEN de Saclay, B.P. N° 2, 91190 Gif-s/Yvette, France

(Reçu le 9 avril 1980, révisé le 3 juillet, accepté le Il juillet 1980)

Résumé. 2014 On considère un modèle d’Ising frustré généralisé sur un réseau bidimensionnel. Ce modèle est para-
magnétique à température nulle mais ferromagnétique pourvu que 0  T  Tc. On étudie également l’effet de
la dilution sur ce système, et l’on montre que l’ordre à longue distance est rétabli dans le modèle dilué sous certaines
conditions de concentration, température et interactions qui sont discutées en comparaison avec la percolation
usuelle.

Abstract. 2014 A generalized frustrated Ising model on a two-dimensional lattice is considered. This model is para-
magnetic at zero temperature but ferromagnetic provided 0  T  Tc. The effect of dilution on this system is
also investigated, and long range order is shown to be restored in the dilute model under certain conditions involving
concentration, temperature and interactions which are discussed in comparison with usual percolation.

J. Physique 41 (1980) 1263-1272 NOVEMBRE 1980, : 

Classification
Physics Abstracts
75.10H

1. Introduction. - A few theoretical models are
known to have the following unusual property :
they exhibit no long range order when the tempera-
ture T is strictly zero, whereas they do at low but
finite temperature. An important example is the

Ising model on the f.c.c. lattice with antiferromagnetic
interactions between nearest neighbours. Computer
simulations have detected a first order transition in
this model [1].
A similar effect can be derived in a generalized

version of the domino model invented by André
et al. [2], and defined in the next section. This model
does exhibit long range order at low temperature
and not at T = 0, as will be seen in section 3. The
effect of random impurities at frozen positions is

investigated in the following sections. It will be shown
that, in certain cases, they can restore order (e.g.
ferromagnetic order). Thus the unexpected effect
of both thermal disorder and quenched stoichiometric
disorder is, in certain exceptional systems, to restore
magnetic order ! 

2. The domino model. - The domino model is
an Ising model on a rectangular lattice with two kinds
of ions A, B (Fig. 1) forming alternating chains
parallel to Ov. There are 3 interactions Jpp, JBB,

Fig. 1. - The domino model and one of its ground states. Ferro-
magnetic bonds are full lines, antiferromagnetic bonds are dashed
lines.

JAB between nearest neighbours. A ferromagnetic
interaction JAA &#x3E; 0 and an antiferromagnetic inter-
action JBB  0 will be assumed, so that the model
is frustrated [4]. Periodic boundary conditions will
be assumed, so that the number N" of chains is even
as well as the number N’ = N/N" of sites per chain.
André et al. [2] considered a restricted model

with JAA = JAB. The model defined here is more
realistic since the Hamiltonian has the symmetry
of the problem.
Throughout this paper it will be assumed that

(*) Département de Recherche Fondamentale, Laboratoire de
diffraction neutronique, CEN, 85X, 38041 Grenoble Cedex, France.

Article published online by EDP Sciences and available at http://dx.doi.org/10.1051/jphys:0198000410110126300

JAA, JAB ferromagnetic

JBB antiferromagnetic

0 < JAB < |JBB| < JAA

• Ground states are FM A chains and AF B 
chains, with 2N’’ degeneracy

N’

N’’
H = −1
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ij

Jijσiσj

J. Villain et al, J. Physique 41, 1263 (1980).



Order

• However, one can show that the model has 
a phase transition (by exact solution)

• Evidently it is ordered at low T despite the 
degeneracy - this is due to fluctuations.

• Let’s understand this in some simple limits



Very low T

• kBT << JAA, |JBB|, JAB : only rare excitations 
within each chain

• Ask: is there any preference for 
successive A chains to be aligned vs anti-
aligned?

• Do this by “integrating out” B chain 
between each pair of A chains

P [{σi∈A}] =
1

Z

�

σj∈B

e−βH



Very low T

• Two cases: 1265

Fig. 2. - Excited state of the domino model. Excitation (a) has
lower energy than excitation (b). This produces an effective ferro-
magnetic coupling between A chains if JAA &#x3E; 1 JBB 1.

energy 4 1 JBB 1 and their number is v, which leads
to the approximate partition function of the B chain :

Hence

One can notice that the partition function per spin
of the infinite Ising chain with antiferromagnetic
exchange 2 JBB between neighbouring spins, in the

presence of a uniform applied field H, is given by

and that, to first order in exponential terms at low
temperature

as could be expected.
Taking advantage once more of the low tempera-

ture limit, an alternative form of (3 . 5) is :

where

so that the effective Hamiltonian :Ieeff defined by
(3.4) is seen to be a sum of interactions - 2 J’ S.f Sf’

between facing spins of two neighbouring A columns,
which is justified only at low temperature. This result
is so simple because ZF/ZAF is expressible as a v

power.
Thus, eliminating B spins amounts to creating an

effective horizontal interaction J’ between spins
located on neighbouring A chains. Another ef’ect,
which is derived in Appendix A, is a renormalization
of the intra-chain interaction JAA which should be
replaced by (JAA + bJ AA) with

Therefore, the system of A spins reduces at low
temperature to a rectangular Ising model with inter-
actions J’and J" = JAp + ÔJAA between nearest

neighbours. Its average magnetization MA per site
is given by the standard formula [7] :

Formula (3.9) shows that the A system is ferro-
magnetic at low temperature T, and mA takes the
limit value 1 when T goes to zero. Since mA is zero
at T = 0 it may be helpful to consider the effect of
the stage at which the thermodynamic limit is carried
out. What we have proved in this section is :

However it can easily be checked that the limits
cannot be interchanged, in contrast with the non-
frustrated case JAA, JBB &#x3E; 0 :

in agreement with section 2. , 

As a concluding remark to this section, one may
note that the average magnetization mB per site of a B
chain can be deduced from (3.6) : in the low tempera-
ture limit each site of the chain undergoes a uniform
applied field 4 JAB and one finds :

Comparison with (3.9) shows that the net magne-
AMA-t-Wp tization per site m =MA + MB may have two types of
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energy



Very low T

• Two cases: 1265
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Very low T

• Two cases: 1265
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∆E = 2|JBB |

note: factor of 2 difference from Villain paper


