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It is not about the destination,

but about the journey and the people you meet along the way.

当你的才华不足以支撑起你的野心的时候，你就应该静下心来学习。

When your knowledge is insufficient to meet your ambition,

you should sit down and learn.
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Abstract

Experimental and theoretical approaches to

trapped matter-wave interferometry and exotic quantum matter

by

Xuanwei Liang

Driven quantum degenerate gases present a rich landscape for understanding quan-

tum dynamics, from the perspectives of precision quantum sensing and exploration of

fundamental many-body quantum phenomena. In this thesis, I will discuss relevant ex-

perimental efforts with Bose condensed lithium in amplitude modulated optical lattices.

In particular, I will first describe experimental and theoretical techniques used for con-

trolling and understanding quantum gas systems with tunable interaction and periodic

driving. I will then introduce a new class of quantum sensor based on programmable

trapped matter-wave interferometry in magic Floquet-Bloch structures. I will also outline

numerical results towards realizing a quantum many-body Kapitza pendulum.
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Chapter 1

Introduction

Since the birth of quantum mechanics more than 100 years ago, the world of quantum

physics has been constantly unveiled by humans through many cycles of revolution in our

understanding. Throughout the entire exploration, atoms played a key role serving as

one of the ultimate experimental testbeds for new theoretical possibilities. The history

of atomic physics is very much tied to the development of quantum mechanics, starting

from the explanation of discrete atomic energy spectra, to the observation of lamb shift,

to the modern application of atomic clocks and neutral atom quantum computers. Today

society is witnessing a significant breakthrough in quantum technology and many aspects

of applying quantum mechanics to real-world application are related to modern atomic,

molecular, and optical (AMO) physics experiments.

AMO physics explores matter-matter and light-matter interactions. In particular,

the field of cold atoms has reached unprecedented quantum control, since the two major

breakthroughs of laser cooling and the experimental realization of Bose-Einstein conden-

sates (BECs). The rich collection of experimental techniques developed over the years

has been exploited for obtaining some of the best metrological measurements to-date,

constructing state-of-the-art quantum computers, and studying fundamental quantum

1
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many-body phenomena.

One such technique, the optical lattice, has opened up new pathways to simulate

generic Hamiltonians that are analytically or numerically intractable, as well as to chal-

lenge existing sensing precision. Neutral atoms in optical lattices utilize this flexible

feature to engineer many-body Hamiltonians that can describe electrons in solids, estab-

lishing many successes in quantum simulation and quantum metrology [1].

More recent experimental efforts are devoted to probing non-equilibrium dynamics

for quantum many-body systems, thanks to the experimentally accessible timescales and

a wide range of fully tunable experimental parameters in cold atom experiments. The

slow relaxation rate and controllable interaction make it convenient to observe long time

evolution and realize different quantum phases of matter. One topic that is of signifi-

cant interest is driven quantum systems, manipulated in a time periodic manner. Such

coherent control of a system’s Hamiltonian is known as Floquet engineering. Combined

with optical lattices, it offers an additional dimension of periodicity that gives rise to

exciting realizations, such as dynamic localization, artificial gauge fields, and topological

non-trivial structures. The powerful interplay between spatial and temporal orderings

along with tunable interaction has the potential to address many unexplored questions

in non-equilibrium many-body quantum dynamics.

1.1 Dissertation Overview

This dissertation discusses most of my work completed in the Weld lab at UCSB

for the 7Li apparatus, including experimental upgrades, numerical simulations, and sci-

ence projects that I have been fortunate to be involved in. It is intended to serve as a

documentation and reference for future generations of the lithium team.

• Chapter 1 provides a brief introduction to AMO physics and the significance of
2



Introduction Chapter 1

research done in this community.

• Chapter 2 contains some background information and fundamental atomic physics

necessary for the rest of the dissertation.

• Chapter 3 discusses a variety of electronic projects integrated to the lithium ma-

chine for future references.

• Chapter 4 includes some optic components integrated to the lithium machine for

future references.

• Chapter 5 introduces some standard numerical simulation techniques used in BEC

experiments, especially concerning spatially and temporally periodic Hamiltonians.

• Chapter 6 reports experimentally a trapped atom interferometer with Floquet-

Bloch bands.

• Chapter 7 describes some preliminary numerical simulations for the realization of

a quantum many-body Kapitza pendulum.

• Appendix A gives an introductory review on quantum chaos and thermalization.

1.2 Permissions and Attributions

1. The content of Chapter 6 is the result of a collaboration with the Lithium team in

the Weld group.

3



Chapter 2

Background

2.1 Bose-Einstein Condensate

Bose-Einstein condensation was first theoretically predicted by Einstein in 1924, con-

sidering a gas of non-interacting, massive bosons [2]. One remarkable feature of Bose-

Einstein condensates (BECs) is the macroscopic occupation of the ground state of the

quantum system.

2.1.1 Basic Ideas

One of the intuitive ways to imagine the phase transition into BECs is considering

the particles’ de Broglie wavelength:

λdB =
h

p
=

h√
2mkBT

(2.1)

We can define a critical temperature Tc at which the BEC transition occurs. For a

uniform Bose gas in a three-dimensional box of volume V, the critical temperature Tc is

4
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[3]:

Tc ≈ 3.31
h̄2n

2
3

m
(2.2)

where n = N
V

is the number density.

High
 Temperature T

Low
Temperature T

T=Tc:
BEC

T=0:
Pure Bose
condensate

λdB
De Broglie wavelength

λdB=h/mv ∝ T-1/2

v

thermal velocity v

density d-3

d

λdB ≈ d

"Billiard balls"

"Wave packets"

"Matter wave overlap"

"Giant matter wave"

Figure 2.1: The transition from thermal “billiard balls” at high temperature to matter
wave Bose-Einstein condensate below the critical temperature Tc. Figure retrieved
from [4]

Fig. 2.1 shows the phase transition from thermal atoms to BECs. When the system

is at high temperature T >> Tc, the particles’ de Broglie wavelength is extremely small

compared to the interparticle spacing. As the temperature decreases to the critical

temperature T ≈ Tc, the de Broglie wavelength becomes comparable to the interparticle

spacing, and the particle’s wave nature is more prominent. The matter waves overlap and

become indistinguishable from one another. At zero temperature, we obtain a pure BEC

5
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with the entire system in the ground state. At a finite temperature T , the condensate

fraction n0 is given by:

n0 =
N0

N
= 1−

(
T

Tc

) 3
2

(2.3)

with N0 being the number of particles in the ground state and N the total particle num-

ber. Eqn. 2.3 is valid for particles in a homogeneous box potential in three dimensions

[3].

The first experimental realizations of BECs in dilute atomic gases were in 1995 [5, 6].

Since then, there has been a large development in both theoretical understandings and

experimental techniques about BECs. The experimental procedure in BEC preparations

are well described in the literature, which typically involved laser cooling and trapping,

as well as evaporative cooling [7, 3, 4]. The BEC production method for the lithium

apparatus can be found in the group theses [8, 9, 10, 11, 12].

2.1.2 Gross–Pitaevskii Equation

Here I briefly introduce the interacting Bose-Einstein condensate with a mean-field

approximation, following the discussion from [3]. In a BEC, all bosons are in the same

single-particle state ϕ(r), and the overall many-body wavefunction for the N-particle

system is:

Ψ(r1, r2, · · ·, rN) =
N∏
i=1

ϕ(ri) (2.4)

The effective Hamiltonian for this N-particle system with a two-body contact interaction

in position space is:

H =
N∑
i=1

[
p2
i

2m
+ V (ri)

]
+ g

∑
i<j

δ(ri − rj) (2.5)

6
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with Vr being the external potential and g the two-particle interaction. In the momentum-

space representation, it is a constant given by:

g =
4πh̄2as
m

(2.6)

where as is the s-wave scattering length, typically controlled by a magnetically-tuned

Feshbach resonance [13]. Around a Feshbach resonance, the s-wave scattering length has

the form of:

as(B) = abg

(
1− ∆

B − B0

)
(2.7)

where abg is the background scattering length, B0 is the magnetic field at the Feshbach

resonance, and ∆ is the width of the resonance.

The energy functional of the system can be written as:

E(ψ) =

∫
dr
[
h̄2

2m
|∇ψ(r)|2 + V (r)|ψ(r)|2 + 1

2
g|ψ(r)|4

]
(2.8)

with the wavefunction of the condensed state ψ(r) and the particle density n(r) defined

as:

ψ(r) = N
1
2ϕ(r) (2.9)

n(r) = |ψ(r)|2 (2.10)

Using Lagrange multipliers to minimize the quantity at fixed chemical potential µ gives

the time-independent Gross-Pitaevskii equation:

[
− h̄2

2m
∇2 + V (r) + g|ψ(r)|2

]
ψ(r) = µψ(r) (2.11)

7
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This resembles the Schrodinger equation with an extra non-linear, mean-field interaction

term ∝ |ψ(r)|2. For a non-interacting system (g=0), Eqn. 2.11 recovers the time-

independent Schrodinger equation. Similarly, the dynamics of BEC is governed by the

time-dependent Gross-Pitaevskii equation:

[
− h̄2

2m
∇2 + V (r) + g|ψ(r, t)|2

]
ψ(r, t) = ih̄

∂ψ(r, t)
∂t

. (2.12)

2.1.2.1 Thomas-Fermi Approximation

For sufficiently large atomic clouds, one way to approximate the ground state is by

neglecting the system’s kinetic energy. Then, Eqn. 2.11 becomes:

[
V (r) + g|ψ(r)|2

]
ψ(r) = µψ(r) (2.13)

This has a solution when:

V (r) + g|ψ(r)|2 = µ (2.14)

→ n(r) = |ψ(r)|2 = µ− V (r)
g

(2.15)

This is known as the Thomas-Fermi approximation. The correponding Thomas-Fermi

radii are:

R2
i =

2µ

mω2
i

(2.16)

with ωi being the i-th dimension trapping angular frequency of an anisotropic three-

dimensional harmonic oscillator potential.
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2.1.2.2 One-Dimensional Nonpolynomial Nonlinear Schrodinger Equation

In a true one-dimensional system, dimensionality reduction can be performed to the

three-dimensional Gross-Pitaevskii equation and obtain a one-dimensional equation of

motion. Here I will present one example for the cigar-shaped BECs, following the deriva-

tion in [14].

For a cylindrical symmetric potential V (r with the form of:

V (r, t) = V (x, t) +
1

2
mω2

⊥(y
2 + z2) (2.17)

where the transverse confinement is harmonic and the axial potential is V (x). We can

minimize the energy functional using a trial wavefunction:

ψ(r, t) = f(x, t) · g(y, z, t; σ(x, t)) (2.18)

g(y, z, t; σ(x, t)) =
1√

πσ(x, t)
e
− y2+z2

2σ2(x, t) (2.19)

where the transverse components are assumed to be a Gaussian. After substituting the

ansatz into the functional and working through the derivation, one finds the so-called

time-dependent nonpolynomial nonlinear Schroginer equation (1D NPSE):

[
− h̄2

2m

∂2

∂x2
+ V (x, t) +

gN

2πl2⊥

|f(x, t)|2√
1 + 2asN |f(x, t)|2

+
h̄ω⊥

2

(
1√

1 + 2asN |f(x, t)|2
+
√
1 + 2asN |f(x, t)|2

)]
f(x, t) = ih̄

∂f(x, t)

∂t

(2.20)

9
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where l⊥ is the transverse oscillator length defined as l⊥ = h̄
mω⊥

. In the weakly limiting

case asN |f |2 << 1, Eqn. 2.20 reduces to:

ih̄
∂f(x, t)

∂t
=

[
− h̄2

2m

∂2

∂x2
+ V (x, t) +

gN

2πl2⊥
|f(x, t)|2

]
f(x, t) (2.21)

we can define the new one-dimensional interaction coefficient as g1d ≡ g
2πl2⊥

, the reduced

1d NPSE becomes:

ih̄
∂f(x, t)

∂t
=

[
− h̄2

2m

∂2

∂x2
+ V (x, t) + g1dN |f(x, t)|2

]
f(x, t) (2.22)

This equation will be used for simulating one-dimensional interacting BEC dynamics

throughout the thesis.

2.2 Optical Lattice

Optical lattices are one of the most essential ingredients for many material in this

thesis, and generically for the study of many-body physics with ultracold atoms [1, 15].

An optical lattice is an optical standing wave potential experienced by the atoms. Similar

to an optical dipole trap [16], an optical lattice is generated through a far off-resonant,

red-detuned laser field, where the atoms are trapped through a effect known as the AC

Stark shift. Trapping through the AC Stark shift is known as an optical trap, as opposed

to a radiation-pressure trap (e.g. magneto-optical trap) or a magnetic trap. In this

section, I will discuss the mechanism behind the AC Stark shift, and the one-dimensional

optical lattice and its band structure.

10
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2.2.1 AC Stark Shift

The AC Stark shift states how an atom with an electric dipole moment interacts

with an oscillating electromagnetic field. It can be explained by both a classical and a

quantum mechanical models, when the atom is modeled as a classical dipole or with a

electric dipole operator in quantum mechanics [3].

2.2.1.1 Classical Model

Assuming an atom is inside an electromagnetic field generated by a laser, the dom-

inant atom-light interaction is the electric dipole interaction. The electric field of the

laser E induces an atomic dipole moment d that oscillates at the laser frequency ω,

d = α(ω)E (2.23)

where α(ω) is the complex polarizability. The potential the atom experiences is:

V (x) = −1

2
< d · E(x) >t

= − 1

2ϵ0c
Re(α)I(x)

(2.24)

where < ... >t denotes the time-average. The classical dipole force is introduced as

F(x) = −∇V (x)

=
1

2ϵ0c
Re(α)∇I(x).

(2.25)
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2.2.1.2 Quantum Mechanical Model

For an electric dipole interaction with the dipole operator d, the Hamiltonian is:

H ′ = −d · E(x, t)

= −d · E(x) cos(ωt)

= −d · E(x)
2

(
eiωt + e−iωt

) (2.26)

By perturbation theory, the first order correction to the ground state energy is zero, and

the second order correction yields:

∆ϵg = −
∑
e

| ⟨e|H ′ |g⟩ |2

Ee − Eg

=
∑
e

| ⟨e|d · Ê |g⟩ |2|E|2
(

1

ϵg − ϵe − h̄ω
+

1

ϵg − ϵe + h̄ω

)
= −α(ω)|E|2

= −1

2
α(ω) < |E|2 >t

(2.27)

with the < ... >t being the time average, and the polarizability α(ω) is:

α(ω) =
∑
e

⟨e|d · Ê |g⟩ |2
(

1

ϵg − ϵe − h̄ω
+

1

ϵg − ϵe + h̄ω

)
≈ ⟨e|d · Ê |g⟩ |2

ϵe − ϵg − h̄ω

(2.28)

where in the second expression, a rotating approximation is used hence neglecting the

second term in the parenthesis. Also, only the first excited state is considered since it

contributes the largest correction.

Note that here I did not consider the finite lifetime of the excited states from spon-

taneous emission. Accounting for this, we would need to include a complex energy term
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in the second order correction ϵg that is proportional to Γe, the lifetime for the excited

state |e⟩:

∆ϵg = Vg − i
h̄

2
Γe (2.29)

Then the polarizability becomes complex:

α(ω) ≈ ⟨e|d · Ê |g⟩ |2

ϵe − i h̄
2
Γe − ϵg − h̄ω

(2.30)

The real part of the correction ϵg is the potential Vg the atom experiences:

Vg = −1

2
Re(α(ω)) < |E|2 >t (2.31)

where

Re(α(ω)) ≈ (ϵe − ϵg − h̄ω)| ⟨e|d · Ê |g⟩ |2

(ϵe − ϵg − h̄ω)2 + ( h̄
2
Γe)2

(2.32)

Defining the detuning as the difference between laser frequency ω and the resonant fre-

quency ω0 as δ = ω − ω0, Eqn. 2.31 could be simplified to:

Vg =
h̄Ω2δ

δ2 + Γ2
e

4

(2.33)

where Ω is the Rabi frequency, defined as Ω = |⟨e|d·E|g⟩|
h̄

.

For both classical and quantum mechanical models, we see that the dipole potential

is proportional to |E|2, and is therefore, proportional to the intensity I of the oscillat-

ing electric field. In addition, Eqn. 2.33 shows that the potential Vg is attractive when

the detuning δ is negative, or the laser frequency ω is red detuned / smaller relative to

the atomic resonant frequency ω0. In this case, the location of an intensity maximum

corresponds to the potential minimum, so the atoms would be attracted to the intensity

maximum. Conversely, the potential Vg becomes repulsive if the detuning δ is posi-
13
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tive, and the laser frequency ω is blue detuned / larger relative to the atomic resonant

frequency ω0.

2.2.2 Band Structure

2.2.2.1 Bloch’s Theoreom

For a particle in a spatially periodic potential V (x), where it is invariant under the

discrete spatial transformation x→ x+ a, the Hamiltonian is written as:

H =
p2

2m
+ V (x) (2.34)

We also define the translation operator Ta by

Ta ≡ e−i p
h̄
a (2.35)

Taψ(x) = ψ(x− a) (2.36)

Since the potential V (x) has a periodicity of a, the translation operator Ta commutes with

the Hamiltonian H, and there is a set of basis states that simultaneously diagonalizes

both Ta and H.

Bloch’s theorem [17] states that the set of simultaneous eigenstates to both Ta and

H is given by:

ψnq(x) = ei
q
h̄
xunq(x) (2.37)

where q is known as the quasimomentum and n is called the band index. ψnq(x) is

called the Bloch state, and unq(x) is the corresponding Bloch function with the property:

unq(x) = unq(x+ a).

14
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2.2.2.2 1D Optical Lattice

Now we consider a Hamiltonian with an one-dimensional lattice potential:

H =
p2

2m
− V0 cos2(kLx) (2.38)

where V0 is called the lattice depth, and H is invariant under the transformation x→ x+

a, and thus Bloch’s theorem applies. a is known as the lattice constant, and kL = 2π
λ
= π

a

is the reciprocal lattice constant. The characteristic energy scale for Eqn. 2.38 is the

recoil energy ER ≡ h̄2k2L
2m

. Applying Bloch’s theorem, we find the solutions of the lattice

Hamiltonian to the time-independent Schrodinger’s equation (TISE):

Hψnq =Enqψnq

H[eiqxunq] =Enq[e
iqxunq]

(2.39)

with the ansatz ψnq = ei
q
h̄
xunq. The general solution to the time-dependent Schrodinger’s

equation (TDSE) is:

ψ(x, t) =
∑
n, q

anqe
− i

h̄
Enqtψnq(x) (2.40)

Expanding Eqn. 2.39 gives:

[
(p+ q)2

2m
− V0

2
cos(2kLx)−

V0
2

]
unq = Enqunq (2.41)

The offset −V0

2
can be neglected and absorbed into the energy. This has the form of the

Mathieu equation. Because unq(x) has a spatial periodicity of a, We can express unq in

the Fourier basis with a discrete Fourier series:

unq(x) =
∞∑

j=−∞

cnqj e
i2jkLx (2.42)
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Similarly, the potential V (x) can also be expressed as:

V (x) = −V0
2

cos(2kLx)

= −V0
4
ei2kLx + e−i2kLx

(2.43)

In order to solve for Enq in Eqn. 2.41 with the Fourier expansion of unq, the sum must
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Figure 2.2: The one-dimensional optical lattice band structure with a lattice depth
V0 of 8.5174 ER. Spectroscopic notation is used to denote each band.

be truncated to be symmetric and finite. Choosing the first 2l + 1 band indices for j, we

have unq(x) =
l∑

j=−l

cnqj e
i2jkLx. Substituting the expansions of unq and V into Eqn. 2.41,

the equation becomes:

[(
2j +

q

h̄kL

)2
]
h̄2k2L
2m

cnqj − V0
4

(
cnqj−1 + cnqj+1

)
= Enqc

nq
j (2.44)
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where −l ≤ j ≤ l. This is an eigenvalue equation for a (2l+1)× (2l+1) real symmetric

tri-diagonal matrix, also known as the Bloch Hamiltonian matrix. Solving this for a

specific quasimomentum q would give us the energies of the first (2l + 1) bands at this

specific quasimomentum.

Because the Hamiltonian has a discrete translation symmetry in position space with

a periodicity of a, it also has such symmetry in the momentum space with a periodicity of

2kL = 2π
a

. We define the 1st Brillouin zone for all the quasimomenta q ∈ [−h̄kL, h̄kL], as

any quasimomentum outside of this interval would yield repetitive information because

of the momentum periodicity of 2h̄kL. The eigenspectra to Eqn. 2.44 within the first

Brillouin zone is shown in Fig. 2.2 at a lattice depth V0 of 8.5174 ER. The first sixth

bands are plotted and labeled with the corresponding capitalized spectroscopic orbital

letters. For example, the first / ground band is also called the S band.

2.2.3 Bloch Oscillation

When a spatially uniform force F(t) is applied to the optical lattice Hamiltonian in

Eqn. 2.38, we have:

H =
p2

2m
− V0 cos2(kLx)−F(t)x (2.45)

which seems to break the discrete spatial translation symmetry for the lattice. However,

one can transform the Hamiltonian and the wavefunctions of the system with the gauge

transformation UG [18]:

UG = ei
x
h̄

∫ t
0 F(t′)dt′ (2.46)

17



Background Chapter 2

The general unitary transformation to a Hamiltonian H and its wavefunction ψ is given

by:

H → UHU † + ih̄

(
∂U

∂t

)
U † (2.47)

ψ → Uψ (2.48)

The transformed Hamiltonian becomes:

H =

[
p+

∫ t

0
F(t′)dt′

]2
2m

− V0 cos2(kLx) (2.49)

which now proves to preserve the spatial translation symmetry of the system. We can

apply Bloch’s theorem again to find the solutions to the transformed Hamiltonian in

terms of the Bloch functions u(x, t). If the initial wavefunction is of the form

ψ(x, t = 0) = ei
q0
h̄
xu(x, 0) (2.50)

after an evolution time t, the wavefunction maintains the same Bloch form with:

ψ(x, t) = ei
q(t)
h̄

xu(x, t) (2.51)

where

q(t) = q0 +

∫ t

0

F(t′)dt′ (2.52)

When the force is time independent, the quasimomentum simply evolves linearly with

time:

q(t) = q0 + Ft (2.53)
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More specifically, if the initial wavefunction is a Bloch state of the optical lattice

Hamiltonian in Eqn. 2.38,

ψ(x, t = 0) = ψnq0(x) = ei
q0
h̄
xunq0(x) (2.54)

and assuming the applied force is weak, the wavefunction at time t coincides with a new

Bloch state at the final quasimomentum q(t) with the same band index n:

ψ(x, t) = ψnq(t)(x) = ei
q(t)
h̄

xunq(t)(x) (2.55)

up to a overall phase factor. The Bloch function unq(t)(x) is an instantaneous eigenstate

that satisfies the instantaneous eigenvalue equation

[
(p+ q0 + Ft)2

2m
− V0

2
cos(2kLx)−

V0
2

]
unq(t) = Enq(t)unq(t) (2.56)

This follows from the adiabatic approximation. Physically, it represents that the quasi-

momentum of the particle increases linearly with time under the influence of a pertur-

bative force. Once it reaches the edge of the Brillouin zone (q = h̄kL), it “bounces” back

to the other edge (q = −h̄kL) through Bragg scattering. One way to imagine it is that

the atom is resonant with a two-photon transition at the zone edge, which transfers the

atom momentum from h̄kL to −h̄kL. Then, the atom traverses the Brillouin zone again

and repeats the entire process. This repeat process is known as the Bloch oscillation,

with a period of

TB =
2h̄kL
F

(2.57)
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If the initial wavefunction is not a single Bloch state, but a Gaussian wavepacket

centered at a specific quasimomentum q(t) with a finite but small width, we can write

down the group velocity vg(t) of the wavepacket as:

vg ≡
d ⟨x⟩
dt

=
∂Enq

∂q

∣∣∣∣
q(t)

(2.58)

where ⟨x⟩ denotes the expectation value of the wavepacket position. It means that Bloch

oscillation doesn’t occur only in momentum space, but also in real space. However, the

amplitude of such oscillation is typically very small and hard to be detected in position

space. In courtesy of the lithium’s light mass, our group has previously observed Bloch

oscillation in position space and successfully mapped out the lattice band structure [8].

The way to induce a constant force in our experiment is to use a magnetic field

gradient, where B(x) = Bx. The weak-field Zeeman shift for 7Li in 2S1/2 is [7]:

E =µBgJmJB(x)

=µBgJmJBx

(2.59)

where µB is the Bohr magneton and m is the magnetic quantum number. Here J = S for
7Li in 2S1/2 since L = 0. The applied force along x can be found be taking the gradient

of the energy:

F ≡ −∂E
∂x

= −µBgJmJB. (2.60)
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2.3 Floquet Theory

Floquet theory is used to describe physical systems that are periodic in time. In

the quantum mechanics context, the Hamiltonian becomes temporally periodic for such

systems, and there exists a well-established framework known as the Floquet formalism

to describe them [19, 20, 21]. Utilization of time-periodic driving opens up an additional

dimension of degrees of freedom, which allows us to flexibly engineer quantum systems.

This method, Floquet engineering, in cold-atom platforms has given rise to realizations

such as artificial gauge fields, topological insulators, and density-dependent tunneling

[22, 23].

For a time-dependent Hamiltonian H(t) invariant under the transformation t→ t+T ,

we have the following:

ih̄
∂ψ(t)

∂t
= H(t)ψ(t) (2.61)

H(t) = H(t+ T ) (2.62)

The Floquet theorem, analogous to Bloch’s theorem, states that the set of solutions

{ψn(t)} to Eqn. 2.61 is given by:

ψn(t) = e−i ϵn
h̄
tun(t) (2.63)

where ψn(t) is the quasi-stationary Floquet states, ϵn is the associated quasienergy, and

un(t) is the corresponding Floquet function where un(t) = un(t+T ). The general solution
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is a linear combination of different Floquet states:

ψ(t) =
∑
n

anψn(t)

=
∑
n

ane
−i ϵn

h̄
tun(t)

(2.64)

where an is time independent and can be found from the initial condition ψ(0) =∑
n

anψn(0).

An important operator in the Floquet formalism is the one-period, stroboscopic time

evolution operator U(T ), where

U(T ) ≡ U(t+ T, t) (2.65)

Setting t = 0, we can define a Hermitian operator HF

HF =
1

T

∫ T

0

H(t)dt (2.66)

such that

U(T ) = e−i 1
h̄

∫ T
0 H(t)dt

= e−i
HF
h̄

T

(2.67)

The operator HF is known as the Floquet Hamiltonian, which is the time-average of the

original Hamiltonian H(t). Applying U(T ) to the Floquet states ψn(t) gives:

U(T )ψn(t) = ψn(t+ T ) (2.68)

U(T )e−i ϵn
h̄
tun(t) = e−i ϵn

h̄
(t+T )un(t+ T ) (2.69)

U(T )un(t) = e−i ϵn
h̄
Tun(t) (2.70)
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It follows that the sets of eigenvalues and eigenvectors of HF are {ϵn} and {un(t)}.

Because U(T ) is stroboscopic, the quasienergy is defined up to h̄ωD, where ωD = 2π
T

is

the drive angular frequency,

e−i
ϵn+jh̄ωD

h̄
T = e−i ϵn

h̄
T , j ∈ Z (2.71)

Then, we can defined the 1st quasienergy Brillouin zone to be ϵn ∈ [− h̄ωD

2
, − h̄ωD

2
]. The

stroboscopic evolution operator U(T ) also has the following property:

U(nT ) = Un(T ) (2.72)

U(t′ + nT, t) = U(t′, t)Un(T ) (2.73)

The Floquet theorem and its corresponding formalism will be used later in the thesis to

construct Floquet-Bloch bands that are periodic in both momentum and energy.
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Electrical System

Chapter 3 describes most of my main electronic projects that have been integrated into

the lithium machine in the Weld lab, including a magnetometer, eight radio-frequency

(RF) drivers, magnetic gradient (“xvwings”) current stabilization, Feshbach field (PTEN)

current stabilization, and AC line trigger.

3.1 Magnetometer

Magnetic field is utilized in our experiment for a variety of purposes, such as BEc

production as well as tuning the interaction strength, and force balancing. The com-

plexity and sheer number of electromagnetic coils demand external monitoring, and even

precise control, of the field dynamics during the experiment. The existing home-built

three-dimensional magnetometer has been designed to have two operational modes: (1)

a high bandwidth mode that records the magnetic field dynamics during the experiment

at a sampling rate of 5-12 kHz, and (2) a background logging mode that measure the

background magnetic field at a sampling rate of 1 Hz when the experiment is not being

operated. Below I will provide some description about the setup and how to control the
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magnetometer using Python and a LabJack U6 data acquisition system (DAQ).

3.1.1 Setup

Figure 3.1: A duplicate of the three-dimensional magnetometer that has been installed
into the lithium machine.

The three-dimensional magnetometer consists of three fluxgate magnetic sensors (Texas

Instruments DRV425EVM) sitting on two orthogonal printed circuit boards (PCBs) con-

nected by right angle header pins, as shown in Fig. 3.1. Each sensor module is responsible

for a single axis, so that the we are able to measure the magnetic field along the vertical,

Zeeman slower, and lattice directions. The sensor itself is a digital chip whose signals are

converted to analog voltages by the evaluation module. The module then sends out an

analog output with reference to half of the positive supply voltage, which in this case is

2.5 V (when the supply voltage is 5 V). The output signal and the reference signal are

fed into an instrumentation amplifier (Texas Instruments INA128P) in order to produce

a single-ended output. A passive RC low-pass filter at a corner frequency of about 5 kHz

was added to the output of the instrumentation amplifier to suppress noise above the
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Nyquist frequency of the setup. The conversion relationship between magnetic field and

output voltage is: Magnetic Field (G) = 125
61

G
V × Ouput Voltage (V).

A LabJack U6 and a LJTick-DAC accessory component are used to power the magne-

tometer and save the three output voltages for data analysis. The LJTick-DAC provides

a pair of 14-bit analog outputs with a range of ± 10 V for the instrumentation amplifier

power rails. The LabJack U6 itself provides a 5 V power (“VS”) for the three sensor

evaluation modules. Each of the three output voltages from the modules are measured

through the LabJack U6 AIN 0, AIN 1, and AIN 2 channels. All the power and signal

connections between the PCBs and the LabJack U6 are done through a double shielded

“data communication” cable from McMaster-Carr. The magnetometer and the LabJack

U6 are housed in two separate aluminum boxes with extra aluminum foil covering the

entirety of the boxes as well as the double shielded cables for preventing RF contamina-

tion. It was empirically discovered that any small gap left open from the foil could lead

to damage of transmitted data.

The LabJack U6 is connected to the monitoring PC (Joe) via USB connection and

can be controlled through Python with the package “LabJackPython”. Different Python

scripts are written for the high bandwidth mode (“Li_sequence.py” and “Li_sequence

_plot.py”) and the background logging mode (“Li_background.py” and “Li _back-

ground _plot.py”). All the script files are stored in the bananastand (B:\\_Li\Machine

Code\Magnetometer) and can be accessed through PyCharm. In the subsections below,

I will detail how to use each of the operation modes.

3.1.2 High Bandwidth Mode

For using the high bandwidth mode to measure the magnetic field throughout the

whole sequence, open and run the script (“Li_sequence.py”) in PyCharm. As shown
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Figure 3.2: The prompt window for user input for the magnetometer in the high
bandwidth mode.

in Fig. 3.2, a prompt window would pop up and ask for the total duration of the log

and the sample frequency (typically 20+ sec and 10-12 kHz). After hitting “enter” in

the prompt window, the script establishes connection to the LabJack U6 and powers

on the magnetometer. Once a Cicero digital trigger is received by the LabJack U6, it

would start measuring the three-dimensional magnetic field for the total input time at the

sampling frequency requested. The data is then stored as a .csv file in the bananastand

(B:\\_Li\Logging \Magnetic_field). The script automatically create a folder for each

day (e.g. 2025_05_9) in the directory above if the high bandwidth mode is activated

for that given day. Each file in the folder represents one run and is given a timestamp as

the filename.

After the folder has been created for the day and at least one run is inside the folder,

we can run the script (“Li_sequence _plot.py”). This would generate a graph window

that shows the magnetic waveform along all three axes and automatically updates the

plots after each run is completed. Fig. 3.3 shows an exampled waveform of the magnetic

field during a standard lattice experimental sequence. The typical peak-to-peak noise for
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the high bandwidth mode is normally greater than 5 mG.

The initial purpose of a magnetometer located within the enclosure was being able to

Figure 3.3: An example waveform for the Li sequence, taken on 5/9/2025.

precisely measure the magnetic field dynamics during the experimental sequence, as many

stages of the experiment include simultaneous usage of multiple magnetic coils. However,
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Figure 3.4: An example waveform for the Li background logging, taken from 6/1/2024
to 6/9/2024.

it has proven challenging due to large vacuum chamber, high bandwidth requirement,

and constrained space limited by the amount of optics in the surroundings. Despite

having a large bias field at the location of the atoms in certain experimental stages (e.g.

optical evaporation and non-interacting BEC), a magnetic dipole field’s strength decays

as 1
r3

, so the magnetic field is reduced by approximately two orders of magnitude by the

time it reaches the magnetometer (O(G)). This significantly limits the level of precision
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we can achieve as well as faithfully reversely tracking the magnetic field dynamics at the

location of the atoms.

3.1.3 Background Logging Mode

The background logging mode is intended to be used when the machine is not run-

ning, or when we are interested in variation of background magnetic field caused by

anything other than the experiment itself. For using this mode, open and run the script

(“Li_background.py”) in PyCharm. The script would automatically connect to the Lab-

Jack U6 and begin logging the background magnetic field at a rate of 1 Hz. The data for

each day is stored as a .csv file in the bananastand (B:\\_Li\Logging \Magnetic_field

_background) with a folder being created for each month. Fig. 3.4 shows a consecutive

logging of more than one week from 6/1/24 to 6/9/24, when we observed a significant

shift in our background magnetic field (∼ 5 mG) due to large magnetic activity ongoing

in a nearby lab. The typical noise in the background logging mode measurement is 5

mG.

3.2 Radio-Frequency Driver

A radio-frequency (RF) driver produces/received an input RF signal and outputs an

amplified signal, typically at O(W ) level for atomic physics experiment. It normally also

contains the capabilities to switch on/off the RF in sub-microsecond scale and change

the gain of amplification for the RF signal in an continuous way. The amplified RF

signal can be used for controlling an acousto-optic modulator/deflector (AOM/AOD)

or for an antenna to perform hyperfine state manipulation. Fig. 3.5 illustrates the

schematics of a common one-channel configuration. Most RF driver box/chassis in the

lithium experiment contains four such channels for reducing the usage of shared electrical
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components and for efficient space utilization. Below I will breakdown the schematics

into two separate discussions of RF components and electrical connections.

RF Consultant
(TPI-1005-A)

VVA
Mini-Circuits

(ZX73-2500-S+)

Amplifier
Mini-Circuits

(ZHL-1-2W-S+)

Coupler
Mini-Circuits

(ZEDC-15-2B)

TTL
Mini-Circuits

(ZX80-DR230-S+)

On PC Off Manual PC

RF Out

Aux Out

AC-DC 
Converter 1
(5 V, 12 V)

AC-DC 
Converter 2

(24 V)

AC Fan

VVA PC TTL PCUSB

Figure 3.5: The schematics for one channel of RF components and analog voltage
connections in a RF driver box.

3.2.1 RF Components

The RF signal is synthesized and generated digitally through a signal generator (RF-

Consultant TPI-1005-A). The RF parameters can be remotely varied via USB connection

between the RF Consultant and the PC using the TPI-Link software, which could be

downloaded in the RF-Consultant website. This has been shown to be an excellent and

reliable RF source for a single, constant frequency. However, certain applications with

RF-Consultant might not be ideal with regard to a time-varying RF signal, such as RF

sweep and RF frequency modulation. It was found that for the RF-Consultant to change

its RF frequency (i.e. time-varying the RF frequency), it would turn off the output very

briefly and update the frequency before turning the signal back on. This was confirmed
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with the company that the new frequency must be locked during the reset process before

the output is enabled, which takes about O(10−4) to O(10−3) s. This is incompatible with

certain scenarios in our experiment when we attempted to use it for frequency modulat-

ing the saturated-absorption spectroscopy AOM, and for frequency sweeping the MOTC

AOM during the compressed magnetio-optical trap stage, where the relevant timescales

are comparable to the reset time. In this case, a voltage-controlled oscillator or a function

generator could be more advantageous to produce the time-varying RF source.

Once the RF source is generated, we use coaxial cables with SMA or BNC con-

nections to transmit the RF between components. It is important to note that for

microwave transmission with frequency > 1 GHz, cable loss from normal SMA cables

can become significant, and special cables with appropriate frequency ratings should be

used instead. A transistor-transistor logic (TTL) solid state switch (Mini-Circuits ZX80-

DR230-S+) is connected to the output of the RF-Consultant to switch on/off the RF in

sub-microseconds upon a TTL signal. The TTL passes the RF signal to a coupler (Mini-

Circuits ZEDC-15-2B) that splits a very small fraction of the RF signal to the auxiliary

output port so that we are able to monitor the RF frequency without disconnecting the

main RF output or disturbing any normal RF operation. The majority of the RF power

goes into a voltage variable attenuator (VVA) (Mini-Circuits ZX73-2500-S+), where an

applied analog voltage can control the amount of output RF power in an non-linear

way. Before sending the main RF signal through the BNC output port, we amplify the

RF signal with an amplifier (Mini-Circuits ZHL-1-2W-S+), which is able to deliver a

maximum of 2 W RF power after the amplification process. The amount of RF power

output from the driver box depends on the specific application. For driving AOMs, a 2

W amplifier is often used even if it slightly exceeds the maximum input RF ratings. We

can always reduce the output power through the VVA, whereas a 1 W amplifier might

not fully saturate the AOM and it could lead to low AOM output efficiency. For driving
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antennas, the power requirements tend to be higher, and can go up to 5 W or 10 W.

3.2.2 Electrical Connections

Since the RF driver box controls the RF in various ways including amplification,

many components used are active and thus requires certain power being supplied. Most,

if not all, RF drivers have a AC power entry module (e.g. TE Corcom PE0S0DSXB)

that draws 120 V, 60 Hz AC power from a nearby outlet for most power consumption

within the box. The AC ground should always be connected to the box’s metallic wall

for safety purposes. The AC power is directly supplied to the fans mounted on the sides

of the box. The fans are used to perform air cooling and remove residual heat generated

by components like the amplifier with a large heat sink on the top. It is intentional to

choose AC-powered fans instead of DC-powered fans so that we do not introduce noise

from the fans’ mechanical motions to any DC voltages related to the RF signals.

The AC power is also supplied to one or two switching/linear AC-DC converters. They

convert the AC voltages to specific constant DC voltages that meet the supply voltage

requirement of the RF components. Commonly used voltages are: 5 V, 12 V, 18 V, and

24 V. For precise applications, where RF frequency and power noises are important for

the experiment, a linear AC-DC converter is preferred over a switching AC-DC converter

due to differences in conversion mechanism, and thus noise performance. However, linear

AC-DC converters tend to be larger in size and more expensive. It is also often good

practices to use voltage regulators for constant DC voltages if the current draw is not

too large, as well as to add ∼1 µF capacitors between the power rails and ground.

The DC voltages are routed directly to the active components inside the box for

supplying the necessary power. In addition, sometimes we want manual controls over the

TTL and the VVA, so it is convenient to utilize the DC voltages inside the box for those
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purposes as well. The TTL often operates in one of the three modes: manual on, manual

off, and PC control, where the desired mode can be chosen through a three-way toggle

switch located at the front panel of the box. A constant 5 V DC and a GND signal are

connected to the manual on and manual off sides, respectively. In the PC mode, the TTL

is directly linked to a TTL PC BNC port that connects to the PC with a BNC cable.

Similarly, we want two control modes for the VVA chosen through a two-way toggle

switch: manual and PC. In the manual mode, we use a potentiometer with a physical

knob at the front panel to control the voltage delivered from the AC-DC Converter to

the VVA. In the PC mode, an analog voltage is directly sent from the PC to the front

panel VVA PC BNC port that is internally connected to the PC side of the toggle switch.

Using the PC mode for TTL and VVA allows us to switch on/off RF and change output

power in real-time, which often translates through an AOM/AOD to turning on/off laser

beams and changing optical power in real-time during the experiment. LEDs are also

installed at the front panel of the driver box to indicate the specific mode of operation.

For example, a green LED with the LED on/off could be equivalent to whether the RF

output is switched on or off. Using a two-color LED also allows us to assign each color

to represent the VVA being in one of the two modes.

3.3 Magnetic Field Stabilization

Magnetic field is an important ingredient for modern atomic physics experiments,

ranging from cooling and trapping of atoms (e.g. magneto-optical traps and mag-

netic quadrupole traps) [7], to controlling the interatomic interactions with Feshbach

resonances [13]. The latter application of magnetically-tuned Feshbach resonances re-

quires extra precision in magnetic field control for the studies of, for example, BEC-BCS

Crossover, magnetoassociation of ultracold molecules, and interaction effect on quantum
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many-body physics [13]. For this reason, many AMO groups have implemented various

feedback and feedforward schemes to stabilize their magnetic field. A few of them have

been listed here for completeness [24, 25, 26, 27], with more theses stored in the Weld lab

wiki page for magnetic field stabilization. Many of them have provided useful informa-

tion for the design of the magnetic field stabilization scheme in the lithium experiment.

Some common noise sources for electrically-generated magnetic field are:

• Current noise from the power supplies: O(100) to O(102) mG

• Ambient magnetic field noise:

· Nearby experiments with Tesla-level magnetic fields: O(100) mG

· Elevators: O(100) mG

· 60 Hz harmonics from mains electricity: O(100) to O(101) mG

• Thermal fluctuations of the coils: ≤ O(100) mG (depends on the temperature

stability)

The dominant contributions are the current noise from the supplies and the 60 Hz har-

monics’ fluctuations from the power line, leading to a stability of 104 signal-to-noise ratio

(SNR). Therefore, the most sought attempts in field noise suppression are implementing

current feedback and 60 Hz mains feedforward.

In the following subsections, I will outline the stabilization setup, performance, and

future improvements for two sets of coils in our experiment, namely the lattice gradient

(xvwings) and the Feshbach field (PTEN).

3.3.1 Lattice Gradient

For the trapped atom interferometry experiment with Floquet-Bloch bands, the in-

terference fringes are obtained by scanning the applied force strength along the lattice
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direction. The interferometer hence serves as a precise force sensor, which demands the

force to be either inherently natural or precisely controlled if artificial. In order to achieve

this, we utilized a set of coils (xvwings) constructed in the early days of the experiment

to provide a magnetic gradient along the optical lattice direction. More specifically, it

was used to cancel the residual force applied to the atoms from the main Feshbach coils

during the high-field (HF) BEC and non-interacting (NI) BEC stages. Once the atoms

are loaded into the optical lattice, we ramp down the xvwings gradient to a certain set-

point, such that it is no longer force canceled along the lattice direction and the force

is mostly from the main Feshbach coils. However, since the total gradient is a sum of

the xvwings and the Feshbach (PTEN and TDK) coils, any large fluctuations in xvwings

current can be also translated to instability in force, which may be detrimental to the

interferometry read-out signal and its contrast.

Figure 3.6: The current measurements of the xvwings coils for different final setpoints
when ramping down to initialize Bloch oscillations of different periods.

It was experimentally observed through current measurements that the xvwings cur-

rent contained large oscillations when ramping down during the beginning of the interfer-

ometry experiment. As we can see in Fig. 3.6, instead of a smooth ramp from an initial

setpoint to a final setpoint, the currents for different final setpoints converge first and
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then undergo significant ringings. This partially accounted for the early failed attempts

in retrieving an interference signal, and a feedback system would allow the current to

properly follow the waveform.

3.3.1.1 Setup

The PID setup is illustrated in Fig. 3.7, and it is designed to be continuously operat-

ing for all the experimental stages when the xvwings coils are active, i.e. from HF BEC

to NI BEC to lattice experiment.
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- +

Newport 
PID Controller

(LB1005-S)

Analog Control

PCs

TDK-Lambda
Power Supply
(GEN 80-19)

Source

Gate

IXYS MOSFET
(IXFN140N20P)

Danisense Transducers
(DS50UB-10V & DS600ID)

Keithley
Multimeter

(DMM7510)

Keysight
AWG

(33500B)

Integrator 
Hold

SCPI TriggerTrigger

Figure 3.7: The PID schematics for lattice gradient stabilization.

The lithium machine uses the Cicero Word Generator [28] as the experiment’s control

software. It outputs a sequence of analog voltage ramps to the power supply (TDK-

Lambda Gen 80-19) in real time, so that the current output can be remotely controlled

through Cicero. The output current is directly proportional to the Cicero voltage. The

current flowing through the xvwings coils are measured with two Danisense transducers
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(DS50UB-10V and DS600ID), both of which are powered through the Danisense sys-

tem interface unit (DSSIU-6-1U-V). The coil cables are routed three times through each

transducer to enhance sensitivity at the cost of reducing measurement range.

The transducer DS50UB-10V has a < 1.55 ppm rms noise up to 10 kHz. It con-

verts the measured current to an analog voltage that goes to an analog PID controller

(Newport LB1005-S), with a voltage to current relationship of 5
3
A
V

. The xvwings current

setpoint going into the PID controller is produced from a Keysight waveform generator

(33500B) that has a output voltage range of 10 Vpp and a resolution of 16 bits. In

between each experimental run, a new arbitrary waveform is uploaded to the Keysight

using SCPI commands. The specific waveform and its parameters are pre-determined

using the Hardware Control Panel in Muscle Museum [29]. Each ramp for the xvwings

contains an initial setpoint for the previous stage and a final setpoint for the next stage.

To initialize a ramp, we send out a digital trigger from Cicero to the Keysight. The

Keysight would then output the requested waveform to the PID controller. Once the

ramp is completed, the Keysight maintains a constant output at the final value of the

ramp, i.e. the xvwings setpoint for the next stage, until it receives the next trigger.

Once all the waveforms have been generated, an additional trigger to the Keysight would

reset the voltage output to 0 V. Based on the error signal (the difference between the

measurement and the setpoint), the PID controller then outputs a voltage signal to the

gate of a MOSFET (IXYS IXFN140N20P) in parallel with the xvwings coils. From the

optimized gain, corner frequency, and possibly the low-frequency-gain-limit (LFGL) if

LFGL is enabled, this PID output controls the amount of current being shunted away

through the MOSFET, which would allow the current flowing through the coils to reach

the setpoint.

A second transducer DS600ID is used to monitor the current and the PID perfor-

mance. This helps with preventing ground loops and avoid introducing connections from
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extra components to the feedback system. The transducer DS600ID also has a direct,

scaled down current output, with a secondary-to-primary (output-to-input) relationship

of 1500 A
A

. Without the extra step in voltage conversion, it has a even better accuracy

and noise performance (< 0.1 ppm rms noise up to 10 kHz). This allows for better

measurement and noise characterization of the xvwings PID. The output current from

the DS600ID is measured by a Keithley 7-1/2 digit digital multimeter (DMM7510). The

multimeter is controlled remotely through the Keithley Kickstart software, with the data

being automatically saved to a designated directory per measurement. With the exter-

nal trigger mode selected and the start button clicked, the DMM7510 would start the

measurement upon receiving a digital trigger from Cicero.

Like mentioned above, the PID system is intended to be enabled whenever the

xvwings is active. As of when this chapter is written, the xvwings is used in the ex-

periment to cancel the main coils’ gradient during the HF and NI stages. For any exper-

iments relevant to Bloch oscillations, the xvwings current is ramped down to introduce

a force from the main coils. Most of the PID optimization should be centered on this

stage, since it is likely the stage at which science happens and ringings in Fig. 3.6 should

be avoided. For the remaining stages of the sequence, the integrator hold feature of the

PID controller is enabled through a external digital signal from Cicero. The measured

current and the Keysight setpoint would also be zero.

Force canceled calibration is usually done first by doing time-of-flight (TOF) mea-

surements with the atoms, meaning to turn off all trapping potentials simultaneously

and allow the atoms to experience free expansion. We can record how their position

along the lattice axis changes as a function of expansion/TOF time. once an optimal

setpoint is chosen, the atoms’ position should be mostly unchanged regardless of the

expansion time. This method should be applicable to both HF and NI BEC. If there

is a finite harmonic confinement present due to experimental perfection, we can utilize
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this to detect residual force by scanning the hold time during which the atoms are in the

optical trap. If there is a residual force present and if the optical trap is chosen to be

weak enough, the atoms would undergo harmonic oscillations around the harmonic trap

center. An appropriate chosen xvwings setpoint would largely, if not entirely, suppress

such harmonic oscillations.

3.3.1.2 PID Optimization

Here I will discuss the procedure I had followed historically to optimize the PID

performance. Since there exist multiple xvwings setpoint values for different stages of

the experiment, the PID needs to ensure (i) the ramps connecting different xvwings force

setpoints are smooth and properly following the correct ramp shapes, and (ii) the noise

(any AC fluctuations) should be largely suppressed once reaching the constant xvwings

force setpoints. It has proven to be challenging to optimize for both with an analog PID

controller and only one set of PID parameters without gain scheduling. In the case of

xvwigns PID, we have been prioritizing the first requirement to avoid large and rapid

changes in the force environment for our BEC.

When tuning the PID parameters, one should first decide on the corner frequency, the

frequency below which there is a roll off in gain and above which the gain is set by the

proportional gain P. Turning up the corner frequency can increase the PID bandwidth

while introducing higher frequency noise for the stages with a constant DC force setpoints.

Therefore, the chosen corner frequency should be sufficiently high to let current ramps

properly follow the desired shapes. The minimum corner frequency at which this occurs

should be used to minimize noise contributions from high frequency components;; this

was found empirically to be around 100 Hz. Once the corner frequency is determined,

one should focus on the DC region in which the xvwings setpoint is a constant offset.

The appropriate gain can be found by minimizing the rms noise around that offset. The
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step size in scanning the gain knob is about 0.5 dB for each run. The LFGL feature is

optional for xvwings PID, but one can always enable it and repeat the above process for

each value of LFGL to hunt for the best PID parameters. It is also important that the

amount of current shunted away should be roughly constant during the entire sequence,

and the PID doesn’t need to react to a sudden change in error signal. This is can be

adjusted by changing the total current supplied to the system through Cicero xvwings

setpoint.

3.3.1.3 Performance

Figure 3.8: XVWings PID waveforms for the measurement and setpoint, recorded on
5/19/25.

Fig. 3.8 shows the full xvwings sequence when the PID is enabled. The measured

current mostly follows the setpoint except for the fast rampings of a large amount of

current at the beginning and at the end of the sequence. There are four major DC offset

values for xvwings: HF BEC, NI BEC, NI_CC BEC, and Bloch oscillations. The first

three are for force cancellation along the lattice axis for different bias field strengths

(high field, non-interacting, non-interacting curvature cancellation). The last one is used

to induce bloch oscillation as discussed earlier in the section. From Fig. 3.8, we can
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see that it takes about 30 ms to fully ramp down the current due to the limit in PID

bandwidth. This is the major drawback of the existing PID and potential upgrades are

discussed in Section. 3.3.1.4.
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Figure 3.9: XVWings PID waveform for the measurement in the Bloch oscillation
setpoint, recorded on 5/19/25. The measurement duration is intentionally increased
so that the signal is not Fourier limited.

Fig. 3.9 characterizes the noise performance when the xvwings current is set to

the Bloch oscillation stage. It is showing the steady-state behavior after the ramping

has occurred. The measurement duration is intentionally increased by a large amount

compared to the actual Bloch oscillation time so that the Fourier transform is not Fourier

limited due to the small time window for the actual Bloch oscillation. From the Fourier

spectrum in Fig. 3.9, we can see that the dominant noise source is the 60 Hz harmonics.

These noises from the power line can be suppressed by PID feedback to a certain extent,

but it is better to be addressed specifically using feedforward methods.

The noise-to-signal ratio for the xvwings current is about 0.11% from the measured

standard deviation and the mean values. However, the actual gradient fluctuations during

an experiment should be much smaller for two reasons. (i) The dominant noise frequencies

are 60 Hz and 120 Hz, corresponding to a period of 16.7 and 8.3 ms. The Bloch oscillation

time for our interferometry experiment is about 13 ms, which means the atoms do not
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experience the full peak to peak fluctuations for certain frequencies. (ii) The gradient

inducing the Bloch oscillation is mainly provided by the main coils, with xvwings partially

counteracting the main coils gradient. Therefore, the noise-to-signal ratio for the xvwings

gradient should be the ratio between the steady-state Bloch oscillation noise and the

difference between the force canceled setpoint and the Bloch oscillation setpoint, which

is 0.04% from the data in Fig. 3.8 and Fig. 3.9.

3.3.1.4 Future Improvements

As mentioned above, one set of PID parameters needs to make a compromise between

high bandwidth and low noise. We saw that the dominant noise source once the xvwings

reaches the setpoint is the 60 Hz harmonics, mostly 60 Hz and 120 Hz. One can imag-

ine improving the current setup by targeting these harmonics with various feedforward

methods or introducing a second PID feedback loop so that one loop is responsible for

the smooth ramping behavior while the other is suppressing the noise in the DC offset

stages. The idea of having two PIDs is similar to that in laser diode controller with a fast

and a slow feedback loops running concurrently. Four possible upgrades to the existing

setup are:

1. 60 Hz harmonics feedforward

(a) Add a MOSFET in parallel with the current configuration, the gate of which

is connected to a waveform generator that outputs a superposition of 60 Hz

harmonics with the correct phase offsets.

(b) Add a new set of compensation coils to introduce a small gradient along the

lattice direction. These coils are meant to provide an AC force that is a

superposition of 60 Hz harmonics with the correct phase offsets to cancel the

residual 60 Hz harmonics in the xvwings.
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One way to implement this is to:

• receive a 60 Hz trigger signal that is in phase with the 60 Hz signal of an

AC outlet adjacent to the one powering the xvwings current supply. The

method to do so is also mentioned in Section. 3.4 and has been integrated

into Cicero to run our experiments sometimes in sync with the line to check

for systematics related to the 60 Hz harmonics.

• determine the number of 60 Hz harmonics components one wishes to include

in the feedforward and find the correct phase offset between each of the com-

ponent and the TTL signal generated from the 60 Hz.

• output the superposition of all the chosen frequency components with the right

phases in reference to the 60 Hz trigger signal using the waveform generator.

• scan the output amplitude of each frequency component so that the Fourier

transform of the measured signal shows noise suppression of those frequencies.

• output the waveform to the MOSFET or to the analog control for the current

supply of the new compensation coils.

The relative phase offsets between different frequencies could be drifting over a

certain time scale, so it would be ideal to have an automated calibration script to

find the correct phases automatically.

2. improve PID feedback loop

(a) Replace the analog PID controller with a digital PID controller and find mul-

tiple sets of PID parameters responsible for different parts of the xvwings

sequence, a.k.a gain scheduling. In particular, one set could be used for the

ramps and the other used for the DC offset to suppress noise.
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(b) Add a second PID loop to the existing one only enabled during the DC offset

stages to suppress any AC noise.

3.3.2 Feshbach Field

The main intention for the Feshbach field (PTEN) stabilization is to suppress fluc-

tuations around a chosen interaction strength during the experiment. This could be

particularly important for the non-interacting case when the fluctuations lead to oscil-

lations between slightly attractive and slight repulsive contact interactions. It was also

shown that the lattice gradient noise was mainly from PTEN current noise (without PID)

and xvwings current noise (with PID). Therefore, in order to reduce the lattice gradient

noise, one step is to implement high current stabilization for PTEN.

The challenge of high current stabilization in the existing lithium setup is that the

current noise is already relatively small without PID. The signal-to-noise ratio is at low

104, which means most of the electronic components in the PID system should ideally

have higher SNR than that.

3.3.2.1 Setup

The stabilization scheme is shown in Fig. 3.10. It has similar setup as the xvwings

PID with a few modifications.

1. Solid-state Relay The MOSFET (IXYS IXFN140N20P) now is in series with a

solid-state relay (Crydom D1D40K) that is rated for 40 A. The relay is meant to

be turned on whenever the PID is enabled. It is used to compensate for the fact

that the Newport PID controller only has an integrator hold and the entire PID

system cannot be turn off with an external trigger. One should make sure that

the PTEN relay and the PTEN integrator hold should always have the opposite
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Figure 3.10: The high current stabilization scheme for the Feshbach (PTEN) coils.

logic, such that when the PID is enabled, the PTEN relay is high, and the PTEN

integrator hold is low.

Because driving the relay requires 10 mA steady-state current, and Cicero digital

trigger is not designed to source such a large amount of current, one needs to

use a relay driver to in between to control the relay. The detailed layout for the

driver module is shown in Fig. 3.11 (b). Here I used a LabJack driver (LJTick-

RelayDriver) with the input side connected to a Cicero digital channel. The output

forms a close loop with a floating power supply (Siglent SPD1168X) and the solid-

state relay’s input. The connection between RA and GNDR can be thought of

as a switch that is controlled by the Cicero TTL signal. When the TTL is high,

the switch is closed, and the relay input receives a voltage signal from the floating

power supply. The Siglent power supply was a convenient choice at the time, and

one can always find a more affordable alternative in the future (ideally remains
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Figure 3.11: Detailed component designs used in the Feshbach (PTEN) current sta-
bilization. (a) The isolation amplifier module layout. (b) The relay driver module
layout.

floating).

2. PID Input

• Current Transducers The measurement current transducer is changed to

a Danisense transducer (DS400UB-1V), suitable for the full range of PTEN

current (0 - 510 A). It has a < 0.04 ppm rms noise up to 10 kHz. The voltage

to current relationship is 400 A
V

. The monitoring transducer is DS600UB-

10V (60 A
V

). It is important to route them through the coils outside of the

HBridges, so that the current going through remains positive the entire time,

or at least it should have the same sign as the setpoint when the PID is

enabled.

• Setpoint The voltage setpoint is provided by a SRS precise voltage source
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(DC205). It is able to provide a stable voltage signal of 6-digit resolution and

of an accuracy of 7 ppm. The rms noise is less than 1 ppm.

• Voltage Preamplifier The voltage preamplifier (SRS SR560) is used to am-

plify the error signal, the difference of the transducer measurement and the

setpoint, by five times, along with a 10 kHz low pass filter. Without using the

amplifier, the error signal would mainly consists of a large DC offset compared

to the rest of the AC components, which makes it difficult to suppress higher-

frequency noise. Imposing a large AC gain to the signal helps the PID cancel

both slow DC drifts and fast AC fluctuations simultaneously. Because the

input range of the preamplifier is +3 V, we used a measurement transducer

(DS400UB-1V) with a output range of 1 V.

3. PID Controller The amplifier output error signal from the voltage preamplifier

goes to the signal input of the PID controller (Newport LB1005-S). Since the error

subtraction has occurred in the preamplifier, the controller setpoint is default to

zero.

The output voltage of the Newport PID controller is capped at about 7 V to prevent

damaging the MOSFET. If the PID were railed without the capped protection, it

would output the maximum voltage at 10 V, which corresponds to tens of amps

going through the MOSFET. The existing system is designed to shunt away less

than 10 A for a few seconds. It was empirically tested that the MOSFET would

break without active water cooling if the current flowing through is approximately

above 15 A for more than ten seconds.

Because the PID is disabled for most of the sequence, and the trigger timings

do not overlap perfectly between the relay and the integrator hold, there could be

charges building up across the analog integrator inside the PID controller for a finite

48



Electrical System Chapter 3

amount of time. This leads to an overshooting behavior the moment when the PID

is enabled. To address this, the low-frequency-gain-limit (LFGL) feature of the

controller must be in used. This would limit the controller’s gain at low-frequency

so that the built-up charges (DC level) do not affect the system significantly.

4. PID Output & Isolation Amplifier The PID output is connected to an isolation

amplifier (Texas Instruments ISO224EVM) before going to the MOSFET. Due

to ”mysterious” high voltage spikes observed in our high current electronics, the

isolation amplifier is meant to protect the PID controller from getting damaged.

This incident has happened before, and the installation of the isolation amplifier

was shown to mitigate the issue.

Fig. 3.11 (a) shows the layout for the isolation amplifier circuit. The PID controller

output goes into the input side of the isolation amplifier, which is powered by a

±12 V DC power supply (Thorlabs LDS12B) regulated by a voltage regulator

(LM7812). Similarly, another ±12 V DC power supply (Thorlabs LDS12B) with

the same voltage regulator (Thorlabs LDS12B) is used to power the output side.

In addition, the +12 V is also regulated down to 5 V with a voltage regulator

(LM7805) to supply an additional 5 V power rail. The output signal is connected

to the gate and source of the MOSFET. One way to ensure that the isolation

amplifier is properly functioning after inappropriate actions have been taken to

the high current electronic system is to check with a multimeter whether the two

grounds (GND 1 & GND 2) are connected or open. If they are connected, most

likely the isolation amplifier has been damaged and must be replaced.
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3.3.2.2 PID Optimization

As mentioned above, it is important to keep the PID in LFGL mode to prevent over-

shooting. According to the PID user mannual, the integrator is turned off for frequencies

lower than than the 3-dB LFGL corner frequency: fLFGL = fPI × 10−g(dB)/20dB, where

fPI and g are the PI corner frequency in Hz and the low-frequency gain limit in dB,

respectively. For example, a PI corner frequency fPI of 100 Hz and a LFGL of 90 dB

give a fLFGL of 0.00316 Hz, below which the integrator is turned off. This significantly

reduces the large gain introduced from timing mismatches and long-time integration of

any finite error signal offset at the moment the PID is turned on, and therefore suppress

overshooting behavior.

For optimizing the PID parameters, one should use the rms noise of the steady-state

current as a metric. This can be done by triggering the Keithley DMM at the beginning

of field ramp from HF to NI and digitally calculate the standard deviations of the sig-

nal after the current has reached a steady-state with PID. A full parameter space scan

usually proceeds as the following:

1. Choose a PI corner frequency, usually start from the lowest one available (10 Hz).

2. Select a LFGL gain, usually start from the highest available. (90 dB)

3. Scan the proportional gain and measure the steady-state rms noise. Find the pro-

portional gain at which the rms noise is the lowest. It is possible to see that as the

proportional gain increases, ringings first occur and disappears with a sufficiently

large gain.

4. Repeat steps 2 and 3 to find the parameters where the PID can be smoothly turned

on without overshootings/oscillations while having the lowest rms noise possible at

this PI corner frequency.
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5. Repeat steps 1, 2, and 3 to find the lowest rms noise across different PI corner

frequencies.

Sometimes the best PID parameters drift away over the course of days or weeks, and it is

usually sufficient to slightly vary the proportional gain for recovering the performance.

3.3.2.3 Performance
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Figure 3.12: (a) Current measurements when the PID is disabled and enabled. (b)
FFT of the steady-state current when the PID is disabled, enabled, and when the
current supply is turned off. Data was taken on 5/26/25.

The PID turn on is annotated in Fig. 3.12 (a). We first use Cicero analog control to

ramp down from HF current to a current slightly above NI, known as FieldRamp. Then

we turn on the relay and turn off the integrator hold to activate the PID. The setpoint

is controlled by the PID voltage setpoint from SRS DC205. The amount of current

shunt away through the MOSFET is usually around 1 to 5 A. The PID performance

in frequency domain is shown in Fig. 3.12 (b). All measurements were done with the

Keithley DMM in digital voltage mode at 10 V full range and a sampling frequency of

10 kHz. We see that the PID lowers all AC components below ∼60 Hz by 20 dB, which

corresponds to an order of magnitude reduction. The timescale of our experiment is on

the order of millisecond, so ideally the current noise should be suppressed up to a few
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kHz. However the measurement is mostly limited by the Keithley DMM noise floor at

those frequencies, and one need to improve both the measurement techniques as well as

the PID bandwidth.

3.3.2.4 Future Improvements

Possible ways to improve on the existing high current PID setup are to:

1. Replace the isolation amplifier. It is hypothesized that the isolation amplifier is

the limitation of the current setup. The choice of the amplifier was purely out of

convenience for the attempt in protecting the PID controller. It was measured by

the potassium team (Jack) that the SNR of the ISO224EVM is O(103), which is

strictly lower than the SNR of the NI current without PID. One can attempt the

AD210 isolation amplifier from Analog Devices, which has been discontinued but

amply stored in our group.

2. Implement two PID loops (slow & fast). This effectively increases the stabilization

bandwidth by having independent PIDs focusing on different sections of the spec-

trum. The fast loop PID can be AC coupled with a even larger amplification, e.g.

20, than the existing setup (G=5) on only the high frequency components.

3. Use a digital PID with high DAC and ADC resolutions. Both groups implementing

ppm-level magnetic field stabilization utilize a digital PID with field-programmable-

gate-arrays (FPGA) [24, 25]. It is my belief that this is the best approach for

current PID, as it provides high flexibility in PID algorithms and gain scheduling,

while having low noises in both input and output with suitable choices of digital-

to-analog converter (DAC) and analog-to-digital-converted (ADC). Doing so allows

for good feedback control on magnetic field over the entire experimental sequence.

One could also attempt commercial digital PID, such as the quarto, but most
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commercial options do not have sufficiently good DAC and ADC for this purpose.

By using a commercial digital PID, one must be careful in circumventing the noise

issue with a sufficiently large AC gain to amplify high-frequency noise.

3.4 AC Line Trigger

AC line trigger means that we sync the timing of an experiment or an input/output

to the 60 Hz power line. This has the benefit for troubleshooting any 60 Hz harmonics

related issues or providing a quick check on whether the experimental results are affected

by the 60 Hz harmonics noise. As discussed above, it is also the first step in implementing

60 Hz harmonics feedforward method for magnetic field stabilization.

In order to do this, we utilize a Rigol digital oscilloscope (Rigol DS 1054Z). It is able

to internally detect the power line phase and output a 60 Hz TTL signal that is in sync

with the power line phase. We integrate this into the experiment by using the existing

“hold and retrigger” comparator circuit. This circuit waits for the input voltage to reach

a certain threshold before sending a signal to Cicero. The sequence in Cicero would not

move on to the next column until it receives such a signal from “hold and retrigger”, and

thus all the stages after that would be initialized in reference to a constant 60 Hz phase,

and it should remain consistent across all the experimental runs.
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Optical System

Chapter 4 describes two upgrades to our 1064 nm optics system, namely, a large aperture

photodiode (5 mm diameter) module and a commercial laser pointing stabilization system

from MRC Systems GmbH. I will detail the design and calibration of the photodiode as

well as the integration of MRC pointing PID into the exisiting 1064 nm optical path,

with alignment procedure suggestions based on the lessons the lithium team has learned.

4.1 Large Aperture Photodiode Module

The motivation behind a large aperture InGaAs photodiode module was our observa-

tion that the pointing instability of the sampled beam was the dominant noise source for

our 1064 nm intensity stabilization, leading to fluctuations in our lattice depth. There

exist many commercial large area silicon photodiode modules, but the frequency response

of silicon photodiodes tend to be slow at 1064 nm due to its bandgap (1100 nm) being

very close to this wavelength. The common material for 1064 nm photodiode is indium

gallium arsenide (InGaAs) becuase of its fast response rate, but there do not exist many

commercial large area InGaAs photodiode modules, so below I will present a home-made
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version using a Hamamatsu InGaAs photodiode and a SRS current preamplifier. The
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Figure 4.1: The design of a large aperture photodiode module.

design of the photodiode module is relatively simple. As shown in Fig. 4.1, it consists

of a Hamamatsu InGaAs PIN photodiode (G12180-050A) with a sensitivity diameter of

5 mm, a customized PCB, a compact aluminum chassis from Hammond Manufacturing

(1550Q), and a SRS current preamplifier (SR570) that converts the photodiode current to

an output voltage while providing an internal applied biased voltage, various filters and

sensitivity options. The biased voltage should be maintained negative in order to keep

the photodiode properly reverse biased. When the photodiode is reverse biased, it is in

the so-called photoconductive mode, the junction capacitance decreses and the response

time of the photodiode becomes lower, i.e. higher bandwidth. The lid of the chassis box

is custom machined to be cage-mount compatible for the use of lens and neutral-density

filters.

Fig. 4.2 shows the calibrated results for the photodiode module. The testing condi-
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Figure 4.2: Calibration curve for the large aperture photodiode in reverse biased mode
with the current preamplifier, taken on 5/21/25. An ND2 filter was placed in front
of the photodiode. The current preamplifier sensitivity was set to 100 µA

V and the
reverse biased voltage was at -1 V.

tions were:

• Photodiode sensitivity: 0.6 A
W

• ND 2 filter (NE20A)

• Reverse biased voltage: -1 V

• Current preamplifier sensitivity: 100 µA
V

Overall, the power to voltage relationship is very linear R2 = 1.00, with a factor of three

different from the predicted sensitivity due to the three time higher transmission of the
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ND 2 filter at 1064 nm (as opposed to the calibrated 0.01 % transmission at 633 nm).

The output voltage range can be expanded by increasing the sensitivity of the current

preamplifier so that the full dynamic range can be utilized. In addition, filters should

be applied for the intensity stabilization of the lattice beam to suppress high frequency

noise. The bandwidth of the photodiode module was measured to be about 100 kHz

by pulsing the beam on / off with an AOM, using the low noise mode in the current

preamplifier.

4.2 MRC Laser Pointing Stabilization

In addition to addressing power fluctuations of our lattice beam, another major con-

tribution to lattice depth drift is the relative positional stability of the beam. Passive and

active stabilization of beam pointing has been demonstrated by many groups in the past,

with a couple listed [30, 31]. In our system, we utilize a commercial active laser beam

pointing stabilization system from MRC GmbH. Below I will describe the components

included in the system and their integration into our existing beam path, along with

empirical advice on beam alignment for achieving good positional stability.

4.2.1 Components

A list of components we obtained from MRC GmbH are included below with brief

discussion on the functionality for each of them:

• Controller The “Brain” of the entire feedback system. Along with the software,

it coordinates all the sensing, beam manipulation, and logging tasks, as well as

common feedback features.

• Position Sensitive Detector (PSD) (×2) The PSD is responsible for detecting
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the beam position. Ideally, the beam “image” at the PSD should be identical to

the beam profile viewed by the atoms. It provides a detection area of 9 × 9 mm2

with a submircon resolution and a sampling bandwidth greater than 30 kHz.

• Piezo Steering Mirror Mount (P2S30) (×2) It is a fast piezo-driven tilting

1 inch mirror mount used to compensate for beam deviation and direct it back to

the correct setpoint. It has a 2 mrad mechanical tilting range and a 4 mrad optical

tilting range. The piezo drive signal is provided by the controller.

• “Sample and Hold” (ADDA) This feature fixes the beam to its last stabilization

positions by maintaining constant piezo voltages. It temporarily pauses the closed-

loop feedback while not resetting the beam positions. The external inputs in the

controller allows us to independently apply this feature to each of the two feedback

loops.

• “Adjust-in” This function enables us to finely adjust the beam position setpoints

in the software (through Set&Hold) over the entire PSD area. It is a very convenient

feature when we are in need of fine-tuning the beam position relative to the atoms.

(similar to the usage of Picomotor for other beam alignments in our lab). The

setpoints can also be adjusted by external applied voltages through the controller.

• “Drive Actuator” The piezo actuators, and thus the beam positions, can be con-

trolled open-loop through this feature, either with computer commands, or external

voltage signals to the controller.

• “External Activation” This allows us to enable/disable the feedback loops inde-

pendently through two external TTL signals. Note that by disabling the feedback,

we also reset the piezo voltages, and the beam would be no longer aligned to the
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correct setpoints. Due to the piezo’s hysteresis, the beam alignment might need to

be finely adjusted once the feedback loop is activated again.

4.2.2 Integration and Usage

Fig. 4.3 shows the existing lattice beam path with MRC pointing stabilization inte-

grated. The pick-up mirror and the retro-reflective mirror mounts are replaced by the

P2S30 piezo mirror mounts. Because the incoming beam and the retro-reflective beam

contain four degrees of freedom (lateral displacement and incident angle ×2), the set of

two PSD and piezo actuators are insufficient to cover the entire parameter space. We de-

cided to stabilize the lateral displacement drift in the atom’s plane for both the incoming

and retro-reflective beams as we believe that it presents a larger contribution to lattice

depth instability. For the incoming beam, we use the small transmission through the

polarized beam splitter to measure the beam position on PSD 1. By placing a duplicate

lens one focal length (250 mm) away from PSD 1, the beam profile viewed by PSD 1

should be equivalent to that of the atoms. Any angular correction from the piezo mir-

ror mount 1 is Fourier transformed to lateral displacement correction through the lens.

Similarly, as the retro-reflective beam makes it round-trip back through the lens, the

dichroic mirror after has finite transmission that can be utilized to measure the retro’s

beam position on PSD 2. The retro-reflective mirror then stabilizes any lateral position

instability in the atom’s plane.

After approximately directing the beams to the atomic positions, we fine tune the

alignment using Kapitza-Dirac and the “Adjust-in” feature mentioned above. The active

stabilization is turned on in between experimental runs. During the sequence, we send a

TTL signal to both stages for enabling “Sample and Hold” so that the piezo voltages and

thus the beam alignment remain unchanged. This decision of not having closed feedback
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Figure 4.3: Optical lattice beam path with MRC stabilization integrated (not to scale).
Both PSD 1 and PSD 2 and the second P2S30 piezo mirror mount are one focal length
(250 mm) away from their respective lenses.

loop during the experiment is largely due to the concern of introducing high frequency

noise from the piezo drive to the lattice depth or phase.

Fig. 4.4 are comparisons when the MRC stabilization is disabled or enabled. We

see that without active beam pointing stabilization, there are significant beam positional

drifts over the course of an hour (Fig. 4.4 (a-b)). It was discovered later that the sampled

beam power on PSD 2 is significant lower than that on PSD 1, and that the beam is

off-center relative to PSD 2. This leads to the artifact of larger fluctuating behavior with

larger error bar compared to PSD 1. When MRC stabilization is enabled (Fig. 4.4 (c-d)),

we see a more than ten-fold improvement in lowering the beam positional drifts for both

incoming and retro-reflective beams. It shows that the beam positions can be maintained

for eight hours without additional alignments. In fact, the lattice depth calibration with
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Figure 4.4: (a, b) Incoming and retro-reflective beam fluctuations around the mean
position with MRC stabilization disabled, measured by PSD 1 (a) and PSD 2 (b),
respectively. (c, d) Incoming and retro-reflective beam fluctuations around the mean
position with MRC stabilization enabled, measured by PSD 1 (c) and PSD 2 (d),
respectively. Each data point (error bar) represents the average (standard deviation
of) beam fluctuation each time it is enabled in between experimental runs. Data taken
by Xiao Chai on 4/11/25 and 4/16/25.

atoms seem to suggest that no extra alignment is needed for nearly two months during

the time we are collecting the interferometer data.

Here I include some empirical suggestions for using the MRC stabilization system,

discovered collectively by the entire Lithium team (in particular by Xiao Chai):

• The sampled beam power on both PSDs should be as high as possible (∼ mW).

We have observed that the detected positions are sensitive to the incident power,

and this can be mostly mitigated by nearly saturating the PSDs. Specifically for

PSD 2, one can control the polarization so that more power can transmit through
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the dichroic and reach the PSD.

• Block stray light (e.g. other 1064 nm beams) by placing irises in front of the PSDs.

• Use long pass filters to block unwanted wavelengths, especially the one that trans-

mits through the dichroic.

• Position the beams close to the PSDs’ center.

• It is good to monitor the piezo voltages from time to time and make sure that they

are not railed from failed feedback response.

• Override “Sample and Hold” enabled (TTL low) in Cicero when the machine or

the 1064 nm laser is off. This prevents railing the piezo voltages by accidentally

running the feedback loop without beam detection.

• Disabling the stabilization resets the piezo voltages to zero, and one should be

cautious doing so. Due to the piezo’s hysteresis behavior, alignment could be lost

upon re-enabling the stabilization. Setting “Sample and Hold” is sufficient for

most scenarios. In the cases of beginning an alignment from scratch or railed piezo

voltages, we would need to disable the stabilization.

62



Chapter 5

Numerical Simulation

Chapter 5 describes some numerical methods to simulate or benchmark with the ex-

perimental results. Most of the simulations described below are GPU based to reduce

computational time. It will include time-splitter spectral method in real space for time-

dependent Schrodinger equation and Fourier space simulation in time-independent and

time-dependent cases, specifically for temporal and spatial periodic systems.

5.1 GPU-Based Simulation with Python

Numerical calculation with graphical processing units (GPUs) can significantly in-

crease computational speed for large size datasets because of its architecture suited for

parallel processing. The CuPy package in Python allows for extremely convenient utiliza-

tion of GPU to accelerate array operations and computations, through the incorporation

of the existing Compute Unified Device Architecture (CUDA) toolkit. It is highly com-

patible with NumPy and SciPy, the standards packages for numerical calculations in

Python, yet the operation time of large arrays with CuPy can be reduced by one or two

orders of magnitude compared to the same tasks in NumPy and SciPy. Once the CuPy
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package is installed and imported, most of the syntax and function names are identical

to the ones in NumPy and CuPy. One can initialize the arrays in CuPy and implement

array operations with the GPU. This means that all the associated arrays are stored in

the GPU memory. If the arrays need to be accessed outside of the GPU memory for,

for example, plotting in matplotlib or using functions only defined in NumPy/SciPy, one

can simply convert it by cp.asnumpy(). This function transfer the array from the GPU

memory to the random access memory (RAM), where arrays inilized from NumPy/SciPy

are stored. It is also simple to transfer a NumPy array to a CuPy array by cp.array().

5.2 Time-Dependent Schrodinger Equation in Real-

Space

Here I will briefly present the real-space simulation method used for the thesis, known

as the time-splitting spectral methods [32, 33]. There are also good references from pre-

vious lab memebers of the Weld lab [34]. Consider the one-dimensional, time dependent

Schrodinger equation:

ih̄
∂ψ(x, t)

∂t
=

[
− h̄2

2m

∂2

∂x2
+ V (x, t)

]
ψ(x, t) (5.1)

with the initial wavefunction at t0 being ψ(x, t0). The wavefunction at time t can be

written as:

ψ(x, t) = U(t, t0)ψ(t0)

= T
[
e
− i

h̄

∫ t
t0

H(t′)dt′
]
ψ(x, t0)

(5.2)
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where U(t, t0) is the unitary evolution operator from t0 to t, and T being the time

ordering operator. Because of the composition property of the unitary evolution operator

U(t2, t0) = U(t2, t1)U(t1, t0) [17], Eqn. 5.2 becomes:

ψ(x, tN) = U(tN , tN−1)U(tN−1, tN−2) · · · U(t2, t1)U(t1, t0)ψ(t0)

= T
[
e
− i

h̄

∫ tN
tN−1

H(t′)dt′
e
− i

h̄

∫ tN−1
tN−2

H(t′)dt′ · · · e−
i
h̄

∫ t2
t1

H(t′)dt′e−
i
h̄

∫ t1
t0

H(t′)dt′
]
ψ(x, t0)

(5.3)

where the final time t is denoted as tN . The evolution operator from ti to ti+1 therefore

is:

U(ti+1, ti) = e−
i
h̄

∫ ti+1
ti

H(t′)dt′

= e
− i

h̄

∫ ti+1
ti

[
− h̄2

2m
∂2

∂x2
+V (x, t′)

]
dt′

≈ e−
i
h̄
·− h̄2

2m
∂2

∂x2
·∆te−

i
h̄

∫ ti+1
ti

V (x, t′)dt′

(5.4)

where ∆t ≈ ti+1 − ti, and in the last step the Baker-Campbell-Hausdorff formula is used

to the first order as an approximation. If the time step ∆t becomes small enough, the

integration over the potential V (x, t′) in Eqn. 5.4 can be discretized:

U(ti+1, ti) ≈ e−
i
h̄
·− h̄2

2m
∂2

∂x2
·∆te−

i
h̄
V (x, ti+

∆t
2
)∆t (5.5)

The key to the time-splitting spectral methods is to notice that the kinetic operator

becomes diagonalized in momentum space, where:

− h̄2

2m

∂2

∂x2
→ h̄2k2

2m
(5.6)

and k is the wavevector of the wavefunction. This means that by doing a Fourier trans-

form to the real-space wavefunction ψ(x, t), we can express it in the momentum basis
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to be ψ(k, t), in which now applying the kinetic operator becomes an element-wise mul-

tiplication between two one-dimensional arrays, and significantly reduces the complexity

of applying the evolution operator. The wavefunction at ti+1 evolved from ti can be

expressed as:

ψ(x, ti+1) ≈ F−1
{
e−

i
h̄
· h̄

2k2

2m
·∆tF

{
e−

i
h̄
V (x, ti+

∆t
2
)∆tψ(x, t)

}}
(5.7)

where F denotes the Fourier transform and F−1 the inverse Fourier transform. Because

of the existing numerical techniques on implementing fast Fourier transform (FFT), es-

pecially with the usage of GPU, the time-spliting spectral methods can be executed

conveniently even in PCs to obtain reliable numerical results to compare with experi-

ments. Using the second-order Strang splitting can improve the first-order scheme on

the time-dependent potential in Eqn. 5.6:

ψ(x, ti+1) ≈ e−
i
h̄
V (x, ti+

3∆t
4

)∆t · F−1
{
e−

i
h̄
· h̄

2k2

2m
·∆t · F

{
e−

i
h̄
V (x, ti+

∆t
4
)∆tψ(x, t)

}}
(5.8)

Since the Gross–Pitaevskii equation is considered as a non-linear Schrodinger equation,

the time-splitting spectral method also applies. Because the mean-field interaction term

(I(x, t) = g|ψ(x, t)|2) in the equation can be fully expressed in the position space, we

can simply combine the interaction term with the potential term.

ψ(x, ti+1) ≈ e−
i
h̄ [V (x, ti+

3∆t
4

)+I(x, ti+
3∆t
4

)]∆t·

F−1
{
e−

i
h̄
· h̄

2k2

2m
·∆t · F

{
e−

i
h̄ [V (x, ti+

3∆t
4

)+I(x, ti+
3∆t
4

)]∆tψ(x, t)
}} (5.9)

The time-splitting spectral methods are time reversible, mass conserved, energy con-

served, as well as being unconditionally stable [32]. It is second-order accurate in time

and spectrally accurate in the spatial dimension, meaning that the spatial accuracy de-
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pends on the spatial step size rather than a fixed order. Other methods include the

Crank-Nicolson finite difference method, semi-implicit finite difference method, etc.

Below I show a breakdown of my code implementation of the time-splitting spectral

methods specifically for an optical lattice potential.

1. Input the experimental parameters

• Input lattice depth and quasimomentum width. Typically we place a gaussian

envelop over the initial wavefunction because of the finite quasimomentum

width of the BEC.

• Input Atom mass, atom number, beam waist, scattering length to calculate

the g factor in the interaction term.

• Input the potential or force parameters, usually related to the modulation

waveforms or the force configuration.

2. Initialize a spatial grid from x0 to xN with periodic boundary conditions (x0 =

xN+1). The momentum grid can be found by using 2π · fftfreq(N, ∆x), where the

first input takes in the total number of points in the spatial grid and the second

input takes the spatial step size. The range and step size of the spatial grid depends

on the specific conditions of the experiment.

3. Initialize a time array from initial to final time with a relatively small time step.

4. Calculate/create the initial state, which often is the product of a gaussian and a

Bloch state or an interacting ground state obtained from imaginary time evolution.

5. Time evolve the initial wavefunction using Eqn. 5.9. Calculate and save the ap-

propriate observables or wavefunctions for the experiment.

6. Save the relevant data and plot them.
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Most of the above, especially with the FFT and the time evolution, are done with CuPy

and GPU. The simulation is object-oriented based, and many of the parameters above are

declared as class attributes. For example, there is a class “Atom_Laser_Properties” as-

sociated with all the atom and trapping laser parameters, whereas a class “Spatial_Grid”

to automatically generate all the spatial and momentum arrays. The simulation class

uses inheritance to obtain all the class attribes from those two classes. In addition, a for

loop is used for the time evolution of the wavefunction to repeat through each time step.

Inside the loop, the potential is updated as a class attribute each time for possible new

parameters, and the wavefunction propagation is fully completed with variables declared

within the class.

5.2.1 Imaginary Time Propagation

The imaginary time propagation method allows us to find the real ground state of a

mean-field interacting Hamiltonian by making the following substitution:

t→ −iτ (5.10)

I will show a simple case to illustrate how the substituion would lead to a ground state.

Consider a time-independent Hamiltonian, Eqn. 5.2 in the basis of energy eigenstates

becomes

ψ(x, t) =
∑
n

e−iEn
h̄

tψn(x) (5.11)

Using the substitution in Eqn. 5.10, it shows:

ψ(x) =
∑
i

e−
En
h̄

τψn(x) (5.12)
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Since all excited states have a faster decay rate during the imaginary time propagation

due to their higher energies, a sufficiently long propogation time will only leave the

interacting ground state component non-zero. Normalizing the final wavefunction would

yield the true ground state of the system.

For imaginary time propagation of the Gross-Pitaevskii equation, one considers the

time-independent version:

µψ(x, t) =

[
− h̄2

2m

∂2

∂x2
+ V (x, t) + g|ψ(x, t)|2

]
ψ(x, t) (5.13)

where µ is the chemical potential of the system. The imaginary time propagation takes

the form of Eqn. 5.9 with time being imaginary. At each time step, one can obtains the

chemical potential of the system by integrating Eqn. 5.13 with the complex conjugate of

the wavefunction ψ∗:

µN =

∫
ψ∗
[
− h̄2

2m

∂2

∂x2
+ V (x, t) + g|ψ|2

]
ψ (5.14)

where N is the total particle number, with the normalization condition of
∫
|ψ|2dx = N .

To start the imaginary time evolution, one typically uses the Thomas-Fermi approxima-

tion as the initial wavefunction. The imaginary time propagation can be paused once

the chemical potential reaches the set threshold, and the wavefunction would become the

true interacting ground state. If the potential used in the imaginary time propogation

is the same as that at the initial time of the real time propagation V (x, t = 0), we

would have an initial state that is the true ground state of the mean-field interacting

Hamiltonian.
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5.3 Temporal-Spatial Periodic Potential in Fourier

Space

When the potential is spatially periodic, one also has the option to perform the sim-

ulation in Fourier space with the Bloch Hamiltonian matrix and the Bloch functions

unk. In this case, all the operations become effectively finite-dimensional matrix-vector

multiplications, which can sometimes reduce computational time, especially if it is with

CPU. Below I will give an example of spatial periodicity using the one-dimensional opti-

cal lattice potential, and later combines amplitude modulation (temporally periodic) to

construct Floquet-Bloch bands.

5.3.1 Time-Independent Case

The one-dimensional time-independent optical lattice Hamiltonian is:

H =
p2

2m
− V0 cos2(kLx) (5.15)

Solving the time-independent Schrodinger equation with this Hamiltonian is equivalent

to solving the eigenvalue equation written in Eqn. 2.44. In there, the equation is written
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in index notation, expanding it gives:



h̄2k2L
2m

(2 · −l + q
h̄kL

)2 −V0

4
0 · · · 0

−V0

4

h̄2k2L
2m

(2 · (−l + 1) + q
h̄kL

)2 −V0

4
· · · 0

0 −V0

4

. . . . . . ...
... ... . . . . . . −V0

4

0 0 · · · −V0

4

h̄2k2L
2m

(2l + q
h̄kL

)2





cnq−l

cnq−l+1

...

cnql−1

cnql



=
h̄2k2L
2m

Enq



cnq−l

cnq−l+1

...

cnql−1

cnql


(5.16)

An constant offset from the potential in the diagonal terms are neglected here. We can

readily use an eigenequation solver to numerically obtain the set of eigenvectors and

eigenvalues for a particular quasimomenum q. The n-th eigenvector and eigenvalue in

the solution correspond to the Bloch state and energy of the n-th band. As we see, the

Bloch Hamiltonian is a sum of the kinetic energy P (diagonal) matrix and the potential
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energy V (off-diagonal) matrix:

P̂ ≡ h̄2k2L
2m



(2 · −l + q
h̄kL

)2 0 0 · · · 0

0 (2 · (−l + 1) + q
h̄kL

)2 0 · · · 0

0 0
. . . . . . ...

... ... . . . . . . 0

0 0 · · · 0 (2l + q
h̄kL

)2


(5.17)

V̂ ≡ −V0
4



0 1 0 · · · 0

1 0 1 · · · 0

0 1 0
. . . ...

... ... . . . . . . 1

0 0 · · · 1 0


(5.18)

5.3.2 Time-Dependent Case

The time evolution of the system in Fourier space is similar to that in position space

using the spectral method, except that now it is a matrix-vector multiplication with a

much smaller matrix dimension. The advantages of Fourier space simulation are that it

is faster to perform array operations of smaller size arrays, and that we don’t need to

worry about boundary effects from the finite extend of the spatial grid. However, it only

works for Hamiltonians that can be written as a matrix in Fourier space, i.e. spatially

periodic Hamiltonians, or under special scenario such as Bloch oscillation.

The time evolution operator U(t, t0) is:

U(t, t0) = T
[
e
− i

h̄

∫ t
t0

H(t′)dt′
]

(5.19)
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From the composition property, again, this can be written as:

U(t, t0) = T

{
N−1∏
i=0

e−
i
h̄

∫ ti+1
ti

H(t′)dt′

}
(5.20)

Discretizations of the Hamiltonian integral over time yields:

U(t, t0) = T

{
N−1∏
i=0

e−
i
h̄
H(ti+

∆t
2
)∆t

}
(5.21)

assuming ∆t is sufficiently small. Eqn. 5.21 constructs a evolution matrix at each time

step, i.e. U(ti+1, ti) = e−
i
h̄
H(ti+

∆t
2
)∆t, and then multiple it by the wavefunction from the

previous step.

ψ(tN) = U(tN , tN−1)U(tN−1, tN−2) · · · U(t2, t1)ψ(t0)

= e−
i
h̄
H(tN−1+

∆t
2
)∆te−

i
h̄
H(tN−2+

∆t
2
)∆t · · · e−

i
h̄
H(t0+

∆t
2
)∆tψ(t0)

(5.22)

Since we know how to write the Hamiltonian in matrix form, we can construct the

evolution operator by taking the matrix exponential of the Hamiltonian (for example,

the function is expm() in Python) along with other factors. With an initial wavefunction

written as an one-dimensional array, Eqn. 5.22 is simply a series of matrix exponential

operation and matrix-vector multiplication repeated through each time step.

5.3.2.1 Floquet-Bloch Bands

Here I will show an example of an one-dimensional amplitude modulated optical

lattice potential with the form of:

H =
p2

2m
− V0 [1 + α sin(ωDt)] cos2(kLx) (5.23)
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where α and ωD are the modulation amplitude and modulation angular frequency, re-

spectively. The Bloch Hamiltonian is similar to that of the static case, except now that

the potential (off-diagonal) matrix is time-dependent. The kinetic energy term remains

the same as before.

P̂ ≡ h̄2k2L
2m



(2 · −l + q
h̄kL

)2 0 0 · · · 0

0 (2 · (−l + 1) + q
h̄kL

)2 0 · · · 0

0 0
. . . . . . ...

... ... . . . . . . 0

0 0 · · · 0 (2l + q
h̄kL

)2


(5.24)

V̂ (t) ≡ −V0
4
[1 + α sin(ωDt)]



0 1 0 · · · 0

1 0 1 · · · 0

0 1 0
. . . ...

... ... . . . . . . 1

0 0 · · · 1 0


(5.25)

Eqn. 5.22 becomes:

ψ(tN) = e−
i
h̄ [P̂+V̂ (tN−1+

∆t
2
)]∆te−

i
h̄ [P̂+V̂ (tN−2+

∆t
2
)]∆t · · · e−

i
h̄ [P̂+V̂ (t0+

∆t
2
)]∆tψ(t0) (5.26)

which gives the state ψ at any time in terms of the matrix exponential of P̂ and V̂ (t).

Because the Hamiltonian in Eqn. 5.23 is spatial and temporal periodic, it is invariant

under:

x→ x+ a = x+
π

kL
(5.27)

t→ t+ T = t+
2π

wD

(5.28)
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We can apply both Bloch’s theorem and Floquet theorem, and the ansatz is the Floquet-

Bloch state ψnq(x, t):

ψ̃nq(x, t) = e
i
h̄
(qx−ϵnqt)ũnq(x, t) (5.29)

where ϵnq is the quasienergy, and ũnq(x, t) is the Floquet-Bloch function with the same

spatial and time translation invariances as the Hamiltonian:

ũnq(x, t) = ũnq(x+
π

kL
, t) = ũ(x, t+

2π

wD

) (5.30)

The set of quasienergies ϵnq and the Floquet-Bloch functions unq(x, t) at each quasi-

momentum q can be found by numerically diagonalizing the Floquet Hamiltonian HF

[10, 12]. This can be done through the following procedure:

1. Construct the Hamiltonian H(ti) in Fourier space with P̂ and V̂ (ti), and its corre-

sponding evolution operator U(ti+1, ti) through matrix exponential.

2. Obtain the one period, stroboscopic time evolution operator U(T ) through numer-

ical time propagation:

U(T = tN) =U(tN , 0)

=U(tN = T, tN−1)U(tN−1, tN−2) · · · U(t2, t11)U(t1, t0 = 0)

(5.31)

3. Obtain the Floquet Hamiltonian HF by taking matrix logarithmic of U(T ):

HF = i
h̄

T
lnU(T ) (5.32)

4. Compute the transition probability, or the overlap absolute squared, etween the

i-th Bloch functions of the static lattice and the j-th Floquet-Bloch functions of

the driven lattice Pij = | ⟨uiq|ũjq⟩ |2.
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5. Order the set of quasienergies {ϵnq} and the Floquet functions {ũnq} by descending

order of the transition probability Pij. The first ordered element corresponds to

the lowest-quasienergy state at this specific quasimomentum.

By repeating the process above for half of the quasimomenta in the 1st Brillouin zone

(because the bands are symmetric around q = 0), one can find the so-called Floquet-

Bloch band structures. It is the spectrum of the system within the 1st Brillouin zone of

both quasimomentum and quasienergy due to its spatial-temporal periodic nature. Fig.

5.1 shows an example of the Floquet-Bloch band structure at a lattice depth V0 of 8

ER. The first seven static band components are included in the band structure. The

modulation frequency fD = ωD

2π
and amplitude α are 210 kHz and 0.2, respectively.
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Figure 5.1: Floquet-Bloch band structure considering the first seven static Bloch
bands. The lattice depth V0 is 8 ER, and the modulation frequency fD and modulation
amplitude α are 210 kHz and 0.2, respectively.
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Chapter 6

Trapped Matter-Wave

Floquet-Bloch Interferometry

In Chapter 6, I will discuss the experimental realization of a novel trapped matter-wave

interferometer using Floquet-Bloch band structures.

Interferometry utilizes interference of waves to extract signals, often precise, from

the fringe measurements. From the original Michelson interferometer in 1887 [35] to

the modern Laser Interferometer Gravitational-Wave Observatory (LIGO) [36], optical

interference has always been at the frontier of contemporary physics. The wave nature of

massive matter extends such notion and allows one to develop atom-based interferometry

[37, 38]. Since its first demonstrations [39, 40] and measurements of gravity [41], free fall

interferometry has reached record-high sensitivity using large-scale apparatus to increase

the free fall time, like that of the 100-meter drop towers [42] and of low Earth orbit

[43]. Complementary approaches with continuously-trapped atoms offer an alternative

route to achieve long coherence time at the presence of an external trap [44]. However,

the systematic effects introduced from the trapping potential remain a key challenge for

further improvements. Below I will present a new type of atom interferometer, where
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atoms are undergoing position-space Bloch oscillations and being trapped in a Floquet

engineered optical lattice that is first order insensitive to lattice intensity fluctuation.

6.1 Theory

The important ingredients for our interferometer experiments are an non-interacting
7Li BEC, an amplitude-modulated optical lattice, and an applied, co-linear magnetic

gradient. The Hamiltonian of the system can be written as:

H(t) =
p2

2m
− V0 [1 + α sin(ωDt)] cos2(kLx)−Fx (6.1)

where the concepts of Bloch oscillations and the amplitude modulated lattice have been

discussed separately in Section 2.2.3 and Section 5.3.2.1, respectively. Similar to the case

of a static lattice, the force term can be absorbed into the atom’s momentum with the

gauge UG = ei
x
h̄
Ft:

H(t) =
(p+ Ft)2

2m
− V0 [1 + α sin(ωDt)] cos2(kLx) (6.2)

Instead of the “broken” spatial translation symmetry, the system now no longer possesses

discrete time translation symmetry. However, under the adiabatic approximation at the

weak force limit, the system’s wavefunction can still be represented by the instantaneous

Floquet states. This is known as the instantaneous Floquet-state (ISF) formalism [45,

46, 47]. If the initial wavefunction is a Floquet-Bloch state at a quasimomentum q0 with

a band index n,

ψ(x, 0) = ψ̃nq0(x, 0) (6.3)
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the evolution of this wavefunction under Eqn. 6.2 is given by:

ψ(x, t) = e−iϕDyn,n(t)ψ̃nq(t)(x, t) (6.4)

where q(t) is the new quasimomentum at time t:

q(t) = q0 + Ft (6.5)

and ϕDyn,n(t) is the dynamical phase for band n, defined as:

ϕDyn,n(t) =
1

h̄F

∫ q(t)

q0

ϵ̃nqdq (6.6)

This shows that the idea of Bloch oscillations is still applicable in Floquet-Bloch bands.

As we can see in Eqn. 6.6, the wavefunctions at different bands accumulate dif-

ferent amount of dynamical phase during Bloch oscillations, due to variations in band

dispersion. This leads to a relative phase difference that is physically meaningful and

experimentally measurable. In order to generate matter-wave splitting at two bands,

we engineer a Landau-Zener tunneling [48, 49, 50] at a chosen avoided crossing. For a

Landau-Zener transition occurring at the quasimomentum qr between two Floquet-Bloch

bands, one lower (L) band and one upper (U) band, the transition probability is:

p = e−2πδ (6.7)

with the adiabaticity parameter δ:

δ =
∆2

qr

4h̄v
(6.8)
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where ∆qr is the gap size of the avoided crossing at quasimomentum qr, and v is the

Landau-Zener sweep velocity:

v = F

√√√√2∆qr

∣∣∣∣∣
(
∂2ϵL,q

∂q2

)∣∣∣∣
q=qr

∣∣∣∣∣ (6.9)

For atoms initially in only one of the two lower or upper bands, we can enforce a 50-50

splitting into both bands (p = e−2πδ = 0.5), by tuning the modulation amplitude α in

Eqn. 6.2, and therefore the gap size ∆qr .

Implementing two consecutive 50-50 splitters through the Landau-Zener transitions

at two different quasimomenta qr and qr′ , during which the atoms in the lower and upper

bands accumulate different dynamical phases, one forms the so-called Landau-Zener-

Stückelberg-Majorana interferometer. Assuming the atoms are initially at the upper

band, the final population imbalance at the output is given by:

I ≡ PL − PU ≈ 4p(1− p)(1 + cos(ϕInt)) (6.10)

where PL (PU) denotes the final population fraction at the lower (upper) band. The

interferometry phase ϕInt is:

ϕInt = ϕDyn, diff + 2ϕSto (6.11)

where the differential dynamical phase ϕDyn, diff is:

ϕDyn, diff =
1

h̄F

∫ qr′

qr

(ϵU,q − ϵL,q) dq (6.12)
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and the Stokes phase ϕSto is:

ϕSto = −π
4
+ δ [ln(δ)− 1] + argΓ(1− iδ) (6.13)

The differential dynamical phase is inversely proportional to the applied force, which

means that the Landau-Zener-Stückelberg-Majorana interferometer nature exhibits larger

sensitivity when the force is small. The two Stokes phase accumulations in Eqn. 6.11

originates from the two Landau-Zener transitions, and they are only weakly dependent

of the force. With the force strength in our experimental setup, the interferometry phase

ϕInt is dominated by the differential dynamical phase ϕDyn, diff that scales with the area

enclosed by the quasienergy-momentum loop in momentum space, or equivalently, the

area enclosed by the space-time loop in position space. Because the wavefunction tra-

jectories are adiabatically connected for both bands, one might imagine that there is a

non-trivial differential Berry phase developed through the interferometry loop. However,

it can be shown that such a differential phase can be removed through gauge transfor-

mation.

6.2 Floquet-Bloch Atom Interferometer

Fig. 6.1 (a) shows the experimental sequence for an interferometry loop of size 0.6

h̄kL. We prepare an non-interacting 7Li BEC of 105 atoms in a horizontal crossed optical

dipole trap (ODT) with trapping frequencies (νx, νy, νz) = (151.9, 185.0, 239.4) Hz. The

atoms are initially prepared in the magnetically sensitive |f = 1, mf = 1⟩ ground state.

The s-wave scattering length is tuned to zero by applying a magnetic field of 543.6 G.

We transfer the atoms from the ODT to an one-dimensional horizontal optical lattice (V0

= 8.45 ER) adiabatically in 200 ms. A uniform force is used to induce Bloch oscillations
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Figure 6.1: Experimental demonstration of Floquet-Bloch matter-wave interferometry.
(a) The experimental sequence for an interferometry loop of size 0.6 h̄kL, centered
at 1 h̄kL. (b) The schematic of an amplitude modulated optical lattice coupling
the P and D static Bloch bands. The modulation strength is set as α = δV . (c)
The Floquet-Bloch band structure from hybridization of the P and D static Bloch
bands in the extended zone scheme. The modulation is resonant at the quasimomenta
qr = 0.7 h̄kL and qr′ = 1.3 h̄kL, and opens up an energy gap. Color represent
the static Bloch band that is maximally overlapped with the Floquet-Bloch band.
The solid arrow indicates the direction of the applied force F . (d) Position-space
Bloch oscillations mapping out the Floquet-Bloch band structure shown in (c), based
on the equivalence of group velocity and energy dispersion relation. This forms an
interferometry loop from the dynamical phase difference of the two hybridized bands.
(e) Projection of Bloch states into free momentum states (“Band Mapping”) after
a time-of-flight to measure the final atom population in each band. (f) Interference
fringes with respect to the applied force. Each force corresponds to a Bloch oscillation
period. g is the local gravatational acceleration. The vertical error bars indicate the
standard error after 3 repeats and the horizontal error bars are estimated error from
the force calibration fit.
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along the lattice direction through a set of magnetic field gradient with the effective

strength F . A strong pulse of 120 kHz amplitude modulation is applied resonantly to

transfer all the atoms from the S band to the P band through a Landau-Zener transition

at an avoided crossing. After a 2.5 ms hold time, we begin the interferometer experiment

using a P − D interferometric loop shown in Fig. 6.1 (c). The static P band and D

band are hybridized using a second, 5 ms amplitude modulation pulse to form a Floquet-

Bloch band structure. The modulation frequency was set to 127.438 kHz to create 50-

50 Landau-Zener splittings between the two Floquet-Bloch bands at the quasimomenta

qr = 0.7 and qr′ = 1.3. Because of the concept of group velocity being equivalent to

the band dispersion mentioned in Eqn. 2.58, as well as the light mass of lithium, the

atoms’ Bloch oscillation can also be observed in position space. Fig. 6.1 (d) shows the

P −D loop in position space through Bloch oscillations with a time sequence of in-situ

images. As shown in Fig. 6.1 (f), by varying the applied force strength, the final atom

population at each band oscillates due to the change in the differential dynamical phase

defined in Eqn. 6.12. The final atom populations at the output were measured using

standard Band Mapping techniques [51], where the lattice is ramped in 100 µs, followed

by a TOF of 4 ms. This forms a compact matter-wave interferometer that can be used

for precision force sensing.

6.3 Magic Lattice Depth

As mentioned above, trapped matter-wave interferometers often suffer from systemat-

ics introduced by the external trapping potential. In analogous to the magic wavelengths

employed in optical lattice clocks [52], there exists a magic lattice depth in trapped

matter-wave interferometry that has been demonstrated in static Bloch bands [53]. In

this work, we extend this concept to Floquet-Bloch bands and experimentally verify that
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Figure 6.2: Magic Floquet-Bloch band structure. (a) Differential dynamical phase
modulo 2π × 102 with respect to the lattice depth, for S − P , S − D, and P − D
interferometry loops. This is numerically calculated with a Bloch period TB = 10.7 ms.
Only the P −D loop exhibits a sign of magicness, i.e. there exists a local minimum,
at V0 ≈ 8.85 ER. (b) Experimental measured output imbalance I with respect
to lattice depth. The imbalance is largely insensitive to lattice depth in between
8.6 ER and 9.1 ER. The non-magic and magic dashed lines represent the lattice
depths at which we perform fringe scans with varying force, as shown in (c) and (d).
(c) Imbalance measurement with varying force when the lattice depth is non-magic.
The overall interferometry phase is offset from fluctuations in lattice depth. (d)
Imbalance measurement with varying force when the lattice depth is magic. The
overall interferometry phase is independent of the change in lattice depth, indicating
its robustness against lattice intensity noise.

it offers first-order insensitivity to lattice intensity noise.

In order to characterize the magic condition for the Floquet-Bloch bands, we numer-

ically calculate the lattice depth at which

∂ϕInt

∂V0
≈ ∂ϕDyn, diff

∂V0
= 0 (6.14)

The differential dynamical phases as a function of lattice depth are shown in Fig. 6.2 (a)

for S − P , S −D, and P −D interferometry loop. As we can see, only the P −D loop

84



Trapped Matter-Wave Floquet-Bloch Interferometry Chapter 6

satisfies that magic condition where there is a local minimum in the lattice depth scan.

Fig. 6.2 (b) shows the imbalance measurements with respect to the lattice depth at a

fixed force. The fringes are insensitive to lattice depth fluctuations in the region labeled

“magic”, confirming the presence of magic lattice depth in Floquet-Bloch interferometry.

In addition, Fig. 6.2 (c) and (d) are non-magic and magic comparisons for interferometer

measurements of different applied force strength. The absolute interferometric phase is

independent of variations in lattice depth only in the magic region.

6.4 Interferometer Sensitivity

To demonstrate the potential of precision quantum sensing with magic Floquet-Bloch

interferometer, we perform force measurements with varying loop sizes at their magic

conditions (Fig. 6.3 (a)). The interference frequency increases at the cost of decreasing

contrast as the interrogation loop size grows. The magic lattice depth for different loop

size is analytically calculated and shown in Fig. 6.3 (b), where the tolerance in depth

fluctuation becomes stricter for a larger loop. The interferometer sensitivity, as defined by

the interference frequency and/or the first order derivative of interferometry phase with

respect to force ∂ϕInt/∂F , grows super-linearly, as it scales with the enclosed loop area.

A larger loop size not only indicates a longer quasimomentum range, but also a higher

mean quasienergy within the loop. It is to say that the increasing loop size represents

the simultaneous growth in both temporal and spatial dimensions of the space-time

diagram, resulting in a area-scaling sensitivity. One can imagine a significant extension

of this work is to push much beyond the current sensitivity through multiple cycles of

Bloch oscillations.
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Figure 6.3: Interferometer sensitivity. (a) Interferometry force measurements with
different loop sizes. From top to bottom are 1 h̄kL, 0.6 h̄kL, 0.4 h̄kL, and 0.2 h̄kL,
respectively. The solid lines are sinusoidal fits on the experimental data. (b) The-
oretical magic depth with respect to the loop size. The shaded area indicates the
tolerance of lattice depth fluctuation at the magic condition. The maximum tolerance
is defined as a π/4 shift in the interferometry phase. (c) The interferometer sensitivity
as a function of loop size. The solid line is the analytical prediction and the scatter
points represent fit results obtained from experimental data in (a).

6.5 Programmable Floquet Control

The flexibility of Floquet engineering allows us to design and characterize new Floquet-

Bloch interferometry loops that provides higher sensitivity or new features.

In the previous sections, we have mostly implemented continuous modulation when

the atoms are traversing the interferometer loop. However, as the loop size grows, the

decrease of magic depth means that it is easier to excite atoms to higher bands through

static Landau-Zener avoided crossings at the zone edge. There could also be unwanted

one-photon or two-photon couplings to higher bands within the loop. To address this, we
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Figure 6.4: Programmable Floquet-Bloch Band Synthesis. (a) Pulsed scheme inter-
ferometry loop for avoiding unwanted F band coupling. (b) Force measurements from
the temporally separated pulses. (c) Multi-band hybridized interferometry loop. Two
continuous modulations hybridizes P and D bands as well as P and F bands within
the P −D loop. (d) Comparison of force measurements for the PF −D and P −D
loops. (e) Modulation phase varying interferometry loop. Modulation for the two
beamsplitters are separated with the phase ϕMod of the second pulse being arbitrarily
tuned relative to the first pulse. (f) Interferometry measurements of the modulation
phase at three different forces.

employ a pulsed scheme where the modulation is only turned on for the Landua-Zener

splittings to avoid, for example, undesired excitation to the F band (6.4 (a)). This pre-

serves the interference fringes, as shown by force measurements in Fig. 6.4 (b).

In addition, we can apply more than one resonant modulation to hybridize multiple

static Bloch bands. In Fig. 6.4 (c), a second drive is added to the original ∆q = 0.6 h̄kL

loop that hybridizes the P band with the F band. The resulting larger enclosed area en-

hances the interferometer sensitivity, as seen from the increase in interference frequency

in Fig. 6.4 (d).

For the application of sensing a single, constant force, such as gravity, one can em-
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ploy the pulsed scheme and scan the modulation phase of the second pulse relative to

the first (Fig. 6.4 (e)). This results in a one-period fringe that depends on the relative

modulation phase (Fig. 6.4 (f)). The overall interference phase offset depends on the

absolute force strength, which can be tuned in an accelerated lattice scheme to reach

maximal sensitivity.

6.6 Calibration

6.6.1 Lattice Depth

When the BEC is adiabatically transferred from the ODT to the optical lattice, it

always remains in the ground state, resulting in a wavepacket in the S band centered at

q = 0. Since each lattice depth corresponds to a different resonant coupling frequency

between bands, we can utilize these transitions and their resonant frequencies to calibrate

the lattice depth.

In this experiment, we choose the S and D bands because transitions are forbidden

between bands of different parities, e.g., S − P and P −D at the zone center. In order

to do this, a frequency sweep of fixed frequency range is applied to resonantly transfer

the atoms from S band to D band (Fig. 6.5 (a)). The atom populations in each band

are measured using band mapping. As shown in Fig. 6.5 (b), by varying the center

sweep frequency, the population fraction in the D band changes. A gaussian fit is used

to retrieve the center resonant frequency that corresponds to a fixed lattice depth. By

performing frequency sweep measurements at different lattice power setpoints, and thus,

lattice depths, we can construct a calibration curve that maps the power setpoint to the

respective lattice depth (Fig. 6.5 (c)).
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Figure 6.5: Lattice Depth Calibration. (a) Experimental sequence for the S − D
transfer lattice depth calibration. (b) The D band fraction as a function of the
center sweep frequency used in S − D calibration. The scattered points represent
experimental fitted atom population fraction in D band after band mapping. The
solid line is a Gaussian fit to locate the center resonant frequency. (c) Lattice depth
with respect to the lattice laser power setpoint. Each experimental calibrated lattice
depth (scatter point) corresponds to a center resonant frequency from the Gaussian
fit in (b). The solid line is a linear fit for lattice depth calibration. Vertical error bars
are uncertainties from the Gaussian fits.

6.6.2 Force

The Bloch frequency, and thus the force strength (Eqn. 2.57), can be experimentally

measured by having the atoms undergoing multiple cycles of Bloch oscillation in the S

band. For atoms in a deep lattice, V0 = 12.3 ER in our case, the momentum-trajectory is

sawtooth like due to the nearly flat S band dispersion. By fitting a sawtooth wave to the

atomic populations after band mapping, we can find the measured Bloch frequency for

a specific force setpoint (Fig. 6.6 (a)). A calibration curve can be constructed through

measurements of Bloch frequencies at different force setpoints, as shown in Fig. 6.6 (b).
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Figure 6.6: Force Calibration. (a) Fitted atomic positions after band mapping show-
ing multiple periods of Bloch oscillations (scatter points). The solid curve is a saw-
tooth-wave fit to retrieve the Bloch frequency. (b) Bloch frequency with respect to
the force setpoint. Each experimental calibrated Bloch frequency (scatter point) cor-
responds to a force setpoint used in the Bloch oscillations. The solid line is a linear
fit for force calibration. Vertical error bars are uncertainties from the sawtooth fits.

6.6.3 Modulation Depth

In order to maximize the contrast for interferometry fringes, we experimentally opti-

mize the beamsplitter’s modulation strength to ensure that the Landau-Zener transition

probability is 50%. By turning off the second beamsplitter pulse, we can measure the

output port populations under the sole effect of the first beamsplitter. A scan of the mod-

ulation amplitude can reveal the amount drive strengh we need to achieve even splitting

of two bands (Fig. 6.7)
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Figure 6.7: P −D Modulation Depth Calibration. Fitted atomic population fraction
in each band as a function of modulation depth for the first 50-50 Landau-Zener
beamsplitter.
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6.7 Active Stabilization

We implement several active stabilization systems for the interferometer measure-

ments presented above.

• Lattice Laser Power We utilize an acousto-optic modulator (AOM) with a digital

PID feedback loop to actively stabilize the laser power. A small fraction of the beam

is screened by a beam sampler and sent to an InGaAs photodiode that converts

optical power to a voltage. The photodiode voltage is first low-passed at a corner

frequency of 10 kHz before being sent to the PID. The amplitude modulation

waveform is generated by a function generator and combined with the PID output

using a RF splitter. The combined signal goes to a RF synthesizer that provides

RF signal to the AOM. The presence of the 10 kHz low-passed filter means that

we correct only slow drift in lattice power but not the fast amplitude modulation

(>100 kHz).

• Lattice Laser Pointing The optical lattice’s position in the atom’s plane for

both incoming and retro reflected direction is actively stabilized with a commer-

cial pointing stabilization system from MRC GmbH. The details are described in

Section 4.2.

• Push Coil Current The current of the electromagnetic gradient responsible for

Bloch oscillations are actively stabilized with an analog PID feedback loop. The

details are discussed in Section 3.3.1.

6.8 Conclusion

In conclusion, we have described and experimentally demonstrated a simple, versa-

tile, and extensible class of trapped matter-wave interferometers constructed from magic
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Floquet-Bloch band structures in a modulated optical lattice. Key virtues of this ap-

proach include compactness, versatility, high ultimate sensitivity unlimited by device

size, and intrinsic robustness against trap-induced dephasing and pulse errors. The 1/F

dependence of the interferometer phase offers enhanced force sensitivity in the weak-force

regime, a feature that can be exploited in more generality by introducing an accelerated

lattice to realize a frame transformation. The ultimate limits on the sensitivity of this

technique remain to be explored. While in the experiments we present the coherence

was limited by technical imperfections like residual magnetic field curvature and lattice

beam mode quality, this can be straightforwardly improved in a variety of ways. Possible

avenues for such improvements include using magnetically insensitive states or isotopes

with intrinsically weak interactions [54], designing improved field control, and adding a

resonant low-finesse cavity as a mode cleaner. While the use of a low-mass isotope like
7Li is helpful for enabling large spatial separation, the technique could be expanded to

heavier atoms by using higher-band transitions to generate higher momentum transfer.

The flexibility, power, and large design parameter space offered by the Floquet engi-

neering framework, along with the good match between interferometer performance and

both numerical and analytical theory, should allow the use of optimal control and ma-

chine learning techniques to design more complex interferometer sequences for enhanced

robustness and sensitivity.
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Chapter 7

Quantum Many-Body Kapitza

Pendulum

The Kapitza Pendulum is a well-known example in classical mechanics for exhibiting

an unusual feature of dynamical stabilization under periodic driving. High-frequency

modulation of the pendulum’s pivot could lead to stable oscillatory behavior when the

pendulum is inverted, avoiding the fate of chaos [55, 56]. Similar non-equilibrium phe-

nomena have been investigated in the context of ultracold atoms, such as the kicked rotor

model [57, 58], to explore their quantum nature and study new phases of quantum mat-

ter. Below is one potential realization of the quantum many-body Kapitza pendulum,

using Bose-condensed lithium in dual strongly driven optical lattices. Past discussions

about this idea can be found in Zachary, Kevin, and Cora’s theses [8, 59, 10].
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7.1 Dynamical Stabilization in Classical Kapitza Pen-

dulum

Fig. 7.1 shows the setup of a classical Kapitza pendulum. Its pivot is modulated at

an angular frequency ω and an amplitude A. When the modulation angular frequency is

high compared to the natural angular frequency of the system, ω0 =
√

g
l
, the pendulum

can be stabilized around the inverted position θ = π.

Figure 7.1: The classical Kapitza pendulum, with its pivot being modulated.

The positions of the pendulum are:

x = l sin(θ), y = −l cos(θ) + A cos(ωt) (7.1)
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Through this, we can construct a Lagrangian L for the system:

L =T − U

=
1

2
m(ẋ2 + ẏ2) +mg [l cos(θ)− A cos(ωt)]

=
m

2

[
l2θ̇2 − 2lθ̇Aω sin(θ)sin(ωt) + A2ω2 sin2(ωt)

]
+mg [l cos(θ)− A cos(ωt)]

(7.2)

Subsituting this into the Euler-Lagrangian equation, we obtain the equation of motion:

θ̈ + sin(θ)
[
g

l
− A

l
ω2 cos(ωt)

]
= 0 (7.3)

We can see that at the absence of modulation, Eqn. 7.3 becomes the simple pendulum’s

equation of motion whose two equilibrium positions are θ0 = 0 (stable) and θ0 = π (unsta-

ble). Eqn. 7.3 also has the form of Mathieu’s equation under small angle approximation.

To show that, we can write it in terms of the following dimensionless parameters:

τ ≡ ωt (7.4)

Ω ≡ ω

ω0

, ω0 =

√
g

l
(7.5)

α ≡ A

l
(7.6)

the equation of motion becomes:

d2θ

dτ 2
+

[
1

Ω2
− α cos(τ)

]
sin(θ) = 0 (7.7)
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Taylor expanding the equation around the equilibria θ0 = 0 and θ0 = π, we obtain:

θ = θ0 + θ̃ (7.8)
d2θ̃

dτ 2
±

[
1

Ω2
− α cos(τ)

]
θ̃ = 0 (7.9)

with the “+” case and “-” cases corresponding to small fluctuations θ̃ around θ0 = 0 and

θ0 = π, respectively. The Mathieu’s equation is given by:

d2x

dτ 2
+ [δ + ϵ cos(τ)] x = 0 (7.10)

Comparing Eqn. 7.9 and Eqn. 7.10, we can see that δ > 0 represents the “+” case for the

non-inverted position θ0 = 0, and δ < 0 represents the “-” case for the inverted position

θ0 = π. Fig. 7.2 shows the stability of the solutions to Mathieu’s equation, in which “S”

means stable and “U” unstable. As we can see, when δ < 0 and ϵ > 0, there is a region

where the solutions are stable. Physically, it means that under periodic driving (α > 0),

the pendulum can oscillate around the inverted position θ0 = π, a demonstration of the

dynamical stabilization when the pivot is being modulated.

The physical intuition behind such a stability under periodic driving is provided by

Kapitza and covered by Landau in his book [55]. The motions of the system are separated

into two parts, slow and fast, with the equation of motion being:

mẍ = −dV0(x)
dx

+ f(x, t), f(x, t) = f(x, t+
2π

ω
) (7.11)

where the total force consists of the gradient of a time-independent potential V0(x) and a

time-periodic force f(x, t) with an angular frequency ω. The ansatz x(t) is then written
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Figure 7.2: The stability of the solutions to Mathieu’s equation, retrieved from [60].
The shaded regions with “U” are the unstable cases, whereas the regions labeled with
“S” are the stable cases.

as the sum of a slow variation term X(t) and a fast fluctuation term ξ(t).

x(t) = X(t) + ξ(t) (7.12)

To zero-th order, we have:

mξ̈ = f(x, t) (7.13)

→ ξ = − f

mω2
(7.14)

since both ξ and f have the same angular drive frequency ω. To first order in ξ, one

obtains:

m(Ẍ + ξ̈) = −dV0(X)

dX
− ξ

d2V0(X)

dX
+ f(X, t) + ξ

∂f(X, t)

∂X
(7.15)
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Because both ξ and f are fast fluctuation in time with zero mean (ξ = 0, f = 0), the

time average of Eqn. 7.15 gives:

m(Ẍ + ξ̈) = −dV0(X)

dX
− ξ

d2V0(X)

dX
+ f(X, t) + ξ

∂f(X, t)

∂X
(7.16)

mẌ = −dV0(X)

dX
+ ξ

∂f(X, t)

∂X
(7.17)

Using Eqn. 7.14, it yields:

mẌ =− dV0(X)

dX
− 1

mω2
f
∂f(X, t)

∂X

=− dVeff

dX
, Veff = V0 +

f 2

2mω2
= V0 +

1

2
mω2ξ2

(7.18)

Therefore, to first order, the motion of the system can be captured by the time-averaged,

effective potential Veff. For the Kapitza pendulum, the effective potential leads to bifur-

cation of the original potential maximum V (θ = π), and turns it into a small harmonic

confinement around θ = π. Therefore, the system can undergo stable oscillations around

such a time-averaged harmonic potential.

7.2 Classical Equivalence of Strongly Driven Optical

Lattices

The Hamiltonian for an amplitude modulated optical lattice is given by:

H =
p2

2m
− V0 [1 + α sin(ωDt)] cos2(kLx) (7.19)
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Substituting it into the Hamilton’s equation, we can obtain the classical equation of

motion:

mẍ = −V0kL [1 + α sin(ωt)] sin(2kLx) (7.20)

When there is no modulation (α = 0), we can solve for the natural angular frequency ω0

of the system under the small angle approximation:

w0 =

√
2V0k2L
m

(7.21)

Expressing Eqn. 7.20 under the small angle approximation and using dimensionless

variables:

τ ≡ ωDt (7.22)

Ω ≡ ωD

ω0

(7.23)

ϕ = kLx (7.24)

we have:
d2ϕ

dτ 2
+

1

Ω2
[1 + α sin(τ)]ϕ = 0 (7.25)

which is also equivalent to the Mathieu’s equation as Eqn. 7.9 does. This establishes the

correspondence between the Kapitza pendulum and the classical optical lattice. However,

the amplitude α in Eqn. 7.25 is scaled down by a factor of Ω2, so now we need a much

stronger drive strength (above unity) to achieve similar dynamical stabilization.

Fig. 7.3 shows the phase diagram of the classical amplitude modulated optical lattice

with the initial position ϕ0 = π. The escape velocity is the critical initial velocity above

which the system can escape from the original lattice site. A positive escape velocity

means that the system is stable around ϕ = π, since it requires a finite amount of
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Figure 7.3: Phase diagram of the classical amplitude modulated optical lattice at
ϕ = π, obtained through numerical solutions to Eqn. 7.20. The color bar represents
the escape velocity, the initial velocity above which the particle escapes from the
original lattice site. A positive escape velocity indicates a positive binding energy and
that the system is in a stable equilibrium. Results are independently replicated from
[10]

kinetic energy to escape. Therefore, under strong, high-frequency driving, the amplitude

modulated lattice also exhibits dynamical stabilization at the inverted position, like that

of the Kapitza pendulum. In the region above the dynamical stabilized regime in the

phase diagram, the particle goes through chaotic motion and the system is non-integrable.

7.2.1 Double Optical Lattices

One way to achieve amplitude modulation greater than 100% is to use two co-linear

lattices with orthogonal linear polarizations, as illustrated in [59]. The two lattices have
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the potential form of:

V1(x, t) = −α
2
V0 [1 + cos(ωDt)] cos2(kLx) (7.26)

= −αV0 sin2(
ωDt

2
+
π

2
) cos2(kLx) (7.27)

V2(x, t) = −2 + α

2
V0

[
1− α

2 + α
cos(ωDt)

]
cos2(kLx+ 2

π

4
) (7.28)

= −V0
[
1 + α sin2(

ωDt

2
)

]
cos2(kLx+ 2

π

4
) (7.29)

The total potential is:

Vtotal(x, t) = V1(x, t) + V2(x, t)

= − 1 + α

2
V0 −

V0
2
[1 + α cos(ωDt)] cos(2kLx)

(7.30)

The time-averaged effective potential in Eqn. 7.18 in this case is:

Veff(x) = −1 + α

2
V0 −

1

2
V0 cos(2kLx) +

1

8

(α
Ω

)2
V0 sin2(2kLx) (7.31)

Fig. 7.18 shows the waveform of the effective potential, neglecting the modulation

amplitude dependent offset. The lattice depth is V0 = 10 ER and the modulation angular

frequency is Ω = 6. It is important to note that here the dimensionless angular frequency

is defined as the ratio of the drive angular frequency ωD and the natural angular frequency

ω0, not the recoil angular frequency ωR. As we can see, as the modulation amplitude

increases, the local harmonic trap depth around the static potential maximum becomes

larger. The particle would execute periodic oscillations and be dynamically stabilized at

the static potential maximum.
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Figure 7.4: The time-averaged effective potential for the dual optical lattices, with
a total lattice depth V0 = 10 ER and a normalized modulation angular frequency
Ω ≡ ωD

ω0
= 6. Different modulation amplitudes α are shown. The local harmonic

confinement around the static potential maximum becomes stronger as the modulation
amplitude increases.

7.3 Quantum Simulation of Interacting Kapitza Pen-

dulum

The main focus of using a quantum simulator to study the optical lattice equivalence

of the Kapitza pendulum concerns the transition from a classical model to a quantum

mechanical system. How do the dynamics change when the object of interest is no longer

a classical particle with definite position and momentum, but rather a quantum state? In

addition, the long coherence time of cold atom experiments allows the system to undergo

a long-time evolution, giving us the opportunity to detect ergodicity-breaking phenomena

like pre-thermal plateau for ultrastrong and ultrafast driven quantum matter.
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a b

Figure 7.5: The change in the initial state from classical lattice to quantum mechanical
counterpart. (a) When classically the particle sits at the static potential minimum,
the initial wavefunction in quantum mechanics has the largest probability density at
the static potential minima across all lattice sites, specifically the Bloch state ψ00(x)
is used here for visualization. (b) When classically the particle is placed inverted
in the static potential maximum, the initial wavefunction in quantum mechanics has
the largest probability density at the static potential maxima across all lattice sites,
specifically the Bloch state ψ00(x) shifted by one half of the lattice spacing is used here
for visualization. The blue curves represent the probability density of the wavefunction
|ψ(x)|2.

The Hamiltonian for the dual amplitude modulated optical lattices is given by:

H =
p2

2m
− 1

2
V0 [1 + α cos(ωDt)] cos(2kLx) (7.32)

where the modulation amplitude dependent offset can be neglected. In the single-particle

case, the dynamics is governed by the time-dependent Schrodinger equation. As shown

in Fig. 7.5, the well-defined initial position of a classical particle is replaced by the prob-

ability density of the initial wavefunction of the quantum particle. The initial quantum

state can be localized at the static potential minima or maxima. This can be achieved
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by loading the BEC into one of the two undriven lattices, and then quenching the system

through simultaneously turning on the second lattice as well as the amplitude modulation

for both lattices. We can define the density correlation C(t) at time t as:

C(t) =

∫ ∞

−∞
|ψ(x, t)|2|ψ(x, 0)|2dx (7.33)

This is a way to quantify the likelihood of the quantum particle having the largest prob-

ability density at the static potential maxima, in analogue to the likelihood the classical

particle staying at one of the static potential maxima. The time-averaged temporal

density correlation C(T )C(0) is defined as:

C(T )C(0) = lim
τ→∞

1

τ

∫ τ

0

C(t+ T )C(t)dt (7.34)

It represents the time-averaged likelihood of the quantum particle staying at the static

potential maxima after a modulation cycle T .

Fig. 7.6 shows the phase diagram of the quantum Kapitza pendulum initialized by

the Bloch state ψ00(x) shifted to localize at the static potential maxima. The results are

obtained through numerical propagation of the time-dependent Schrodinger equation.

As we can see from the time-averaged temporal density correlation after 900 cycles of

modulation, the diagram can be roughly divided into three regions: a, b, and c.

Region b demonstrates nearly perfect temporal density correlation, supporting the

feature of dynamical stabilization for the quantum counterpart of the classical Kapitza

pendulum. If the particle is initially prepared to localize simultaneously in the lattice

minima and maxima, this dynamically stabilized phase effectively reduces the lattice

constant by half. A continuous sweep of the modulation parameters could lead to zero,

one, or two stable dynamical equilibrium positions in a single lattice site.
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Figure 7.6: Phase diagram of the quantum Kapitza pendulum, obtained through
numerical prorogation of the time-dependent Schrodinger equation. The initial state
is the Bloch state ψ00(x) at the static potential maxima (inverted case). The colorbar
indicates the time average of the temporal density correlation, as defined in Eqn. 7.34.
The lattice depth is 16 ER and the total propagation time is 900 modulation cycles.
Letters a, b, and c are used to represent different regions of the phase diagram.

Region a represents the chaotic regime in the classical phase diagram. Based on the

correspondence principle, quantum systems should recover the same classical dynamics

as they approach the classical limit, even for chaotic systems. However, the emerging

chaotic motion of a quantum system has been surprising to many, as it is prohibited

by the linearity of the Schrodinger equation. To-date, the definition of quantum chaos

remains controversial. Past studies even revealed that the chaotic nature of a quantum

system is embedded in the spectrum of its Hamiltonian, where the initial conditions play

a very small role, as opposed to its emphasis in classical configurations [61]. Quantum

chaos is also deeply related to thermalization of non-integrable systems and the eigenstate

thermalization hypothesis [62, 63]. Given the low temporal density correlation in region a

of the phase diagram in Fig. 1, and the chaotic nature of the classical Kapitza pendulum,
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certain driving parameters could lead to a new way to generate quantum chaos despite

the absence of interaction. More discussion on quantum chaos can be found in Appendix

A.

Region c shows partial temporal density correlation, but insufficient for dynamical

stabilization. It is at an area in between region a and region b, which worth further

examinations both numerically and experimentally to better understand this phase.
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Figure 7.7: Floquet-Bloch band structures for one point in each of the regions labeled
in Fig. 7.6. 301 static bands were used to calculate the band structures, with 15 static
band components displayed.

Fig. 7.7 demonstrates the Floquet-Bloch band structure for one set of drive parame-

ters in each region of the phase diagram. It is clear that region a contains a much more

unusual spectrum than region b and region c, which yields an extra potential evidence for

quantum chaos. Since only 15 static band components are displayed, the large amount

of discontinuities usually indicates that more higher bands need to be accounted for in

the spectrum for hybridization. It means that this single-particle system can be easily

driven into very highly excited states. Further quantification methods should be carried
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out to understand the spectral statistic, such as the spectral form factor and the nearest

neighbor level spacing [61, 64, 65]. Out-of-time-correlator (OTOC) can also be evaluated

in position space to as a potential way to characterize quantum chaos [66].
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Figure 7.8: Phase diagram of the interacting quantum Kapitza pendulum, obtained
through numerical prorogation of the time-dependent Gross-Pitaevskii equation. The
initial state is the ground state retrieved from imaginary time prorogation, and shifted
by half lattice spacing to localize at the static potential maxima (inverted case). The
colorbar indicates the time average of the temporal density correlation. The lattice
depth is 16 ER, the scattering length is 240 a0, and the lattice beam waist is assumed
to be 80 µm. Total propagation time is 900 modulation cycles. Letters a, b, and c
are used to represent different regions of the phase diagram.

Fig. 7.8 shows the phase diagram of the interacting Kapitza pendulum with a scat-

tering length of 240 a0. The initial states were the ground state of the system, found

through imaginary time propagating the Thomas-Fermi approximation. The results are

highly similar to the non-interacting case in Fig. 7.6. The temporal density correlation

remains highly consistent throughout the phase diagram. Here I will summarize a few

numerical observations or comments that are not included in the discussions above, and

worth future explorations:
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• If the initial wavefunction is the ground state multiplied by a Gaussian envelope,

one would see decay of the density correlation in time for both TDSE and GPE re-

sults. This is physically reasonable, as it accounts for finite quasimomentum width,

and the excitation channels increases through quenching. For the non-interacting

case, dynamical stabilization still exists with the presence of the gaussian envelope.

However, the interacting case at 240 a0 has a much larger decay rate, with the

time-averaged temporal density correlation being much smaller at the end of the

900 modulation cycles. The dynamical stabilization seems to break down at this

interaction strength. The similarity between the TDSE and GPE results is that the

time-averaged temporal density correlation remains the lowest in the entire phase

diagram. It is not impossible that the single-particle system driven with parame-

ters in region a already exhibits thermalization (and quantum chaos) without the

necessity of introducing interaction.

• Fourier space time propagation was also carried out to benchmark the TDSE phase

diagram, without concerning boundary effect in real-space simulation. The results

are mostly consistent with the real-space time-splitting spectral methods.

• In the simuation above, I have been using the observable, time-averaged temporal

density correlation, defined in Eqn. 7.34. However, it would be difficult in experi-

ment to measure such quantity, as it requires a large datacube nearly impossible to

obtain with our experimental sequence duration. Possible experimental detection

techniques include

– Inverse Participation Ratio (IPR): it is a quantitative measure for localization

and for the absence of heating.

– Band Mapping: one can perform a quench off at the end of the evolution,
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projecting the final state into the static Bloch state basis. Then, band mapping

can be used to readout the measurement in the static Bloch band space.

– Quantum Gas Magnifier [67, 68]: this technique allows us to have single-site

resolution readout using standard absorption imaging. The working principle

is to turn on a harmonic trap at the end of the experimental sequence for a

quarter of the total harmonic trap period. It converts all the spatial informa-

tion of the system into its momenta, which can be easily revealed by a time of

flight free expansion. Single-site images can directly demonstrate dynamical

stabilization as we would see the probability density localized at the static

potential maxima.

The realization of a quantum Kapitza pendulum will bring new understanding of

highly controllable Floquet phases of matter. This could serve as one of the simplest

models that exhibit quantum chaos, providing an experimental testbed for various theo-

retical predictions. It also opens a new frontier for studying thermalization of an isolated

quantum many-body system under strong, non-perturbative driving.
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Appendix A

Quantum Chaos and Thermalization

In classical mechanics, the concept of thermalization is deeply related to ergodicity and

therefore to dynamical chaos. A classical system is said to be thermalized if the long-time

average of a measurement is equal to the ensemble average described by equilibrium sta-

tistical mechanics [62]. This can be explained by the ergodic hypothesis. It states that an

ergodic system would explore every region of the phase space over sufficiently long time,

and that the time spent in each region is proportional to its volume [69]. Therefore, each

microstate is equally probable, and the system can be described using the microcanonical

ensemble.

Since the hypothesis is conditioned upon the fact that the system reaches the entire

phase space, integrability plays a crucial role. Only systems that are non-integrable,

when the number of independent conserved quantities is less than the number of degrees

of freedom, have a uniform probability to cover the phase space. An integrable system

has periodic/quasi-periodic phase space trajectories and thus fails to meet such an re-

quirement. Non-integrability is a necessary, and often sufficient, condition for a system

to manifest dynamically chaotic behavior [62]. Broadly speaking, a classical integrable

system with no chaotic behavior would not thermalize, with certain exceptions, notably
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the Fermi-Pasta-Ulam-Tsingou problem [70].

Quantum mechanics provides an alternative language for many-body physics at the

microscopic level, where the individual constituents do not have a well-defined position

and momentum. Instead, the description of a quantum system is built upon its quan-

tized energies and wavefunctions. In particular, the notion of phase space is no longer

applicable and so are many ideas used to characterize dynamical chaos in classical phase

space. Therefore, one might naively ask how these changes in fundamental framework

from particle-nature to wave-nature of a system would lead to surprising phenomena in

chaos and thermalization.

In this appendix, we will discuss chaos and thermalization in the context of quan-

tum many-body physics, with a heavy emphasis on random matrix theory (RMT). More

specifically, we will (i) review basic notions of RMT, such as Wigner-Dyson statistics and

universality; (ii) introduce quantum chaos and analyze a measure known as the spectral

form factor with its relevant time scales, namely the Thouless time and the Heisenberg

time; and (iii) review quantum thermalization with concepts of the Eigenstate Thermal-

ization Hypothesis (ETH) and entanglement entropy.

A.1 Random Matrix Theory

Random matrix theory (RMT) concerns the study of statistical properties of random

matrices, whose entries are independently and randomly sampled from a probability

distribution [61, 71]. As we will see later, this theory is particularly important for our

understandings of quantum chaos and thermalization [62, 72]. In this section, we will

mainly focus on basic notions of RMT with minimal connections to physics.
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A.1.1 Gaussian Ensembles

Consider a N × N Hermitian matrix H, we can define a probability density P (H)

with the following normalization condition of
∫
dHP (H) = 1. It represents the product

of individual probability density for every real parameter needed to specify this random

matrix H. The probability density P (H) can be obtained by demanding (1) invariance

of P (H) under a certain group of canonical transformations and (2) complete statistical

independence of all matrix elements. In Wigner-Dyson statistics, three groups of canoni-

cal transformations are considered: orthogonal, unitary, and symplectic transformations.

It can be shown that under the above transformations, P (H) takes the form of [61]:

P (H) = Ce−ATr(H2) (A.1)

with an arbitrary dimensions of N . Because of the Gaussian form of P (H), each en-

semble of random matrices associated with their corresponding canonical transformation

is known as: Gaussian orthogonal ensemble (GOE), Gaussian unitary ensemble (GUE),

and Gaussian symplectic ensemble (GSE), respectively. A derivation of the form of P (H)

for a GOE of 2× 2 real, symmetric matrices is included in below.

In the eigen-basis of these Wigner-Dyson ensembles, where the matrices are diagonal,

it can be shown that the probability density of the eigenvalues is [61]:

P (E1, ..., EN) ∝

(
1...N∏
µ<ν

|Eµ − Eν|β
)

exp
(
−A

N∑
µ=1

E2
mu

)
(A.2)

β =


1, GOE

2, GUE

4, GSE
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Suppose we have a random Hermitian matrix O, admitting the following spectral

decomposition:

O =
∑
i

Oi |i⟩ ⟨i| (A.3)

where |i⟩ is the i-th eigenvector with the respective eigenvalue Oi. For another given

random Hermitian matrix H, for which the eigenvectors are denoted by |m⟩ and |n⟩, the

matrix element of O in the eigen-basis of H can be expressed as:

Omn ≡ ⟨m|O |n⟩ (A.4)

=
∑
i

Oi ⟨m|i⟩ ⟨i|n⟩ (A.5)

=
∑
i

Oi(ψ
m
i )

∗ψn
i (A.6)

where ψm
i ≡ ⟨i|m⟩. Because the eigenvector of random matrices are random orthogonal

unit vectors, to leading order in 1
N

, we have

(ψm
n )

∗(ψn
j ) =

1

N
δmnδij (A.7)

with N being the dimension of the vector space. The matrix element of O can then be

approximated, to leading order in 1
N

, as

Omn ≈ Oδmn +

√
O2

N
Rmn (A.8)

where O ≡ 1
N

∑
i

Oi and Rmn is a random variable with zero mean and unit variance.

A.1.1.1 Probability Density of the GOE of 2× 2 random Hermitian matrices

For a Gaussian orthogonal ensemble, we consider real, symmetric matrices with the

orthogonal group for the canonical transformations [61]. Here, we take the dimension
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of the matrices to be 2 × 2. Since H is real and symmetric, only three real parameters

are needed to specify the matrix, H11, H22, and H12. The probability density P (H) is

normalized as: ∫
dHP (H) =

∫
dH11dH22dH12P (H) = 1 (A.9)

Two requirements to determine P (H) are (1) it must be invariant under the orthogonal

transformation,

dHP (H) = dH ′P (H ′), H ′ = OHO−1 (A.10)

and (2) the three real parameters must be uncorrelated, so

P (H) = P11(H11)P22(H22)P12(H12) (A.11)

If we consider a change of basis matrix with an infinitesimal change:

O =

1 −Θ

Θ 1

 (A.12)

Requiring the invariance of P (H) would yield:

P (H) = P (H)

{
1−Θ

[
2H12

d lnP11

dH11

− 2H12
d lnP22

dH22

− (H11 −H22)
d lnP12

dH12

]} (A.13)

The terms inside the square bracket must vanish, solving for the solution would give us:
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P (H) = C exp
[
− A

(
H2

11 +H2
22 + 2H2

12

)
− B (H11 +H22)

]
∼= Ce−ATr(H2)

(A.14)

The second equality is held true after choosing an appropriate offset.

A.1.2 Universality

Universality classes emerge in RMT, and specifically, Wigner-Dyson statistics be-

cause of the different types of canonical transformations mentioned above [61]. This

becomes clear when one looks at the distribution of the nearest-neighbor level spacings

of the eigenvalues P (S), where S is defined as the difference between two neighboring

eigenvalues normalized by the mean level spacing. The analytical form of P (S) for the

Gaussian ensembles is:

P (S) =



Sπ
2
e−

S2π
4 , GOE

S232
π2 e

−S24
π , GUE

S4218

36π3 e
−S264

9π , GSE

(A.15)

As we can see from Fig. (A.1), when S → 0, the level spacing shows universal behavior

of Sβ scaling, resulting in different degrees of level repulsion [61, 73]. Moreover, the

level spacings of the Gaussian ensembles are contrasted with the Poisson distribution

(P (S) = e−S) where the eigenvalues are statistically independent and no level repulsions

exist.
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Figure A.1: The distribution for the nearest neighbor spacing of the eigenvalues, shown
for the Poissonian, Gaussian orthogonal, Gaussian unitary, and Gaussian symplectic
ensembles.

A.2 Quantum Chaos

A.2.1 Connections to Random Matrix Theory

As mentioned above, it is difficult to characterize dynamical chaos in quantum me-

chanics due to the Heisenberg uncertainty principle. Non-linearity as an important in-

gredient of chaos in classical physics is also not clearly presented in dynamics governed

by the Schrodinger equation, a linear partial differential equation. Instead, chaos emerge

in quantum mechanics from the discrete energy spectrum as if all the energies were ran-

domly sampled from a probability distribution. This is known as spectral chaos [61, 73].

Therefore, we can apply RMT to observe universal behaviors of the spectra according

to the symmetry of the Hamiltonian. The first experimental evidence comes from the

complex spectra of heavy atomic nuclei, where the energy level spacings followed the

GOE distribution as shown by Wigner. Surprisingly, quantum chaos also emerges from
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condensed matter systems and the quantum nature of black hole physics, such as the

Sachedev-Ye-Kitaev (SYK) model [74, 75].

In recent years, there have been large improvements in our understandings of quan-

tum chaos. Berry-Tabor conjecture states that for a quantum system whose classical

counterpart is integrable, the eigenenergies exhibit Poisson statistics [62]. It also means

that there is no level repulsion in the system, and massive degeneracies are present. In

contrast, quantum analogues of classically chaotic systems can be described by random

matrices. The Bohigas, Giannoni and Schmidt conjecture states that chaos manifests

itself in the spectral properties of the Hamiltonian of a quantum system by exhibiting

universal features which are the same as those of the spectrum of a random Hamiltonian

matrix in the same symmetry class [61]. The three ensembles, GOE, GUE, and GSE are

used for Hamiltonians with time reversal symmetry, without time reversal symmetry,

and symplectic invariance, respectively.

A.2.2 Level Repulsion

The spectra of the Hamiltonians demonstrate energy level repulsions. As S → 0, we

have Sβ scaling for the distribution of level spacings, so it is progressively less likely to

have a level crossing with increasing β. Generically, when no level crossings occur due

to the lack of symmetry, no degeneracy can be introduced. This gives rise to Landau-

Zener avoided crossings as if the energy levels are repulsive to each other. When the

Hamiltonians are driven periodically in time, we can apply Floquet theory and use the

Floquet operators to describe the dynamics stroboscopically. In this case, one should use

Dyson’s circular ensembles of random unitary matrices instead of Gaussian ensembles of

random Hermitian matrices [61].
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A.2.3 Spectral Form Factors

Spectral chaotic behavior of the Hamiltonian of a quantum system can be translated

to universal features of Gaussian ensembles of random Hermitian matrices with the same

symmetry, such as level repulsion. One even more universal feature is the correlation

function of two energy levels [76]. An integrable system follows Poissonian statistics and

there is no correlation between the energies. From RMT, the n-point correlation function

between energy levels is [61]:

ρ(n)(E1, ..., En) =
N !

(N − n)!

∫
P (E1, ..., EN)dEn+1...dEN (A.16)

For the correlation function of two energy levels, we simply take n = 2. The spectral

form factor is defined as the Fourier transform of the two-point correlation function [64]:

R2(t) =
∑
i,j

∫
dEidEjρ

2(Ei, Ej)e
i(Ei−Ej)t (A.17)

It is a measure of long-range correlations between eigenenergies of the Hamiltonian.

Equivalently, it can be written as [65, 77]:

R2(t) = ⟨|
∑
n

e−iEnt|2⟩ (A.18)

When the system is chaotic, the spectral form factor displays a dip-ramp-plateau struc-

ture, which has been proposed to be one of the experimental measure for many-body

quantum chaos [65].

The spectral form factor R2(t) can be decomposed to the sum of a disconnected part

Rdisc
2 (t) and a connected part Rconn

2 (t). For GUE, which describes the simplest Hamilto-

118



Quantum Chaos and Thermalization Chapter A

tTh tH

Figure A.2: The dip-ramp-plateau structure of the spectral form factor for the Gaus-
sian orthogonal, Gaussian unitary, and Gaussian symplectic ensembles. The Thouless
time tTh corresponds to the end of the dip, and the Heisenberg time tH represents the
time at which the ramp stops. This figure is adapted from [64].

nian with no time reversal symmetry, they are [64, 77]:

Rdisc
2 (t) =

(
J1(2t)

t

)2
∼ 1

t3
(A.19)

Rconn
2 (t) =


t

2N2 , t ≤ 2N

1
N
, t > 2N

(A.20)

with J1 being the 1st Bessel function of the first kind. From Fig. A.2, we can see that

the spectral form factor R2(t) is first dominated by the disconnected part Rdisc
2 (t) and

decreases (dip) with a scaling of 1
t3

until the Thouless time tTh. During this stage, the

quantum correlations spread dynamically before reaching the boundary of the system,

and hence the name Thouless time in analogous to the Thouless energy, the characteristic

energy scale for the diffusive behavior in the Anderson model [78, 76]. At t > tTh,

quantum correlations have been scrambled to a large extent across all length scales,

and the system can be described by predictions from Gaussian ensembles in RMT. For
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example, when compared to Eqn. (A.20), we can see that R2(t) for GUE in Fig. (A.2)

increases linearly when tTh < t < tH. After the dip, the contribution from the connected

part Rconn
2 (t) becomes dominant, and it grows (ramp) before saturating (plateau) at the

Heisenberg time tH ≡ 2π
⟨Ei⟩ = 2N . The averaged energy spacing, ⟨Ei⟩, is the smallest

energy scale, and consequently, the Heisenberg time tH is the largest meaningful time

scale.

A.3 Quantum Thermalization

In classical mechanics, we know that when a system thermalizes, it no longer contains

its initial memory so that the long-time average of a measurement can be compared with

the average obtained from the microcanonical ensemble. However, in quantum mechanics,

if we consider a globally pure state |ψ(t)⟩ =
∑
m

Cme
−iEmt |m⟩, the time evolution of some

local operator Ô can be written as:

⟨O(t)⟩ ≡ ⟨ψ(t)| Ô |ψ(t)⟩ (A.21)

=
∑
m,n

C∗
mCne

i(Em−En)tOmn (A.22)

=
∑
m

|Cm|2Omn (A.23)

+
∑

m,n ̸=m

C∗
mCne

i(Em−En)tOmn (A.24)

In the exponentially long time average, the second term vanishes. However, it seems that

the measurements of ⟨O(t)⟩ would always store the initial conditions of |Cm|2, which at

first sight violates the condition that thermalization implies lost of initial information.

One might conclude that thermalization cannot occur in a quantum system. However, if

the Hamiltonian can be described using RMT, that is when the system is non-integrable,

we know from Eqn. (A.8) how to express the matrix elements of this operator Ô. Specif-
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ically, if we consider a large system size:

⟨O⟩ =
∑
m

|Cm|2Omm ≈ O
∑
m

|Cm|2 = O (A.25)

which is the results from the microcanonical description and no longer requires initial

conditions of the quantum system. We then have:

lim
tf→∞

1

tf

∫ tf

0

dt ⟨O(t)⟩ = O (A.26)

In real physical systems, however, that the expectations values of observables depend on

the temperature of the system. In addition, all the information in the off-diagonal matrix

elements of Ô is lost from the RMT prediction.

A.3.1 Eigenstate Thermalization Hypothesis

In 1999, Srednicki provided a new ansatz for Omn expressed in the eigen-basis of the

Hamiltonian [79, 80]:

Omn = O(E)δmn + e−
S(E)

2 fO(E,w)Rmn (A.27)

where E is the mean energy spacings, w ≡ En − Em, and S(E) is the thermodynamic

entropy at energy E. O(E) and fO(E,w) are smooth functions of their arguments. This

is known as the Eigenstate Thermalization Hypothesis (ETH). This is different from the

RMT prediction in Eqn. (A.8) in two ways: (i) O(E) is now a function of the mean

energy spacings, rather than a constant for all the eigenstates. (ii) The off-diagonal ele-

ments also have dependence on E, as well as the energy differences between eigenstates,

introduced through the envelope function fO(E,w).
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Here, O(E) represents the microcanonical average at energy E. The matrix element

Omn is always equal to the microcanonical average O(E) when we consider only diag-

onal elements (diagonal ensemble assumption) [62]. Note that we did not specific any

requirement for the pure state nor make any assumptions on Cm, so we can take it to

be simply a eigenstate of the Hamiltonian, and the long-time average of the observable

Ô would still be equal to the microcanonical average. This is vastly different from clas-

sical mechanics, where we usually think the system reaches thermalization dynamically

due to collision/interaction between particles. Quantum thermalization can occur at a

single eigenstate level like each eigenstate contains a thermal state. Since Eqn. (A.27)

doesn’t involve any time dependence or require any time averaging, it means that the

information of the thermal state already exits from the initial time. Time evolution of

the system simply reveals, not creates, thermalization, through dephasing with vanishing

off-diagonal elements [81]. The ETH is believed to hold true in a generic non-integrable

many-body system, and otherwise, break down for a integrable system [63].

A.3.2 Entanglement Entropy

We considered above the operator Ô being local, and from ETH we learned that the

stationary state of the measurement of Ô is equal to that described by a equilibrium

thermal ensemble. In the thermodynamic limit, the microcanonical ensemble average

can be replaced by the canonical ensemble average (the equivalence of ensemble) [62].

The subsystem upon which the local operator Ô acts can be thought of being in contact

with a heat bath, namely the rest of the total system [82]. Therefore, measurements

of Ô would indicate thermalization of the subsystem, despite globally the state being

pure, because in general the subsystem would be a mixed state entangled with the rest

of the system. The amount of entanglement could be quantified with the concept of
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entanglement entropy. If we call the subsystem on which the operator Ô is defined A,

and the rest of the system B, the entanglement entropy between A and B is defined as:

SAB ≡ SVN(ρ̂A) = −TrA[ρ̂A ln ρ̂A] (A.28)

where ρ̂A is the reduced density matrix of A by taking partial trace over the subsystem B,

ρ̂A = TrB[ρ̂]. Both theoretical and numerical work have indicated that the entanglement

entropy is related to the thermodynamic entropy [81, 83, 84]. For homogeneous systems

in the thermodynamic limit, finite energy eigenstates have an entanglement entropy equal

to the thermodynamic entropy of the subsystem A (assuming A has a smaller system

size than B) [85].
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